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FOREWORD

This paper deals with the computation of the essential norm of a composition operator induced on the
Banach space of Holder functions on a general metric space by a Lipschitz self map of the metric space.
The structure of spaces of Lipschitz and Holder functions and their preduals on general metric spaces
was studied by Kalton in [8].

First of all, we give a lower bound on the essential norm of a composition operator using standard
facts about weakly null sequences. Next, we make the assumption that the dual of the Banach space
of Hélder functions has the approximation property to obtain an upper bound. The proof of this upper
bound depends on some results involving shrinking compact approximating sequences that are derived
from the work of Kalton [7].

It is natural to ask for some examples where the dual of the Banach space of Hélder functions has the
approximation property. This happens, according to Kalton [8], if the metric space is uniformly discrete.
Also, when the Banach space of Hoélder functions is isomorphic to ¢g, its dual is isomorphic to ¢; and
therefore it has the approximation property.

A classical result of Bonic, Frampton and Tromba [3] ensures that the Banach space of Holder functions
on a metric space is isomorphic to ¢y whenever the metric space is an infinite compact subset of a finite
dimensional normed linear space. This result was corrected by Weaver [12], who asked whether such an
isomorphism could be extended to any compact metric space. Kalton answered this question negatively
by proving that a compact convex subset of a Hilbert space containing the origin has the property that
the Banach space of Holder functions on the convex set is isomorphic to cq if and only if the convex set
is finite dimensional. Kalton conjectured that this holds in full generality for all Banach spaces.

Let us recall now that a metric space satisfies the doubling condition (or hasfinite Assouad dimension)
if there is an integer n such that for any & > 0, every closed ball of radius § can be covered by at most
n closed balls of radius §/2. A theorem of Assouad [1] asserts that whenever a metric space satisfies the
doubling condition, every snowflake of the metric space Lipschitz embeds in the euclidean space. Using
this result, Kalton [8] observed that if a compact metric space satisfies the doubling condition, then the
Banach space of Holder functions on the metric space is isomorphic to ¢g. Furthermore, he also showed
that the converse is false by means of a counterexample.
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ABSTRACT. Let (X,d) be a pointed compact metric space, let 0 < o < 1, and let ¢: X — X be a
base point preserving Lipschitz map. We prove that the essential norm of the composition operator C,
induced by the symbol ¢ on the spaces lipy(X, d*) and Lipg(X, d%) is given by the formula

: d(p(z), p(y)*

Cell, =lim  sup  ——— =

t=00<d(e,y)<t AT, Y)
whenever the dual space lipy(X, d®)* has the approximation property. This happens in particular when
X is an infinite compact subset of a finite-dimensional normed linear space.

1. INTRODUCTION

Let (X, d) be a compact metric space with a distinguished point e € X and 0 < a < 1. The formula
d*(xz,y) = d(z,y)* defines a new metric on X, and the metric space (X, d*) is said to be a Hélder metric
space of order a. As usual, K denotes the field of real or complex numbers.

The Lipschitz space Lipy(X, d*) is the Banach space of all Lipschitz functions f: X — K on the Holder
metric space (X, d®) for which f(e) = 0 under the standard Lipschitz norm

La(f)zsup{W: r,y € X, a;;«éy}.

Notice that the Lipschitz functions on (X, d*) are precisely the Hoélder functions of order a on (X, d).
The little Lipschitz space lipg (X, d*) is the closed subspace consisting of those functions f € Lipy (X, d*)
that satisfy the following local flatness condition:
N FCOR (0]
t—=0 0<d(z,y)<t d(xay)
The Lipschitz space Lipy (X, d*) has a canonical predual F (X, d®), the free Lipschitz space on (X, d*),

also known as the Arens-Fells space in [12], that can be defined as the closed linear span of the point
evaluations

=0.

0.(f) = f(x)  (z€X, feLipy(X,d*))

in the dual space Lipy(X,d*)*. As it turns out, F(X,d*) is itself the dual space of lipy(X,d®). The
structure of spaces of Lipschitz and Holder functions and their preduals on general metric spaces was
studied by Kalton in [8]. We refer to the book [12] by Weaver for a complete study of the spaces of
Lipschitz functions.

We denote by L(FE) the algebra of all bounded linear operators on a Banach space E, and by K(E),
the closed ideal of all compact operators on E. The essential norm ||T||, of an operator T € L(E) is just
the distance from T to IC(E), that is,

1T, = mf {[|T — K : K € K(E)}.

It is clear that an operator T' € L(FE) is compact if and only if ||T||, = 0.

Recall that a Banach space FE is said to have the approzimation property if the identity operator on F
can be approximated uniformly on every compact subset of FE by operators of finite rank.

Let (X, d) be a pointed compact metric space with base point e € X, let 0 < a < 1, and let ¢: X — X
be a Lipschitz mapping that preserves the base point, that is, ¢(e) = e and

d(p(x), ¢(y))
L 1= sup {
¥ 4(x.1)
The composition operator Cy,: lipy(X,d*) — lipg(X, d®) is defined by the expression
(Cof)(@) = fle(x))  (zeX, felipy(X,d)).

The aim of this paper is to give lower and upper estimates for the essential norm of the composition
operator C,, on lipy(X,d®) in terms of ¢. Results along these lines were obtained by Montes-Rodriguez

:x,yeX,x;éy}<oo.
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[10, 11] and more recently by Galindo and Lindstrom [4], and also by Galindo, Lindstrém and Stevié [5].
In Section 2, we compute the norm of C,. We show that

d(p(), p(y))"
d(z,y)*
The prototype of a formula as above with o = 1 was provided by Weaver in [12, Proposition 1.8.2] for the

composition operator Cy, on the space Lipy(X,d). In Section 3, we give a lower bound for the essential
norm of the operator Cy,, namely

|Ce|| = sup
zH£Y

d (0%
lim  sup (p(z), so(i/)) <1C, ..
t—=0 0<d(z,y)<t d(a:,y)

Section 4 contains our main result. When the dual space lipy(X,d*)* has the approximation property,
we show that
d(p(x @
||O¢He S hm Sup (90( )3@(3))
t—=0 0<d(z,y)<t d(x7 y)

The proof of this inequality depends on some results involving shrinking compact approximating sequences
on lipy(X,d®). Using the fact that the space Lip(X,d®) is isometrically isomorphic to the second dual
of lipy (X, d*), and the relationship between the essential norm of an operator and its adjoint, we derive
in Section 5 the same formula for the essential norm of the operator C,, on Lip,(X,d®).

It is natural to ask for some examples where the dual space lip, (X, d*)* has the approximation property.
For instance, this happens if X is uniformly discrete, that is, inf,., d(z,y) > 0 (see [8, Proposition 4.4]).
Also, lipy (X, d*)* has the approximation property whenever the space lip, (X, d®) is isomorphic to ¢y and
hence Lipy (X, d®) is isomorphic to £o and F(X,d®) is isomorphic to ¢;.

A classical result of Bonic, Frampton and Tromba [3] ensures that lipy(X,d®) is isomorphic to ¢g
whenever X is an infinite compact subset of a finite-dimensional normed linear space. This result was
corrected by Weaver, who asked whether such an isomorphism could be extended to any compact metric
space [12, p. 98]. Kalton answered this question negatively by proving that a compact convex subset X
of a Hilbert space containing the origin has the property that lip, (X, d*) is isomorphic to ¢y if and only
if X is finite-dimensional [8, Theorem 8.3]. In fact this statement is true for every general Banach space
in place of a Hilbert space if 0 < o < 1/2 [8, Theorem 8.5] and for any Banach space that has nontrivial
Rademacher type if 0 < o < 1 [8, Theorem 8.4]. Kalton conjectured that this holds in full generality for
all Banach spaces.

Let us recall now that a metric space (X,d) satisfies the doubling condition (or has finite Assouad
dimension) if there is an integer n such that for any ¢ > 0, every closed ball of radius ¢ can be covered by
at most n closed balls of radius §/2. A theorem of Assouad [1] asserts that whenever a metric space (X, d)
satisfies the doubling condition, every Holder metric space (X,d*) Lipschitz embeds in the euclidean
space R™. Using this result, Kalton observed that if a compact metric space (X, d) satisfies the doubling
condition, then the space lipy(X,d*) is isomorphic to ¢q [8, Theorem 6.5]. Furthermore, he also showed
that the converse is false by means of a counterexample [8, Proposition 6.8].

2. THE NORM OF C,, ON lipy(X,d*)

The aim of this section is to derive a formula for the norm of the composition operator C, on lipy (X, d*)
in terms of the Lipschitz constant of ¢. A similar expression was already provided by Weaver for the
composition operator Cy, on the space Lipy(X, d), obtaining in [12, Proposition 1.8.2] the following identity

d(p(2), ¢(y))

|Cy |l = sup
v THY d(x7y)
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Theorem 2.1. Let X be a pointed compact metric space, 0 < a < 1 and p: X — X a base point
preserving Lipschitz mapping. Then the norm of the composition operator C,: lipy(X,d*) — lipy(X, d*)

is given by the expression
d(e(x), p(y)*

d(z,y)*

Proof. We follow the steps of the proof of Weaver’s formula. One inequality is formally identical, while
the other inequality needs an adjustment of the suitable attaining functions. For any f € lip,(X,d*)
with L, (f) < 1, we have

ICe |l = sup
T#Y

L,(C,f)=sup
( ’ ) TH#y d(zvy)a

(z
< sup sup
p(z)#£p(y) d(@(m)v cp(y)) z#y d({E, y)a
d(p(z), p(y)*
SLoz f - sup
( ) TH£Y d(x,y)a
< sup d(p(z), p(y)) ’
TH#Y d(x7y>a
and so
d(p(z), p(y))*
Cyll= sup Lo(Cof) <sup ——"———
ICel La(f)<1 (Cel) ety d(@,y)*

For the converse inequality, fix two points z,y € X such that ¢(z) # ¢(y) and choose f§ strictly between
«a and 1. Define h: X — R by

d(z,0(y))’ = d(z, ¢(x))"
2d(p(x), p(y))P=> 7

h(z) =

and f: X — R by
f(z) = h(z) = h(e).
It is not hard to show that f € lipy(X,d®) with L,(f) =1 (see, for instance, [9]), so

1Coll > La(Cyf) > f(e(2)) = Fle)) _ dle(z), o(y))*

d(z,y)> d(z,y)*

Taking supremum over x and y, we conclude that

d(e(x), p(y)*
1Cs|l = T T

3. THE LOWER ESTIMATE OF THE ESSENTIAL NORM OF C, ON lipy(X, d®)

Next we bound from below the essential norm of C, on lipy (X, d*) by means of an assymptotic quantity
that measures the local flatness of ¢.

Theorem 3.1. Let X be a pointed compact metric space, 0 < o < 1 and ¢: X — X a base point
preserving Lipschitz mapping. Then the essential norm of the operator C,: lipg(X,d*) — lipy(X,d*)

satisfies the lower estimate
im  sup  AP@)eW)

=0 0cd(zy)<t  A(T,Y)* ¢
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We will need the following description of the weak convergence in lipy (X, d®). This result is part of the
folklore and it is immediate from the Banach-Steinhaus theorem since lipy(X, d*)* = span{d, : © € X}
(see Weaver [12, Theorem 3.3.3]).

Lemma 3.2. Let X be a pointed compact metric space, 0 < a < 1 and {f,} a sequence in lipy(X,d*).
Then {fn} converges to 0 weakly in lipy (X, d*) if and only if {fn} is bounded in lipy (X, d*) and converges
to 0 pointwise on X.

Proof of Theorem 3.1. Since the mapping ¢: X — X is Lipschitz, the function

fes sup d(so(x)m(i/))
0<d(z,y)<t d(xvy)

is well defined. It is easy to check that
d (03

(t>0)

d «
sup I _int sup (@), w(i/))
t—=0 0<d(z,y)<t d(:l?, y) t>0 0<d(z,y)<t d(l‘,y)
Now, for every natural number n we can take a real number ¢, such that 0 < t,, < [2/n(1+ L(p)®)]*/®
and two points z,, y, € X such that 0 < d(z,,yn) < tn, satisfying

d @ d o
sup (p(@), (W)™ _ ., ¢ sup (p(x), 0(y))
0<d(z,y)<tn d(ﬂj,y)o‘ t>0 0<d(z,y)<t d(LE, y)a n

and

sup dlp(@), () 1 _ dle(zn), o(yn))*
0<d(z,y)<tn d(l’, y)a n d(mn7 yn)a
In this way we obtain two sequences {x,} and {y,} in X such that

9 >
2 0 < d(n ) < [}
? i) < 0T L)
and
d njs n « . ) .
(o(an), p(yn)* . . sup (p(2), o(y)*| _ 1
d(‘r’myn)a t>00<d(z,y)<t d($7y)a n
for all n € N, and this last inequality implies that
d “ d(p(n), o(yn))®
3) inf  sup (so(rf)vw(i/)) ~ iy Ue(En) w(ya))
t>00<d(z,y)<t d(x,y) n—oo d(xnayn)

Now take 2,y € X for which ¢(z,) # ¢(yn) and choose 8 €]a, 1[. Define h,,, f,: X — R by

d(z,0(yn))? — d(z, p(x,))"
2d((xp), p(yn))P=

hn(x) =

and
fn(z) = hp(x) = hy(e).
Using inequality (2), we have ||h,|,, < 1/n. Clearly, f, € lipg(X,d*) with Lo(fn) = La(hyn) = 1
and ||fn| < 2/n for all n € N. Moreover, an easy calculation shows that |fy,(p(2n)) — fu(e(yn))| =
d((zn), ¢(yn))®. Since
() un))” _ |f(olen)) = falolvn))
d(xmyn)a d(xn,yn)a

< La(Cyfn)

for all n € N, we have

(4) lim dp(wn), p(yn))* < limsup Lo (Cy fr)-

n—00 d(xnuyn)a n—oo
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By Lemma 3.2, {f,} — 0 weakly in lipy(X,d*). Thus, if K is any compact operator from lip, (X, d®)
into lipy (X, d*), then lim, o Lo (K f,,) = 0 because compact operators map weakly convergent sequences
into norm convergent sequences. It follows that

50 La(Cp ) = T sup (La(Co)  La(K£2)
<limsup L ((Cyp — K) fr)

n—oo

(5) <G, - K.
Combining (1), (3), (4) and (5), we conclude that

d (e}
lim  sup (p(z), w(i/)) <|ic, - K.
t—=0 0<d(z,y)<t d(xv y)
By taking the infimum on both sides of this inequality over all compact operators K on lip,(X,d%), we
obtain the lower estimate
d(e(x), e(y))

«
lim  sup <|Coll, - O

t—=0 0<d(z,y)<t d(l‘, y)a
4. THE UPPER ESTIMATE OF THE ESSENTIAL NORM OF C, ON lipy(X,d®)

Now we prove that the lower bound of the essential norm of C, on lipy(X, d®) obtained in Section 3
is also an upper bound whenever the dual space lipy(X,d*)* has the approximation property.

Theorem 4.1. Let X be a pointed compact metric space and 0 < a < 1. Suppose that the dual space
lipy (X, d*)* has the approzimation property. Let p: X — X be a base point preserving Lipschitz mapping.
Then the essential norm of the composition operator Cy: lipy(X,d*) — lipy(X, d®) satisfies

d (6%
1G] <lim  sup (p(2): p())"
ST =0 0cd(@y)<t AT, y)*

The strategy for the proof of Theorem 4.1 is to work with a sequence {K,} of compact operators on
lipy (X, d*) that satisfies some prescribed conditions that are stated in Lemma 4.3 below. We borrow this
technique from the work of Montes-Rodriguez [10].

First we recall some notions and results. A sequence {K,} is called a compact approximating sequence
for a separable Banach space F if each K, : E — E is a compact operator and lim, . [|[(I — K,,)f|| =0
for every f € E, where I denotes the identity operator on E. Also, we say that {K,} is shrinking if
lim, o0 ||(I — Kp)* f*|| = 0 for every f* € E*.

Johnson [6, Theorem 2] showed that both the Banach space lip, (X, d*) and its dual space lipy (X, d*)*
are separable.

On the other hand, the Banach-Mazur distance between isomorphic Banach spaces F, F is defined by

d(E,F)=inf {||T|| - |T'|| : T is an isomorphism of E onto F} .

We say that E embeds almost isometrically into F provided that for every € > 0, there is a subspace
F. C F such that d(E, F.) < 1+e.
The next proposition is immediate from a result of Kalton [7].

Proposition 4.2. [7, Corollary 3] Let {K,} be a sequence of compact operators between Banach spaces
E and F and let us suppose that lim, .o (KX f*, f**) = 0 for oll f* € F* and f** € E**. Then there
exists a sequence {KS} of compact operators such that K¢ € conv {K,,: m > n} and lim,_, ||K5|| = 0.

Lemma 4.3. Let X be a pointed compact metric space and 0 < a < 1. Suppose that the dual space
lipg (X, d%)* has the approxzimation property. Then there is a shrinking compact approzimating sequence
{Ky,} onlipy(X,d®) such that limsup,, . ||[I — K,| < 1.
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Proof. Since the dual space lip,(X,d®)* is separable and has the approximation property, it has the
metric approximation property and therefore there is a shrinking compact approximating sequence {S, }
on lipy (X, d®). We claim that for every j € N, there exist a natural n; > j and a compact operator K;
on lipy (X, d*) in the convex hull of the set {S,,: m > n;} such that |[I — K;|| < (1 +1/j)2.

Fix j € N. Now, for the proof of our claim, we use a result that ensures that lipy (X, d*) embeds almost
isometrically into ¢g. We refer to Kalton [8, Theorem 6.6] for a simple proof of this result due to Yoav
Benyamini. Thus, there is a closed subspace Fj; C ¢o and an isomorphism T} : lip(X,d*) — F} such that
1751l - ||T7-_1|| < 14 1/j. Now consider M, := TanTj_l, and notice that {M,} is a shrinking compact
approxirﬁating sequence on Fj. Next, let {P,} be the'sequence of projections on ¢y defined by

(Poz)(k) =x(k) (1<k<n),  (Pux)(k)=0 (k>n),

for all z € cg, and let J: F; — co be the inclusion map. Then consider the sequence of compact
operators D,, := P,J — JM,, defined from F; into c¢o. Notice that lim, (D} f*, f**) = 0 for all
f* € ¢ and f** € F;*. It follows from Proposition 4.2 that there is a sequence of operators {Dj}
such that DS € conv{D,,: m >n} and lim, o ||DS|| = 0. This gives rise to a pair of shrinking
compact approximating sequences { P} and {M¢} such that, for each n € N, P¢ € conv {P,,: m > n},
M¢E € conv{M,,: m >n}, and lim,_, || PSJ — JME|| = 0. Now, consider L, := T]-*IM,CLTJ». We have

M= Loll = |1 = T MET | < 7| 1T - 1T — g

1 1

< (1 + ) = ME|| = (1 + ) (T = M)l
J J
1 . . c

< (1+ j) T = )TN 4 [ PST — Tare))
1

< <1+ j) (P — TME])

for all n € N. Finally, choose n; > j large enough so that ‘PﬁjJ —JM; || < 1/j and conclude that

HI — Ly, H < (1+1/4)2. The claim is proved if we take K; := Ly, .

The proof of the lemma will be finished if we show that {K;} is a shrinking compact approximating
sequence on lipy(X,d*). Let f € lipy(X,d®) and € > 0. Since lim, 00 Lo (f — Snf) = 0, there exists
mo € N such that Lo(f — Spf) < e for n > my. If j > myg, using that K; € conv{S,,: m > n,} and
n; > j, we conclude that L(f — K;f) < e. Hence lim;_,o Lo(f — K;f) = 0. This shows that {K;} is
approximating on lipy(X,d*) and similarly it is seen that {K} is shrinking. O

There is another preliminary result that is needed for the proof of Theorem 4.1 and that can be stated
as follows:

Lemma 4.4. Let X be a pointed compact metric space, 0 < a < 1 and ¢: X — X a base point preserving
Lipschitz mapping. Let {K,} be a shrinking compact approzimating sequence on lipy(X, d®).
Then, for each t > 0,

=0.

m sup sup [( = Kn) fl(p(x) = [(I = Kn) fl(0 ()]
N0 L ()<L d(wy)>t d(z,y)*

Proof. Fix t > 0. Since the inequality ||f]| ., < diam(X)* - L,(f) is satisfied for all f € lipy(X,d®),
there is a continuous injection J: (lipy(X,d®), La(:)) < (lipg(X,d%),|||.,).- Moreover, it follows from
the Arzela—Ascoli Theorem that J is a compact operator, and by Schauder’s theorem, its adjoint J* is a
compact operator, too.

Let B be the unit ball of (lipy(X,d*),||..)"- Since the bounded sequence of operators {(I — K,,)*}

*

converges to zero pointwise on lipy (X, d®)* and J*(B) is a relatively compact set in (lipg(X,d®), La(+))",
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it follows that lim, . |[|[(I — K,)*J*|| = 0. Thus, lim, o ||J(I — K,)|| = 0. Let € > 0 be given and

choose m € N such that if n > m, then ||(I — K,,)f]|,, < €t*/4 for all f € lipy(X,d®) with Lo(f) < 1.
For n > m, we have

[ = Kn) fl(e(2)) = [ = Kn) flle@))| _ 210 = Kn)fllo _
d(z,y)* - te
whenever f € lipy (X, d®) with L, (f) < 1 and z,y € X such that d(z,y) > t. Finally, we get

I[(1 = K»n) fl(p(2)) = [(I = Kn) f1(0(y))]
sup sup
La(f)<ld(z,y)>t d(z,y)

| ™

<e,
as required. 0
We now are ready to prove our main result.

Proof of Theorem 4.1. Let {K,} be the sequence of operators on lip,(X,d*) provided by Lemma 4.3.
Since each K, is a compact operator, so is the product C, Ky, : lipg(X, d*) — lipy(X, d*) and therefore

[Colle < [[Co(I — Kn)ll.
Next, fix ¢ > 0 and notice that
1Co(I = Kn)ll = sup Lo (Co(I — Ky)f)

La(f)<1

~ sup sup I[( = K) fl(p(@)) = [(I = K) fl(p(y))]
La(f)<ta#y d(z,y)*

< sup sup [[({ = K) fl(p(x) — [(I = Ka) fl(e(y))]
Lo (f)<10<d(z,y)<t d(x,y)

4+ sup  sup [[({ = K) fl(p(x)) — [(1 - Kn)f](w(y))ll
Lo (f)<1d(z,y)>t d(z,y)™

Then, for every f € lipy(X,d*), we have
(I = K) fl(p(2)) = [(I = Kn) ()]

sup

0<d(z,y)<t d(l‘, y)a

Cwp U= EDAe) [0 - KN @) e)

o o(z)#e(y) d((p($), @(y) a 0<d(z,y)<t d(l‘, y)a
k. e de@em)

< Lal[(I = Kn)f] e T iy

so that
sup sup H(I — Kn)f](QD(JJ)) — K,f — Kn)f](@(?/))l < ||I _ Kn” sup d(@(x% 90(3))a
Lo (f)<10<d(z,y)<t d(x,y) 0<d(z,y)<t d(fE, y)

Now, combining the above inequalities, we obtain

kil e @)
HC¢||6 = ||I KTLH 0<d(zg)<t d(x7y)a
+ sup  sup (I — Kn) fl(e(x) — [(I — Kn) ()]

La(f)<1d(z,y)>t d(x,y)™
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Letting n — oo and using Lemma 4.3 and Lemma 4.4, we conclude that
d(p(x), p(y))™
ICl. < sup ((x) w(a)) .
0<d(z,y)<t d(:E, y)

Finally, taking limits as ¢ — 0 yields the desired inequality.

5. THE ESSENTIAL NORM OF C, ON Lipy(X,d®)

Now we extend the estimates on the essential norm of a composition operator to the spaces Lip, (X, d%).
Recall that lip, (X, d*)** is isometrically isomorphic to Lipy (X, d*) whenever (X, d) is a pointed compact
metric space and « € (0,1) (see [12, Theorem 3.3.3 and Proposition 3.2.2]). As a matter of fact, the
mapping A: lipy (X, d*)** — Lipy (X, d®) defined by

A(F)(x) = F(6:)  (F €lipg(X,d*)™, v € X),
is an isometric isomorphism.

If T is a bounded linear operator on a Banach space, then |[|[T7*| = ||T'|| . However, this identity is no
longer true for the essential norm. Since the adjoint of a compact operator is again a compact operator,
we always have [ 7*[, < |7)], and therefore [ T**[, < [T*], < |7 . Axler, Jewell and Shields 2]
showed that in fact | 77|, = ||T*||,, but they gave a counterexample where [|T*||, < ||T|, -

Theorem 5.1. Let X be a pointed compact metric space, 0 < a < 1 and p: X — X a point preserving
Lipschitz mapping. Then the essential norm of the operator C,: Lipg(X,d*) — Lipy(X,d®) satisfies the

lower estimate J N
=0 0cq(zyy<t AT, Y)”
If, in addition, the space lipy(X,d®)* has the approzimation property, then we have the upper estimate
d «
ICll < lim  sup P e

t=00cd(zy)<t  A(T,Y)*

Proof. Let us start with the lower estimate. Let {f,,} be the weakly null sequence in lipy(X, d*) that we
constructed for the proof of Theorem 3.1. Then the sequence {f,} is weakly null in Lipy(X, d*). Thus, if
K is any compact operator on Lip, (X, d*), we have lim,, o Lo (K f,) = 0. Hence, the same computation
we performed in Theorem 3.1 yields the lower estimate

d «
lm sup (p(z), @(g))
t_>00<d(z,y)<t d(.’l?, y)

Now, for the upper estimate, given F € lipy(X,d*)** and = € X, notice that
(ATICLA)(F)(82) = (CLA)F)(z) = Cu(A(F))(x) = A(F)(p())
=F (0pw)) = F (‘Sm °© Cs0|1ip0(x,da)) = (Fo (C‘P‘lipo(X,d“))*) (0z) = (C‘Phipo(X,do‘))** (F)(6z)-
Since lipy(X,d*)* = span{d, : * € X}, we conclude that A~'C,A = (C¢|1ipo(xjda))**. Finally, using

the relationship between the essential norm of an operator and that of its second adjoint, and applying

Theorem 4.1, we get
_ o : d(e(x), ¢(y))*
Coll =|la"tc,A :H(c . Q) H gHC ool <tm osup  BEELEWN
ICelle = 7ot = [(Celipyiam) |, = | Celumoam]l, < 13 _swp  ==5r"5a

as we wanted. O

< Celle-
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