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UNIFORM HOMEOMORPHISMS OF BANACH SPACES
AND ASYMPTOTIC STRUCTURE

N. J. KALTON

ABSTRACT. We give a general result on the behavior of spreading models in
Banach spaces which coarse Lipschitz-embed into asymptotically uniformly
convex spaces. We use this result to study the uniqueness of the uniform
structure in £p-sums of finite-dimensional spaces for 1 < p < oo; in particular
we give some new examples of spaces with unique uniform structure.

1. INTRODUCTION

It is known that asymptotic smoothness is preserved under uniform homeomor-
phisms of Banach spaces [I1]. In quantitative terms this is measured by the behavior
of the convex Szlenk index (Theorem 5.5 of [I1]); unfortunately it is not true that
one has a precise result on the preservation of the modulus of asymptotic smooth-
ness, even after renorming. Thus, for example, if X and Y are separable uniformly
homeomorphic Banach spaces and

py (t) < ct?, 0<t<l,

we can only conclude that for any ¢ < p and some equivalent norm on X, one has
an estimate

px(t) < 19, 0<t<l

A recent example in [29] shows that we cannot improve this to the case ¢ = p. There
is a simple application of the ideas of [II] to spreading models in Y. If (e,)%2,
is the basis of a spreading model S of a normalized weakly null sequence in X we
have an estimate
(1.1) les +-+-+ealls < Cller + -+ + eallepy
where the right-hand side represents the norm in the Orlicz sequence space gener-
ated by the Orlicz function py-. This can be obtained by combining Theorem 4.4
and Theorem 5.5 of [I1]. In [30], using simpler arguments, this result is shown to
hold more generally (Theorem 6.1) when X coarse Lipschitz-embeds into Y, under
the additional hypothesis that Y is reflexive.

Although these results have applications in the nonlinear theory of Banach
spaces, it has been a significant drawback that there has been no corresponding
result giving a lower bound in terms of asymptotic convexity to the upper bound
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1052 N. J. KALTON

in (IJ)). In a recent article [2], results are obtained that suggest one might hope
for similar results for asymptotic convexity. Here we justify that hope in Theorem
[.4l, where we show that if Y is reflexive and X coarse Lipschitz-embeds in Y, then
for some constant ¢ > 0 and any spreading model S of a normalized weakly null
sequence in X we have an estimate

(1.2) C||€1+---+€n|\egy <llex 4+ +enlls-

We then use these ideas to study £,-sums of finite-dimensional spaces. Suppose
1 < p < oo. It is a result of Johnson, Lindenstrauss, Preiss and Schechtman [I9] that
a separable reflexive Banach space X which has two renormings X; and X, with
dx,(t) ~ Dy, (t) ~ ct? is linearly isomorphic to a subspace of a space (3, | En)e,
with each E,, being finite-dimensional. Unfortunately it is shown in [29] that if we
take (Gp)52; to be a sequence dense in all finite-dimensional normed spaces for
Banach-Mazur distance, then (37| Gy)e, (see e.g. [22]) is uniformly homeomor-
phic to (377 | Gn)1,, where T), is p-convexified Tsirelson space (see e.g. [8]). This
means that being embeddable in an £,-sum of finite-dimensional spaces is not, in
general, invariant under uniform homeomorphisms.

However, under some additional hypotheses, (L2 and ([Il) can be combined
to get such a conclusion. For example it is shown in [II] that if X is uniformly
homeomorphic to a subspace (respectively, quotient) of ¢,, then X is itself linearly
isomorphic to a subspace (respectively, quotient) of £, when 2 < p < co. We show
here in Theorem R4 that the same conclusion can be obtained when 1 < p < 2. Let
us remark that in [29] we give examples of subspaces X and Y of ¢, (1 < p < o0,
p # 2) which are uniformly homeomorphic but not linearly isomorphic.

In [20] it was shown that £, has unique uniform structure. We extend this result
here by showing that (3~ £'),, has unique uniform structure if » > max(p,2)
or 1 < r < min(p,2). A crucial point in these proofs is the role of the uniform
approximation property. This mirrors the examples of two uniformly homeomorphic
but nonisomorphic subspaces of £, mentioned above from [29], where one space has
the approximation property (but not the uniform approximation property) and the
other fails the approximation property.

On the way to obtaining these nonlinear results we require some new results
in the linear theory of Banach spaces. If X is a reflexive Banach space, then the
condition

ler + -+ en]ls < Cnt/P

for every spreading model of a normalized weakly null sequence is simply the re-
quirement that X has the so-called p-Banach-Saks property. The dual notion that

||e1 + “'+6?’LHS Z Cnl/p

for every spreading model of a normalized weakly null sequence, we call the p-
co-Banach-Saks property. If X is a subspace or quotient of L, when p > 2 and
has the p-Banach-Saks property, then Johnson [17] showed that X is then also a
subspace of a quotient of ¢,. If X is a subspace of a quotient of L, (p > 2) and
has the p-Banach-Saks property, then Johnson obtained that X is a subspace of a
quotient of £, only under the additional hypothesis that X has the approximation
property. We remove this restriction, answering a question of Johnson, and provide
dual results for 1 < p < 2. In fact we give a more general framework for results of
this type.
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1053

Foreword: Nigel Kalton, author of this work, suddenly passed away on August
31, 2010. The present article was essentially ready at the time of his death, but
some editing work had to be done before it could actually be submitted. Nigel’s
friends and colleagues are grateful to Gilles Lancien who took care of this editing
task with kindness and efficiency.

2. PRELIMINARIES FROM LINEAR BANACH SPACE THEORY

Our notation for Banach spaces is fairly standard (see e.g. [IA835]). If X is a
Banach space, Bx denotes its closed unit ball and dBx the unit sphere {z : ||z|| =
1}.

We recall that if I/ is a nonprincipal ultrafilter on N and X is a Banach space,
then the ultrapower X, is defined to be the quotient of £, (X) by the subspace of
all sequences ()52 such that lim, ey ||, || = 0. A Banach space is super-reflexive
if every ultraproduct is reflexive.

We recall that a separable Banach space X has the approzimation property (AP)
if given any compact subset K of X and € > 0 there is a finite-rank operator
T:X — X with |[Tz —z| < e for z € K. X has the metric approximation property
(MAP) if we can also require |T|| < 1. Any reflexive Banach space with (AP)
has (MAP)(see [35] p. 39). X is said to have the uniform approzimation property
(UAP) if there is a constant K such that for every m there exists n so that if F
is a subspace of X of dimension m we can find an operator T : X — X with rank
at most n, |T|| < K and Tz = z for € F. The uniform approximation property
was first introduced by Pelczyiiski and Rosenthal [39]; rather few spaces have this
property, but they include the L,-spaces and reflexive Orlicz spaces [34].

X has a finite-dimensional decomposition (FDD) if there is a sequence of finite-
rank operators P, : X — X such that P, P, =0 when m # n and x = ZZO:1 P,z
for every x € X. If each P, has rank one, then X has a basis. The (FDD) is
called shrinking if we also have z* = Y7 | P¥az* for every z* € X*. If, in addition,
T = Ziozl P,z unconditionally for every x € X, then X has an unconditional
finite-dimensional decomposition (UFDD). Finally if || >, _, nePs|| < 1 for every
n € N and n, = £1 for 1 < k < n, then we say that X has a 1-(UFDD).

We shall say that a Banach space X is p-uniformly smooth for 1 <p <2 (or X
has a modulus of smoothness of power type p) if for some constant C' we have the
estimate

1
gl + z2ll? +llzy —22|?) < floa||” + CPlle2|l?, 21,22 € X

We say that X is p-uniformly convex for 2 < p < oo (or X has a modulus of
convexity of power type p) if for some constant ¢ > 0 we have

1
lzal” + Pllzall” < S(lor + z2]|” + 21 = 22”), 21,22 € X.

We shall frequently deal with £,—sums of Banach spaces (X,)32,. We denote
by (3p—; Xn)e, the space of sequences (2,,)52; with z,, € X, and

ozl = Q- )P < oo

n=1

If X, = X is a fixed Banach space, we use the notation £,(X).
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1054 N. J. KALTON

3. ASYMPTOTIC MODULI IN BANACH SPACE THEORY

We now discuss asymptotic uniform smoothness and asymptotic uniform con-
vexity. Let X be a separable Banach space. We define the modulus of asymptotic
uniform smoothness (due to Milman [36]) 5(t) = px (t) by

p(t) = sup inf sup {[|z +tyl| -1},
r€OBx E yEBBE
where E runs through all closed subspaces of X of finite codimension.
The modulus of asymptotic uniform convexity is defined by

o(t) = inf inf tyl| — 11,
(t) o S‘épyéEBE{H“ yll — 1}

where E runs through all closed subspaces of X of finite codimension. Similarly in
X* there is a weak*-modulus of asymptotic uniform convexity defined by

o= b suwp inf {2+t -1},
where E runs through all weak*-closed subspaces of X* of finite codimension.

As shown in [19), if 5(¢) < t for some 0 < ¢ < 1, then X* is separable. On the
other hand if 5(¢) = 0 for some ¢t > 0, then X is isomorphic to a subspace of ¢ (see
[10] and [19]). We say that X is asymptotically uniformly smooth if lim;_,o p(t)/t =
0. If X is asymptotically uniformly smooth this implies that p(t)/t < Ct? for some
0 <6 <1 (see [32] and [I1]). The function p is clearly convex, while the function
0 satisfies the condition that &(t)/t is increasing so that if we define the convex
function

then
5(t/2) <6(t) <8(t), 0<t<oo

so that ¢ is equivalent to a convex function.
It is clear that we have that if ¢/ is a nonprincipal ultrafilter on N, z # 0 and
(x,)22 4 is a weakly null sequence, then we have

. = < . _ < . — .
]l lim 6([znll/ll]]) < lim [z +zall = llz] < ]| im p(llzal/l])
This can alternatively be viewed as the statement that
lall tim 5]/l < lim [z + 2]l — 2]l < llz] lim p(za]/llz])

whenever all the limits exist. It is clear that if X* is separable this is an equivalent
formulation of the definition. B

We remark that it is trivial that if 1 <p < 00, 0, (t) =y, (1) = (1 + tP)L/P 1.
We will need the fact that for the corresponding function spaces we have:
Proposition 3.1 ([36]). Suppose 1 < p < oo. If1 < p < 2, then there is a constant
¢ =cp > 0 such that

Py (1) < (14 )7 — 1.

If 2 < p < oo, then there is a constant ¢ = ¢, > 0 such that

5r,(t) > (14 cPt?)/P — 1.
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1055

Remark. See [36], p. 117. This proposition may be expressed in the following
terms. If 1 < p < 2, then

; < i P P p\1/p
tim (1 + galy < T (1717 + 2llgull”)

whenever (g,)72, is a weakly null sequence in L, and i/ is a nonprincipal ultrafilter
on N. Similarly if 2 < p < oo,

i > i Py P p\1/p
B 17+ gallp 2 i (1717 + e gn ")
whenever (g,)52; is a weakly null sequence in L.
We will also need the following proposition.

Proposition 3.2 ([19]). Let X be a Banach space and suppose Y = X/E is a
quotient of X. Then 0y > 0x and py < px.

There is a natural variant of § which will be very useful in this paper. We define

1
Ox(t) = inf inf {= t —ty||) -1
x(t) = inf sup inf {5 (e +tyl + e~ tyl) = 1.

where again F runs through all closed subspaces of X of finite codimension. As
with dx the function dx(t)/t is increasing and so dx is equivalent to a convex
function. Clearly SX <dx.

If (x,)52, is a bounded sequence we define sep {z,, }72 | = inf 2y |2 — 24|

Proposition 3.3. Suppose u,v € X with ||u—v| = 1. Let {z,}52, be a bounded
sequence in X and let t = sep{x,}52,. Then

liminf([lu — @ + [[o = 2a)) > 14 dx(2).
Proof. 1t is clearly enough to show that for all v > 0 there exists an m with
= @l + 0 = 2l > 14+ 5x (8) — .
Choose a finite-codimensional subspace E so that if z € 0Bg, then
1 A 1
§(||u —v+ttz]|+llu—v—tz]]) > 1+() — SV
Since X/F is finite-dimensional we can find m # n so that d(z,, — z,, E) < v/2.
Hence there exists z € 0Bg and 7 > t so that ||z, —z, — 72| < v. Then
1 o
Sl —v+ (@m —zn) | +llu=v = (zm = 20)|}) 2 1 +6(t) — .

Now

lu = v+ (2 — zn) || < [lu—zn|l + v = zm]|
and

lu—v = (2 — zn) || < [l — 2]l + [[v— 2]

so that combining we have either
lu = @l + [0 = 2| > 1+ 6x () = v

or
lw— | + v — 2n]| > 1+ dx(t) — .
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1056 N. J. KALTON

4. THE BANACH-SAKS PROPERTY AND ITERATED NORMS

We recall that every bounded sequence (y,,)22 ; in a Banach space has a spreading
subsequence ()52 so that

m m
m Y gz | =11 ajells
j=1 j=1

(N1 yeey N ) =00

exists for all finite scalar sequences (ai,...,a,) and defines a seminorm on the
space cqo of all finitely supported scalar sequences. By this notation we mean that
for any € > 0 and (ay,...,a,) there exists ¢ so that if ¢ < ny < ng < -+ < Ny,
then

m

m
1> agza, | =11 ajesll| <e.
j=1 j=1

As long as (2,)52 4 is not convergent in norm the seminorm || - ||s is a norm. Then
(ej)32; is the spreading model associated to (z,,)52; and is a sequence in the Banach
space S obtained by completing coo. If ()52, is weakly null we say that (e;)32;
is a weakly null spreading model, this may not imply that (e,,)52; is itself a weakly
null sequence in S.

We will be particularly interested in the possible growth rate of || 3-7_, ¢ s, for
a given normalized spreading sequence (,,)% ;. Note that if lim,, . || Z;L=1 el =
00, then given any v > 0 and k € N, using Ramsey arguments, we can pass to a
subsequence and assume that

k k k
=Y el < I el A+ Y esll mi<ne <o <mi
j=1 j=1 j=1

Lemma 4.1. Let X be a Banach space and suppose (ej);-";l is a spreading model
of a normalized sequence (x,)22 ;. Then:

k k

sup || > ejeil <31 el
+1 i
Jj=1 =1

€5=

and if X is super-reflexive and (x,)22; is weakly null,

k k
1) el < 2B ejel,
j=1 j=1

where (€;); denotes a sequence of independent Rademacher variables.

Proof. Let ay, = || 2521 e;|l. Then a4y < ap+a;. Hence limy, o /k = infy, o/ = 0
exists. Now for any integer m we have
k |
1) e+ - > el < arp
j=1 j=k+1

so that

1
ag < g+ Eaml-
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1057

Thus letting m — oo,

k+ 21
ap < app +10 < ] e

For any k it is clear that

k
sup || Ze]e]H < max(aj + ag—j) < 3ay,
e;j=*x1
Jj=1
by the preceding equation.
For the second part we observe that (e,),—1 is also weakly null and hence 2-
unconditional [6]. O

For M an infinite subset of N, let G, (M) denote the space of k-subsets {n1,...,n;}
(where ny < ng < -+ < ng) of M regarded as a graph in which {m1,ma,...,my}
and {ny,na,... nk} are adJacent if they interlace, i.e. m; < n;p < mg < -+ <
mE <niorng <mj <---<ng < mg. Let d be the associated least path metric.
Let us recall 28] that a Banach space X has property Q if there is a constant C' so
that whenever f : Gy(N) — X has Lipschitz constant one, then there is an infinite
subset M of N so that

||f(m1, . ,mk) — f(nl, A ,nk)|| < 07 (nl, A ,nk), (ml, c. ,mk) S gk(M)

It is shown in [28] that if either X coarsely embeds in a reflexive space or Bx
uniformly embeds in a reflexive space, then X must have property Q.

Proposition 4.2. Let X be a Banach space with property Q. Then for each spread-
ing model (en)o>, of X there is a constant C' so that

n n
1Y el < CEIY ejesl.
j=1 j=1

Proof. We consider two cases. If (e,)52; is not weakly Cauchy, then (e,)52, is
equivalent to the unit vector basis of ¢; by Rosenthal’s theorem [42], and the result
is clear. If not, then the sequence (e2;_1 — egj)J‘?‘;l is 2-unconditional. Hence

k k

k
Z e2j—1 — €25)[| < QEHZ% eaj—1 — e2;)[| < 4E| Z€]eJ”

j=1 j=1

Now passing to a suitable subsequence of ()52 ; we can assume that

12k 2k 2k
1 Yoajeil <Y agea, | <21 aje
j=1 j=1 j=1

whenever ny < ng < --- < ng and |a;| = 1.

Define f : G, — X by f(ni,n2,...,nk) = Tp, + -+ + Tpn,. Then f, using the
preceding calculation, has Lipschitz constant at most SE|| Z?zl €je;||. Hence by
property Q for a suitable constant C independent of k, we can find n; < ny <

< nE <mp < - < my, with

k k k
1D @n; =D 2w, || < CE Y eesll.
j=1 j=1 j=1
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1058 N. J. KALTON

Hence
k 2k k
1Y ei= >0 el <2CE[D ejesll-
j=1 j=k+1 J=1

In this case (e, )22 ; has basis constant one and so

k k
1D el < 2CEI Y ejes]l.
j=1 j=1

We say that a norm N on R? is absolute if
N(a,b) = N(lal,[b]),  a,beR.

For any Lipschitz convex Orlicz function F, the limit lim;_, o F(t)/t = 0 exists and
there is a corresponding absolute norm defined by

Np(a,b) = {'9“|b(|1 + Filfi/(l)c.zl)), a0,

Now suppose N is an absolute norm on R? with N(1,0) = 1. We define the
sequence space Ay as the completion of cyg under the norm defined iteratively by
ller|lay = 1 and then

n n—1
1D ajeillan = NI asejllanslanl),  n>2.
j=1 j=1

Spaces of this type were first considered in [26]. The space Ay coincides with the
space hp, where F(t) = N(1,t) —1; here hr denotes the closure of ¢qg in the Orlicz
sequence space £p. In fact we have

Lemma 4.3. If a € ¢y, then
sllaller < llallay < ellalles-

Proof. Assume ||al|¢, < 1. Then

llex + ZaJeJJrlHAN < H 1+ F(|a,])) <e.

=1

Conversely if ||al]|ay <1 we have

n

||€1+Z%€g+1\|AN_H (1+ F(la;1/2)) >1+ZF (lajl/2)

j=1 j=1 j=1
so that ||a|l¢, < 2. O

We will need the following proposition:

Proposition 4.4. Let X be a Banach space with separable dual. Then there exist
constants 0 < ¢ < C < 0o so that for any spreading model (e]) °, of a normalized
weakly null sequence we have

n n n
(4.3) el > aseslles < 1Y azeslls < CID_ azelle,-
j=1 j=1 j=1
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1059

Remark. Of course, the function 0 is not necessarily convex but is equivalent to the
convex function §.

Proof. 1t is easy to check that

larer + -+ + anenlls = [Jarer + -+ + anen|lay
where N(1,¢) =1+ 6(t). Similarly

later + -+ anen|ls < llarer + -+ + anenlla,, -

where N'(1,t) = 1 + p(t). Then apply Lemma O

The left-hand side of (@3] can be improved:

Proposition 4.5. Let X be any Banach space. Then there exists a constant 0 <
¢ < 00 so that for any spreading model (ej)é?';l of a normalized sequence we have

(4.4) cdl Y ajeille, <END ejaesls.
j=1 j=1
Proof. Let N be the absolute norm such that
t
2 d
N(1L,t) = 1+/ 5(3)?5, t>0.
0

Then we prove that

n n
1> ajeilian <EIY ejazesls
=1 =1

by induction on n. Assume n > 2 and the result is known for n — 1. It is clear that

n n—1
B> ejajeils = EN( Y eaje;l, |anl)
j=1 j=1

n—1
> N(E| Y eja5]l,lanl)
j=1

n—1

> N1 ajesllan lanl)
j=1

n
=Y ajesllan-
j=1

This concludes the proof. O

We say that a Banach space X not containing ¢; has the p-Banach-Saks property
(1 < p < o0) if there is a constant C' so that for every spreading model (e;)52; of
a normalized weakly null sequence we have

k
1Y ejlls <CEMYP, k=12,

j=1
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1060 N. J. KALTON
This is equivalent to the requirement that there is a constant C’ so that every
normalized weakly null sequence (z,,), has a subsequence (z,,)52, such that

k
1Y an, | SCEYP, kEN, ny <o <y

j=1

We say that X has the p-co-Banach-Saks property (1 < p < o0) if there is a
constant ¢ > 0 so that for every spreading model (ej);-";l of a normalized weakly
null sequence we have

k
1Y eils = ek, k=12,
j=1

The following proposition follows from Proposition .4}

Proposition 4.6. If p(t) < CtP for 0 < t < 1, then X has the p-Banach-Saks
property. If §(t) > ct? for 0 <t <1, then X has the p-co-Banach-Saks property.

There is a simple duality relationship between these concepts, which we will
need:

Proposition 4.7. Let X be a reflexive space with the p-Banach-Saks property,
where 1 < p < co. Then X* has the q-co-Banach-Saks property, where g = p/(p—1).

Proof. Let C be the constant of the p-Banach-Saks property for X. Let (a)%2

n=1
be a normalized weakly null sequence in X*. We may pick a normalized sequence
()22, in X with z(z,) = 1. Passing to a subsequence we can assume that

lim,, o @, = x weakly. Then ||z,, —z|| < 2 and so passing to a further subsequence
we can assume that for any k,

lim 2n, + -+ xp, — kx| < 20kY/P

(n1,n2,...,np)—00
for any k. However

lim ... lim (2p, + -+ @y, — ko, 2+ +a) ) =k,

)
ni—00 N —>00 n1

which implies that in any spreading model (e;)}_; of (z})52; we must have

k

1> ejlls > (1/(20))k1.

j=1

O

Finally let us also introduce a version of the p-co-Banach-Saks property for p = 1.
We will say that X has the anti-Banach-Saks property if there is a constant ¢ > 0
so that for every spreading model (ej)}?; of a normalized sequence, we have

k
1> eills >k, k=1,2,....
j=1

We make some simple observations about this property.
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1061

Proposition 4.8. Let X be any Banach space. The following conditions on X are
equivalent:

(i) X has the anti-Banach-Saks property.

(i1) There is a constant ¢’ so that for any spreading model of a normalized se-
quence ()22, we have

k
E| Y ejeslls > Ok,
j=1

where 6 = sep {x, 152 ;.

Proof. (i) = (ii). Let us first note that if X has the anti-Banach-Saks property
(with constant c) and (e;)32, is a spreading model of a normalized sequence, then
any weak”-cluster point z** of (e;)52; in S** has norm at least c. Indeed, given
v > 0, by Goldstine’s theorem we can find aq,...,a, > 0 with E;"Zl a; =1 and

I Z;"zl ajejl|ls < ||**|| + v. Hence for any k > m,

k. m
1D ajeirslls < k(2™ +v).

i=1j=1
Rewriting this we obtain
k
clk—m)<| Y eills < k(2™ +v) +2m.
i=m-+1

Letting k — oo gives ¢ < ||z**|| + v, where v > 0 is arbitrary.

Hence under the conditions of (ii), applying the above reasoning to (e2;—1 —e2;),
we find a weak*-cluster point z** of this sequence with ||z**|| > cf. It follows that
there exists ¢ € S* with ||¢|| = 1 and lim;_,o p(e2;) = @ and lim;_,o p(e2;—1) = 5,
where  — a > cf. By considering translates we deduce the existence of ¢ € S*
with [|¢[| <1 and ¢(e;) = 2(8— a)(—1)7. From this it is clear using the properties
of the spreading model that for any choice of sign €; we have:

k
1
E eille > =cOk.
||j=1€]ej||5 = 20

(ii) == (i). Let (e;)32; be a spreading model of an arbitrary normalized
sequence. If |le; — es]|s < 1/2, then

ller + - +erlls > k/2, k=1,2,....

Otherwise
k
B ejeills > 5k
j=1
and so, using Lemma [£.1]

E
1> ejlls > &'k
j=1
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1062 N. J. KALTON

5. gp—SUMS OF FINITE-DIMENSIONAL SPACES

The special properties of £,-sums of finite-dimensional spaces have been studied
in detail by many authors. Many of the ideas in this section originated in the early
work of Johnson and Zippin on the spaces C, ([16], [22] and [23]). See also [35].

For 1 < p < oo, we shall say that a separable Banach space X has property ()
if it is isomorphic to a closed subspace of a space (30", Ey)e,, where ()5,
is a sequence of finite-dimensional spaces. This terminology is motivated by the
definition of property (m,) for 1 < p < co. We recall that a Banach space X has
property (m,) [31] if for every z € X and every weakly null sequence (z,)2; such
that the limits exist we have

i ||z + 2, " = [l + lim_ [z, ",
n— oo n—oo

Condition (m,,) is exactly equivalent to the conditions py (t) = dx (t) = (14+tP)1/P—
1. It is clear that if X has (/) for 1 < p < oo it has an equivalent norm with
property (mp).

There are several characterizations of property (1m,) for 1 < p < co. The follow-
ing result is due to Johnson, Lindenstrauss, Preiss and Schechtman [19], Proposition
2.11 (see also [37] for another isomorphic version).

Theorem 5.1. Suppose 1 < p < oo and let X be a separable reflerive Banach
space. In order that X has () it is necessary and sufficient that it is isomorphic
to a space Y with py(t) < CtP for 0 <t <1 and to a space Z with §z(t) > ct? for
0<t<1, where 0 < ¢,C < oo.

On the other hand we have the following theorem. Part (i) is proved in [31],
Theorem 3.2 and its proof; part (ii) follows from (i) by duality.

Theorem 5.2. Suppose 1 < p < oco. If X is a separable Banach space with property
(my), then:

(i) X is linearly isomorphic to a quotient of a space (3_,~ | En)e,, where (Ey )5,
is a sequence of finite-dimensional subspaces of X.

(i1) X is linearly isomorphic to a subspace of a space (3" | En)e,, where (Ep)2
is a sequence of finite-dimensional quotients of X.

Note that it is actually shown in [31], Theorem 3.2 that if X has property (m,),
then for every € > 0, X is (1+¢)—isomorphic to a subspace of a space (3_,~; E,)¢
with each dim F,, < oo.

The fact that in Theorem (ii) one requires that the (F,)22; be quotients
rather than subspaces is an inconvenience which can be rectified if X has the
approximation property. Results of this nature go back to the early work of Johnson
and Zippin [23], who proved such a result for the special case of C,, = (3°,"; Gn)e,»
where (G,)22; is a sequence dense in all finite-dimensional spaces in the sense of
Banach-Mazur distance.

p

Proposition 5.3. Suppose 1 < p < oo and X is a separable Banach space with
property (m,) and the approzimation property. Then there is a sequence of finite-
rank operators A, : X — X such that A;A, =0 for |k —j| > 1,

o0
x:ZAn:v, reX
n=1
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1063

and for some constant C'" we have

CHall < (Y 1Akl < Cllall, @€ X.
k=1

Proof. We may assume that X is a subspace of a space Z = (", Gn)e,. Let
Sp © Z — Z be the partial sum operators associated to the canonical (FDD) of Z.
Let Sp = 0. Tt follows from [I6] that X has the commuting metric approximation
property and so (see [7]), we may find a sequence of finite-rank operators R,
X — X that are finite-rank operators such that x = lim,, ,o, R,z for z € X and

* = lim,2 ; R¥z* for 2* € X* and R, R, = R,R,, = R, if m > n. Consider
the operators Sy, R, in K(X,Z). Then we have lim,,_, o, **(S} — R})z* = 0 for
z** € X and z* € Z*. This implies by Corollary 3 of [25] that (S, — R,,) converges
weakly to 0.

Now fix (ex)72, with ¢, > 0 and such that > .-, €, < 1/8. It follows from

Mazur’s Theorem that we can find an increasing sequence of integers (my)32 , with
mo = 0 and nonnegative (a;)2; with

mg
S =1, k=12
j=ma_1+1
and
mp
IS a(Sj—R)lxoz <er, k=12
j=ma_1+1
We deﬁne Vk - Z] kmk 1+1 aJRJ and Tk? = Z;n:kmk71+1 aij Wlth VO = TO = O

Let Ak = Vk — Vk—l and Bk Tk — Tk—1~ Then AJAk =0if ‘j — k| > 1,
|Ax — Bill < e+ ex—1.

Hence for x € X,

1
ZHAMH” )P~ ZHBMHP )P < 2=l
On the other hand,

1 o0
el < O IBuz|?) < 2ljz)l, @€ X.
k=1

O

Theorem 5.4. Suppose 1 < p < co. Suppose X is a separable Banach space with
property (M) and the approzimation property. If X is a complemented subspace in
a Banach space Y and (E;);cr is a directed family of finite-dimensional subspaces
of Y with | J,c; E; dense in'Y, then X is isomorphic to a complemented subspace
of a space (3 E;, )¢, for some sequence (in)pey in I.

In particular there is a sequence of finite-dimensional subspaces, (F,)%2, of X
such that X is linearly isomorphic to a complemented subspace of (377 F,)e

n=1 P’
Proof. Let (A,) be the finite rank operators given by the previous proposition.
We may embed A,,(X) in a finite-dimensional subspace of Y, H,,, say, such that
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1064 N. J. KALTON

d(H,, E;, ) <2 for a suitable choice of i,,. Let P : Y — X be a bounded projection
and define Q : (3,7, Hy)e, — X by

Qhi)i Z > AjPh.

J=1]j—k|<1

Notice that if (xy)y is a finitely nonzero sequence with zj € Ax(X) we have an
estimate for j = 0,1, 2:

8

HZJ?% il = ||Z (Ask—j1 + Ask—j + Ask—j—1) T3k
k=1

< OO N Ask—jrrzsn—j|I” + | Ase—jzan—jlI” + | Askrjrr2sn—; [7)/P
k=1

<3C3()_ llan—glIP) /"
k=1
Hence if h = (hg)52, is finitely nonzero,
QR <9C(Y_114;( Y- Pha)|?)/? < 3°C2||P||h]
J=1 lk—jl<1
so that @ extends to a bounded operator.
Define J : X — (307 Hy)e, by Jo = (Anz)32,. Then J is bounded and
QJ = Idx. O

Our final result will be useful when studying uniform homeomorphisms.

Theorem 5.5. Suppose 1 < p < co and that X is a separable Banach space with
property (1y). Let (E,)5%; be a sequence of finite-dimensional subspaces of X such
that for some constant A > 1 and every m,n there is a subspace F,, , of X such
that Fr, n is A—complemented in X and d(Fp n, 0y (En)) < Ao Then (Z E,)e
is isomorphic to a complemented subspace of X.

n=1 P

Proof. We can assume X has (m,) (and so X* has (m,)). We first show that
given any finite-dimensional subspaces G C X, H C X* and n € N there exist
operators A : E,, - X and B : X — E, with BA = Ig_, ||A],|B| < 2\, and
A(E,) c H+, B*(E?) C G*+.

Let de = dim E,,, d, = dim G and d;, = dim H. Fix m > 28)\1d;,(d, + dp,)d.. By
hypothesis there exist operators S : (' (E,) — X and T': X — £;'(E,,) with T'S =
Lom(p,) and [[S|, [T < A. If we write S(u;)jL, = >y Sjuj and Ta = (Tjx)TLy,
then Tij = IE"-

We clearly have || Z;nzl 0;Tj|x=E, < X for all §; = £1. Since L(G, E,) is
\/dgdc-isomorphic to a Hilbert space we have

YTl p, < dgdeX®.
j=1

Similarly

m

D IS5 11y < dnded®.

j=1
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1065

Thus there exists j so that
IT311E 5, + ISy < M7 (dg + dn)deX®.

Now we can find two projections, P and Q on X with ||P|| < v/d, and ||Q| <
2V/d, so that P(X) = G and Q*(X*) = H. Now consider the operator
T;(I — P)(I —@)S;. We have

1QS; 1 = 1155 Q" < 2V/dnllS} Il < 202y *m™2(dy + i)'/ < 1/(83)
and

I PI| < Ady/2de/*m™"2(dg + dn) < 1/(8N).
Hence
e, = T3(I = P)(I - Q)S))|| < 1/4+1/(64X%) < 1/3.
Hence there is an operator D : E,, — E,, with ||D|| < 3/2 so that
T;(I -P)I—-Q)S;D=1Ig,.

Let B=T;(I — P) and A = (I —Q)S;D; then ||A]],|B]|| < 2A. This completes the
proof of our claim.

Since X has (my) and X* has (my), it now follows that we can use an inductive
construction to find two sequences of operators A, : £, — X and B, : X — FE, so

that
o 0o
HZA”'U"” S4A(Z‘|un“p)1/p7 Un EEna n:1727---
n=1 n=1
and
00 00
1Y Brunll <4 upl )9, e Eyon=1,2,...
n=1 n=1

and Bp,A, = Ig,.
Hence we may define A : (307 Ey)y, - X and B : X — (3.7 Ey)e, by
A(un)pZy) = 202, Apupn and Bz = 332 | Byx and we have BA = Iy | B,

and [[A]l,]|Bl| < 4. 0

6. SUBSPACES AND QUOTIENTS OF L,

We now introduce a definition which will be useful to us later. This idea was
first used in the work of Haydon, Raynaud and Levy on ultraproducts ([33] and
Im3).

Let us say that a Banach space Y has a random Ly,-norm if there is a (nonlinear)
map V : Y — Z, where Z is an abstract L,-space such that:

Vy >0, y ey,
Viay) =lalVy, yeY, aeR,
V(yr +y2) < Vyr + Vg, yey,

and

Vyll, = llyll,  yeY.
V is then called the random L,—norm on Y. V is easily verified to be continuous
and hence if Y is separable we can replace Z by L,[0,1]. If > p we say that V is
of type r if there is a constant C' such that for any y1,y2 € Y we have

SV +32) + V(o — 1) < (Vi) +C7 (Vo)) "
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1066 N. J. KALTON

Theorem 6.1. Suppose 1 < p <r < 2. Let Y be a separable Banach space with
a random Ly-norm of type r, and let X be any quotient of Y. Then if X has the
p-co-Banach-Saks property, then X has property (my).

Proof. Let V : Y — L,[0,1] be the random L,-norm. Let us use |E| to denote the
Lebesgue measure of a measurable set E. First we define for any 0 < 6 < 1,

1fllpo = sup [Ixefllp,  f € Ly
|BI<6

We also let @ : Y — X be the quotient map.
Next observe that Y (and hence X) is super-reflexive. Indeed if C is the constant
in the definition of a random L,-norm of type 7,

1 1
5 Uy +u2l1” +lly1 = 2[) S/ (Vyr(8)"+C7(Vya(s)))P/" ds < ||y [P +C7lya |-
0

This implies that Y is p-uniformly smooth. Further if ||y|| = 1 and ||z|| = ¢ is such
that y*(z) = 0, where ||y*|| = y*(y) = 1, then

ly +t2l =1 < [ly +tzl| + ly — tzl| =2 < |ly + t2]|” + [ly — t2[|” — 2 < 2072,
Hence py (t) < 2CPtP for 0 < ¢ < 1. This implies that also by Proposition B.2]
P (t) < 4CPtP. To prove the theorem it therefore suffices by Theorem 5.1 to show

that gx(t) > at? for 0 <t <1 for some a > 0.
Let us suppose that X has the p-co-Banach-Saks property with constant ¢ > 0.

Suppose ||z|| = 1 and (z,)5%; is a weakly null sequence with ||z, | = ¢ < 1. We will
show that
(6.5) liminf ||z 4+ 2, || > 14 27PC~PcPtP.

n—oo

If this false we can pass to a subsequence and suppose that

lim |z + z,|P =1+ b,
n—oo

where b < 55t. If 0 < A < 1 is chosen so that b < 2)‘—5, we can pass to a further

subsequence and suppose that
Hxnl—F""FInkHZ)\Ckl/pt, ny <ng <-:---<ng
and that (using Lemma [.T))

k
A
E||Zejacnj||2?ck1/”t, ny <ng < - < Ny
j=1

Pick z, € Y so that Qz, = x + x, and ||z, || = ||z + z,]||. Passing to a yet further
subsequence we can suppose that (z,)5%; converges weakly to some y € Y; then
let y, = z, —y. Thus Qy = x and Qy.,, = x,. In particular
u Ac
1 1
(E| ;Gjy,wnp) > SR <y < <

Now suppose 0 < 0 < 1. Note that we have a crude estimate ||y||, ||zn| < 2 and
hence ||y, || < 4. For each n, let E, be a measurable subset of [0, 1] with measure
|En| = 0 and |Vynllpe = lxe,V¥nllp- Let us denote E,, = [0,1] \ E,. Then
IVynx s, lloo < 460717 and so [|[Vynx g, [lr < 4071/7(1—0)Y/".
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1067

Now

k k
EN D eun, 1) = EIV_ jyn, 1)

j=1 j=1
k

< IO (Vy ) -
j=1

We first estimate:
k

k
1O (Vyn,)"x Xz, <H(Z(Vynj)'“x];nj)l/rllr
j=1

Jj=1
<407YP(1 - 9)/ kYT

On the other hand
k

k
1 V) )Yl < 10 (V)P )Pl
j=1

Jj=1

P 1/p

k
Z ||Vyn7j

Jj=1

Combining we have that

k
LY P N1/ -1/ 1/rp1/
SAck Pth(E{ 1|\Vyn].||p19) P4 4CHVP(1 — )T,
iz

Since this holds for any ny < --- < ng we conclude that (for any 0 < 6 < 1),

Act
(6.6) hm mf Vynllpe > 5%
Choose by so that b < b; < ’Q\—CCt Then we pick for each n a set G, of minimal

measure so that ||xa, Vynl|lp = b1. Then from (G6]) we have lim,,_, |G| = 0.

On Y consider the seminorm z — [(Vy(s))?~*Vz(s)ds. Then by the Hahn-
Banach theorem there is a linear functional y* € Y* with y*(y) = |[Vy||? = |ly||”
and

y*(2) < /(Vy(s))p71Vz(s) ds, zeY.

In particular

ol = Jim o (y+ ) < timint [ (Vy(6))P~ Vo -+ 90 ds.

Now
1-1/p
/| VUV () () s < ( / n(Vy(s»pds> —
so that
Jim [ (Vy(s)" Y (y + ya) () ds = 0.
Hence ’

“mi“f/ (Va()P" 2V (y + ) (s) ds > ]

n—roo Gn
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1068 N. J. KALTON

This implies by Holder’s inequality that
timinf [, V(5 + )l > ]l > 1.
On the other hand
IxXc,. Vyllp + IxXc. V(Y +yn)llp = IXc, Vinllp = b1

so that

liminf [[xe, V(y + ya)llp = b1-
Hence

liminf |V (y + ya) 5 > 1+ b
However

lim ||V(y+yn)|\§ = lim ||z + z,||P =1+ .
n—oo n—oo

This contradiction shows that §x(t) > (1 +27PCPcPtP) — 1 for 0 < t < 1 and
concludes the proof. O

Corollary 6.2. (i) Suppose 1 < p < 2 and that X is a subspace (respectively
quotient space) of L, with the p-co-Banach-Saks property. Then X is a subspace
(respectively quotient space) of .

(ii) Suppose 2 < p < oo and that X is a subspace (respectively quotient space) of
L, with the p-Banach-Saks property. Then X is a subspace (respectively quotient
space) of £,,.

Proof. (ii) is due to Johnson [I7]. For (i) we observe that X has (1,) by Theorem
and so X* has (), where 1/p + 1/q = 1. Hence we can apply (ii) to deduce
that X* is a quotient (respectively a subspace) of ¢, and then use duality. O

The second part of the next theorem was proved by Johnson [I7] with an addi-
tional hypothesis that X is the quotient of a subspace of L, with the approximation
property. The theorem answers a question raised by Johnson (Problem IV.2) in that
paper.

Theorem 6.3. Suppose 1 < p < co and that X is a subspace of a quotient of L.
(i) If 1 < p < 2 and X has the p-co-Banach-Saks property, then X is isomorphic
to a subspace of a quotient of ¢),.
(1) If 2 < p < oo and X has the p-Banach-Saks property, then X is isomorphic
to a subspace of a quotient of £p.

Proof. (i) By Theorem [6.I} X has property (m,) and hence by Theorem .2 X
embeds into (37, Ey)¢,, where the E,’s are finite-dimensional subspaces of quo-
tients of L, and hence also of £,,. Thus X is a subspace of a quotient of /.

(ii) By Theorem 7, X* has the g-co-Banach-Saks property, where 1/p+1/q =
1; hence by (i), X* is a subspace of a quotient of ¢; and the result follows by
duality. ([l

Let us now consider the analogue of these results when p = 1. Let us recall that
a Banach space X has the strong Schur property if there is a constant ¢ > 0 so that
if (x,)5%; is a sequence in X with sep {x,, }52; = 0 > 0, then there is a subsequence

n=1
with
k k
1D ajwn, | = ¢ layl.
j=1 j=1
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1069

This concept was considered first (implicitly) by Johnson and Odell [2I] and then
by Bourgain and Rosenthal [5], who gave examples of subspaces of L; with the
strong Schur property but failing to have the Radon-Nikodym Property.

An alternative formulation of the strong Schur property is given in [27]. X has
the strong Schur property if there is a constant ¢ so that for every bounded sequence
(25)22, there exists 2™ € X* with ||2*|| = 1 and

limsup z*(z,,) > climsup ||z, ||
n—oo n—oo
Theorem 6.4. Let X be a closed subspace of L. The following conditions on X
are equivalent:
(i) X has the anti-Banach-Saks property.
(i) X has the strong Schur property.
(iii) For some ¢ > 0 we have dx(t) > ct.

Proof. That (iii) implies (ii) follows from Proposition 5l It is clear that (ii) implies
(i). It remains to show that (i) implies (iii). The argument is a variation on Theorem
.11 By Proposition g there is a constant ¢ > 0 so that for every normalized
sequence (g, )% ; with sep{g,}52; = a in X we can pass to a subsequence (f,)22
with

k
E|l Y € fa, ]l > cak.
j=1

Let us fix such a sequence (f,)52 . Suppose 0 < § < 1 and pick E,, C [0,1] so that
|En| =6 and ||xE, fulli = || full1,e- Then for any nq < ng < -+ < ny,

k
10 X,
j=1

fnj |2)1/2||1 < k1/2971

so that
k
1/2p—1
Bl Y eixg, fo,ln < kV2070
j=1
Hence
k
E| Y €xm,, fo, 1 > cak — 67 k>
j=1
so that
k
Z Hf"j ll1.0 > cak — 0~ 111/2.
j=1

In particular iminf, o || fnll1,0 > ca.
Now if f € Ly with ||f|ly =1 and ¢ > 0, we have

U+ tnl 17 = th = [ 1nolds+ [ 1olds

n

— 1t fulli — / £(s)]ds.

n
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1070 N. J. KALTON

Hence

tminf L(1F + hull 4 17— £fall) > 1+ cat - s / £lds.

As 6 > 0 is arbitrary we have dx (t) > ct. O

7. MAPPINGS ON ORLICZ SPACES AND APPLICATIONS

We refer to [3] for background on nonlinear theory. However, we need to recall
some definitions and notation. Let (M,d) and (N,d) be two unbounded metric
spaces. We define for f: M — N:

Vi >0 wp(t) =sup{d(f(z), f(y)), z,y € M, d(z,y) <t}.

We say that f is uniformly continuous if lim,_,ows(t) = 0. The map f is said to
be coarsely continuous if wy(t) < oo for some t > 0.
Let us now introduce
wy (1)

Lips(f) = supf—, for s >0
t>s t

and

L(f) = sup Lips(f),  Lipo(f) = inf Lip,(f).
5>0 s>0

A map is Lipschitz if and only if L(f) < co. We will say that it is coarse Lipschitz
if Lipo(f) < oo. Clearly, a coarse Lipschitz map is coarsely continuous. If f
is bijective, we will say that f is a uniform homeomorphism (respectively, coarse
homeomorphism, Lipschitz homeomorphism, coarse Lipschitz homeomorphism) if
f and f~! are uniformly continuous (respectively, coarsely continuous, Lipschitz,
coarse Lipschitz). Finally we say that f is a coarse Lipschitz embedding if it is a
coarse Lipschitz homeomorphism from M onto f(M).

It is well known that if X and Y are Banach spaces, then for any map f : X — Y,
wy is a subadditive function. It follows that any uniform homeomorphism f: X —
Y is a coarse Lipschitz homeomorphism.

Given a metric space X, two points z,y € X, and v > 0, the approximate metric
midpoint set between x and y with error v is the set:

Mid(z,y,v) = {z € X : max{d(z,z2),d(y,2)} < (1 + y)d(a; y) } .

The use of metric midpoints in the study of nonlinear geometry is due to Enflo
in an unpublished paper and has since been used elsewhere, e.g. [], [12] and [20].

The following version of the Midpoint Lemma was formulated in [30] (see also
[3], Lemma 10.11). Note that completeness of X is not needed.

Lemma 7.1. Let X be a normed space and suppose M is a metric space. Let
f:X — M be a coarse Lipschitz map. If Lip . (f) > 0, then for any t,e > 0 and
any 0 < v < 1, there exist x,y € X with ||z —y|| > ¢ and

fMid(z, y,v)) € Mid(f(2), f(y), (1 + €)v).
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Lemma 7.2. Let X be a normed space and suppose (x,)5% 1 is a normalized se-
quence in X. Define T : cop — X by TE =372 | Epay. Let

Ok = sup ||Z‘9j337”||, np <ng < - <mny, 0; ==£1

For each k € N define
t/k 0<t<1
(7.7) Fu(t) = | HE sts1/on
t—i—l/k—l/ak, ]./O'k§t<OO.

Then for any & € cop we have

IT¢] < 2[1€lle, -

Proof. Note first that for any set A C N with |A| = m we have

[ Z &zl < max €5lom.

jEA
Let a € £y with 3272 ) Fy.(|§;]) < 1 and let (£5)52; be the decreasing rearrangement
of (I§;1)521- Now Fy (&) < 1/k and hence & < 1/0%. Then

oo

ITE < (& =& 41)o;
J

j=1

k [e's)
* * Ok <%k *
< (fj - §j+1)‘7j + & Z J(ﬁj - fj+1)
Jj=1 j=k+1
k o 0o
* k *
= fj("j_ajfl)"‘? Z 13
Jj=1 Jj=k+1
k (o'}
<Y (Fl&) + oo —oim) + Y Fr(&)
j=1 j=k-+1
(oo}
<1+ Z Fr(&5)
j=1
< 2.
Hence [|T'||¢y, —x < 2. O

Theorem 7.3. Let X and Y be two Banach spaces such that X coarse Lipschitz-
embeds into Y. Then there is a constant ¢ > 0 so that given any normalized sequence
(27)22 1 with sep{x,}521 =60 > 0in X and any integer k there exist ny < -+ < ny
so that

clller +---+ ek”%y <E|le1xn, + -+ €xn, |-

Proof. We may assume that for some constant K we have a map f: X — Y such
that f(0) =0 and

e =zl =1 <|f(z) = f) < K|z —2[[+1,  zz2eX.
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1072 N. J. KALTON

Let
k

O} = sup E||Zejxnj||, np<ng < - < ny
j=1
Let 0g = 0. Then (04)%2, is a monotone increasing sequence.
For each k, define the Orlicz function Fj by (7). We let N be the absolute
norm on R? such that

Ni(1,t) =1+ Fi(t), t>0.

We also define an absolute norm on R? by

Ny(1,t) = 1+/0t<§y(s)

Let us note, for future use, the following property of Ny. If y,z € Y and (y,)%2
is any bounded sequence in Y, then

(78)  minf(ly — vl + 12— val) > Ny (ly — 2]l sepfun}iy).

ds
b
s

t>0.

This is an immediate consequence of Proposition
We define an operator T': oo — L1(A; X) by

T(f) = ij&j ®.’£j.
j=1

Combining Lemmas 3] and [[2] we have

TN < 4lI€llaw, -

We then consider the map g : coo — L1(A;Y) defined by £ — f o T¢. This is
well-defined because f(0) = 0 and T¢ is a simple function so that there are no
measurability problems. We have an estimate

19(&) — gl < AK€ = nllay, +1,  &n € coo

We also have |[g(te1)|| = (|| f(tz1)|| + || f(—tz1)|) >t — 1 so that Lip,(g) > 1.

We apply the Midpoint Lemma (Lemma [Z1]) to g : (coo, || - [|ay, ) = L1(A,Y)
with v = 1/k. For any 79 > 0 we can find 7 > 79 and points 7, { € ¢op with
7 = Cllay, = 27 such that

g(Mid(n, ¢, 1/k)) < Mid(g(n), 9(C), 2/k).-

Let £ = 3(n+ Q).
There exists m € N so that n,{ € [e1,...,em—1]. Thus if j > m we have, from
the iterative nature of the norm on Ay, , £ + TJ;lej € Mid(n, ¢, 1/k).
Thus the functions
m—1
hj = f(z fiei X x; + 7'0";16]- X .Ij)
i=1
all belong to Mid(g(n), g(¢),2/k) for j > m. Since both g(n) and ¢g(¢) depend only
on the first m — 1 coordinates of A, this implies that the same is true for the

functions
m—1

h; = f(z {iei X x; + TO'k_lem [029] Ij).
=1
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The functions h’; now depend on the first m coordinates of A. In particular

(7.9) lg(n) = W51l +1lg(Q) = W5l = llg(m) = 9Ol < 2k~ lg(n) = 9(O)]I-
Note that for any s € A we have

R} (s) = B)(s)|| = b0 =1, i>j>m.
Hence, using (Z8)), we have
lim inf |lg(n)(s) - () + 19O (s)) = R(s)ll = Ny (lg(n)(s) = g(O) ()], b0yt = 1)

as long as 7 > oy,/6.
Integrating (note the integral is simply a finite sum in this case),

timnf(Jg() = 51+ 9(0) = 151 > | Ny (o)) = a(Q) (s 6707 = 1)

> Ny (llg(n) — g(Qll, 070}, " = 1).

Now ||g(n) — g(¢)|| < 8K7+ 1 and since Ny (¢,1) —t is a decreasing function we
conclude that

i inf (o) 15 1 +19(0) 15 |- lg()—9(Q)1) > Ny (8K 71,6 1) (8K 7+1),
Hence, by (7.9),
Ny (8K7+ 1,670 —1) = (8K7 +1) < () — 9(Q)]| < 2(8K7 + Dk~

We simplify this as

_ -1 2
Ny (1%> <14

or(8K + 171 k'
Now we can let 7 — oo and deduce that
0 2
Ny(l, —) <1+ =.
r(1, SKUk) =g
This implies that
N 0 2
4( )<~
16 Koy, k
and hence
A 0 1
o( )<~
32K oy, k
or

ller +---+ engSY < 32K9710'k.
O

Our next theorem combines Theorem [(3] with Theorem 6.1 from [30]. Note
of course that reflexivity of Y is not used for the left-hand inequality, and the
right-hand inequality could be improved to

larer + -+ + akerlls < Cllarer + -+ + arexlle;

for any ai,...,a,. However the theorem as stated shows that we have both an
upper and lower estimate for the behavior of weakly null spreading sequences in X.
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1074 N. J. KALTON

Theorem 7.4. Suppose X and Y are Banach spaces. Suppose there is a coarse
Lipschitz embedding of X intoY and Y is reflexive. Then, there is a constant C
so that for any spreading model of a weakly null sequence in X we have:

keN.

Py

1
(7.10) 5||€1 +oterll, <llert-- +exlls <Cllex+--- +exlle

In particular if 0y (t) > 0 for any t > 0, then there is a constant C so that every
normalized weakly null sequence (x,)52 1 has a subsequence (zp)nem S0 that

1
(711) Sller - +erlley, < llon +-+anl <Clest-+erlle,, kel

Proof. The left-hand side follows from Theorem [Z.3] and Proposition For the
right-hand side, suppose f : X — Y is a coarse Lipschitz embedding. We may
assume that

o =yl =1 <|[[f(z) = fFW)l < K[|z —y| + 1.
Consider the space Py of k-subsets of N with the metric
d({my,...,mi},{n1,...,ne}) = {k: mp # ng}-

Let (z,)2° be a normalized spreading sequence generating the spreading model
{en}>2;. Then, for any A > 0, the map

E({n,-omid) = FA@ny + -0+ 20)

is Lipschitz with constant at most 2(\ + 1). Hence, if v > 0 we can find an infinite
subset M of N so that if {mq,...,mg,n1,...,nx} C M we have

||F)\(m1,...,mk) — FA(nl,...,nk)H < 2€(>\+ 1)”61 +"'+€kHeEY + v.

Hence
[, + 4 By =y =+ = | < 2e(L+ W fer + -+ exlly, + (24 1)/A
and thus, letting nq,...,ny — 00, A = oo and v — 0, we have

[Ty + o+ Ty || < 2efler + -+ exlle,,

so that the right-hand side follows.
The second part (ZI1)) is an equivalent statement. O

Remark. If X and Y are uniformly homeomorphic one can relax the assumption that
Y is reflexive. This follows from results in [I1]. If we assume lim;_,o py (¢)/t = 0,
then the Szlenk Index of YV is wy and hence by Theorem 5.5 so is the Szlenk index
of X; furthermore the convex Szlenk indices of these spaces are equivalent and the
argument is similar to that of Theorem 5.8 of [11], which treats the special case
Py (t) < ctP.

8. APPLICATIONS TO UNIFORM AND COARSE HOMEOMORPHISMS

The first proposition is well known and goes back to work of Ribe [40] and [41]
(who considered only the uniform case).

Proposition 8.1. Let X and Y be separable Banach spaces and suppose there is
a coarse Lipschitz embedding of X into Y. Then X is finitely representable in'Y
and hence isomorphic to a subspace of any ultraproduct Y.

Proof. There is a Lipschitz embedding of X into Y;; and hence a linear embedding
into Y;;* (3], p.176). O
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UNIFORM HOMEOMORPHISMS OF BANACH SPACES 1075

In order to apply our results we need to use the ultraproduct technique which
goes back to the classic paper of Heinrich and Mankiewicz [I5]. The next result
summarizes these ideas.

Theorem 8.2. Let X and Y be separable Banach spaces which are coarsely (or
uniformly) homeomorphic. Assume Y is super-reflexive. Then given any non-
principal ultrafilter U on N we can find separable closed subspaces X1 of Xy and
Y1 of Yy, such that:

(i) X CX;, YCYy.

(#i) X1 is complemented in Xy and Yy is complemented in Y.

(iti) X1 and Yy are linearly isomorphic.

Proof. The argument is standard. Since Y is super-reflexive, so is X ([40], [3]).
First one notes that Xz, and Y;; are Lipschitz isomorphic (and both are reflexive).
Then it is possible (using the separable complementation property) to find separable
1-complemented subspaces, X C X7 C Xy and Y C Yy C Yy, so that X; and Yy are
Lipschitz isomorphic. But this implies that X7 is isomorphic to a complemented
subspace Y7 of Yy (see [15], [3]). O
Theorem 8.3. Suppose 1 < p < oo and that X = (37" En)e,, where (Eyp)32,
a sequence of finite-dimensional spaces. Suppose either that:

(i) 1 <p<r <2 and the spaces (E,)5, are uniformly r-uniformly smooth, or

(1)) 2 <r < p < oo and the spaces (E,)52, are uniformly r-uniformly convez.

Suppose Y coarse Lipschitz-embeds into a quotient of X. Then Y has property
M.

18

Proof. In either case X (and hence Y)) is super-reflexive.

(i) We start with the observation that if V' : X — ¢, is defined by V((z,)5%,) =
(lznll)S2,, then V is a random L,-norm. By our assumptions this is a random
L,-norm of type r. It follows that we can induce a random L,-norm of type 7,
V:Xy— (¢p)u. Now Y embeds into a quotient of Xj,, and hence is a quotient of a
subspace of X7;. However, by Theorem [(4] Y has the p-co-Banach-Saks property.
By Theorem this implies that Y has property 7.

(ii) In this case we argue similarly that (X*) = (Xy)* has a random Lg-norm of
type s where 1/p+1/q=1/r+1/s = 1. In this case Y* is a quotient of (a separable
subspace) of (X*);. We again use Theorem [(.4]to deduce that Y has the p-Banach-
Saks property. By Proposition .7 this means that Y* has the g-co-Banach-Saks
property. By Theorem [61] Y* has property my, and so Y has property (m,). O

Theorem 8.4. Suppose 1 < p < co. Then

(1) If X is a Banach space which can be coarse Lipschitz-embedded in ¢, then
X is linearly isomorphic to a closed subspace of £,.

(i1) If X is a Banach space which is coarsely homeomorphic to a quotient of £,
then X is linearly isomorphic to a quotient of £.

(111) If X can be coarse Lipschitz-embedded into a quotient of £, then X is
linearly isomorphic to a subspace of a quotient of £,.

Proof. Suppose first that X can be coarse Lipschitz-embedded into a quotient of
£,. Then it is a special case of Theorem [B3] that X has property (1,).

(i) In this case for 2 < p < oo the result is proved in [II]. If 1 < p < 2, then
X* is isomorphic to a quotient of L, where 1/p + 1/¢ = 1 and has property (/my);
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1076 N. J. KALTON

in particular it has the ¢-Banach-Saks property and by [I7], X* is isomorphic to a
quotient of ¢4; i.e. X is isomorphic to a subspace of /.

(ii) Again this is proved for 2 < p < oo in [II]. If 1 < p < 2, then X* is
isomorphic to a subspace of L, which has property (m,) and hence contains no
subspace isomorphic to f2. By the classical result of Kadets and Pelczynksi [24]
this implies that X is isomorphic to a subspace of ;. Hence X is isomorphic to a
quotient of £,.

(iii) In this case, X is isomorphic to a subspace of a quotient of L,. Since X has
property (m,) we can use Theorem to embed X in an f,-sum, (307, Ey)q,.
where the spaces E,, are finite-dimensional and uniformly quotients of X and hence
into a subspace of a quotient of £,. Thus X is isomorphic to a subspace of a quotient
of 4,,. O

Remark. Of course if X is uniformly homeomorphic to £,, then X is linearly isomor-
phic to ¢, [20]. In [29] we show that for every 1 < p < oo there are two uniformly
homeomorphic subspaces (respectively, quotients) of ¢, which are not isomorphic.
We do not know if Theorem [8.4] holds for subspaces or quotients of cy. In the
Lipschitz category there are corresponding results proved in [I0] and [9] (except
note in [9] for the case of quotients one needs an extra hypothesis that X* has the
approximation property).

Theorem 8.5. (i) Suppose 1 < p < r < 2 and that Z is an r-uniformly smooth
Banach space with the (UAP). Suppose (E,)3%, is an increasing sequence of uni-
formly complemented finite-dimensional subspaces of Z. Then X = (30" En)y,
has unique coarse (or uniform) structure.

(1) Suppose 2 < r < p < oo and that Z is an r-uniformly conver Banach space
with the (UAP). Suppose (E,)$2 is an increasing sequence of uniformly comple-
mented finite-dimensional subspaces of Z. Then X = (30", En)e, has unique
coarse (or uniform) structure.

Proof. Let us start by observing that, in both cases (i) and (ii), X is linearly
isomorphic to ¢,(X). Indeed if (ng)52, is any sequence of natural numbers such
that {ny = j} is infinite for each j and nj, < k, then (3277, Ey, )¢, is complemented
in X; hence ¢,(X) is isomorphic to a complemented subspace of X. Hence for some
Banach space W, we have X ~ £,(X) @ W =~ {,(X) & (,(X) & W ~ £,(X). Next
we observe that X is isomorphic to a complemented subspace of £,(Z) and so has
the (UAP) by Theorem 9.4 of [14].

Now suppose Y is coarsely homeomorphic to X. Since X is super-reflexive we
can apply Theorem to deduce that Y is super-reflexive and has the approxi-
mation property. By Theorem B3] Y has property (12,). We can therefore apply
Theorem (.4l It follows that Y is isomorphic to a complemented subspace of a
space (3.7 Fy,)g,, where each F, can be assumed to be of the form (Z?Zl Ej)e,
for some k. This implies that Y is isomorphic to a complemented subspace of X.

To complete the proof we use Theorem Since X is isomorphic to a comple-
mented subspace of an ultraproduct Y;; of Y it follows that there is a constant A
so that for each m,n the finite-dimensional subspace £}'(E,) is A-isomorphic to a
A-complemented subspace of Y. Hence X = (37, Ey)e, is isomorphic to a com-
plemented subspace of Y. Now by the standard Pelczynski decomposition trick,
this means (since X ~ £,(X)) that X is isomorphic to Y. O
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The following corollary extends the result of Johnson, Lindenstrauss and Schecht-
man [20] of the uniqueness of the uniform structure of ¢, for 1 < p < co.

Corollary 8.6. Suppose 1 < p,r < oo. The spaces (.-, 0')e, have unique uni-
form structure if either 1 < p < min(r,2) or p > max(r, 2).

Note that for the case r = 2, Corollary reduces to the result of Johnson,
Lindenstrauss and Schechtman [20] since (3~ £5),, =~ £, (see [38]). As pointed

n=
out in the Introduction for every 1 < p < oo we can find two nonisomorphic

subspaces (respectively, quotients) of ¢, which are uniformly homeomorphic (see
[29]).

Theorem 8.7. Let X be a subspace of L1 with the strong Schur property. Suppose
Y coarse Lipschitz-embeds into X ; then Y also has the strong Schur property.

Proof. By Theorem [.3] and Proposition it is clear that Y has the anti-Banach-
Saks property. We also have that Y Lipschitz-embeds into an ultraproduct of X
and hence into L;. Thus Y linearly embeds into L* and hence into L;. Finally we
apply Theorem O

If X is uniformly homeomorphic to a subspace of /1, then X is linearly isomor-
phic to a subspace of Lj; the above theorem implies that X has the strong Schur
property, but we do not know if X linearly embeds into ¢;. If X is Lipschitz iso-
morphic to a subspace of £1, then one can deduce that X linearly embeds into ¢; by
exploiting the Radon-Nikodym property and differentiability arguments (see [3]).
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