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INTERPOLATION OF SUBSPACES AND
APPLICATIONS TO EXPONENTIAL BASES

S. IVANOV AND N. KALTON

ABSTRACT. Precise conditions are given under which the real interpolation space
[Yo, X1]g,p coincides with a closed subspace of [Xo, X1]g,, when Yj is a closed sub-
space of codimension one. This result is applied to the study of nonharmonic Fourier
series in the Sobolev spaces H®(—m,m) with 0 < s < 1. The main result looks like
this: if {e*»?} is an unconditional basis in L?(—m,7), then there exist two num-
bers sg, s1 such that for s < so the family {e?*~!} forms an unconditional basis
in H¥(—m, ), and for s; < s this family forms an unconditional basis of a closed
subspace in H®(—m, ) of codimension one. If sp < s < s1, then the family {e‘*nt}
is not an unconditional basis in its span in HS(—m,).

§1. INTRODUCTION

In this paper we shall apply a result on interpolation of subspaces to the study of
exponential Riesz bases in Sobolev spaces.

In §2 we consider the comparison of the interpolation spaces Xy := [Xo, X1]p,, and
Yy := [Yo,X1]p, for 1 < p < oo, where Y is a codimension one subspace of Xy, say,
Yy = ker ¢ with ¢ € Xj. As far as we know, this problem was first formulated in [16,
Vol. 1, Chapter 1, Section 18] in 1968. As we show in Theorem 2.1, there are two indices
0 < 0p <01 <1 that may be explicitly evaluated in terms of the K-functional of ¢ and
such that:

1. if 0 < € < 0, then Yy is a closed subspace of codimension one in Xp;

2. if o1 < 6 < 1, then Yy = Xy with equivalence of norms;

3. if g < 0 < o1, then the norm on Yj is not equivalent to the norm on Xjy.

Let us discuss the history of this theorem. The special case of a Hilbert space of
Sobolev type connected with elliptic boundary data was considered in [16], and in this
case the critical indices o9 and o7 coincide. In the well-known case (see [16]) where
X1 = L*(0,0), Xg = W4(0,00), and Yy C W4 is the subspace of functions vanishing
at the origin, this critical value is 09 = o7 = 1/2. Later, R. Wallsten [26] gave an
example where the critical indices satisfy o¢g < o1. The general problem was considered
by J. Lofstrom in the paper [17], where some special cases of Theorem 2.1 were obtained.
Later, in an unpublished (but web-posted) preprint from 1997, Lofstrom obtained most
of the conclusion of Theorem 2.1; specifically, he obtained the same result except he did
not treat the critical values 6 = 0, 01. The authors were not aware of Lofstrom’s earlier
work during the initial preparation of this article and our approach is rather different. A
more general but closely related problem on interpolating subspaces of codimension one
was considered recently in [12] and [10]. For general results on subcouples we refer to [9)].
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Next, we recall that a sequence (e,)nez in a Hilbert space H is called a Riesz basic
sequence if there is a constant C' such that for any finitely nonzero sequence (a,)nez we

have .

é(z Ianl2> " < 1Y anenll < C(Z |a”|2>

neZ nez nez

1
2

A Riesz basis for H is a Riesz basic sequence whose closed linear span [ep]nez is H. A
sequence (e,) is an unconditional basis (respectively, an unconditional basic sequence) if
(en/|lenll)nez is a Riesz basis (respectively, a Riesz basic sequence).

In the second part of the paper we apply our interpolation result to study the basis
properties of exponential families {e**#*} in Sobolev spaces. These families appear in
such fields of mathematics as the theory of dissipative operators (the Sz.-Nagy-Foias
model), the Regge problem for resonance scattering, the theory of initial boundary value
problems, control theory for distributed parameter systems, and signal processing; see,
e.g., [22, 8, 13, 2, 25]. One of the most important problems arising in all of these
applications is the question of the Riesz basis property of these families. In the space
L?(—7,7) this problem was studied for the first time in the classical work of Paley and
Wiener [23]. Now the problem has a complete solution [11, 20] on the basis of an approach
suggested by B. S. Pavlov.

The principal result for Riesz bases can be formulated as follows [11].

Proposition 1.1. The sequence ('), cz is a Riesz basis for L?>(—m,w) if and only if
sup |SA,| < oo,

(1].) ]il;lég |>\k - )\]‘ >0,

and there is an entire function F of exponential type 7 (the generating function) with
simple zeros at (A\p)nez and such that for some y the weight © — |F(x —|—iy)|2 satisfies
the Muckenhoupt condition (As) (we shall write this as |F|? € (A2)):

1 1 -
sup{7/|F(x—|—iy)|2 dx7/|F(x+zy)| 2 dz} < 00,
1| Jr 1| Jr

Ieg

where J is the set of all intervals of the real axis.

In [20], a corresponding characterization was given for the exponential families that
form an unconditional basis of L?(—m, 7) when $\,, can be unbounded both from above
and below.

Let us describe known results concerning exponential bases in Sobolev spaces. The
first result in this direction was obtained by D. L. Russell in [24]. Russell studied the
unconditional basis property for exponential families in the Sobolev spaces H™(—m, )
with m € Z.

Proposition 1.2 (see [24]). Suppose (e?*!),cz is a Riesz basis for L*(—m, ). Suppose
m € N, and suppose ji1,. .. ptm € C\{ A\ : n € Z} are distinct. Then (e"*n?),cz U
(etmrtym_ s an unconditional basis of H™(—m, ). In particular, (€*'),cz is an uncon-
ditional basic sequence whose closed linear span has codimension m in H™(—m, ).

In [21] the unconditional basis property for an exponential family was studied in
H?(—m,m) for nonintegral s in the case where the A, are the eigenvalues of a Sturm-—
Liouville operator with a smooth potential.

Note that the generalization of the Levin—Golovin theorem for Sobolev spaces was
obtained [3] by using “classical methods” of the entire function theory. Suppose {\, }nez
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are the zeros of an entire function F' of exponential type 7, ()\,) is separated as in (1.1),
and on some line {x + iy}.cr we have

C'(A+ |z))® < |F(z+iy)| < C(A+ |z])®.

Then the family {e**/(1 + |\;|)*} forms a Riesz basis in H*(—n, 7). Notice that this
result was applied to several controllability problems for the wave type equation (see [4]).

Recently Yu. Lyubarskii and K. Seip [19] established a necessary and sufficient criterion
for the sampling/interpolation problem for weighted Paley—Wiener spaces, which gives a
criterion for a sequence to be an unconditional basis in H*. For the case where sup |S\,,| <
00, the main result is the following.

Theorem 1.3. (e, 7 forms an unconditional basis in H*(—m,7) if and only if
(An) is separated (i.e., (1.1) is fulfilled) and for the generating function F we have
|F(z +iy)[?/(1 + |z|**) € (A2) for some y.

The main idea of the present paper is that if (e nez forms a Riesz basis in
L?(—m,m), then it also forms an unconditional basis of a subspace Yy in H'(—m, )
of codimension one. Then, by interpolation, we obtain the fact that (ei*»!),cz is an
unconditional basis of the intermediate spaces [Yp, L?]g 2 for 0 < 6 < 1. This approach
was suggested in [7] by the first author. The main result of [7] is incorrect in the general
case because of a mistake related to interpolation of subspaces. Here we correct this
mistake.

We describe the results concerning unconditional bases in Sobolev spaces. One of our
main results for Riesz bases is as follows.

i)\,,,t)

Theorem 1.4. Suppose (e*!), cz forms a Riesz basis of L*>(—m, ). Suppose (A —n)nez
is bounded, and let 0,, = R\, —n. Then there exist critical indices 0 < sg < s1 < 1 given
by

T 1 on
Sl L Sl Dl
t<|n|<Tt
and ) 5
50:§—limsup1 Z =
T tz1 108 T t<|n|<Tt "
such that:

(1) (en, )nez is an unconditional basis of the Sobolev space H® if and only if 0 < s < sp;

(2) (ex, )nez s an unconditional basis of a closed subspace of H® of codimension one
if and only if s;1 < s <1

(3) If so < s < 51, then (ey,) is not an unconditional basic sequence.

This theorem is deduced from results of §§3 and 4. In §4 we in fact consider the more
general situation for unconditional bases and give rather more technical results. The
above Theorem 1.4 is the simplest case and follows by combining Theorem 4.2, Theorem
4.9 and Theorem 4.10. Our approach is based on estimates of the K-functional for the
continuous linear functional on H'(—n,7) that annihilates each e**»*; the existence of
such a functional is guaranteed by the result of Russell (Proposition 1.2). The estimates
are in terms of the generating function F.

Once we have Theorem 1.4, it is easy to construct real sequences (A,) to show that
S0, 81 can take any values in (0, 1) such that sg < s;. In the case of regular power behavior
of F, i.e., if |[F(z +iy)| ~ (14 |z])* for some y > 0, we have s; = 59 = s + 1.

The results for the entire scale H®*(—m, ) can then be obtained by “shift”, using
the fact that the differentiation operator with appropriate conditions is an isomorphism
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between a one-codimensional subspace of H™ and H™!; we shall not pursue this ex-
tension.
The first author is grateful to S. Avdonin for fruitful discussions.

§2. INTERPOLATION OF SUBSPACES

Let (X, X1) be a Banach couple with Xy N X7 dense in X, X;. If 0 < § < 1 and
1 < p < o0, the real interpolation space Xy = [Xo, X1]o,, is defined (see, e.g., [5]) to be
the set of all x € Xy + X1 such that

1
|zl x, = </ tele(t,x)pdt> < 00,
0

where K (t,z) is the K-functional. An equivalent definition [5, p. 314] (yielding an
equivalent norm) can be given by using the J-method:

»
fellx, = inf { (3 maxlonllon 2l ) so = 3 2% |,
kezZ kEZ
where the series converges in Xy + Xj.

Now suppose 0 # 1 € X, and let Yy be the kernel of ¢). We suppose also (only this
case is interesting) that Yo N X; is dense in Xy, i.e., 1 is not bounded in X;.

Let Yy be the corresponding spaces obtained by interpolating Yy and X;. Clearly
Yy C Xy and the inclusion has norm one. It is easy to show that the closure of Yy in Xy
is either a subspace of codimension one when 1 is continuous on Xy, or the whole of Xy
when ) is not continuous.

Now, we introduce two important indices:

lim su 1 lo K(rt, )
o1 =
P e S Tog T B TR (1, 4)
and

1 K(1t,9)

= 1 i f
90 = e 0<ric1 log T ©8 K(t,)’

where K(t,v) = K(t,v; X, X{). From the multiplicative properties of the function
K(1t,v)/K(t, 1) it is clear that these limits exist and 0 < oy < 07 < 1. Since K (t,v) is
bounded as t — 0o, we can also write

o1 = lim sup og K(Tt’d}).
T=00 g<t<oo lOG T K(t,1)
We observe that
sup{ [¢(«)| : max{[|z[lo, tz[l1} <1} = K(t71,%).
We define a sequence (wy,)nez by
w, = K27, ).

Notice that inf,cz w, > W’H)_(i > 0 and that in general w, < w,11 < 2w,. Now it is
easy to see that

. 1 Wn+k
o1 = lim sup —lo
k—o0 npk 82 Wnp ’
. . 1 Wn+k
oo = lim inf —log, ntk
k—ocon>0 k Wn,

As mentioned in the Introduction, the following result is a slight improvement of a
result of Lofstrom [18], who obtained the same statement by quite different arguments
except for the critical indices 0 = g, 07.
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Theorem 2.1. 1. Yy = Xy (with equivalence of the norms) if and only if 0 > o1.
2. Yy is a closed subspace of codimension one in Xg if and only if 0 < op.
3. If 0o < 0 < 0y, then Yy is not closed in Xj.

We shall consider the weighted ¢, space £,(w) of all sequences (a,)nez such that

1
P
ol = (szanw) .

kEZ

We shall use ¢, for the standard basis vectors. On ¢,(w) we consider the shift operator
S((an)) = (an—1). From the above remarks it is clear that S,S~! are both bounded
and ||S| < 2,||S7!|| = 1. Furthermore, the spectral radius formula shows that 271 is the
spectral radius r(S) of S. Now let P, be the projection Py («) = (dpap), where §, =1
if n > 0 and 6§, = 0 otherwise. It is easy to calculate

| P+S7"|| = sup ;
k>0 Wntk

and this implies that r(P;S~1) = 279,
We need the following key lemma.

Lemma 2.2. Let 0 < 0 <1 and let Ty = S — 2°1. Then:
1. Ty is an isomorphism onto £,(w) if and only if o1 < 6;
2. Ty is an isomorphism onto a proper closed subspace if and only if 0 < oy. In this

case the range of Ty is the subspace of codimension one consisting of all o such
that 3, 7 2", = 0.

Proof. First, observe that if > oy, then Ty must be an isomorphism onto £,(w) since
29 exceeds the spectral radius of S. Furthermore, since the spectrum of S is rotation
invariant, it is clear that T}, cannot be an isomorphism onto ¢,(w). Also, we note that
Ty is always injective, and that if fy is a linear functional annihilating its range, then
fo(Cn) = 2" for some constant c, i.e., fo(a) =Y, 5 2", = 0. This implies that the
closure of the range is either the entire space or the subspace of codimension one when
> onez 2m944) -1 < 0o, Here % + % = 1 and the formula must be modified if p = 1.

Next, we show that if § < o¢, then Ty is an isomorphism onto a closed subspace of
codimension one.

Let E=[{¢,:n < -1} and F = [{(, : n > 1}]. We remark that Ty(FE) is easily
seen to be closed, because Tp is an isomorphism on the unweighted £,, and w, is bounded
for n < —1. If we show Ty (F) is closed, then we are done, because, clearly, this will imply
that Ty(E + F)) is closed and this is a subspace of codimension one in the range. However,
we have 27¢ > r(P.S™1), so that 279 — P, 7! is an isomorphism. After restricting to
F, this implies that (27% — S71)F is closed; consequently Ty(F) is closed.

The proof is completed by showing that if § < oy then, if T has closed range, nec-
essarily 6 < og. Note first that it suffices to establish this for § < o7 since the set of
operators with Fredholm index one is open. Suppose og < 0 < o1 and Ty is closed. Then
Ty has a lower estimate ||Tpa|| > cf|a| for all a, where ¢ > 0. Assume w,, ;5 > 2wy, for
somen € Nand k € Z. Let a = (I +2795 + - +27798™)2¢: then |laf > n27w,, 4.
However,

2 20 —nt+1)0 —2n0
|75 ol = 2%%wy, + 2 2000,y + 272 way g

< 8 max{wy, 27" W, 2*2"9w2n+k}.
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Let v, = 27™0,,. Then, if nc? > 8, we have

(nc? — 8)upyn < 8max{vg, Ugton}-
In particular, if nc? > 16, then

Vg < Max{Vg, Vkt2n }-

Now, since # < oy, we can find k € Z and n > 16¢~2 so that w,, < 2wy, or
Untk < V. lterating shows that (vgirn)5, is monotone increasing. Now for any large
N and any j > 0 we have

Wi+ N > Wk+ran > 27L(7"2—r1)9
- - )
wj wk+rln

where 71, 79 are such that k+(r1 —1)n < j < k+rinand k+ron < j+N < k+(ro+1)n.
This yields
WiHN - o(N-2n)8
w;

Hence,

Letting N — oo gives g > 6. To show that in fact 8 < o(, again it suffices to observe
that the set of 6 for which Ty has Fredholm index one is open. |

Now we use Lemma 2.2 to establish our main result (see Theorem 2.1) on interpolating
subspaces.

Proof. Suppose next that either (a) 6 < oo or (b) # > 1. This implies the existence
of a constant D such that ||| < D||Tye| for all o € £,(w); in case (a) Ty maps onto
the subspace of £,(w) defined by fo(a) =3, ., 2", = 0, while in case (b) Tp is an
isomorphism onto the entire space (see Lemma 2.2). We observe that in case (a) the
linear functional ¢ extends to a continuous linear functional on Xy because

D 2K (2", 4h) < oo

nez

Now suppose that x € Xy with |z||x, = 1 and with the additional assumption in case
(a) that ¢(z) = 0. Then we may find (2,)nez such that >, 2"z, =z and

1

(Zmax{nmo,zwkh}p) <2

kEZ

Then

1
(T iwraz)” <2
nez
since
()] < wy " max{|z]o, 2" [l]|1}-
In case (a) we additionally have

> 2"p(xy) = 0.

ne”z
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Thus, we can find a € ¢,(w) with Th(e) = (¢¥(x,)) and |la|| < 2D. Then we can
find w, € Xo N X7 such that max{||un|lo, 2" ||unl1} < 2|an|w, and Y(u,) = . Let
Up = Up_1 — 2%u,,. Then

1
(Zmax{nvkn,zﬂvknl}p) < 16D||z]x,-

keZ
Now, ¥(v,) = ap_1 — 2%ay, = ¥(x,) and > mez 270y, = 0. Consequently,

x = Z 207 (2, — vy,),
nez
and so ¢ € Yy with [|z|ly, < (16D + 2)|z||x,. This implies that in case (a) we have
Yo ={x:¢(x)=0, z € Xy} and in case (b) Yy = Xp.

Next we consider the converse directions. Assume either (aa) ¢ is continuous on Xy
and Yp ={z :¢(x) =0, z € Xp } or (bb) Yy = Xy. In either case there is a constant D
such that if x € Yy then ||z|y, < D||z|/x,. Observe that in case (aa) the linear functional
fo is continuous on £,(w), so that the range of Ty is contained in the kernel of fp; in case
(bb) its range is dense.

Assume a = (ap)nez € p(w) with ||af = 1; in case (aa) we also assume fy(a) = 0.
First we find 2, € Xo N X3 such that ¢(x,) = @, and max{|z,o, 2" ||z ||} < 2| |wy
forn € Z. Let = 3, ., 2"x,,; then z € Xy with ||z x, < 2. In case (aa) we addi-
tionally have the relation (x) = fp(a) = 0. Now we can find y, € Yo N X; satisfying

ZnEZ 20y, = 2 and

1

P
(Zmaxuyku,z’wyknl}p) < 4D.

kEZ

2(k7n71)0

Putting u, = z, — y, and v, = Zzoznﬂ u, we obtain

1
(Zmax{|uk||,2k||uk||1}1’> <4D +2.
keZ
We claim that

1
2.) (X waxtlionlo 2Houli}r)” < Coap+ 2,
keZ
where
Co = (Z 2K+ 2’““’”).
k<0 k>0
To show (2.1) we note that

2" onlly < > 20T mDOTD9k g |y
k=n-+1
and (since Y 2"y, = 0)
lonllo < > 20770 fo.
k=—o00

Let 8, = ¥(v,). Then g € £,(w) and ||B|| < Cg(4D +2). But now (Tp(8))n = ¥(u,) =
Y(xn) = au, so that Ty is an isomorphism onto the kernel of fy in case (aa) or onto
¢,(w) in case (bb). These two cases combined with the observation that Y can only
be a proper closed subspace of Xy if 9 is continuous on Xy complete the proof of the
theorem. 0
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83. SOBOLEV SPACES

In this section we investigate a special case of the results of the preceding section for
Sobolev spaces. These results are preparatory for §4 where we apply them to exponential
bases. Let L? = L?(—m, 7); the standard inner product on L?(—m, ) will be denoted by

(fo)= [ s,

and the standard norm on L? by || f]|.
For s > 0 we define the Sobolev space H*(R) to be the space of all f € Ly(R) so that

91 = [ IFOPL+1€)d < oo
— 00

(f is the Fourier transform). We then define the Sobolev space H* = H*(—m, ) to be the
space of restrictions of H*®(R)-functions to the interval (—m, 7) (with the obvious induced
quotient norm). When s = 1, the space H' reduces to the space of all f € L?(—x, )

such that f’ € L? under the (equivalent) norm:
113 = [ 15OF +1F 0P < .

Then, if 0 < s < 1, we have H® = [H', L?];_s = [H', L?]1_s.2 (see [16]).

For z € C we define e,(z) = ¢*** € L*(—m,m). Now suppose ¢ € (H')*; we define its
Fourier transform F = ¢ to be the entire function F(z) := t(e,) for z € C. Let us first
identify (H')* via its Fourier transform.

Proposition 3.1. Let F be an entire function. In order that there exist 1 € (H')* with
F= zﬁ, it is necessary and sufficient that

(3.1) F be of exponential type < m
and
>~ |F 2
(3.2) / | (x)L dzr < oo.
oo L+

These conditions imply the estimate

F

(3.3) sup —FAL

zeC (14 [2])emI%=
Proof. These results follow immediately from the Paley—Wiener theorem once we observe
that ¢ € (H')* if and only if ¢ is of the form

U(f) = af(0)+e(f)
where ¢ € (L?)*. O
Consider H! with the inner product
(F,9)e=(f",9) +1*(f.9),

where ¢ > 0. We denote by ||¢)|; the norm of ¢ with respect to || -||; where ||f||7 = (f, f),
Le., [[9]le := sup{ [¥(f)] : [|flle < 1}. Set

. [
34 so=1— lim su o
( ) 0 T—00 tzli) 10g7- & ||¢H7t
and
L I
(3.5) s1=1- lim %Izlg log 7 tog 9]¢

We can specialize Theorem 2.1 to the particular case of interpolating between L? and
o'
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Proposition 3.2. Suppose 1 € (HY)* and Yo ={f € H' : (f) =0}. Then:
(1) (L2,Y0)s2 = H? if and only if 0 < s < sp;
(2) (L%, Yy)s.2 is a closed subspace of codimension one in H® if and only if s < s < 1.

Proof. We can apply Theorem 2.1 with Xo = H' and X; = L2. To estimate K (¢,v), we
note that if f € H' and ¢ > 1, then

max(||f |1, 1) < 1 flle < V2max(|f |1, tll£]),

and so

]l < Kt 9) < V2[4l

for t > 1. Hence, we can describe the numbers o, 01 of Theorem 2.1 by

o1 = lim sup ”w”t
T—00 >1 IOgT lelrt
and
oo = lim inf e .
T00 121 1ogT 10|
Since 01 =1 — sy and 09 = 1 — s1, this proves the proposition. O

Next, we turn to the problem of estimating ||¢||;. The following lemma will be useful.

Lemma 3.3. Suppose F' satisfies (3.1) and (3.2). Then for any real t we have

(3.6) Ia (zt)<|t|2e”|t( /OO Lfig;dx)

Proof. Tt suffices to consider ¢ > 0. Then, by (3.3), F(2)e!™(z + it)~! is bounded and
analytic in the upper half-plane, and so we have

te™ [ F(x) €
F(it) = — —_—
(i) m o T+t x—it v

Applying the Cauchy-Bunyakovskii inequality we prove the lemma. ]

Now we can give an estimate for ||¢||; which essentially solves the problem of deter-
mining so and s1.

Theorem 3.4. There exists a constant C so that for t > 2 we have

1 o B 2 3 <R 2 2
(3.7 o[BS ha) <ple<e( [T ELw)”

Proof. We start with the remark that the functions { (27)~2(n2 + t2)"ze, : n € Z}
together with (3 (tsinh 27t) "2 (e 4+ e_y)) form an orthonormal basis of H' for | - ;.
Hence,

@ | P + F-itp
(3.8) Il = o Z 2 T t2 t sinh 27t
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By (3.6), the last term in (3.8) can be estimated by

59) ) PR ca [~ P,

tsinh 27t oo P2+ a?

for t > 1.

Now, if —1 < 7 < 1, then the map T, : H* — H! defined by T, f = e, f satisfies
[T-|l¢ < 2 provided ¢ < 1. Hence, if 1, = Trv, we have 3|v-[ly < [[¢]le < 2¢r|..
However, using (3.8) and (3.9) gives

|Fn—|—7' |Fﬂ+7’ 2/°° |F(z+7)2
- +C ——dx.
27‘(’ Z n2 + ¢2 — Hw Ht — 2 Z n2 + ¢2 e 12 4 22 z
Now by integrating for 0 < 7 < 1 we obtain (3.7). O

§4. APPLICATION TO NONHARMONIC FOURIER SERIES

At this point we turn our attention to exponential Riesz bases. Let A = (A, )nez be a
sequence of complex numbers. For convenience we shall write o,, = RA,, and 7, = SA,,.

We suppose that (ey,)nez is an unconditional basis of L?, or equivalently, that
(14 |a])ze ™mley Ynez is a Riesz basis of L2. Then this family is a complete interpo-
lating set [25]. In particular, we have the sampling condition: there exists a constant D
so that if f € L?, then

(4.1) D1|f||S<Z(1+ITn|)62”'T"f( >|2) < Dllf]|

neE”L

(i.e., the latter family is a frame). We also note that it must satisfy a separation condition,
i.e., for some 0 < § < 1 we have

[Am = Anl >0, m#n.

4.2 —_—
"2 Lt A = An] —

Then we can define an entire function F by

(4.3) F(z) = lim (1= 21/ Ap)-
R—00
[AkI<R
The term (1 — )\;12) is replaced by z if Ay = 0. We call F' the generating function for
the unconditional basis (ey,, ).

Proposition 4.1 [23, 14, 7]. The product (4.3) converges to an entire function of expo-
nential type © and satisfies the integrability conditions (3.2), and

(4.4) / P () = 0o

— 00

We note that the inequality in (3.2) is necessary for the minimality of the family, and
(4.4) for the completeness of (ey, ). Also, since F satisfies (3.1) and (3.2), there exists
¢ € (H')* with ¢ = F. We remark that F is a Cartwright class function; then (see [14])
we have the Blaschke condition

|7n]
Z A2 <

An#£0 [An
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This implies that the families (ex, )sa, >0 and (ex, )sx, <o are minimal in L?(0, 00) and
L?(—00,0), respectively. Also we have 22,40 ﬁ < oo (this follows from [15, p. 127]).
Thus, we have a strong Blaschke condition

1+ |7
(4.5) > = < o0
o Ml

Now by the result of Russell, Proposition 1.2, the functions (ey, ) form an unconditional
basis of a closed subspace Yy of H' of codimension one. Clearly, the kernel of 9 coincides
with Yy. Hence, our above results (Proposition 3.2 and Theorem 3.4) apply to this case.

Theorem 4.2. Suppose (ex, )nez is an unconditional basis of L?. Then:
(1) (ex, )nez is an unconditional basis of the Sobolev space H® if and only if 0 < s < sp;
(2) (ex, )nez s an unconditional basis of a closed subspace of H® of codimension one
if and only if s1 < s <1;
(3) If so < s < s1, then (ey,) is not an unconditional basic sequence.

Proof. By Russell’s theorem and Proposition 1.2 above, (ex,)nez is an unconditional
basis for the closed subspace Y; of codimension one that is the kernel of the linear
SInh277n) — ey |25, and let by, =

1. From the basis property it follows that the map V': l3(h) — Y

functional . Let v, be the weight sequence v, =

(14| An®)vn = [len,
defined by

Via) = Z Qaneéx,

neE”L

is an isomorphism (onto). Clearly, V is an isomorphism of f5(v) onto L?(—m,m) = Y;.
Hence by interpolation V is an isomorphism of f5(v!=*h®) onto Y;_4 = [Yp, L?];_s2. In
other words, setting ¢, = v:7*hS = v, (1 + |\,|?)*, we obtain

2
CVlE:kmF%zSHE:anwnm, <O lan*gn,
1-s

and the almost normalized family (ey,/ @ *)nez forms a Riesz basis in Y;_,. Thus, if
Y1_; is a closed subspace in H?, then (ey, ) forms an unconditional basic sequence in H*
also.

Next, we estimate ||ey, || gs to have the inverse implication. In fact from interpolation
between L? and H' we have

P =Cl )3,

" lex,

s < Cllex,

lex.,

where C depends only on s. Similarly, if we define ¢,,(f) = (f,ex, ), then the norm of ¢,
in (H®)* can be estimated by

—S s —s s s7 —s\ %
onllzrey- < Callonll'*llonllta ). = Crlwn™*)" 2 (W} /hn)*? = Crlv**hyy ")z,

On the other hand, |lex, [[gs > |dn(en,)

/|| Pnll s, which gives
Jea e = OF (uh*hg) V2.

Therefore, the norms |ley, || s and ||ey, ||y,_. are both equivalent to ,/g,. Consequently,
the assumption that (ey, ) is an unconditional basic sequence leads to the equivalence of
the metrics in H* and Y;_;. O
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Remark. 1t is easy to obtain a necessary and sufficient condition for an exponential family
(e, )nez that is complete and minimal in L? to be complete and/or minimal in H*; see
[3]. To do this we relate the generating function F to the critical exponent sy,

SA :=inf{s:/Oo de<oo}:inf{s:z/}€(Hs)*}.

R

Now (e**»t) is complete in H*(—m,w) for s < sp and is minimal for s > sy — 1. The
situation for s = sy or s = sp — 1 depends on whether v is bounded in H**. Note that
so < sp < s1 in general.

Thus, the family (e, ) is minimal in H® for 0 < s < 1, and for any (ay,) € 1%, a # 0,
we have

2
<C 2,
v, = Z|O‘n|

We do not know whether (e, )nez can be a conditional basis of H?®, for some appropriate
ordering, when sp < s < sp.

To get precise estimates of so and s; we need an alternative formula for ||¢||¢ in this
special case.

We introduce the function ®(z) defined by ®(z) = |F(2)|d(z,A)~! for 2 ¢ A and
®(A,) = |F'(M\y)| for n € Z. The function ® plays an important role in the known
conditions for (ey,) to be an unconditional basis [20, 19]. We call ® the carrier function
for (ey, ).

The following lemma lists some useful properties.

0< Hzanexn/\/q_n ; < H > anex, /in

Lemma 4.3. Suppose —oo <t < co. Then:

(i) there is at most one n € Z so that |it — \,| < 16|t|, where & is the separation
constant in (4.2). There is also at most one n € Z so that |it — A\,| < 36| \];

(i) [F(@t)| < ([Aol + [¢))®(it);

(iii) there is a constant C independent of t,n so that for every n € Z we have

lit — |

[F'(it)| < C(Jhol + \ﬂ)m

D (it);

(iv) fort # 0, we have

B(it) < |t~ 4 e (l /OO |F(:v)2dx>§.

T J_o 12+ 22

Proof. (i) Suppose m,n are distinct and |it — Ay |, [it — A | < 26[t]. Then |Ay, — Ap| < 6,
while o
A = An| = (A — 8) — (A — it) + 2it] > (2 =) [¢] > [¢].

Hence,
Pzl s
14+ A — Al
which contradicts (4.2).
For the second part note that if [it — A,,| < 26|\, |, then |\, | < 2[t[, so that |it — A, <
61t].
(ii) is immediate from the fact that d(it, A) < |Ao| + ¢.
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(iii) If |it — An| < 36t then, by (i), |it — X,|®(it) = |F(it)| and t* + |,|? < 5¢2. Let
it — Ay| > 16t. Then

|it—>\n| |it_)\n| |it_/\7L|
> > =
(IAnl? +82)12 7 Al + [t 7 it = An| + 2[t]

>c> 0.

Since |A,| + |¢| > d(it, A), we have (iii).

(iv) Let A, satisfy |it — A\,| = d(it, A). If ¢ and 7, have opposite signs or if 7, = 0,
then d(it, A) > t, and so ®(it) < t~Y|F(it)|. If they have the same sign, define G(z) =
(z — An)(z — A\p) "' F(2) and note that

®(it) = BSOS <t G(it)).
it — An| ~
Since |G(x)| = |F(z)| for x real, we deduce (iv) from (3.6). O
Next, we show that the Blaschke condition (4.5) can be improved for Riesz bases.

Proposition 4.4. If (ex, )nez is an unconditional basis of L?, then there is a constant
C so that for any 0 <t < co we have

1+|Tn|
(4.6) Y sl
et Tl + 2

Proof. We apply (4.1) to ex;;. Then

sin(m(Ap £ it)) |2
Ap L it

< AD? fes]? = 4D T2

@7 D A+ [ml)e I

neZ

Now for each n there is a choice of sign so that

sin(m(\, £ it)) ’ . | sinh(7 (|7 | 4 t))|

A, £ it INET
whence )
_ inh*(7(t + |7a])) sinh 27t
1+ |7, )27l 22 nl)) o gp2 R et
>+ Imal)e PR ;
neZ
This yields (4.6) for ¢ > 1, and this extends to ¢t > 0 in view of (4.5) and the fact that
Zn¢0|)\n\_2 < 0. O

We shall also need a perturbation lemma.

Lemma 4.5. Let (ey,) and (e,, )nez be two unconditional bases of L*. Suppose further
that there is a constant C so that

U pn
) in =l o1 << o
mnuuw

Suppose ® and U are the carrier functions for (ey,) and (e, ). Then there exist constants
B, T >0 so that if t > T, then

W?< 11 A—s \II(’.t).
it) 0<|An|<t [n]
|Nn‘750

1
B

A
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Proof. Taking t = max(1, |itn|2|An|2), we observe that
1y L
|An = pin| < C'max(L, 2|pn |2 [An]?)

for each n. Hence,
1
[An| < |pnl + 2C|>‘n|1/2|/‘n|1/2 +C < |pn| + §|>‘n| + 2C2|Mn‘ + C.

Writing a similar estimate for |u,| and setting C; = 2 +4C? > 1, we get

(4.8) Anl < Cillpnl +1),  [pal < Ci([An] +1).

Now let ¢ = 2min(6,6’), where 6,8" are the separation constants of (A,)nez and
(t4n ) nez, respectively.
Next, we make the remark that there is a constant M so that if |w|, |z] < 2Cy 4+ 1 and

|1 —wl|,|1 - z] > ¢, then
(4.9) |log |1 — w| —log|1 — 2|| < M|w — z|.

We fix T = |po| + |Ao| + 2C;. Suppose that t > T, and let p = p(t),q = q(t) € Z be
chosen so that |it — \,| = min{ |it — \,| : n € Z} and |it — pg| = min{ |it —p,| :n € Z}.
It may happen that p = ¢q. Note that, automatically,

(4.10) it — Apl < [t + [hol < 26, Jit — pigl < [t] + o] < 2.

Then if n # p,q and |\,| > ¢, we have |p,| > 2071\, |, so that |it — .| < [t + |pa] <
(2C1 + 1)|ptn|- By Lemma 4.3 (i), we have [it — A,| > ¢|A,| and |it — pp| > ¢|pn|. Hence,

HAn — fin
|10g|it_un|—log|it—)\n—10g|Mn+1Og|)‘n|§Mﬁ
t‘/\n_ﬂn|
<2C; +1)M————
( ) Anl|ptn| + 2

by (4.9). Next, suppose n # p,q and |A,| < t. Then |u,| < Ci(t + 1) < 2C1t. We also
have |it — A\,|, |it — pn| > c|t| and so
A —
g it — o] ~ log it — A | < 2t

tl)‘n _,un‘

< (2C M ————
S @G DM T e

by (4.9). Combining and summing over all n # p, ¢, we obtain

U(it) i—p
=4(t)1 p I >\n — 1 n t )
8 ) — JD18 | +O<§;<t 0g | An] 0<%<t 08 |tn| + Y (t)
B lpn |#0

where |y(t)] < C(2C1 +1)M and §(t) is 1 if p# qgand 0 if p = q.

To conclude we need only consider the case where p # ¢. In this case |it—p,|, [it—A,| >
ct. We also have |A,|, |pq| < 3t by (4.10); hence, by (4.8), |Aql, |tp| < C1(3t+1) < 4Cht.
Thus, |it — wpl, |it — Ag| < 5C1t. This concludes the proof. O
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Lemma 4.6. Suppose (ey,) is an unconditional basis of L. Then there exist constants
B, T so that if t > T, then

L B(it) < B(~it) < BEit).

Proof. This follows from Lemma 4.5 by taking p,, = \,, in view of Lemma 4.4. ]
The next theorem is the key step in the proof of our main result.

Theorem 4.7. Suppose (e, )nez is an unconditional basis of L?. Then there exist
constants C and T > 0 so that if t > T, then

(4.11) C M re ™d(it) < |[]|; < Ct2e ™ (it).

Proof. The left-hand inequality in (4.11) is an immediate consequence of Lemma 4.3 (iv)
and (3.7). We turn to the right-hand inequality.

First, we use Lemma 4.3(ii), (iii) and Lemma 4.6. There are constants C,T > 1 so
that if |¢| > T, then ®(—it) < CO(it), |F(it)| < CtdP(it), and

A — it|

4.12 F(i ct—rn
(412 Fin)] < Oty

o(it)

for every n.

Choose g € H! so that (f) = (f,g)¢ for f € H'. Let h be the orthogonal projection
with respect to (-); of g onto the subspace H{ of all f so that f(—n) = f(7) = 0, and
let k =g — h. Then [[9[|7 = [[K]I7 + ||2]17.

The orthogonal complement of Hg (with respect to (-);) is the 2-dimensional space
with the orthonormal basis {e4;:/||e+it||+}. Hence,

k= |lewll; 2(F(it)ei + F(—it)e_)
and
&7 = lleslls 2(|FGt)|* + | F(—it)]?).

Since ||€it||§ = 2t sinh 27t, we deduce that
Kl < C1t%¢(it)e*“t, t>T,

with a suitable constant C7. Therefore, it only remains to estimate ||A|;.
We first argue that

(ez, k)¢ = (2t sinh 27rt)*1(F(it)<ez, eyt + F(—it){es, e_it)t)

= M(F(—Zt) sinw(z — it) — F(it) sinmw(z + it)).

Since (ey, ) = F(A,) = 0 for n € Z, we obtain
?

M(F(Zt) sin(A, + it) — F(—it) sinmw(\, — it)).

<€)\n ) h>t =

Now, if we use (4.12), we get an estimate valid for ¢ > T':

. tIA, + it|| A, — it
[{er,, h)t| < CO(it) | I | (

(JAn|2 + £2)2 sinh 27t

sin(m(A, — it))
Ap, — it

sin(;i)\i ;; it)) D
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Since h € H}, we then have
(ex,s h)e = (A% + 1) (ex,, ),

and we can rewrite the above estimate as

o(it) 1 (

sinh 27t (A, |2 + 12)1/2

(e, h)| < C

sin(mw (A, — it))
An — it

sm(iﬁ;m) D |

Now
(ex,,th + )= (t- iAn)(ex,, h).

Next, we use the sampling inequality (4.1):

1Bl7 = Ith + 1'||72 < D*> (1 4 |7a])e 2!
nez

t—inl|(ex, ).

However, we can combine with (4.7) to deduce that

[N

[th + h'|| 22 < 4C?D?t> ®(it)(sinh 27t)~

for t > T, which gives the conclusion. O

Now, we consider the case where (\,,) is a small perturbation of the sequence u, = n.
For convenience we shall assume that A\, = 0 can only occur when n = 0.

Theorem 4.8. Suppose (e, )nez is an unconditional basis of L?, and

tAn —n|
4.13 —<C
( ) 7%20 n2+t2

for some constant C and all t > 1. Then

1
s1 = = + lim sup
2 T—ooy>y logT

n
Z 10g|/\—n||

t<|n|<Tt

and

Z log ﬂ

t<|n|<Tt

_ 1 + lim inf
50 = 2 Tinéotuﬁ log T

Proof. In this case we compare the carrier function ® for the basis (e, ) with the carrier
function ¥ for the basis (e, ). Clearly, ¥(it) = |sin wit|/mt. We can next use Lemma 4.5
to estimate ®(it), and then the theorem follows directly from Theorem 4.7 together with
(3.5) and (3.4). O

Let us specialize to some important cases. Let §,, = R\, —n = o, — n.

Theorem 4.9. Suppose (e, )nez is an unconditional basis of L* such that sup |6,| < oo
and Y, 4 72072 < co. Then

o On
(4.14) 51=5— lim inf Z o

r—oot>1 log T
t<|n|<Tt
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and

1
4.15 =—-— 1
(4.15) s0=5 = tm sup o

O
>

t<|n|<Tt

Remark. In particular, relations (4.14) and (4.15) are true if |\, — n| is bounded.
Proof. Combining Proposition 4.4 and the boundedness of (d,) gives us (4.13). Note

that if n # 0, then
An| —
logﬂ = —log <1+Q>.
Al n]

Now, we have

1
Al — |n 20, 02 4+712\?2
il (2 )
n n

where

for a suitable constant C. By (4.5) and the assumption of the theorem, this implies that
Ym0 |0n| < 00 and yields the theorem. O

Before discussing examples, we observe one more property of sy and s; in this case,
which uses recent results of [19] and the theory of As-weights.

Theorem 4.10. If (ey, )nez is an unconditional basis of L?, then so > 0 and s < 1.

Proof. We shall use the relationship between the Riesz basis property and sampling/
interpolation in the spaces of entire functions of exponential type. In the case of L? and
the Paley—Wiener space, this relationship may be found in [25].

Consider the space Lfrﬁs of all entire functions having exponential type at most 7 and

satisfying
o) 2
[7 O e
—oo (L+[€])
(Note that the Fourier transform of L2 _ is the set of all distributions in H~*(R) sup-

ported on [—7,7].) Now the formal adjoint of the map from ¢5(Z) to H*® defined by
(an) = D ez om(l + 17,1)"2(1 + |An])®ex, is the map from L2 , to l5(Z) given by
fe (FO@+[m)Y2(1+ |)\n\)se_”")nez. Hence, (ex, )nez is an unconditional basic
sequence (respectively, unconditional basis) if and only if (A,)nez is an interpolating
sequence (respectively, complete interpolating sequence) in Lfms.

Note that if (A,) is interpolating for L2 _ ,, then it is interpolating for L2 _ by the
simple device of considering functions of the form f(z) = (2 — u)g(z), where u ¢ A =
{/\n}nEZ and g€ Lgr,s—l'

It follows that our result can be proved by showing that (A,)ncz is a complete inter-
polating sequence for Lfms for all |s| < e for some € > 0. To do this, we note that, by
the results of [19], this is equivalent to requiring that (1 + [£])2*®(£)? be an Ap-weight
for |s| < e. Now ®? is an Ap-weight ([19] or [20]); hence, there exists n > 0 so that
@201+ i an A,-weight (cf. [6, p. 262, Corollary 6.10]). Thus, the Hilbert transforma-
tion is bounded on both Ly(R, ®21+) and L3(R, (1 + |£[)?) for 0 < § < L. It then
follows by complex interpolation that ®(£)?(1 + [£])®* is an As-weight provided |s| <
n(l+n)~" O

Observe that these results imply Theorem 1.4.
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Examples. We recall the classical theorem of Kadets (see, e.g., [11] or [15]) saying that if
(An) are real, then sup,, |6,,| <  is a sufficient condition for (ex, )nez to be a Riesz basis.
First, we consider the case of regular behavior. For example, we can set §,, = —%qsgnn
(see [1]). Then we obtain sy = sy = 3 + ¢. More generally, if for some y > 0 we have
C7H1 + |z])? < |F(z +iy)| < C(1 + |z])??, we obtain s; = s = 3 + ¢ (if we use the
integral estimates of ||¢||;, i.e., Theorem 3.4).

We can easily make sequences (6,,) with sup |6,| < § to exhibit any required behavior.
In fact, if we put

1 0
= g2 3
082 on < fkj<2nt1
then
1 n+N
0ol 2
k=n+1
and

To be more specific, if —% <p<g< %, set

1
op = Jaseun for 227 < In| < 22"

1 _
On = SPsgnn for 2271 < In| < 22",

Then
gm+1 1
q
by, = - = 1
log 2 Z p +o(l)
k=2m+1
for 228 < m < 22k+1 and
bm =p +o(1)
for 221 < m < 2%%. Thus,
1 1
So = = — $1 = = —
0 D) q, 1 D) p

(note that an example of irregular behavior was given in [1]).
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