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ABSTRACT. In this paperwe prove that the/~.,-cubecanbe (1 + s)-embeddedinto any 1 -subsynt-
metrieC(s>n.dimensionalnormedspace.

Marcus and Pisier in [5] iniciated tite study of tite geometryob finite met-
ric spaces. Bourgain, Milman and Wolbson introduceda new notion ofmet-
nc type and developed tite non-linear titeory of Banacit spaces (see [2] and
[7]). AII titese themes have been studiedmoreintensivelyover tite last years.

Soitnson and Lindenstrauss proved that, given N points in tite Euclidean
space,titey can be(1 + s)-embedded into a subspace of dimensionKfr) /og N
(seelemma 1 in [3]). Tite metitod titey use is basedin tite isoperimetriein-
equalityobP. Levy. Anotiter proofof tite samefact wasgiven by Pisier, using
Gaussianprocesses([8]). Bourgain,Milman andWolfson, in tite paperbefore
mentioned,studiedtite /;-cubesand titeir (1 + s)-embeddingsin finite metric
spaces.More recently,Scitecittmanobtainedestimatesbor (1 + s)-embeddings
of finite subsets ofLr into /;-spaces(see[9]).

In titis paperwe will study (1 + c)-embeddingsof tite ft-cube in finite-di-
mensional subsymmetricspaces.The resultwe prove for tite 4-case1 =p<
2, can bededucedbromJoitnsonandLindenstrauss’slemmaplusarefinement
of Dvoretzky’s titeorem(seefor instance [7],Theorem3.9), but, as far as we
know, it is new in otiter cases.The metitodwe useis in essenceof probabilis-
tic natureandtite main tool is a well known deviationinequality.
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Webeginby recallingsomedefinitions.Giventwometilespaces(M,d)and
(Md’), we say titat (M,d) (1 ±s)-embedsinto (M’,d’) iftitere isa one-to-one
mapffromMinto M’ suchthat ¡[f¡L~¡Lf”’¡I~, =1±8,witere

¡¡fIL. = sup~,~ d(xy)

Tite !L-cube is the metric space (Q, p,.,) witere C~ = (— 1, + 1>’ and
pjs,s’)= máx s,— s’I, for any par of elementss,g’ belonging to C;.

Sincep.,(c,e’)= 2, whenever s#8’, the problem weare consideiingmay be re-
lated witit the sphere-packingproblem, i.e., itow many balís, witit radius
l—s

2 can be packed into tite unit balí of a finite dimensionalBanacit
space, in an asymptoticway? (See the paperby BalI [1] for inbtnite dimen-
sionalsphere-packingproblem)

In tite sequelE., wilI denote a finite-dimensionalBanacit spacewitit a
l-subsymmetric normalized basis (e,...,e.,}. Weuse standard Banacit space
theory notation as may be bound in [4].

Tite theoremwe will prove itere is tite following

Theorem.—Tirere existsa nunierical constaníC> O sucir ihat, for any s> O
wecanjind a subselofNpoints{Xn~..,irN> in E,, verzfr¡ng

I—s<¡Ix—x,I¡=l+s, ¡ ti
providedthat

logN
gZ

Proof.— Let s a given positivenumberverifying 0<8< 1. Let n be a natu-
ml number to be determinedafter. Considertite function w defined by

— ¡¡~ej¡ ifO=m=n,

andby a nondecreasingcontinuousextensionin the otiterpointsof the unit
interval [0,1]. Tite fbnction ig dependson n, but in sorneparticularcaseswe
can choose the samefixed function for alí n. Titis happens, for instance, in
tite /~-spaceswherewe may definey(t) — t”~ O =t =1.
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Wc note titat function‘qí verifies‘y (0) = 0, ‘v(l) = 1 and

‘¡42-’) =:2-0>,j = 0,1, (*)

Indeed,if ~ = ¡ ni+1 we itave
n ? n

.flm*I) ni ti ni

lii e¡I=¡¡ ~ ejI=2’¡¡ 1 e,¡I =2’~1¡1 ej¡
1 ¡ ¡ 1

In generalwedon’t know titebeitaviouroftite derivativeof ‘y in [0,lj, but,
by averagingin tite interval [1/4, 1/2], given 5 = s/128

1/2 1/2+5 1/2—8 ¡/2+8

[‘y(i+5)—’¡¡(i—8)]di= «t)— «i)= ‘y =25

¡/4 1/4+5 1/4—5 1/2—5

and titen, we can pick a number a in tite interval <1/4, 1/2) sucit titat

~v(a+5)—w(a—w)= 88.Hence, for everyxye [a—S,a+5],we itave

j’y(x) — ‘i4y)[ =85= s/l 6. (**)

Let k be tite integerpanof 2an, (k =2anc k+ 1). Titen,by <*)

8 16

&
Wc now defineXa randomE.,—valuedvectorby X<o) = 1 s«n)e,,where

¡s > is an i.i.d. sequenceof symmetric +1,— 1>—valued randorn variablesde-
fined in sorneprobality space.If Y is anotiteri.i.d. copyof 2<, it is

k
clear titat tite two randomvariablesII X — ‘VII and 2¡¡ ~ ~1eII (witere

$ flj~ is an i.i.d. sequenceof randomvariablesunibormlydistributedon tite set

$0,1!) itave the samedistribution. Titen, ib we denoteX(n) = ¡¡ leIl, tite

l-subsymmetryob tite norm implies that tite distribution of tite random

variables ‘y 1n1) and II ~ (X — Y)¡j alsocoincides.
n ¡ 2X(n)
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k
Since E ( > fl,)= — we will computetite probability of

n ¡ 2n
______ kdeviationof ¡¡ ~ (2< — Y) II from ‘y (—).
2X(n) 2n

__ k k
2?4n) 2n 2n

k 1
=P$cú4v<—1w)—w( —)¡>s — > by(~¶.

n ¡ 2n 16

5 8Note titat a —-—~—= k and so k E[a— ,a+ ] if
2n 2n’ 2n 2 2

128 iitusj ‘~n~~É-.j=—1—impíies
E fl ¡>2n 2

k

‘¡‘(‘7”’ ~ t~—’y< 2n )[<s 16 by (**)

Since kDík

___ 1 u
1——— —

n ¡ 2n — 2n¡

we itave

k

n

2 sfto)~> 128 (7k

=2exp(—
(7

witere Cis a numerical constant.In titis last stepwe itaye usedtite well known
probabilisticdeviationinequality,

nl 2.

’

Pflo; ~ s,(cn)>X.J¡i~>=exp(— X>0,niEN

<see,for instance,[6] Titeorem 111.15).

Considernow anatural numberNsucit titat n> logN. If (2<, >~‘ is an
E’
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i.i.d. sequenceob copiesof X, then

1 k k
P{co;I¡i 2M) (X~—~X3¡¡—’¡¡( 2n ~~‘¡‘<—1-—),for allí #j}=

s’n

Hence,diereexists ú> in the probability space, sucb that tite corresponding
points

k 1=i=N
2X(n)’y( 2n

satisfytite conclusionof thetheorem.

Coroílary.— Tire 4:—cubeis (1+ a) — embedded in anyfinite-dimensional

1-subsymmetricspaceE, vrovidedtirat dii E> n. (Cts an absolutecons-
tant) £2

Remarks.—

i) Since
k fk/21

IIie,II=2¡¡ ~ e, ¡j+1

3
it is easy toprove titat I¡xI¡=— 1=i=N.

2

u) Tite asymptotic estimate n>.K log N is essentiallybestpossible.In-
deed, in a bali of radius r ofE., tite numberN of baus ob radius r/2 we can
packinto <with disjoint interior) is given by

r’vol (E,)=N< -4— )“vol (E1)

<vol (B) is tite n-dimensionalvolume obtite unit bali)

iii) WhenE=k 1 =p<oc, we can improve slightly the numerical con-
stant. Indeed,by takinga=1/2 andusingtite meanvalue titeoremwe obtain
the following:
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2 a) Ifs<---- thell TI> 
p2’h 

c IogN 
w  

b) Ifa> 
p2’@ 

then n > C log. N 

(C is a numericaJ constant). These expressions say that p = OO is the best poss- 
ible situation, because, an isometric embedding (E=O) is possible in this case. 
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