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Abstract

Let E be a Banach space with an unconditional basis. We prove that form � 2 the Banach
spaceP(m E) of all m-homogeneous polynomials onE has an unconditional basis if and only
if E is finite dimensional. This answers a problem of S. Dineen.

1. Introduction

As usual we denote byP(m E), E a Banach space andm a natural number, the space of allm-
homogeneous (scalar-valued and continuous) polynomialsp on E which together with the norm
‖p‖ := sup‖x‖�1 |p(x)| forms a Banach space. Recall that a scalar-valued mappingp on E is said
to be anm-homogeneous polynomial whenever there is someϕ ∈ Lm(E) which on its diagonal
coincides withp; as usualLm(E) stands for the Banach space of all continuousm-linear forms on
Em .

A problem of S. Dineen asks whether there exists an infinite-dimensional Banach spaceE with an
unconditional shrinking basis for whichP(m E) for m � 2 has an unconditional basis. Dineen [13,
p. 303] conjectures that this situationis going to happen rarely and perhaps never. The following
theorem is our main result.

THEOREM 1.1 Let E be a Banach space with an unconditional basis and m � 2. Then the Banach
space P(m E) of all m-homogeneous polynomials on E has an unconditional basis if and only if E
is finite dimensional.

Let us also introduce the spacePapp(
m E) of all m-homogeneous polynomials which are

approximable; this is defined as the closed linear span inP(m E) of all polynomials of the type
p(x) = ∏m

k=1 x∗
k (x), wherex∗

1, · · · , x∗
m ∈ E∗.

SupposeE is a Banach space with a Schauder basis(e j )
∞
j=1 and biorthogonal functionals(e∗

j )
∞
j=1.

For any multi-indexα = (α1, . . . , αn) ∈ N
n
0 with order|α| = m we call

e∗
α(x) := e∗

1(x)α1 . . . e∗
n(x)αn , x ∈ E,
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an (m-homogeneous) monomial onE . If thee j are shrinking, then by a result of [19] (see also [12,
13]) the monomials with the so-called square order form a basis ofPapp(

m E). For a reflexive space
E Alencar proved in [2] that the monomials (square order) form a basis ofP(m E) if and only if
P(m E) = Papp(

m E)) if and only if P(m E) is reflexive. See [13] for a collection of results on the
reflexivity of spaces ofm-homogeneous polynomials on Banach spaces; for example, a result of
Pełczýnski [18] from 1957 states thatP(m�p) is reflexive if and only ifm < p. As a consequence,
the monomials (square order) form a basis ofP(m�p) if and only if m < p.

In [9] the authors undertake a systematic study of Dineen’s problem following a program
originally initiated by Gordon and Lewis in [15]. Among other things, it is proved that for
each Banach spaceE which has a dual with an unconditional basis(e∗

j )
∞
j=1, the spacePapp(

m E)

has an unconditional basis if and only if its monomialse∗
α form an unconditional basis; see [9,

Corollary 2]. As a consequence asymptotically correct estimates for the unconditional basis constant
of all m-homogeneous polynomials on�n

p are determined. These results are used to narrow down
considerably the list of natural test candidatesE for Dineen’s conjecture (in particular,P(m E) has
no unconditional basis whenE is a super-reflexive space or the original Tsirelson spaceT ∗). Our
proof of the preceding theorem is based on these results.

Wealso study whenP(m E) is isomorphic to a Banach lattice. For spacesE with an unconditional
basis(e j )

∞
j=1 it turns out that this happens if and only if the monomialse∗

α form an unconditional
basic sequence. It can be seen easily thatP(m�1) is isomorphic to the Banach lattice�∞. In contrast
we here construct an example of a Banach spaceE with a symmetric basis which is not isomorphic
to �1 but such thatP(m E) is isomorphic to a Banach lattice for everym � 1. We conclude with
some open problems.

2. Some preliminaries

We shall use standard notation and notions from Banach space theory, as presented, for example,
in [6] or [17].

A Banach spaceE has cotypeq for 2 � q < ∞ if there is a constantC such that

( n∑
k=1

‖xk‖q
)1/q

� C

(
E

∥∥∥∥∥
n∑

k=1

εk xk

∥∥∥∥∥
q )1/q

, x1, · · · , xn ∈ X,

where(ε1, · · · , εn) denotes a sequence of mutually independent Rademachers on some probability
space.

We say thatE contains uniformly complemented�n
ps if there existsC such that for everyn ∈ N

there are operatorsSn : �n
p → E andTn : E → �n

p with Tn Sn = Id�n
p

(the identity on�n
p) and

‖Sn‖‖Tn‖ � C. It is well known thatE has some non-trivial cotypeq < ∞ if and only if E does
not contain uniformly complemented�n∞s [17].

A normalized basic sequence(e j )
∞
j=1 in a Banach spaceE is calleddemocratic if there is a

constantC such that ifA, B are finite subsets ofN with |A| � |B| then
∥∥∥∥∥
∑
j∈A

e j

∥∥∥∥∥ � C

∥∥∥∥∥
∑
j∈B

e j

∥∥∥∥∥ .

A basic sequence which is both unconditional and democratic is calledgreedy. In fact, greedy
bases were originally defined in terms of approximation rates, and it is a theorem of Konyagin and
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Temlyakov [16] that this is equivalent to our definition. We refer to [10,11] for more information
on greedy bases.

If (e j )
∞
j=1 is a greedy basic sequence then we define its fundamental function to be

φ(n) = sup

{∥∥∥∥
∑
j∈A

e j

∥∥∥∥ : |A| � n

}
.

Thusφ is increasing and there is a constant� (the democratic constant) such that for any finite
setA

�−1φ(|A|) �
∥∥∥∥
∑
j∈A

e j

∥∥∥∥ � φ(|A|).

An important principle we shall need is the following special case of [10, Proposition 5.3].

PROPOSITION 2.1 Suppose E is a Banach space with non-trivial cotype and (e j )
∞
j=1 is an

unconditional basis of E . Then (e j )
∞
j=1 has a subsequence (e jn )

∞
n=1 which is greedy.

3. Remarks on a theorem of Tzafriri

A well-known result of Tzafriri [20] states that each infinite-dimensional Banach spaceX with an
unconditional basis contains uniformly complemented�n

ps for somep ∈ {1,2,∞}. We shall here
modify the proof a little to obtain some additional information on greedy bases.

THEOREM 3.1 Suppose E has a greedy basis (e j )
∞
j=1 with fundamental function φ. Suppose E has

non-trivial cotype q < ∞ and that for some p > 1 we have

lim inf
n→∞ n−1/pφ(n) = 0.

Then E contains uniformly complemented �n
2s.

Proof. For convenience we suppose the basis is 1-unconditional. LetC be the cotypeq constant of
E and let� be the democratic constant; clearly, we may assume thatq � p. Wefirst remark that if
|A| = mn then by splitting it intom subsets of sizen we have

φ(n) � C�m−1/qφ(mn), m, n ∈ N. (3.1)

On the other hand the setA of all n such that if 0� k � n we have

2−k/pφ(2k) � 2−n/pφ(2n)

is infinite. If n ∈ A let N = 2n . It follows that if 1 � m < N then if we choosek with
2k � m < 2k+1 we have

φ(m) � φ(2k) � 2(k−n)/pφ(2n).

Thus we have

φ(m) � 1

2

( m

N

)1/p
φ(N ), 1 � m � N . (3.2)



56 A. DEFANT AND N. KALTON

On the other hand similar reasoning shows that (3.1) implies that

φ(m) � 2C�
( m

N

)1/q
φ(N ), 1 � m � N . (3.3)

Now if n ∈ A andN = 2n we let� be the set{1,2, · · · , N } equipped with normalized counting
measureµ(A) = |A|/N . Fix 1 < r < p � q < s < ∞. Wedefine a mapU : Ls(�, µ) → E by

U f = 1

φ(N )

N∑
j=1

f ( j)e j

and a mapV : X → Lr (�, µ) by

V x( j) = φ(N )e∗
j (x), 1 � j � N .

Let us estimate‖U‖. If ‖ f ‖s � 1 let Ak = { j : 2k � | f ( j)| < 2k+1} for k ∈ Z. Then by (3.3)

‖U f ‖ �
∑
k∈Z

‖U f χAk ‖

�
∑
k∈Z

2k+1φ(N )−1‖
∑
j∈Ak

e j‖

�
∑
k∈Z

2k+1φ(N )−1φ(|Ak |)

� 4C�
∑
k∈Z

2kµ(Ak)
1/q

� 4C�

(
1 +

∑
k�0

2kµ(Ak)
1/q

)
.

However,

∑
k�0

2kµ(Ak)
1/q �

(∑
k�0

2ksµ(Ak)

)1/q(∑
k�0

2−q ′k(s/q−1)

)1/q ′

,

whereq ′ is conjugate toq. Thus‖U‖ � C ′ where

C ′ = 4C�

(
1 +

(∑
k�0

2−q ′k(s/q−1)

)1/q ′)
.

The estimate forV is similar. Suppose‖x‖ = 1 andAk = { j : 2k � φ(N )|e∗
j (x)| < 2k+1} for

k ∈ Z. Then ∥∥∥∥
∑
j∈Ak

e j

∥∥∥∥ �
∥∥∥∥

∑
j∈Ak

φ(N )

2k
|e∗

j (x)|e j

∥∥∥∥ � 2−kφ(N )
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and henceφ(|Ak |) � �2−kφ(N ). Then together with (3.2) this yields

‖V x‖r � 2

(∑
k∈Z

2krµ(Ak)

)1/r

� 2 + 2

(∑
k�0

2krµ(Ak)

)1/r

� 2 + 21+p/r
(∑

k�0

2kr (φ(|Ak |))p(φ(N ))−p
)1/r

� 2 + 21+p/r�p/r
(∑

k�0

2k(r−p)

)1/r

= C ′′,

say.
Now sinceN = 2n we can identify� with {−1,+1}n and thus findn Rademacher functions

ε1, · · · , εn on �. Define L : �n
2 → Ls(�, µ) by L(ξ) = ∑n

k=1 ξkεk and R : Lr (�, µ) → �n
2 by

R f = (
∫

f εk dµ)n
k=1 and both‖L‖, ‖R‖ are uniformly boundedly independent ofn. If we define

S = U L andT = RV then‖T ‖‖S‖ is uniformly bounded independent ofn andT S = Id�n
2
.

PROPOSITION 3.2 Suppose E has an unconditional basis and m � 2. If P(m E) is separable then
either E contains uniformly complemented �n

2s or E contains uniformly complemented �n∞s.

Proof. Assume thatE neither contains uniformly complemented�n
2s nor contains uniformly

complemented�n∞s. ThenE has cotype and by Proposition 2.1E has a complemented subspace
F with a greedy basis(e j )

∞
j=1 and biorthogonal functionals(e∗

j )
∞
j=1. We may assume(e j )

∞
j=1 is

1-unconditional. ThenP(m F) is also separable. Pick 1< p < m. Then by Theorem 3.1 the
fundamental functionφ satisfiesφ(n) � cn1/p for somec > 0. Now if x ∈ F with ‖x‖ = 1, let
Ak = { j : 2k � |e∗

j (x)| < 2k+1}. Thenφ(Ak) � �2−k where� is the democratic constant. We
have

∞∑
j=1

|e∗
j (x)|m � 2m

∑
k�0

2mk |Ak |

� 2mc−1
∑
k�0

2mkφ(|Ak |)p

� 2mc−1�
∑
k�0

2(m−p)k .

Thus the series
∑∞

j=1 δ j (e∗
j (x))m converges pointwise inP(m F) for any choice of signsδ j = ±1

and it is easily seen that this then defines an uncountable 1-separated set, contradicting separability.

Proof of Theorem 1.1. SupposeE is infinite-dimensional. IfP(m E) has an unconditional basis
(wherem � 2) then by Proposition 3.2 it follows that eitherE contains uniformly complemented
�n

2s or E contains uniformly complemented�n∞s. Now by [9, Corollary 4] we are done.
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4. P(m E) as a Banach lattice

If E = �1 then the spaceLm(E) of boundedm-linear forms is isometric to�∞ and it follows that
P(m E) (which is isomorphic to a complemented subspace ofLm(E)) is then also isomorphic to�∞
and is thus isomorphic to a Banach lattice.

PROPOSITION 4.1 Let E be a Banach space with an unconditional basis (e j )
∞
j=1 and biorthogonal

functionals (e∗
j )

∞
j=1. Then for each m the following are equivalent.

(1) The monomials (e∗
α) form an unconditional basic sequence in P(m E).

(2) P(m E) is isomorphic to a Banach lattice.

Proof. Suppose we have (1). We may suppose that(e j )
∞
j=1 is a 1-unconditional basis. LetSn denote

the partial sum projectionsSn x = ∑n
k=1 e∗

k (x)ek . Then forp ∈ P(m E) we havep ◦ Sn ∈ Papp(
m E)

and for each multi-indexα with |α| = m we can definêp(α) so that

p ◦ Sn =
∑
α�n

p̂(α)e∗
α,

whereα � n means thatα(k) = 0 for k > n. It is clear that

‖p‖ = sup
n

‖p ◦ Sn‖.

Conversely, if( p̂(α))|α|=m are scalars such that

sup
n

∥∥∥∥
∑
α�n

p̂(α)e∗
α

∥∥∥∥
P(m E)

< ∞

then we can definep ∈ P(m E) by

p(x) = lim
n→∞

∑
α�n

p̂(α)e∗
α(x), x ∈ E .

Thus the mapp → (p(α))|α|=m givesP(m E) the structure of a Banach lattice.
Conversely, assume (2). Then we show that for eachn the finite sequence(e∗

α)α�n has a bounded
unconditional basis constant that is uniformly bounded inn. Indeed, ifEn = [e j ]n

j=1 the spaces
P(m En) are 1-complemented inP(m E) by the projectionsp → p ◦ Sn . We may then use [9,
Theorem 2].

Wenext construct a Banach space with a symmetric basis which is not isomorphic to�1 butsuch
that the equivalent conditions of Proposition 4.1 hold for everym ∈ N.

Let us choose an increasing sequence of natural numbers(ar )
∞
r=0 with a0 = 1 and forr = 1,2, · · ·

ar > 3rar−1ar−1. We then definew1 = 1 and thenwk = 2−r if ar−1 < k � ar . Consider the
Lorentz sequence spaced(w, 1) consisting of all sequences(ξk)

∞
k=1 such that

‖ξ‖ = sup
π

∞∑
k=1

wk |ξπ(k)| < ∞,
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whereπ runs through all permutations ofN. See [17, pp. 175ff] for background on such Lorentz
sequence spaces; note that by [17, Theorem 4.e.2] this space is also an Orlicz sequence space.

Let us denote the canonical basis ofd(w, 1) by (en)∞n=1. The fundamental function ford(w, 1) is
given byφ(n) = ∑n

k=1 wk .
For A ⊂ N define�r (A) to be the collection of all elementsξ ∈ d(w, 1) of the form

ξ = 2r a−1
r

∑
k∈B

εkek, εk = ±1, |B| = ar , B ⊂ A.

Observe that�r (A) = ∅ if |A| < ar and that if|A| = N � ar then |�r (A)| =
(

N

ar

)
2ar . Let

�(A) = ∪r�0�r (A). Then if |A| = N we have

|�(A)| �
N∑

k=0

(
N

k

)
2k = 3N . (4.1)

LEMMA 4.2 (1) For r � 0 we have 2−r ar � φ(ar ) � 2 × 2−r ar .

(2) Suppose ξ∗ ∈ d(w, 1)∗. Then

1

2
‖ξ∗‖ � sup

ξ∈�(N)

ξ∗(ξ) � 2‖ξ∗‖.

(3) For each ϕ ∈ Lm(d(w, 1)) we have

1

2m
sup

u j ∈�(N)

|ϕ(u1, . . . , um)| � ‖ϕ‖ � 2m sup
u j ∈�(N)

|ϕ(u1, . . . , um)|.

Proof. We first observe that 2−r ar � φ(ar ). Next by induction we see thatφ(ar ) � 2 × 2−r ar .

Indeed this is trivially true whenr = 0 and then if we assume it is true forr − 1 we have

φ(ar ) = φ(ar−1) + 2−r (ar − ar−1)

so that, sincear−1/ar < 1
3,

φ(ar )

ar
= ar−1

ar

φ(ar−1)

ar−1
+

(
1 − ar−1

ar

)
2−r

� 4 × 2−r

3
+ 2 × 2−r

3
= 2 × 2−r .

Now supposeξ∗ ∈ d(w, 1)∗ is such that

sup
r

sup
ξ∈�r (N)

ξ∗(ξ) = 1.

Without loss of generality we may suppose that ifb j = ξ∗(e j ) then(b j )
∞
j=1 is a decreasing non-

negative sequence so that

sup
r

2r a−1
r

ar∑
j=1

b j = 1.
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Then if ar−1 < n � ar we have

1

n

n∑
j=1

b j � 2 × 2−r � 2
φ(ar )

ar
� 2

φ(n)

n
.

Thus if ξ = ∑∞
j=1 ξ j e j with (ξ j ) non-negative and decreasing,

ξ∗(ξ) =
∞∑
j=1

b jξ j

=
∞∑
j=1

(b1 + · · · + b j )(ξ j − ξ j+1)

� 2
∞∑
j=1

φ( j)(ξ j − ξ j+1)

= 2
∞∑
j=1

w jξ j .

Thus‖ξ∗‖ � 2.
On the other hand ifξ ∈ �r (N) then‖ξ‖ � φ(ar )2r a−1

r � 2 so that ‖ξ∗‖ � 1
2. Finally, (3) is a

straightforward consequence of(2).

THEOREM 4.3 For every m ∈ N the monomials (e∗
α)α form an unconditional basic sequence in

Papp(
md(w, 1)), and hence P(md(w, 1)) is isomorphic to a Banach lattice.

Proof. It will suffice to show that the elementse∗
i1

⊗· · ·⊗ e∗
im

form an unconditional basic sequence
in Lm(d(w, 1)) for every choice ofm. Indeed the monomials inP(md(w, 1)) are equivalent to an
unconditional block basic sequence of this basis.

More precisely we show by induction that there is a constantCm such that ifϕ is anm-linear
form given by

ϕ(x1, · · · , xm) =
∑

i1,···,im

bi1,···,im e∗
i1(x1) · · · e∗

im
(xm),

where the array(bi1,···,im ) is finitely non-zero and if

|ϕ|(x1, · · · , xm) =
∑

i1,···,im

|bi1,···,im |e∗
i1(x1) · · · e∗

im
(xm)

then‖|ϕ|‖ � Cm‖ϕ‖.
The casem = 1 is trivial and indeedC1 = 1. Let us now suppose the theorem is proved for

k < m. Weshall assume‖ϕ‖ = 1 and let‖|ϕ|‖ = M . Then by Lemma 4.2 we can findu j ∈ �r j (N)

for 1 � j � m such that
|ϕ|(u1, · · · , um) � 2−m M .

In fact eachu j can be taken of the form

u j = 2r j

ar j

∑
k∈B j

ek,

where|B j | = ar j .
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By reordering if necessary we shall assume thatrm = max1� j�m r j . Let us consider the case
whenrm < m − 1. In this case

M � 2m+mrm max|ϕ(ei1, · · · , ein )| � 2m2
. (4.2)

Wecontinue with the assumption thatrm � m − 1. If 1 � j < m andr j = rm we can write

u j = 2rm

arm

∑
k∈B j

ek

= 2

(
arm

arm−1

)−1 ∑
D⊂B j

|D|=arm−1

2rm−1a−1
rm−1

∑
k∈D

ek .

Expanding each suchu j out in this way we see that we can findB j with |B j | = ar j , wherer j < rm

if j < m and such that if

v j = 2r j

ar j

∑
k∈B j

ek

then

|ϕ|(v1, · · · , vm) � 2−2m M . (4.3)

Now, for eachk ∈ Bm we defineψk ∈ Lm−1(d(w, 1)) by

ψk(x1, · · · , xm−1) =
∑

i1∈B1

· · ·
∑

im−1∈Bm−1

bi1,···,im−1,ke∗
i1(x1) · · · e∗

im−1
(xm−1).

For eachk ∈ Bm there exists at least one(ξ1, · · · , ξm−1) ∈ �(B1) × · · · × �(Bm−1) so that

ψk(ξ1, · · · , ξm−1) � 2−(m−1)‖ψk‖.

It follows that we can partitionBm into subsetsD1, · · · , DN , where by (4.1) and since allr j � rm−1

N � 3ar1+···+arm−1 � 3(m−1)arm−1 (4.4)

so that for eachj there exists a choice(ξ1, · · · , ξm−1) ∈ �(B1) × · · · × �(Bm−1) with

ψk(ξ1, · · · , ξm−1) � 2−(m−1)‖ψk‖, k ∈ D j .

Let |D j | = s j . By Lemma 4.2 we have‖ξ j‖ � 2 for 1 � j � m, hence

2−(m−1)
∑

k∈D j

‖ψk‖ � ϕ


ξ1, · · · , ξm−1,

∑
k∈D j

ek


 � 2m−1φ(s j ).

By the inductive hypothesis we have‖|ψk |‖ � Cm−1‖ψk‖. Returning to (4.3) we have (again
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noting that each‖v j‖ � 2)

M � 22m|ϕ|(v1, · · · , vm)

� 22m+rm a−1
rm

∑
k∈Bm

|ψk |(v1, · · · , vm−1)

� Cm−123m−1+rm a−1
rm

∑
k∈Bm

‖ψk‖

= Cm−123m−1+rm a−1
rm

N∑
j=1

∑
k∈D j

‖ψk‖

� Cm−125m−3+rm a−1
rm

N∑
j=1

φ(s j ).

Finally, we estimate
∑N

j=1 φ(s j ). If r � 1 andar−1 < s j � ar thenφ(s j ) � s j a
−1
r−1φ(ar−1) �

4 × 2−r s j (by Lemma 4.2 and the fact thatφ(n)/n is decreasing inn). Thus∑
ar−1<s j �ar

φ(s j ) � 4 × 2−r
∑

ar−1<s j �ar

s j . (4.5)

Defineσr := |{ j : ar−1 < s j � ar }| and notice that
∑

s j =1 φ(s j ) = σ0, whereσ0 = |{ j : s j = 1}|.
Then by (4.5) we have ∑

ar−1<s j �ar

φ(s j ) � 4 × 2−rσr ar .

Now if r � rm − 1 we have 2−r ar � 21−rm arm−1 (use againar/ar+1 < 1
3 � 1

2), and as a
consequence from (4.4)

∑
s j �arm−1

φ(s j ) � 23−rm arm−1

rm−1∑
r=0

σr � 3(m−1)(arm−1)23−rm arm−1.

Hence asrm � m − 1 we deduce from the defining property of thear s that∑
s j �arm−1

φ(s j ) � 23−rm arm .

On the other hand, by (4.5),∑
arm−1<s j �arm

φ(s j ) � 4 × 2−rm
∑

arm−1<s j �arm

s j � 22−rm arm

(recall that the sum over alls j equalsarm ). Combining we have

N∑
j=1

φ(s j ) � 24−rm arm

and hence

M � Cm−125m+1. (4.6)

Combining (4.2) and (4.6) we haveCm � max(25m+1Cm−1, 2m2
) and this completes the proof.
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5. Some related open problems

The space created in Theorem 4.3 is not reflexive. We therefore ask the following.
Let E be a reflexive Banach space with an unconditional basis and suppose m � 2. Can P(m E)

be a Banach lattice?
Notice in this situation Proposition 4.1 implies thatP(m E) is isomorphic to a Banach lattice if

and only ifPapp(
m E) has an unconditional basis.

Finally, we relate our study of unconditionality in spaces ofm-homogeneous polynomials with
complex analysis. LetE = (Cn, ‖.‖) be a finite-dimensional Banach space such that its canonical
basis vectorsek form a normalized 1-unconditional basis. The Bohr radius of its open unit ballBE

is defined to be
K (BE ) := supr,

where the supremum is taken over all 0� r � 1 such that whenever the power series
∑

α aαzα

satisfies| ∑α aαzα| � 1 for all z ∈ BE , it follows that
∑

α |aαzα| � 1 for all z ∈ r BE .
In this notation Bohr’s power series theorem from [5] states that the Bohr radius of the open unit

disc inC equals1
3, K (BC) = 1

3.
Upper and lower estimates for Bohr radii in higher dimensions show two in a sense extreme cases.

The sequence(K (B�n∞) of the Bohr radii of then-dimensional polydiscs tends to zero essentially
like

√
logn/n, whereas the sequence(K (B�n

1
) of the Bohr radii of then-dimensional hypercones

is uniformly bounded from below by some strictly positive constant. More precisely, there is a
constantc > 0 such that for eachn � 2

1

c
√

log logn

√
logn

n
� K (B�n∞) � c

√
logn

n

(see [4,14] for the upper estimate and [7] for the lower one) and

1

c
� K (B�n

1
) � c

(a result of [1]). See [3,7] for the asymptotic behaviour of the whole scale of sequences(K (B�n
p
),

1 < p < ∞, and [8] for an extension of these estimates within the framework of local Banach space
theory.

There is a basic link to unconditional basis constants of spaces ofm-homogeneous polynomials
[8, Theorem 2.2]. Define

r(E) := sup
m

χmon(P(m E))1/m,

whereχmon(P(m E)) stands for the unconditional basis constant of the monomials inP(m E). Then

1

3

1

r(E)
� K (BE ) � min

(
1

3
,

1

r(E)

)

(for E = C this is obviously Bohr’s result).
In view of this link the following problem seems to be a sort of uniform analogue of Dineen’s

problem. LetE be a Banach sequence space (that is,�1 ⊂ E ⊂ c0 and theeks form a 1-
unconditional basis ofE), and letEn = [ek]n

k=1.
Does E necessarily equal �1 whenever infn K (BEn ) > 0 or, equivalently, is E = �1 whenever

there is some constant C > 0 such that χmon(P(m En)) � Cm for all n and m?
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