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1� Introduction

If �X��·�� is a quasi-Banach space (in particular a Banach space) with normalized
unconditional basis �en�

�
n=1, we say that X has unique unconditional basis (up to

permutation) if whenever �xn�
�
n=1 is another normalized unconditional basis of

X, then �xn�
�
n=1 is equivalent to (a permutation of) �en�

�
n=1. We will write it as

�xn�
�
n=1∼�en�

�
n=1.

The question of uniqueness of unconditional basis up to permutation is a very
natural one from the point of view of (quasi-)Banach lattices, because an uncon-
ditional basis induces a lattice ordering. Thus if X is a separable discrete order-
continuous quasi-Banach lattice it has a unique unconditional basis up to permuta-
tion if and only if wheneverX is linearly isomorphic to a discrete order-continuous
quasi-Banach lattice Y then X is also lattice-isomorphic to Y �
The only Banach spaces with unique normalized unconditional basis are c0, �1

and �2 [12, 14]. For Banach spaces without symmetric basis, this problemwasfirst
treated byEdelstein andWojtaszczyk [5]who proved that the spaces c0⊕�1, c0⊕�2,
�1⊕�2 and c0⊕�1⊕�2 have unique unconditional basis up to permutation.Bourgain
et al. studied in [3] the infinite direct sums of the spaces c0, �1 and �2, showing that
in c0��1�, c0��2�, �1�c0� and �1��2� the canonical unit vector basis is unique up to
permutation, while the result is not true for �2�c0� and �2��1�. So, in the context
of Banach spaces it is quite exceptional for a space to have a unique unconditional
basis. In the wider class of quasi-Banach spaces, however, we find many other
spaces with that property, including �p when 0<p<1 (see [6, 10, 16]).
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Motivated by the results in [3], it was shown in [11] that the spaces c0��p� (0<
p<1) have unique normalized unconditional basis up to permutation and, later on,
the authors proved in [1] the uniqueness of unconditional basis up to permutation
of �p�c0� and �p��2� for 0<p<1. In this paper we prove that the same result
holds for the quasi-Banach spaces �1��p� and �p��1� (0<p<1). The techniques
we use here are completely different.

2� Terminology

Next we give some remarks on terminology and assumptions. An unconditional
basic sequence �un�

�
n=1 in a quasi-Banach space X is complemented if there is a

bounded linear projection P �X−→ �un	. This implies the existence of �u∗
n�

�
n=1⊂

X∗ so that Px=∑�
n=1u

∗
n�x�un� We sometimes refer to this as the biorthogonal

sequence. The symbol � can denote either a positive integer or �.
We will use the term sequence space to mean a quasi-Banach space of se-

quences 
=�
n�
�
n=1 so that the canonical basis vectors �en�

�
n=1 form a 1-uncondit-

ional basis. The corresponding coordinate functionals are denoted �e∗n�
�
n=1. Of

course, any unconditional basis �un�
�
n=1 of a quasi-Banach space Y induces an

isomorphism S �X→Y where X is a sequence space and Sen=un�
Note that any disjoint sequence �un� in a sequence space is an unconditional

basic sequence. We refer to such a sequence as complemented if �un	 is the range
of a projection.
If �un�

�
n=1 is an unconditional basis for X and N is a natural number we denote

by �u�k�n �n∈��1�k�N the naturally induced unconditional basis of XN (the direct sum
of N copies of X).
A quasi-Banach lattice is called sufficiently lattice Euclidean if there is a con-

stant M so that for any n there are operators S �X−→�n2 and T ��
n
2−→X so that

ST = I�n2 and �S��T��M , and S is a lattice homomorphism. This is equivalent
to asking that �2 is finitely representable as a complemented sublattice of X. We
will say thatX is lattice anti-Euclidean if it is not sufficiently lattice Euclidean. We
use the same terminology for an unconditional basic sequence, which we regard as
inducing a lattice structure on its closed linear span.
If X is a quasi-Banach space, by X̂ we will denote its Banach envelope (cf.

[9, 10]).
We recall that a quasi-Banach lattice X is said to be p-convex, where 0<p<

�, if there is a constant M>0 such that for any x1�����xn∈X and n∈� we
have

�
(

n∑

i=1

	xi	p
)1/p

��M

(
n∑

i=1

�xi�p
)1/p

�

The procedure to define the element �
∑n

i=1 	xi	p�1/p∈X is described in [13], pp.
40–41. We recall that not every quasi-Banach lattice is p-convex for some p<2,
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but if X is a quasi-Banach lattice which is isomorphic to a subspace of a p-convex
quasi-Banach lattice thenX is alsop-convex. For detailswe refer the reader to [7].
For 0<p�1 fixed, we denote

�1��p�=
{
�xl�

�
l=1 � xl ∈ �p for each l and ��xl�p��l=1 ∈ �1

}
�

This space endowed with the p-norm

��xl�l��1��p� =
�∑

l=1

�xl�p

is a p-Banach space. It is also p-convex as a quasi-Banach lattice, and hence every
unconditional basic sequence generates a p-convex lattice structure.
For each l∈�, we can write xl=�xl1�xl2�����xlk�����∈�p, and then

identify �1��p� with the space of infinite matrices �xlk�
�
l�k=1 satisfying

∑�
k=1 	xlk	p<� for all l and

��xlk�l�k��1��p� =
�∑

l=1

( �∑

k=1

	xlk	p
)1/p

<��

Analogously, for 0<p�1 fixed,

�p��1�=
{
�xl�

�
l=1 � xl ∈ �1 for each l and ��xl�1��l=1 ∈ �p

}
�

This space endowed with the p-norm

��xl�l��p��1� =
( �∑

l=1

�xl�p1
) 1

p

is a p-Banach space.
For each l∈�, we can write xl=�xl1�xl2�����xlk�����∈�1, and then identify

�p��1� with the space of infinite matrices �xlk�
�
l�k=1 satisfying

∑�
k=1 	xlk	<� for

all l and

��xlk�l�k��p��1� =
( �∑

l=1

( �∑

k=1

	xlk	
)p)1/p

<��

The dual space of both �1��p� and �p��1� (0<p<1) can be identified with
������=��, the Banach space of infinite matrices a=�alk�

�
l�k=1 such that

�a�� =sup
l�k

	alk	<��

The Banach envelope of both quasi-Banach spaces �1��p� and �p��1� (0<p<
1) is ��1��1���·�1�=�1.
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�·� will denote, according to context the quasi-norm in the spaces �1��p� and
�p��1� (0<p<1) and the norm in the dual ��.
The canonical basis for the spaces �1��p� and �p��1�will be denoted by �elk�

�
l�k=1.

Our aim is to prove the following result:

THEOREM 2.1 (Main Theorem). Let 0<p<1. Let �xn�
�
n=1 be a normalized

unconditional basis of �1��p� (respectively �p��1�). Then �xn�
�
n=1 is equivalent to a

permutation of the canonical basis of �1��p� (respectively �p��1�).

3� Preliminary results

The canonical basis of both �1��p� and �p��1� �0<p<1� is also an unconditional
basis of their Banach envelope, �1, where all normalized unconditional bases are
equivalent and, therefore, symmetric:

THEOREM 3.1 ([12]). Let �xn�
�
n=1 be a normalized K-unconditional basis of �1.

Then, there exists a constant c>0 (depending only on K) so that

c
N∑

n=1

	an	�
∥
∥
∥

N∑

n=1

anxn

∥
∥
∥�

N∑

n=1

	an	 (2.1)

for any �an�
N
n=1 scalars, N ∈�.

Let us notice that Theorem 3.1 does not give any information about the different
behavior of the subsets of any unconditional basis of �p��1� or �1��p� �0<p<1�
seen as unconditional basic sequences of their Banach envelope, in contrast with
what happened in c0��p�, �p�c0� and �p��2�, 0<p<1. In these cases, the
corresponding theorems of uniqueness of unconditional basis up to permutation in
their Banach envelopes ([3]), where the canonical basis is not symmetric, were the
starting point of the proofs. Since the canonical basis of �1 is symmetric we cannot
approach the proofs in the same way. Instead, the proof of the Main Theorem
relies upon Theorem 3.4 below which will allow us to unravel the form in which
any complemented, normalized unconditional basic sequence �un�

�
n=1 in �1��p� or

�p��1� (0<p<1) can be written in terms of the canonical basis.
First we recall the Cantor-Bernstein principle for unconditional bases. This was

first observed by Mityagin [15]. See also [16] and [17].

PROPOSITION 3.2. Suppose �un�
�
n=1 and �vn�

�
n=1 are two unconditional basic

sequences. In order that �un� and �vn� be equivalent (up to permutation) it is ne-
cessary and sufficient that �un� is equivalent (up to permutation) to a subsequence
of �vn� and �vn� is equivalent (up to permutation) to a subsequence of �un��

Using the Cantor-Bernstein principle it is easy to classify the subbases of the
canonical basis of �p��q� when 0<p�q<��
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PROPOSITION 3.3. Suppose 0<p 
=q<�. Let � be an infinite subset of
�×�� Then �elk��l�k�∈� is equivalent (up to permutation) in �p��q� to the canonical
basis of exactly one of the following spaces

�p� �q� �p⊕�q� �p��
n
q�

�
n=1� �q⊕�p��

n
q�or �p��q��

We omit the easy details.

Theorem 3.4 is an extension to p-convex quasi-Banach lattices of Theorem 3.5
of [4]. It shows that complemented unconditional basic sequences in a p-convex
quasi-Banach sequence space whose Banach envelope is lattice anti-Euclidean take
a particularly simple form.

THEOREM 3.4. Let X and Y be quasi-Banach sequence spaces. Suppose Y is
p-convex for some p>0 and that X is isomorphic to a complemented subspace
of Y � Suppose X̂ is lattice anti-Euclidean. Then there exists N ∈� such that X is
isomorphic to a complemented sublattice of Y N � More specifically, there exists a
complemented disjoint positive sequence �un� in Y

N equivalent to the unit vector
basis �en� in X� Furthermore, the projection P of Y N onto �un	 may be given in the
form

Px=
�∑

n=1

�x�u∗
n�un

where u∗
n�0 and suppu∗

n⊆suppun for every n.

The proof of Theorem 3.4 uses the corresponding Banach lattice result from [4]:

LEMMA 3.5 (Theorem 3.6 of [4]). Let � and � be Banach sequence spaces and
suppose � is lattice anti-Euclidean. Suppose S ��→� and T ��→� are
bounded operators such that TS= IX� Let fn=Sen and gn=T ∗e∗n, for n∈�, so
that �fngn�1�1� Then, there exist �>0� N ∈� and �Fkn� of � for 1�k�N
and 1�n��, satisfying:

(1) For each fixed k the sets �Fkn�
�
n=1 are pairwise disjoint,

(2) for each fixed n, the sets �Fkn�
N
k=1 are pairwise disjoint,

(3) there is a �>0 so that the disjoint sequences �f ′
n�

�
n=1 and �g

′
n�

�
n=1 defined

respectively in Y N and �Y ∗�N (which we consider as �2-sums) as
f ′
n = �	fn	
F1n

�����	fn	
FNn
�

g′n = �	gn	
F1n
�����	gn	
FNn

�
verify

�n=�f ′
n�g

′
n���� n∈��

(4) �f ′
n�

�
n=1 is complemented and equivalent to �en�

�
n=1.
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REMARKS. This statement is obtained as a special case of Theorem 3.6 of [4].
In the statement of that theorem, the sets En should not be assumed disjoint, and
indeed we obtain the above statement taking En=� for all n (as noted in the
remark following the Theorem in [4]). Also in the proof the sets An should be
defined by An=En∩�k � 	�n�k�	�1/N��
[Proof of Theorem 3.4]. We apply Lemma 3.5 with � = X̂, �= Ŷ , and with

S and T replaced by their canonical extensions S �X̂→ Ŷ and T � Ŷ → X̂� Let
Sen=fn and T ∗e∗n=gn� We find N�� and subsets �Fkn� of � for 1�k�N and
1�n�� verifying (1) and (2) in the previous Lemma so that the sequences of
disjointly supported vectors

un = �	fn	
F1n
�����	fn	
FNn

�∈Y N

v∗n = �	gn	
F1n
�����	gn	
FNn

�∈�Y ∗�N

verify

�n=�un�v∗n���� n∈�� (2.2)

We let u∗
n=v∗n
suppun

so that �un�u∗
n�=�un�v∗n��

To finish our proof we just must show that the operators U �X−→Y N and
V �Y N −→X defined as

U
( �∑

j=1


�j�ej

)
=

�∑

j=1


�j�uj

V �y� =
�∑

n=1

1
�n

�y�u∗
n�en

are bounded.
Suppose �
j�j ∈c00. Then, using standard quasi-Banach lattice estimates (The-

orem 3.3 of [7] and Proposition 2.1 of [10]), we have (with A a constant depending
on X and Y )

∥
∥
∥U

( �∑

j=1


juj

)∥
∥
∥
YN

� N 1/2�max
j�1

	
jfj 	
∥
∥
∥
Y

� N 1/2
∥
∥
∥

( �∑

j=1

	
jfj 	2
)1/2∥∥

∥
Y

� A�S�N 1/2
∥
∥
∥

( �∑

j=1

	
jej 	2
)1/2∥∥

∥
X

= A�S�N 1/2
∥
∥
∥

�∑

j=1


jej

∥
∥
∥
X
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So, U is well defined and �U��N 1/2A�S�.
On the other hand, given y=�y1�����yn�∈Y N , by (2.2)

�V �y�� =
∥
∥
∥

�∑

n=1

1
�n

N∑

k=1

�yk�	gn	
Fkn

supp fn

�en
∥
∥
∥
X

�
1
�

∥
∥
∥

�∑

n=1

N∑

k=1

�yk�	gn	
Fkn

supp fn

�en
∥
∥
∥
X

�
�

�

N∑

k=1

∥
∥
∥

�∑

n=1

�yk�	gn	
Fkn

supp fn

�en
∥
∥
∥
X
�

where the constant � (that depends only on X and N ) appears when we apply the
triangle inequality with N terms in the quasi-Banach space X.
Let (sgn gn� be a sequence of signs so that 	gn	=gnsgn gn for every n. Then

�yk�	gn	
Fkn

supp fn

�=�yksgn gn
Fkn

supp fn

�gn�
=�T�yksgn gn
Fkn


supp fn
��en��

Hence, using again Theorem 3.3 of [7],

�
�∑

n=1

�yk�	gn	
Fkn
supp fn
�en�X�A�T���

�∑

n=1

	yk
Fkn

supp fn

	2� 1
2 �Y

�A�T��yk�Y �
Thus �V��N��−1. This shows that X is isomorphic to a complemented sublat-
tice of Y N . Furthermore the projection on �un	 is given by P=UV which has the
required form. �

COROLLARY 3.6. Let Y be a p-convex quasi-Banach sequence space such that
Ŷ is isomorphic to �1� Then, for any normalized complemented unconditional basic
sequence �fn�

�
n=1 in Y we can find N ∈� and a normalized complemented positive

disjoint sequence �un�
�
n=1 in Y N equivalent to �fn�

�
n=1. Furthermore, it may be

assumed that the projection P has the form

Px=
�∑

n=1

〈
x�u∗

n

〉
un

where u∗
n�0 and supp u∗

n⊆supp un for all n.
Proof. We observe that if �fn	

�
n=1=X then X̂ is isomorphic to �1 and by

Theorem 3.1 this implies that �fn� is equivalent to the canonical basis of �1 in
X̂� Thus we can apply Theorem 3.4. �
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COROLLARY 3.7. Let � be an infinite subset of �×�� Let �fn�
�
n=1 be a nor-

malized complemented unconditional basic sequence in Y = �elk	�l�k�∈� in �p��q�
where 0<p�q�1 with p 
=q� Then, �fn�

�
n=1 is equivalent to a normalized com-

plemented disjoint positive sequence �un� in Y and we can assume the projection
has the form

Px=
�∑

n=1

�x�u∗
n�un

where u∗
n�0 and supp u∗

n⊆ supp un�
Proof. We need only observe that from Proposition 3.3, Y can be identified with

one of the six specific sequence spaces, and in each one the canonical basis is
equivalent to its N -fold product. �

Lemma 3.8 is very well-known and simple to prove.

LEMMA 3.8 (cf. Lemma 6.3 of [6] and Theorem 2.3 of [10]). Suppose thatX is
a quasi-Banach sequence space. Assume that �un�

�
n=1 is a normalized, complemen-

ted,disjointsequence,with �u∗
n�

�
n=1 the associated biorthogonal sequence. Suppose

that 	vn	� 	un	 and that for some �>0 we have 	�vn�u∗
n�	�� for all n. Then

�vn�
�
n=1 is a complemented disjoint sequence equivalent to �un�� In particular if

there exists �>0 and a 1−1 map � ��→� so that 	�un�e∗��n��	� 	�e��n��u∗
n�	�

� then �un�
�
n=1 is equivalent to �e��n��

�
n=1�

Our last result before we prove the Main Theorem asserts that the canonical basis
of �p �0<p<1� is strongly absolute (see [11]). This fact will be widely used in
our proofs.

LEMMA 3.9 (Lemma 2.2 of [11]). Fix 0<p<1. For any �>0 there exist
C�>0 so that

N∑

n=1

	�n	�C�sup
n

	�n	+�

(
N∑

n=1

	�n	p
)1/p

for any choice of scalars ��n�
N
n=1 and N ∈�.

4� Uniqueness of unconditional basis of �1��p� and �p��1�, 0<p<1

Let us start with a reduction.

LEMMA 4.1. Suppose 0<p�q�1 with p 
=q and that � is an infinite
subset of �×�� Let �un�

�
n=1 be a normalized, complemented, positive disjoint

sequence in the subspace Y = �elk	�l�k�∈� of �p��q�� Then, there is a normalized,
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complemented, positive disjoint sequence �vn� in Y and some �>0 such that
�vn� is equivalent to �un�, supp vn is finite for each n, supp v∗n⊆suppvn and
v∗n��
suppvn

.
Proof. We have a bound that �u∗

n��C for all n. For each n, put Sn=��l�k� �
�elk�u∗

n�>�2C�−1�� Then �un−un
Sn
�u∗

n��1/2� Hence there exists a finite
set Fn⊂Sn so that �un
Fn

�u∗
n��1/4� Let wn=un
Fn

and w∗
n=u∗

n
Fn
so

that �wn�w
∗
n��1/4� It is easy to see using Lemma 3.8 that the sequence �vn�

obtained by normalizing �wn� with v
∗
n=cnw

∗
n for suitable cn satisfies the required

conditions. �

Note that by use of the Cantor-Bernstein principle (Proposition 3.2), the following
result implies the Main Theorem in the case X=�1��p� (0<p<1).

THEOREM 4.2. Suppose that � is an infinite subset of �×�� Let �un�
�
n=1 be

a normalized, complemented, unconditional basic sequence in Y = �elk	�l�k�∈� ⊂
�1��p� (0<p<1). Then, �un�

�
n=1 is equivalent to a subbasis of �elk��l�k�∈� .

Proof. By appealing to Theorem 3.4, Corollary 3.7 and Lemma 4.1 we can
suppose that �un� is disjointly supported and positive, with finite support Sn, that
for each n the biorthogonal functional u∗

n is supported on Sn and has the property
that u∗

n��
Sn
for some �>0. Let K be the norm of the projection x→

∑�
n=1�x�u∗

n�un�
In the Banach envelope (which is simply �1�� �� the sequence �un� is equivalent

to the �1-basis and hence satisfies an estimate

∥
∥
∥

�∑

n=1

�nun

∥
∥
∥
1
�c

�∑

n=1

	�n	� ��n�∈c00�

Let us fix �= 1
2�c

1/�1−p�K−1� Put �=�n� �un����� and �=�\�� We
assume both sets are infinite, since the other cases are simpler.
First notice that by Lemma 3.8, the sequence �un�n∈� is permutatively equiva-

lent to a subbasis of �elk��l�k�∈� �
We turn to �un�n∈�, which we show is equivalent to the canonical basis of �1�

Let � be any finite subset of �� For each n∈� we set Fn=�l � ∃k��l�k�∈Sn��
Suppose we can pick a one-one map � �� →� with ��n�∈Fn for every n� For
each such n pick ��n�∈� so that ���n����n��∈Sn� Then, given any sequence
of scalars �=��n� let

x�=
∑

n∈�
�ne��n���n��

Obviously, �x��=
∑

n∈� 	�n	, so
∥
∥
∥
∑

n∈�
�x��u∗

n�un
∥
∥
∥�K

∑

n∈�
	�n	�
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Hence,
∥
∥
∥
∑

n∈�
�nun

∥
∥
∥�K�−1

∑

n∈�
	�n	�

Thus if for every finite set � we can make such a selection we reach the desired
conclusion.
We now claim by the Hall–König Lemma (see [2]) that it is possible to find an

injective map � �� →� such that ��n�∈Fn for each n� It suffices to show that

	∪n∈�Fn	> 	�	
for every�⊂� � If this is false there is a minimal set� for which this fails, and
we must have equality in this case. Then we can pick a one-one map � ��→�
with ��n�∈Fn for each n∈�� In particular we have

∥
∥
∥
∑

n∈�
un

∥
∥
∥�K�−1	�	�

On the other hand
∑

n∈�un is supported on the set ��l�k� � l∈∪n∈�Fn�� Hence
by Hölder’s inequality (using �·�p to denote the �p-norm on �×�),

	�	�c−1
∥
∥
∥
∑

n∈�
un

∥
∥
∥
1

�c−1�1−p
∥
∥
∥
∑

n∈�
un

∥
∥
∥
p

p

�c−1�1−p	∪n∈�Fn	1−p
∥
∥
∥
∑

n∈�
un

∥
∥
∥

�c−1�1−pK1−p�1−p	�	�
Thus �1−p�cKp−1�1−p, which is a contradiction. This contradiction shows that
the selection is always possible and hence �un�n∈� is equivalent to the �1-basis.
Note that if � is infinite then �1 must embed into Y and so, using Proposi-

tion 3.3, the canonical basis of �1 is also a subbasis of �elk��l�k�∈� . From this the
conclusion follows easily. �

As a straightforward consequence of Theorem 4.2 we obtain:

THEOREM 4.3. Let 0<p<1. Every normalized unconditional basis of an in-
finite dimensional complemented subspace of �1��p� is equivalent to a permutation
of the unit vector basis of one of the following spaces: �1, �p, �1⊕�p, �1��

n
p�

�
n=1,

�p⊕�1��
n
p�

�
n=1, �1��p�.

THEOREM 4.4. Let 0<p<1. The following quasi-Banach spaces have unique
unconditional basis up to permutation:

�1⊕�p� �1��
n
p�

�
n=1� �p⊕�1��

n
p�

�
n=1� �1��p��
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Next we will prove the Main Theorem for the spaces �p��1� (0<p<1).

THEOREM 4.5. Suppose � is an infinite subset of �×�� Let �un�
�
n=1 be a nor-

malized, complemented, unconditional basic sequence in Y = �elk	�l�k�∈� ⊂�p��1�
(0<p<1). Then, �un�

�
n=1 is equivalent to a subbasis of �elk��l�k�∈� .

Proof. We can suppose that �un� is positive, disjointly supported and that each
un has finite support Sn. As for the biorthogonal sequence �u

∗
n�, we can assume that

each u∗
n is supported on Sn and that there exists some �>0 for which u∗

n��
Sn

for all n� Let K be the norm of the projection x→∑�
n=1�x�u∗

n�un�
For each �n�l�∈� we write

xnl=
�∑

k=1

�un�e∗lk�elk�

Then

1=�un�u∗
n�=

�∑

l=1

�xnl�u∗
n��

But
( �∑

l=1

	�xnl�u∗
n�	p�

1
p

)

�

( �∑

l=1

�xnl�p
)1/p

=K�

Hence, by Lemma 3.9, for a suitable constant C we have

1

2
�C sup

l

�xnl�u∗
n��

For each n pick ln so that

�xnln�u∗
n���4C�−1�

By Lemma 3.8, the sequence �xnln� is equivalent to �un�. It is then easy to see that
this sequence is equivalent to a subbasis of the original basis. �

As a straightforward consequence of Theorem 4.5 we obtain:

THEOREM 4.6. Let 0<p<1. Every normalized unconditional basis of an in-
finite dimensional complemented subspace of �p��1� is equivalent to a permutation
of the unit vector basis of one of the following spaces: �p, �1, �p⊕�1, �p��

n
1�

�
n=1,

�1⊕�p��
n
1�

�
n=1, �p��1�.

THEOREM 4.7. Let 0<p<1. The following quasi-Banach spaces have unique
unconditional basis up to permutation:

�1⊕�p� �p��
n
1�

�
n=1� �1⊕�p��

n
1�

�
n=1� �p��1��
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