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A NOTE ON THE SPACES Lp FOR 0 < p <1 

N. J. KALTON 

ABSTRACT. It is shown that there is no Hausdorff vector topology p on the 
space Lp (where 0 < p < 1) such that the unit ball of Lp is relatively 
compact for the topology p. 

It is well known that the space L1 (0, 1) is not a dual Banach space; this 
follows from the Krein-Milman theorem. It is not even isomorphic to a dual 
space, by a result due to Gelfand [2] (see Bessaga and Pelczyn'ski [1] and 
Namioka [6]). An equivalent statement is that there is no Hausdorff locally 
convex vector topology p on L1 such that the unit ball of L1 is relatively 
compact for p. 

In this note we establish a conjecture due to J. H. Shapiro that for 
0 < p < 1 there is no Hausdorff vector topology on the space LP(O, 1) such 
that the unit ball is relatively compact. For the case p = 1, this extends the 
previous result as we no longer restrict the topology p to be locally convex. 
Note that for the space 1p, 0 < p < 1, the topology of coordinatewise 
convergence makes the unit ball compact. Also the topology of uniform 
convergence on compact subsets of AX, the open unit disc, makes the unit ball 
of Hp compact for 0 < p < 1 (cf. [4]). 

We shall suppose throughout that all vector spaces are real, although the 
extension to the complex case presents no problems. The norm on Lp is 
defined by 

llfllp = Jo If(t)IPdt 

for 0 < p < 1. We shall also need the space L. (0, 1) of essentially bounded 
functions with the norm 

IifILo = ess sup If(t)I. 
We first gather together some general results. 

PROPOSITION. Let X be a separable complete p-normed space with unit ball U. 
Suppose that there exists on X a Hausdorff vector topology such that U is 
relatively compact. Then 

(i) there is a metrizable vector topology y on X such that U is y-relatively 
compact; 

(ii) if V is the y-closure of U, then V is the unit ball of an equivalent p-norm 
(i.e. V is bounded); 
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(iii) let j: (U, y) -* (U, T) denote the identity map and T the norm topology on 
U. Then the points of continuity ofj are dense in (U, y). 

PROOF. (i) If 8 is any Hausdorff vector topology such that U is relatively 
compact for 8, then there exists a metrizable vector topology y < a by an 
obvious modification of a result of Labuda [5]. Clearly U is also y-relatively 
compact. 

(ii) Clearly V is p-convex and the unit ball of a p-norm 11.11* on X, since V is 
compact in a vector topology on X. Then (X, 11 11*) is complete (use the y- 
compactness of V) and by the Closed Graph Theorem V is bounded. 

(iii) Consider j: (V, y) -* (V, T). By (ii) the norm topology has a base of -y- 
closed neighbourhoods of zero (i.e. is y-polar) and hence by an obvious 
modification of Proposition 1.2 of Namioka [6] the points of continuity of j are 
dense in V. If x E V is such a point of continuity, then there is a sequence 
Xn- x(y) with xn E U. Then xn -x in norm and so x E C. 

Next we note two easy (and well-known) lemmas. 

LEMMA 1. Suppose 0 < p < 1 and 4 E LP(O, 1) with # 0. Define T: 

L. (0, 1) -- L (O, 1) by Th = h - 4. Then T is not compact. 

PROOF. We may suppose the existence of a measurable set E of positive 
measure such that kk(t)l > a > 0 for t E E. Then we may define measurable 
sets Emn, n = 1, 2, ..., 2m, m = 1, 2, 3, .. ., such that: 

(i) For each m, the sets Emn, n = 1, 2, ..., 2m, are disjoint and satisfy 
Un Emn = F; 

(ii) X(Emn) = 2-mX(E) where X denotes Lebesgue measure; 
(iii) Emn = Em+1,2n1 U Em+1,2n. 

Then let 

2m 
hm= 

E 
(1)n X(Emn) 

n=1 

If m # k, hm(t) - hk(t) # 0 precisely on a subset of E of measure 2A(E), 
where hm (t) - hk (t) = 2. Thus 

JjThm - ThkIp, 2P-1X(E)aP, m # k, 

so that T is not compact. 

LEMMA 2. If-I < x < oo and 0 < P 1 then (1 + x)P < 1 + px. 

PROOF. If {(x) = 1 + px - (1 + x) , then #'(x) = p - p(l + x)P1. Thus 
+'(x) > 0 when x > 0 and 4'(x) < 0 when x < 0. Hence 4(x) > 4(0) = 0. 

THEOREM 1. There is no Hausdorff vector topology on Lp for 0 < p < 1 such 
that the unit ball of Lp is relatively compact. 

PROOF. Let U be the unit ball of Lp. If the theorem is false we may suppose 
the existence of a metrizable topology y on LP such that U is y-relatively 
compact (by the Proposition). Again, using the Proposition, there exists 

& E U with 0 = 0 such that the identity map j: (U, y) -- (U, r) has a point of 
continuity at ? (T denotes the norm topology). 
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Let G be the subspace of L. (0, 1) of all h E L. such that fo h(t) 1k(t)I Pdt 
= 0. G is a closed subspace of codimension one, sincefO j0(t)IPdt < ox. Thus 
the map T: G-> Lp, defined by Th = 0 * h, is not compact by Lemma 1. Let 
hn E G be any sequence such that I I hn I 1 and JIThn - Thm l p >, a > 0, 
whenever n = m 

By selection of subsequence, we may suppose that {Thnj is y-convergent (U 
is relatively y-compact). Hence T(hn - hn+l-* 0(y). Now let 

= 0 + I(Th,-Th+) gn=)2 Tn - Thn+1). 

Then 

n = t (t) I/1 + !(h-(t) h 
= I+() | 1 +2 (n (t)-hn+ 1 (t) )]I 

-1I(t)l[l + 1(h -t) h 

Hence 

lp= 
Io(t)IP(l + 2(hn(t)- 

llg Jl+t (1+(p2 )(n (t)-hn+ I (t) ) dt 
1 j, (t)VP(l + (p/2)(h(t - 

1 +(p/2)j1 lp(t)IP(hh(t)-hn+1(t))dt= 1. 

Thus gn E U and gn -* 0 in y. Hence llgn -llp 
- 0, i.e. IIThn -Thn+1 I 

0, contradicting our choice of hn. This proves the theorem. 
Remark 1. In [7], Turpin notes that there are no known examples of nonzero 

compact operators T: Lp E, where 0 < p < l and E is any topological 
vector space. It is thus unknown whether there exists a Hausdorff vector 
topology on Lp for which U is precompact. (See note added in proof.) 

Remark 2. We are indebted to Professor Shapiro for the observation that the 
quotient space Hp lqHp constructed in [4] is an example of a locally bounded 
space with trivial dual, but such that there is a Hausdorff vector topology 
making the unit ball compact. This latter topology is the quotient ,8-topology. 
In particular, note that Hp IqHp is not isomorphic to Lp. 

Remark 3. A number of Banach spaces, which are known not to be dual 
spaces, can also be shown not to admit any Hausdorff vector topology making 
the unit ball compact by the following: 

THEOREM 2. Let X be a separable F-space containing an isomorphic copy of co. 
Then there does not exist a Hausdorff vector topology y on X such that every 
bounded set is relatively y-compact. 

PROOF. Suppose y exists. It is easy to show that if (en) is the unit vector basis 
of co C X, then E en converges subseries in (X, y). By Theorem 3 of [3], E en 
converges in X, which is a contradiction. 

COROLLARY. Theorem 1 also applies to C(X) for X compact metric, and K(H), 
the space of compact operators on a separable Hilbert space. 

ADDED IN PROOF. The author has now shown that there are no compact 
operators with domain Lp (O < p < 1) (cf. Remark 1). 



202 N. J. KALTON 

REFERENCES 

1. C. Bessaga and A. Pei czyfiski, On extreme points in separable conjugate spaces, Israel J. 
Math. 4 (1966), 262-266. MR 35 #2126. 

2. I. M. Gelfand, Abstrakte Functionen und lineare Operatoren, Mat. Sb. 4 (46) (1938), 235-286. 
3. N. J. Kalton, Subseries convergence in topological groups and vector spaces, Israel J. Math. 10 

(1971), 402-412. MR 45 # 3628. 
4. N. J. Kalton and J. H. Shapiro, An F-space with trivial dual and nontrivial compact 

endomorphisms, Israel J. Math. 20 (1975), 282-291. 
5. I. Labuda, A generalization o Kalton's theorem, Bull. Acad. Polon. Sci.21(1973), 509-510. 
6. I. Namioka, Neighbourhoods of extreme points, Israel J. Math. 5 (1967), 145-152. MR 36 

#4323. 
7. P. Turpin, Operateurs lineaires entre espaces d'Orlicz non localement convexes, Studia Math. 

46 (1973), 153-165. 

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY COLLEGE OF SWANSEA, SINGLETON PARK, 
SWANSEA SA2 8PP, WALES 


	Article Contents
	p. 199
	p. 200
	p. 201
	p. 202

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 56, No. 1 (Apr., 1976), pp. 1-396
	Front Matter
	On Linear Planes [pp. 1-7]
	Test Modules and Cogenerators [pp. 8-10]
	The Prime Radical in Alternative Rings [pp. 11-15]
	On the Nonexistence of Groups with Extra-Special Commutator Subgroup [pp. 16-18]
	Integral Closures of Uncountable Commutative Regular Rings [pp. 19-23]
	A Remark on the Restriction Map in Field Formation [pp. 24-26]
	On a Conjecture of S. Chowla [pp. 27-33]
	Note on a Result of Kaplan [pp. 34-36]
	Projective Moduli of Certain Quotient Rings [pp. 37-41]
	A Characteristically Nilpotent Lie Algebra Can be a Derived Algebra [pp. 42-44]
	Monic and Monic Free Ideals in a Polynomial Semiring [pp. 45-50]
	When is $D + M$ Coherent? [pp. 51-54]
	Uniqueness of Embeddings of Certain Induced Modules [pp. 55-58]
	Commutativity of Rings with Abelian or Solvable Units [pp. 59-62]
	On Large Cyclic Subgroups of Finite Groups [pp. 63-66]
	Strongly Homogeneous Torsion Free Abelian Groups of Finite Rank [pp. 67-72]
	$K_i$ of Upper Triangular Matrix Rings [pp. 73-78]
	Group Rings with Simple Augmentation Ideals [pp. 79-82]
	A Note on the Equation $x^2 = y^q + 1$ [pp. 83-84]
	Conditions for the Commutativity of Semigroups [pp. 85-88]
	Polynomial Pell's Equations [pp. 89-92]
	Relative Integral Bases [pp. 93-94]
	Quasi-Unmixedness and Integral Closure of Rees Rings [pp. 95-98]
	Weighted Norm Inequalities for Hilbert Transforms and Conjugate Functions of Even and Odd Functions [pp. 99-107]
	Perturbations of Limit-Circle Expressions [pp. 108-110]
	Generating Functions for Some Classes of Univalent Functions [pp. 111-117]
	Smoothness Properties of Generalized Convex Functions [pp. 118-120]
	On the Mean Ergodic Theorem of Sine [pp. 121-126]
	Invertible Composition Operators on $L^2(\lambda)$ [pp. 127-129]
	Some Remarks on Summability Factors [pp. 130-134]
	Analytic Expressions for Continued Fractions Over a Vector Space [pp. 135-139]
	Which Operators are Similar to Partial Isometries? [pp. 140-144]
	Finite Operators and Amenable $C^\ast$-Algebras [pp. 145-151]
	Compact Composition Operators on $B(D)$ [pp. 152-156]
	Weak Convergence of Semigroups Implies Strong Convergence of Weighted Averages [pp. 157-161]
	The Existence of Conjugate Points for Selfadjoint Differential Equations of Even Order [pp. 162-166]
	Counterexamples in Best Approximation [pp. 167-171]
	Indecomposable Hilbert-Schmidt Operators [pp. 172-176]
	Cesàro Summability of the Conjugate Series and the Double Hilbert Transform [pp. 177-182]
	Inequalities for Entire Functions of Exponential Type [pp. 183-188]
	Positive Operators on a Banach Space and the Fejér-Riesz Theorem [pp. 189-192]
	On the Straightness of Reduced Teichmüller Space [pp. 193-198]
	A Note on the Spaces $L_p$ for $0 < p \leqslant 1$ [pp. 199-202]
	Operator Radii of Commuting Products [pp. 203-210]
	Functions with Different Strong and Weak $\Phi$-Variations [pp. 211-216]
	Residual Equisingularity [pp. 217-220]
	The Need for a New Classification of Double Hypergeometric Series [pp. 221-224]
	Some Inequalities for Polynomials [pp. 225-230]
	On a Problem of Turán About Polynomials [pp. 231-238]
	Interpolation for Entire Functions of Exponential Type and a Related Trigonometric Moment Problem [pp. 239-242]
	Isoperimetric Inequalities for a Nonlinear Eigenvalue Problem [pp. 243-246]
	The Final Value Problem for Sobolev Equations [pp. 247-252]
	Two Counterexamples in Semigroup Theory on Hilbert Space [pp. 253-255]
	A Best Constant for Zygmund's Conjugate Function Inequality [pp. 256-260]
	On Totally Real Bisectional Curvature [pp. 261-263]
	Positively Curved Totally Real Minimal Submanifolds Immersed in a Complex Projective Space [pp. 264-266]
	On the Structure of Lindenbaum Algebras: An Approach Using Algebraic Logic [pp. 267-271]
	A Note on Countably Generated Complete Boolean Algebras [pp. 272-276]
	On Asymptotic Behavior for the Hawkins Random Sieve [pp. 277-280]
	On Quotients of Moving Average Processes with Infinite Mean [pp. 281-287]
	On $\hom \dim MU_\ast(X \times Y)$ [pp. 288-290]
	Duality and Eilenberg-Mac Lane Spectra [pp. 291-299]
	Hyperspaces of Hereditarily Indecomposable Plane Continua [pp. 300-302]
	Two $R$-Closed Spaces Revisited [pp. 303-309]
	Homology of Complex Projective Hypersurfaces with Isolated Singularities [pp. 310-312]
	Configuration-Like Spaces and the Borsuk-Ulam Theorem [pp. 313-317]
	Pseudocompact Spaces and Functionally Determined Uniformities [pp. 318-320]
	A Note on Some Properties of $A$-Functions [pp. 321-324]
	First Countable Hyperspaces [pp. 325-328]
	$L^2(G_\mathbf{Q} \backslash G_\mathbf{A})$ is Not Always Multiplicity-Free [pp. 329-332]
	Symmetric Overmaps [pp. 333-336]
	A Remark on a Result of McKean [pp. 337-338]
	Dynamical Systems with Cross-Sections [pp. 339-344]
	Notions of Spanning Surface Equivalence [pp. 345-348]
	Homeomorphisms of $B^k \times T^n$ [pp. 349-350]
	Multiplier Extensions Other Than the Mackey Extension [pp. 351-356]
	Stone-Čech Compactifications Via Adjunctions [pp. 357-362]
	Lie Groups Isomorphic to Direct Products of Unitary Groups [pp. 363-364]
	On the Topological Completion [pp. 365-370]
	Monotone Decompositions of Hausdorff Continua [pp. 371-376]
	Peterson-Stein Formulas in the Adams Spectral Sequence [pp. 377-379]
	Corrigendum and Addendum to "Pseudo-Matchings of a Bipartite Graph" [pp. 380-382]
	Metric Spaces in Which Minimal Circuits Cannot Self-Intersect [pp. 383-387]
	Shorter Notes: On Nowhere Monotone Functions [pp. 388-389]
	Euler Characteristics of Complete Intersections [pp. 390-391]
	Erratum to "Generalized Relative Difference Sets" [p. 392]
	Erratum to "On Infinitely Divisible Laws in $C\lbrack 0, 1 \rbrack$" [p. 393]
	Back Matter [pp. 394-396]





