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Abstract. We consider operator-valued Herglotz functions and their applica-
tions to self-adjoint perturbations of self-adjoint operators and self-adjoint
extensions of densely defined closed symmetric operators. Our applications
include model operators for both situations, linear fractional transformations
for Herglotz operators, results on Friedrichs and Krein extensions, and real-
ization theorems for classes of Herglotz operators. Moreover, we study the
concrete case of Schrodinger operators on a half-line and provide two illustra-
tions of Liv8ic’s result [44] on quasi-hermitian extensions in the special case
of densely defined symmetric operators with deficiency indices (1, 1).

1. Introduction

The principal purpose of this paper is to extend some of our recent results on
matrix-valued Herglotz functions in [30] to the infinite-dimensional context.

Given a complex Hilbert space K, a map M : C;. — B(K) is called a K-
valued Herglotz function (or simply a Herglotz operator) if M is analytic on C4
and Im(M(z)) > 0 for all z € C4. (We refer to the end of this introduction for a
glossary on the notation used in this paper.) B(K)-valued Herglotz functions admit
the celebrated Nevanlinna-Riesz-Herglotz representation studied, for instance, by
Brodskii [17], Sect. 1.4, Krein and Ovcharenko [40], [41], and Shmulyan [62] in the
infinite-dimensional context,

(1.1) M(z)=C+ Dz + / dON) (A —2)"t = A1+ 2)7Y, zeCy,
R

where,
(1.2) C=C*eB(K), 0<DeBK),
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and Q is a B(K)-valued measure satisfying
(1.3) /de (1+X2)7! <ooforall € € K.

In this paper we study a subclass of B(K)-valued Herglotz functions where D = 0
and the Stieltjes integral in (1.1) is either understood in the norm (cf. Section 3)
or the strong operator topology (cf. Section 4) in K. For detailed discussions of
operator-valued Herglotz functions and their boundary value behavior, see, for
instance, [19], [57], Ch. 4, [63], Ch. V, [68]. Throughout this paper we will adhere
to the usual convention

(1.4) M(z)=M(2)*, zeC,

(see, however, Lemma 4.13).

As discussed in some detail in [30], our notion of Herglotz functions is not
without controversy. In fact, the names Pick, Nevanlinna, Nevanlinna-Pick, and
R-functions (depending on whether the open upper half-plane C or the open unit
disk D are involved, as well as depending on the geographical origin of authors) are
also frequently in use. Here we follow a tradition in mathematical physics which
appears to favor the terminology of Herglotz functions.

A crucial role in our analysis is played by linear fractional transformations of
the type

(1.5) M(Z) — MA(Z) = (A271 + AQ’QM(Z))(Al,l + ALQM(Z))_l, z € Cy,
where
A= (Apﬂ)lgp’q§2 e AK®K),

Ix 0
M4 is a Herglotz operator in X whenever M is one and we refer to Krein and
Shmulyan [42] for a detailed study in connection with (1.5), (1.6).

Section 2 provides a detailed study of a model Hilbert space, variants of which
are used in Sections 3 and 4. This construction appears to be of independent
interest.

In Section 3 we consider self-adjoint perturbations Hy, of a self-adjoint (possibly
unbounded) operator Hy in some separable complex Hilbert space H

(17) H;, =Hy+ KLK*, dOHl(HL) = dOm(Ho)
where L = L* € B(K) and K € B(K,H), with K another separable complex

Hilbert space. We introduce a model operator HL in H = L?(R,K;dQy) for Hp,
in ‘H, define the Herglotz operator

(1.6) AK®SK) = {AeBKaK)| A JA=J}, J:<O ‘I’C>.

(1.8)  My(z) = K*(Hy, fz)*lK:/RdQL()\)(Afz)’l, 2 € C\R,

where
(1.9) QL(\) = K"EL(MK,
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with {EL(\)}aer the family of orthogonal spectral projections of Hy,, and study
the pair (Hy, Hp) in terms of (M (z), My(z)) following Donoghue’s treatment [25]
of rank-one perturbations of Hy. Moreover, we prove a realization theorem for the
class of Herglotz operators exemplified by (1.8).

In Section 4 we consider self-adjoint extensions H of a densely defined closed
symmetric operator H with deficiency indices (k, k), k € NU{oo} in some separable
complex Hilbert space H. We review our recent note [28] on Krein’s formula relat-
ing self-adjoint extensions of H and introduce the corresponding Weyl operators
MH7./\/ (Z)

(1.10) My n(2) = zIx + (1+ 2*)Py(H — 2) "' Py

(1.11) _ / AN =2)" A1+ 217D, zeC\R,

R
where N is a closed linear subspace of the deficiency subspace N = ker(H *—1),
Py the orthogonal projection onto N, and

(1.12) Qun(A) = (14 2)(PvEa(N)Py| ),

with {Eg(A)}rer the family of orthogonal spectral projections of H. Following
(28] we study linear fractional transformation of My A, (2) involving different self-

adjoint extensions H of H. Moreover, following Donoghue [25] in the special case
dimg (V) = 1, we consider a model (H,H) in H = L*(R,N4;dQp . ) for the
pair (H, H) in ‘H, and discuss Friedrichs and Krein extensions of H assuming H
to be bounded from below. We conclude Section 4 with realization theorems for
various classes of Weyl operators of the type (1.11).

Section 5 provides concrete applications of the formalism of Section 4 specialized
to the case dimc(N,) = 1. We study Schrodinger operators on a half-line and
provide two illustrations of Livsic’s result [44] on quasi-hermitian extensions in the
special case of densely defined closed prime symmetric operators with deficiency
indices (1,1).

Finally, we briefly introduce some of the notation used in this paper. Cy = {z €
C|Im(z) = 0} denote the open upper/lower half-plane, Z the complex conjugate
of z € C. Complex Hilbert spaces are denoted by H or K, the scalar product in
H (linear in the second factor) by (-,-)x, with Iy, the identity operator in H.
Direct sums of linear subspaces are indicated by -+, orthogonal direct sums by &
(or @y, if necessary). The Banach space of bounded linear operators from K into
H is denoted by B(K,H) (and simply by B(H) if K = H). The domain, range,
and kernel (null space) of a linear operator T are denoted by dom(T’), ran(T") and
ker(T'), respectively; the resolvent set and spectrum of T by p(T') and spec(T). The
adjoint of T is denoted by T, Re(T) = (T + T%)/2 and Im(T") = (T — T™)/(2i)
(assuming dom(7) = dom(T™)) abbreviate the real and imaginary part of T,
respectively. The symbol xp denotes the characteristic function of B C R; ¥
denotes the Borel o-algebra on R.
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2. Construction of a model Hilbert space

This section describes in some detail the construction of a model Hilbert space,
variants of which will be of crucial importance in Sections 3 and 4. Rather than
referring to the theory of direct integrals of Hilbert spaces (see, e.g., [11], Ch. 4,
[12], Ch. 7) we briefly develop the necessary machinery from scratch and hint at
the construction of related Banach spaces as well.

Let v denote a o-finite Borel measure on R, ¥ the Borel o-algebra on R, and
suppose for each A € R we are given a separable complex Hilbert space K.
Let S({x}acr) be the vector space associated with the product space [],cp K
equipped with the obvious linear structure. Elements f of S({K)} cr) are maps

(2.1) R3XA— f={f(N) € Ka}arer € H .
AER

Definition 2.1. A measurable family of Hilbert spaces M modelled on p and
{Kx}xrer is a linear subspace M C S({Ki}aer) such that f € M if and only
if the map R3> X — (f(A),g(N\)k, € C is p-measurable for all g € M.

Moreover, M is said to be generated by some subset F, F C M, if for every g € M
we can find a sequence of functions h, € lin.span{xsf € S{K,\}|B €%, f € F}
with lim, e [[g(A) — hn(N)|k, = 0 p-a.e.

The definition of M was chosen with its maximality in mind and we refer to
Lemma 2.3 and Theorem 2.6 for more details in this respect. An explicit construc-
tion of an example of M will be given in Theorem 2.5.

Remark 2.2. The following properties are proved in a standard manner:

(i) If feM,geS{Kxr}rer) and g = f p-a.e. then g € M.

(i) I {f}ner € M, g € S(IKabrer) and f,(A) — g() as 0 — o0 race. (ie.
limy, oo || fn(A) — g(N)||k, =0 p-a.e.) then g € M.

(iii) If ¢ is a scalar-valued p—measurable function and f € M then ¢f € M.

(iv) If fe Mthen R> X — | f(N)]k, € [0,00) is u—measurable.

Let us remark that we shall identify functions in M which coincide p-a.e.; thus
M is more precisely a set of equivalence classes of functions.

Lemma 2.3. Let {fn}nen C S({Ka}rer) such that

(@) R X — (fm(A), fn Nk, € C is u—measurable for all m,n € N.

(8) For p-a.e. X € R, lin.span{f,(A\)} = K.

Then setting

(2.2) M={ge€S{Kr}rer) | (fn(N),9(N))k, is p—measurable for all n € N},

one infers

(i) M is a measurable family of Hilbert spaces.

(ii) M is generated by { fn}nen.

(iii) M is the unique measurable family of Hilbert spaces containing the sequence

{fntnen.
() If {gn} is any sequence satisfying () then M is generated by {g,}.
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Sketch of proof. (i) Without loss of generality, we may assume {f,, }nen contains

all rational linear combinations, that is, all elements of the type 25:1 Qn frn, with
an €Q,n=1,...,N, N eN. For f € S({Kr}xrecr),

(2.3) 1FMllxx = sup [(FN), xB,, (M) fa (M) ks s
where B, = {A € R|||fn(M)]lk, < 1}. Hence, if f € M then the map R > A —
I/ (M), € [0,00) is u—measurable. It then follows easily that M is a measurable

family of Hilbert spaces.
(ii) If g € M then

(2'4) TlLrelf& ||g(/\) - fn()‘)”’C)\ =0 p—ae

It follows that if €(\) is any measurable function with € > 0 on R, then one can
find a measurable partition { B, },en of R so that

(2.5) lgN) = >~ xm. A faWllics < eV
neN

Indeed, for each A € R let N()) be the first n such that

(2.6) 19N = Fv oy My <e(A).

Then R 3 A — N(A) € N is g-measurable and B, = {A € R|N(\) = n} is the
desired partition. This implies (ii).

(iil) If M’ C S{Kxr}rer) is a measurable family of Hilbert spaces containing each
{fn}nen, then M’ C M. However, M C M’ by (ii) then completes the argument.
(iv)This follows immediately from (iii), since we can define M’ in a similar way,
that is,

(2.7) M’ ' ={h € S{Kr}trer)|(gn(N), h(N))k, is p-measurable for all n € N},
and then M = M’ is clear from (iii). O

Next, let w be a p-measurable function, w > 0 p-a.e., and consider the space
@8 POMud) = {7 e M| [ uWdIFOIR, < )

with its obvious linear structure. On L?(M;wdp) one defines a semi-inner product
() i2(Moway) (and hence a semi-norm || - || 12 rqpap)) PY

29)  (F.9) i (st = / WA (FN), 9(N)ss F.9 € L2(Mswdp).

That (2.9) defines a semi-inner product immediately follows from the correspond-
ing properties of (-, -)x, and the linearity of the integral. Hence L?(M;wdj) repre-
sents a pre-Hilbert space and one can complete it in a standard manner as follows.
One defines the equivalence relation ~, for elements f,g € LQ(M; wdp) by

(2.10) f~gifandonlyif f=9g p—ae.



276 F. Gesztesy, N. J. Kalton, K. A. Makarov, and E. Tsekanovskii

and hence introduces the set of equivalence classes of L?(M;wdu) denoted by
(2.11) L2(M;wdp) = L2(M;wdp)/ ~ .
In particular, introducing the subspace of null functions

N(Mswdp) = {f € EX(Mswdp) | [ (Wi, =0 for o — ae. A € R}
(2.12) = {f € L*(M;wdp) | 11122 (Miawdpy = 035

L?(M;wdpu) is precisely the quotient space L2(M;wdp) /N (M; wdp). Denoting
the equivalence class of f € L?(M;wdu) temporarily by [f], the semi-inner product
on L?(M;wdp)

(2.13) (Lf1 (9D L2 (Mswan) =/Rw(>\)du(>\)(f(>\)7g(>\))m

is well defined (i.e., independent of the chosen representatives of the equivalence
classes) and actually an inner product. Thus L?(M;wdpu) is a normed space and
by the usual abuse of notation we denote its elements in the following again by
f, g, etc. The fundamental fact that L?(M;wdu) is also complete is discussed next.

Theorem 2.4. L2(M;wdu) is complete and hence a Hilbert space.

Proof. Tt suffices to prove the following fact: For each { f,, }nen € L?(M; wdp) with

> nen IfnllL2(Miwdny < 00, there is an f € L*(M;wdp) such that Y fn = [
Given such a sequence { fy, }nen With > [l full22(Mswdn) = A define

(2.14) (T;ann ||,<A)2.

Then G is p-measurable. From 22[21 I fullL2(Muwdny < A one computes using

Minkowski’s inequality,
N 2\ 1/2 1/2

([ o (15001, ) ) ([ weamminmiz, )
I frll 2 (Mywdp) < A,

n=1

(2.15)

N
<2

N
2
that is,

(2.16) [t (ann ||,<) <

Applying the Monotone Convergence Theorem one then concludes

(2.17) /R wNdp(NG) < A2
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Thus G is integrable and hence u-a.e. finite. Consequently, we may define

(), if n(M]lcy .
B =
Then [[f(N)I3, < G(A) for p-ae. A € R and
(2.19) D N =f) p-ae
neN

In particular, f € L?(M;wdpu). Finally, since

N
(2.20) Z fa(X) = f(N) —0as N 00 p—ae.
n=1 K
and
N 2 o) 2
ey - a| =] 2 am| <6 u-ae
n=1 Kx n=N+1 K
the Lebesgue Dominated Convergence theorem yields
N
(2.22) Jim Hf > =0
n=1 L (M)"Ud/"’)

O

Clearly, the analogous construction defines the Banach spaces LP(M;wdpy),
p > 1. The case p = 2 corresponds precisely to the direct integral of the Hilbert
spaces K, with respect to the measure wdpy (see, e.g., [11], Ch. 4, [12], Ch. 7).

Next, suppose K is a separable complex Hilbert space and Q : ¥ — B(K) is
a positive measure (i.e., countably additive with respect to the strong operator
topology in K). Assume

(2.23) QR)=T2>0, TeBK).
Moreover, let o be a control measure for €, that is,
(2.24) w(B) =0 if and only if Q(B) =0 for all B € ¥.

(B.g,, w(B) = > 727" (en, AB)en)x, with {e,}ner a complete orthonormal
system in K, Z C N an appropriate index set.)

Theorem 2.5. There are separable complex Hilbert spaces Ky, A € R, a measurable
family of Hilbert spaces Mq(u) modelled on p and {Kx}aer, and a bounded linear
map A € B(K, L*(Mq(u); dw)) so that

(i) For all B X, £,n €K,

(2.25) (€. QB = /B AN (AN, (A)(A))x,
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(i1) A({en}nez) generates Mq(u), where {e, }nez denotes any sequence of linearly
independent elements in K with the property lin.span{entner = K, Z C N. In
particular, A(KC) generates Mq(u).

(iii) For all £ € IC,
(2.26) AQUB)E) = pAE 1 ace.

Proof. Denote V = lin.span{e, },,cz. By the Radon-Nikodym theorem, there exist
p~measurable ¢, , such that

(2.27) [ du)émah) = ns 2ABlenx.
B
Next, suppose v = Zf:[:l anen €V, a,€C,n=1,...,N, N €Z. Then
N
(2.28) @Bk = [ i) Y N
B m,n=1

By considering only rational linear combinations we can deduce that for u-a.e.
A eR,

(2.29) Z Gm.n(N) @y, > 0 for all finite sequences {a,,} C C.

Hence we can define a semi-inner product (+,-)x on V such that

(2.30) (v, W)\ = Z ¢m,n()‘)m/6n pn—a.e

ifo=>% anen, w=>, Bnen.

Next, let Ky be the completion of V with respect || - ||» (or, more precisely the
completion of V/Ny where Ny = {£ € V| (§,€)x = 0}) and consider S({K}rer)-
Each v € V defines an element v = {v(A) }rer € S({Kr}rer) by

(2.31) v(A) =wo for all A € R.

Again we identify an element v € V with an element in V/N, C K. Applying
Lemma 2.3, the collection {e, }ncz then generates a measurable family of Hilbert
spaces Mq(p). If v € V then

(2.32) 1012 ey (s = /Rdﬂ(k)(y()\)&(/\)h = (v, Tv)x = |T"?0]I%.
Hence we can define

(2.33) A:V— LP(Ma(p)idp), v—Av=uv={o(\) =v}er

and denote by A € B(KC, L*(Ma(n): dp)), | Alls(xc,c2(ma(usany) = 1T 50c), the
closure of A. Then properties (i)—(iii) hold. O

We now show that this construction is essentially unique.
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Theorem 2.6. Suppose K, A € R is a family of separable complex Hilbert spaces,
M’ is a measurable family of Hilbert spaces modelled on p and {KC\}, and A" €
B(IC, L2(M';dp)) is a map satisfying (i), (ii), and (iii) of the preceding theorem.
Then for p-a.e. A € R there is a unitary operator Uy : Kx — K such that
f={fMN)}taer € Ma(n) if and only if Urf(\) € M’ and for all £ € K,

(2.34) (NN = Un(AO(N) p— ae.

Proof. We use the notation of the preceding theorem. We select representatives
f € M of Ne,. It follows from condition (i) that for p-a.e. A € R and every
m,n € T we have

(2.35) (Frn V)5 Fa(W)y, = (emsen)a = (€ (A)s 20 (N))ics -

Hence we can induce an isometry Uy : Ky — K such that Uye,, (\) = f/,(N).
It is easy to see that if v € V we must have Uyv(\) = (A'v)(\) p-a.e. From the
Lo-continuity of both A and A’ it follows that for every ¢ € K we have

(2.36) (MO = Ur(A() ji—ace.

We next observe that if A'(K) generates M’ then by a density argument it must
also be true that {f] },,ez generates M’. It is then immediate that the linear span
of {f! (A\) }nez must be dense for p-a.e. A € R. Thus U}, is actually surjective p-a.e.
and so is unitary.

Finally, if £ € K and B € X then Ux(xs(\)(AS)(N) = xs(\)(AE)(N) p-ae.
Thus it follows by approximation that if f € Mgq(p) then Uy f(A) € M’'. Con-
versely, a similar argument shows that if f € M’ then Uy ' f(\) € Mq(p). O

Without going into further details, we note that Mq(u) depends of course on
u. However, a change in p merely effects a change in density and so Mgq (i) can
essentially be viewed as p-independent.

Next, using the notation employed in the proof of Theorem 2.4 we recall

(2.37) V = lin.span{e, € K|n € I}
and define
(2.38) Vg = linspan{xpe, € L*(Ma(u);dp) | B € 3, n € T}.

The fact that {e,, } nez generates Mgq(u) implies that V, is dense in IA Mg (u); du),
that is,

(2.39) Vo = L*(Ma(p); dp).
The following result will be used in Section 3.

Lemma 2.7. Suppose K, H are separable complex Hilbert spaces, K € B(K,H),
{E(B)}Bes is a family of orthogonal projections in H, and assume

(2.40) lin.span{ E(B)Ke, € H|Be X, ne€I}=H,
with {en}nez, T C N a complete orthonormal system in K. Define
(2.41) 0:¥X—B(K), QB)=K'EB)K,
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and introduce

U : XQ — H,
M N . M N
(242) VY03 33 tmnxmne, — U( 3 am,nXBmgn>
m=1n=1 ;:1]\7:1
- Z Z OlmmE(Bm)Ken eH,
m=1n=1

Qmn €C,m=1,...,M,n=1,...,N, M,N €T.
Then U extends to a unitary operator U : L2(Mgq(p); dp) — H.
Proof. One computes

) M N
HU( Z Z am,nXBan>

m=1n=1
M N

= Z Z amhnlamzﬂm(enl?K*E(Bml mBmz)K6n2)K

miy,ma=1ny,n3=1

M N
= Z Z Qmyng Xma,ng (6n17Q(Bm1 N Bmz)enz)’C

ml,WLQZI ni ,n2:1

M N
= S @ / AN (e, (V) €, (N

Biny NBin,y

2

H

mi,ma=1n1i,n2

MN
(2.43) = H D0 mnxs.e,

m=1n=1

By (2.39), U is densely defined and thus extends to an isometry U of I? (Mg (1); dp)
into H. In particular, ran(U) is closed in H. Thus,

(2.44) ran(U) D lin.span{E(B)Ke, e H|Be X, ne€ZI}=H

2

L2 (Ma(p);dp)

by hypothesis (2.41) and hence U : L?(Mgq(u); di) — ‘H is a unitary operator. [

In view of our comment following Theorem 2.6, concerning the mild dependence
on the control measure p of Mgq(u), we will put more emphasis on the operator-
valued measure €2 and hence use the notation L?(R, KC; wd?) instead of the more
precise L?(Mgq(u); wdpu) in Section 3.

Finally we adapt Lemma 2.7 to the content of Section 4.
Suppose N is a separable complex Hilbert space and Q : ¥ — B(N) a positive
measure. Assume

(2.45) QR)=T >0, TeBWN)
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and let fi be a control measure for Q. Moreover, let {uy tnez, Z C N be a sequence
of linearly independent elements in N with the property lin.span{u, }ner = N. As
discussed in Theorem 2.5, this yields a measurable family of Hilbert spaces Mg (/i)
modelled on i and {Ny} er and a bounded map A € BN, L*(Mg(i1); dir)),

HA”B(N)LQ(MQ('&);dﬂ)) = ||f1/2||6(/\/')7 such that A({un}ner) generates Mg (fi) and

(2.46) A:V = L (Mg () di), v — Av =1 = {0(\) = vher,
where

(2.47) V = lin.span{u, }nez-

Each v € V defines an element

(2.48) v={o() = (A~ i) vhrer € SEM rca)

and introducing the weight function

(2.49) wi(\)=1+X, AeR

and Hilbert space L*(Mg (ji); w1dfi) one computes

250) 3 g gy = / di(N [N, = (0. To)x = |[T20]3.
Thus, the linear map
(251) AV — LP(Mg(i);widp), v—Av=v={2(}) = (A —i) "vhrer

extends to A € BN, L2 (Mg (i);widi)), Al sov,z2(mgmnany = 1T 2500)-
Introducing

(2.52) Ve, = linspan{xpv € L*(Mg();widfi) | B € 2, n € T}
one infers that Vs is dense in L*(Mg(f1); widfi), that is,
(2.53) Vo = IA(Mg (i); widi).

Given these preliminaries we can state the following result.

Lemma 2.8. Suppose H is a separable complex Hilbert space, N a closed linear
subspace of H, Px the orthogonal projection in H onto N, {E(B)}, BE€X a
family of orthogonal projections in H, and assume

(2.54) lin.span{ E(B)u, € H|Be X, neI}="H,
with {untnez, T C N a complete orthonormal system in N. Define
(2.55) Q:X — BW), Q(B)=PyE(B)Py|,
and introduce
U: ZQ —H,
M N ., M N

D S L 0 3 ST

m=1n=1 m=1n=1
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_ZZO"”” m)Un € H,

m=1n=1
omn€Cm=1,....M,n=1,...,N, M,N € 1.
Then U extends to a unitary operator U L*(Mg(fa); widp) — H.

Proof. One computes
2

. M N
0( 3 S amoen,
H

m=1n=1

Z Z Wiy ny Om,na (Uny s E(Bimy 0 By )y )N

mi,ma=1ni,no=1

Z Z iy nn Oz (Ung , Q(Biy N Biny Jtin, )V

mi1,ma=1ni,na=1
M

N
= Y Y Tt [ i), (), 0,

mi,ma=1n1,n2 Bm;NBm,

I N
§ AUmnXB,, gn

m=1n=1

2
(2.57)

L2 (Mg (f1);widji)

By (2.53), Uis densely defined and extends to an isometry U of LA (Mg (fn); widji)
into M. In particular, ran(U) is closed in H. Thus,

(2.58) ran(U) D lin.span{E(B)u, € H|BEX, ne€ 1} =H

by hypothesis (2.54) and hence U : L?(Mg(f1); widji) — ‘H is a unitary operator.
O

Analogous to our comments following Lemma 2.7, in Section 4 we will emphasize
the role of Q2 and hence use the somewhat imprecise notation L2(R, N; wd), with
various weight functions w, as opposed to the precise notation LQ(MQ( ); wdji).

3. On self-adjoint perturbations of self-adjoint operators
In this section we will focus on the following perturbation problem. Assuming

Hypothesis 3.1. Let H and K be separable complex Hilbert spaces, Hy a self-adjoint
(possibly unbounded) operator in H, L a bounded self-adjoint operator in K, and
K : K — H a bounded operator,

we define the self-adjoint operator Hy, in H,
(3.1) Hp =Ho+ KLK*, dom(Hr) = dom(Hy).
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Given the perturbation Hj of Hy, we introduce the associated operator-valued
Herglotz function in IC,

(32)  Mp(z)=K*(Hy —2)"'K, z¢cC\R,

(3.3) Im(Mp(2)) = (Hy —2) ' K)*(Hp, — 2) 'K >0, z¢cC\R,

1
Im(2)
and study the pair (Hy,, Hp) in terms of the corresponding pair (M, (z), My(2)). In
the special case where dimg(K) = 1, this perturbation problem has been studied
in detail by Donoghue [25] and later by Simon and Wolf [60] (see also [59]). The
case dimc(K) = n € N, has recently been treated in depth in [30]. In this section
we treat the general case dimg(K) € NU {co}.

Next, let {Eg(A) }aer be the family of strongly right-continuous orthogonal spec-
tral projections of Hy in H and suppose that KX C H is a generating subspace
for Hy, that is, one of the following (equivalent) equations holds in

Hypothesis 3.2.
(3.4a) H = lin.span{(Hy — z)"'Ke, € H|n € Z, z € C\R}
(3.4b) = lin.span{ Eo(\)Ke,, € H|n € Z, A € R},

where {e, }nez, T C N an appropriate index set, represents a complete orthonormal
system in K.

Denoting by {E(\)}aer the family of strongly right-continuous orthogonal
spectral projections of Hy, in H one introduces

(3.5) QAN =K'EL (MK, MeR
and hence verifies

M (2) :K*(HL—z)*lK:K*/RdEL(/\)(A—z)*lK

(3.6) = / dQr(N(A—2)"1, 2z € C\R,
R
where the operator Stieltjes integral (3.6) converges in the norm of B(K) (cf. The-
orems 1.4.2 and 1.4.8 in [17]). Since s-lim, ;o 2(Hy, — 2) ™! = — I, (3.5) implies
(3.7) Q(R) = K*K.
Moreover, since s-limy| oo Er(A) = 0, s-limyjoo E(A) = I3, one infers
(3.8) ilim Qr(A) =0, s)\—%im QLN =K'K
and {Qr(A\)}rer C B(K) is a family of uniformly bounded, nonnegative, nonde-

creasing, strongly right-continuous operators from KC into itself. Let p1 be a o-finite
control measure on R defined, for instance, by

(3.9) ne(N) = D027 (en, U Nea)c, AER,
nel
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where {e,}ner denotes a complete orthonormal system in K, and then intro-
duce L?(Mgq, (pur);dur) as in Section 3, replacing the pair (Q, i) by (Qr, pr),
etc. As noted in Section 2, we will actually use the more suggestive notation
L3(R, K;wdQy,) instead of the more precise L?(Magq, (pr); wdpr) (w > 0 a weight
function), for the remainder of this section. Abbreviating Hy = L2(R,K;dQyp), we

introduce the unitary operator Uy, : ﬁL — 'H, as the operator U in Lemma 2.7
and define Hy, in Hy, by

(3.10) (Hpf)(N) = Af(N), fedom(Hy) = LR, K; (1 + A2)d€y).
TheoremA3.3. Afsume Hypotheses 3.1 and 3.2. Then Hy, in H is unitarily equiv-
alent to Hy, in Hy,
(3.11) Hy =ULHLU; .
The family of strongly right-continuous orthogonal spectral projections {EL (M) Paer
of Hr, in Hy, is given by
(3.12)

. . . PN 1, >0,
(ELNH(v)=0A—=v)f(v) for Qp —ae.vER, feHL, 6(x) =

0, z=<0.

Proof. Consider
(313) €, = {Qn()\) = en})\ER € 7:ZL7 n e Ia
then

(3.14) Ure, /dEL()\)Ken =Ke,, neZl
R

and

(3.15) ((H — 2)7le, )N =(A—2)"te,\) =(A—2)"te,, neZ, z€C\R

yield

(3.16)

UL(Hp —2) e, = / dEL(A)(A— 2)'Ke, = (H, — 2) 'Ken, n €7, z € C\R.
R

Using the resolvent equation for H;, and Hy,

(3.17a) (Hp —2)"'=(Ho—2)"' — (Hp — 2) ' KLK*(Hy — 2z)~*

(3.17h) =(Hy—2)"' = (Hy—2) 'KLK*(H —2)"', z€C\R,
one verifies

(3.18) (Ix + LK*(Hy — 2) 'K)(Ix — LK*(Hy, — 2) ' K)

(319) = (Ix — LK*(Hp —2) 'K)(Ix + LK*(Hy — 2) " 'K) = I, z€C\R
and

(3.20) (Hp—2)"'K = (Hy—2)"'K(Ix + LK*(Hy — 2) 'K)™', z€C\R.
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Since

(3.21) (Ix + LK*(Hy — 2)'K)"' € B(K), zeC\R
by (3.18), one infers

(3.22) ran((Ix + LK*(Hy —2) " 'K)™') =K, z¢cC\R.

Since by our assumption (3.4), finite linear combinations of (Hy—2) " 'Ke,, n € T,
z € C\R are dense in H, (3.20) and (3.22) then yield the same assertion for (Hr, —
2)"'Ke,. (Le., (3.4) is valid with Hy replaced by any Hy.) Since Uy is unitary
by Lemma 2.7, finite linear combinations of vectors of the form (}AIL —z)"te, (cf.
(3.16)) are also dense in H. This fact, (3.16), and the first resolvent equation for

o~

Hi, yield

UL(I:‘\IL — Z)ilUglUL(ﬁL — Z’)71§
(3.23)

= (Hp —2)"Y(Hy — ) 'Ke,, neZ 22 cC\R.

—Up(Hp —2) 'U Y (Hp — 2) ' Ke,

n

Since finite linear combinations of (Hy — 2')"'Ke,, n € T are dense in H we get
(3.24) Up(Hp —2)"'U; = (H, —2)', 2eC\R

and hence (3.11). Equation (3.12) is then obvious from (2.26) since Hy is the
operator of multiplication by A in H. O

If Ly, £ = 1,2 are two bounded self-adjoint operators in K (with H, K, Ho,
and K fixed, i.e., independent of ¢ = 1,2) one proves the following result relating
My, (2) and My, (2).

Theorem 3.4. Assume Hypothesis 3.1. Let z € C\R and suppose Hr,, and Mg, (z)
are defined as in (3.1) and (3.2) with H,K, Hy and K independent of £ = 1,2 and
Ly, ¢ = 1,2 bounded self-adjoint operators in IKC. Then

(3.25a) My, (2) = My, (2)(Ix + (Ly — L) My, (2))

(3.25b) = (Ix + My, (2)(Ly — Ly)) "My, (2).

Proof. Using the resolvent equation for Hy, and Hr,,,

(3.26a) (Hp, —2)'=(Hp, —2)" ' —(Hp, — 2) 'K(Ly — L1)K*(Hp, — 2)7*

(3.26b) =(Hp, —2) ' = (Hp, —2)'K(Ly — L)) K*(Hp, — 2)" %,
z € C\R

and applying K* on the left and K on the right of both sides of (3.26), results in

(3.27a) K*(Hp, —2) 'K = K*(Hp, — 2) *K(I + (Ly — L1)K*(Hp, — 2) ' K)

(3.27b) = +K*(Hp, —2) 'K(Ly — L1))K*(Hp, — 2) 'K

and hence in (3.25). O



286 F. Gesztesy, N. J. Kalton, K. A. Makarov, and E. Tsekanovskii

A comparison of (3.25) and (1.5), (1.6) then yields

(3.28) A(Ly, Ly) = <I(’)< L2I;L1> € AK @ K)

for the corresponding matrix A in (1.5), (1.6).

We note that (3.25) also imply
(329&) (L2 - Ll)ML2 (Z) — I]C = 7(([;2 — LI)MLl (Z) + ch)il,
(3.29D) Mp,(2)(La — L1) — Ix = —(Myp, (2) (L2 — L) + I) "

If KK is not a generating subspace for Hy (i.e., (3.4) does not hold) then H
decomposes into H = Hx @ Hi:, with

(3.30a) Hi = lin.span{(Hy — z)"1Ke, € H|n € Z, z € C\R}
(3.30b) = lin.span{Ey(A\)Ke, € H|n € Z, A € R}

and Hy, Hg both reducing subspaces for Hy, ({e,}nez a complete orthonormal
system in K). Moreover, for all L, € B(K), £ = 1,2 self-adjoint,

(3.31) Hy, = Hy, on dom(Hy) N 'Hi
and
(3.32) Ho = Hox ® Hyy, Hp=Hpx®Hyy, ran(K)C Hi.

In particular,
(3.33) Mp(z) = K*(Hp —2) 'K = K*(Hpx —2) 'K, z€C\R

and the L-dependent spectral properties of Hy in H are effectively reduced to
those of Hy x in H.

In connection with our choice of K LK* as a bounded self-adjoint perturbation
of Hy, the following elementary observation might be of interest.

Lemma 3.5. Let V € B(H) be self-adjoint. Then V and H can be decomposed as
(3.34) V =KoLoK; 0, H=ran(V)®ker(V),

where Ko : K — H, Lo = L§ € B(K), and K = ran(V).

Proof. Since ran(V) = ker(V)=, consider V; = V|W K — K, K = ran(V).

Then Vy = Vi € B(K) and V; admits the spectral representation Vo = f; dFo(M)A
for some a,b € R and some family of self-adjoint spectral projections {Fp(A) }acr
of Vy in K. The decomposition (3.34) then follows upon introducing

b b
(3:35)  Ko= |Vl = [ dROINM2 Lo =sen(li) = [ dFa(sgn(h.

O
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In (3.5)—(3.8) we showed that every collection (Hy, K, L, H,K) gives rise to an
operator-valued Herglotz function My (z) = [, dQp(A)(A—z)~" with certain prop-
erties recorded in (3.7) and (3.8). Conversely, introducing the following class N (K)
of B(K)-valued Herglotz functions (we use the symbol A7 (K) in honor of R. Nevan-
linna)

(3.36)
N(K) = {M € B(K)Herglotz | M(z) = [dQ(N\) (A —2)71 0 < Q(R) € B(K)},
R

we shall show in the remainder of this section that every element M of A (K) can
be realized in terms of some collection (Hy, K, H,K) as in (3.6). (The operator
Stieltjes integral in (3.36) converges in the norm of B(KC) by Theorem 1.4.2 of
[17].) For this purpose we shall use a version of Naimark’s dilation theorem [52],
[53] as presented in Appendix I of [3] and Appendix I by Brodskii [17].

Theorem 3.6. ([17], App. I, [52].) Suppose that Q(N), A € R is a strongly right-
continuous nondecreasing function with values in B(K), K a complex separable
Hilbert space, and assume s-limy| _o, Q(A) = 0. Then there exists a separable com-
plex Hilbert space H, a K € B(K,H), and an orthogonal family of strongly right-
continuous spectral projections {E(X)}rer in H such that s-limy)_oo E(X) = 0,
S—lim)\Too E()\) = IH,

(3.37) Q) =K*E\K, MeR,
and
(3.38) {EMKEeH|Ee K, AeR}=H.

Moreover, if for some A1, A2 € R, Q(A1) = Q(A2), then E(A1) = E(\2).

The principal realization theorem for Herglotz operators of the type (3.36) then
reads as follows

Theorem 3.7. (i) Any M € N1(K) with associated measure Q0 can be realized in
the form

(3.39) M(z)=K*(H-z2)"'K, z€cC\R,

where H represents a self-adjoint operator in some separable complex Hilbert space

H, K € B(K,H), and

(3.40) QR) = K*K.

(i) Suppose My € N1(K) with corresponding measures Qq, £ = 1,2 and My # Ms.
Then My and Ms can be realized as

(3.41) My(z) = K*(Hp, —2)'K, z¢€C\R,

where Hy,,, { = 1,2 are self-adjoint perturbations of one and the same self-adjoint
operator Hy in some separable complex Hilbert space H

(3.42) Hy, = Hy+ KLK*, (=1,2
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for some Ly = Lj € B(K), { = 1,2 and some K € B(K,H) if and only if the
following two conditions hold:

(3.43) Q1 (R) = K*K = Q5(R),
and for all z € C\R,
(3.44) Moy(z) = My(2)(Ix + (Ly — L) My (2)) 1.

Proof. Applying Naimark’s dilation theorem, Theorem 3.6, to Q(A), A € R, (as-
suming s-limy | _ o 2(A) = 0 without loss of generality), yields Q(X) = K*E(N)K,
A € R and introducing the self-adjoint operator H = [, dE(A)X in ‘H then proves
(3.39). The normalization condition (3.40) then follows as discussed in (3.5)—(3.7).
In exactly the same manner one proves the necessity of the normalization (3.43).
The necessity of (3.44) was proven in Theorem 3.4. In order to prove sufficiency
of (3.43) and (3.44) for (3.41) and (3.42) to hold, we argue as follows. Suppose
s-limy | — oo 1 (A) = 0 (otherwise, replace €1 (A) by Q1(A) — s-lim,| o 21 (v)) and
represent M (z) according to part (i) by

(3.45) M (z) = K*(H, — 2) 'K, z¢cC\R

applying Naimark’s dilation theorem and Theorem 3.6. Define

(3.46) Hy=H, — KL, K*, dom(Hy) = dom(H;)

for some Ly = L} € B(K). Next, use Ly = L € B(K) in (3.44) to define
(3.47) Hy = Hy+ KLyK*, dom(Hy) = dom(Hy)

and

(3.48) Mp,(2) = K*(Hy — 2) " 'K.

By Theorem 3.4,
(3.49) Mp,(z) = My, (2)(Ix + (Ly — L1)M;(2)) ™! = My(2), z¢€ C\R
and the proof is complete. ]

For a variety of results related to realization theorems of Herglotz operators we
refer, for instance, to [10] and the literature cited therein. Fundamental results on
nontangential boundary values of Mp,(z) as z — 2 € R, under various conditions
on K, can be found in [48]-[51]. Additional results on operators of the type M (z)
(including cases where K is a suitable unbounded operator) can be found, for
instance, in [2], [46], [47] and the references therein.

4. On self-adjoint extensions of symmetric operators

In this section we consider self-adjoint extensions H of densely defined closed
symmetric operators H with deficiency indices (k, k), k € N U {oo}. We revisit
Krein’s formula relating self-adjoint extensions of H, introduce the correspond-
ing operator-valued Weyl m-functions and their linear fractional transformations,
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study a model for the pair (H ,H), and consider Friedrichs Hr and Krein exten-
sions Hg of H in the case where H is bounded from below.

In the special case k = 1, detailed investigation of this type were undertaken
by Donoghue [25]. The case k € N was recently discussed in depth in [30] (we also
refer to [36] for another comprehensive treatment of this subject). Here we treat
the general situation k& € NU {oo} utilizing recent results in [28].

We start with a bit of notation and then recall some pertinent results of [28].

Let H be a separable complex Hilbert space and H : dom(H) — H, dom(H) = H
a densely defined closed symmetric linear operator with equal deficiency indices
def(H) = (k,k),k € NU {oco}. The deficiency subspaces N1 of H are given by

(4.1) Ni =ker(H* 7i), dimc(Ni) =k

and for any self-adjoint extension H of H in H, the corresponding Cayley transform
Cpy in 'H is defined by

(4.2) Cy = (H+i)(H —14)"",
implying

Two self-adjoint extensions H; and Hs of H are called relatively prime (w.r.t.
H) if dom(H;) Ndom(Hz2) = dom(H). Associated with H; and Hy we introduce
Py 2(z) € B(H) by

Pio(z) = (Hy — 2)(Hy — i)' (Hy — 2) " = (Hy — 2)" ") (Hy — 2)(Hy +4) 7,
(4.4) z € p(Hy) N p(H2).

We refer to Lemma 2 of [28] and [58] for a detailed discussion of P o(z). Here we
only mention the following properties of P o(2), z € p(H1) N p(H2),

(4.5)
PLQ(Z)‘Ni =0, Pia(2)Ny CNy,
(4.6)
ran(P; 2(i)) = N, ran(P; (z)|N+) is independent of z € p(A1) N p(Asz),
(4.7)
Pua(i)]y, = (/20 — Ci, O, = /2L, + ¢ %02)
for some self-adjoint (possibly unbounded) operator o 2 in NV.

Next, given a self-adjoint extension H of H and a closed linear subspace A of
Ny, N C Ny, the Weyl-Titchmarsh operator My ar(z) € B(N) associated with
the pair (H,N) is defined by

My n(2) = Px(2H + In)(H — 2) "' Py|
(4.8) =zIy+ (1+2*)Py(H — 2)'Py|,,, 2z€C\R,
with Iy the identity operator in A" and Py the orthogonal projection in H onto A
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One verifies (cf. Lemma 4 in [28]) for Hy and H relatively prime w.r.t. H,
(492)  (Pra(2)|y, )7 = (P2, )" = (2 —9) Py, (Hy + ) (Hy — 2) "' Pa,

(4.9b) =tan(ai2) — My, & (2), 2 € p(Hy),
where
(4.10) Cit,Cy, |y, = —¢7 72,

Following Saakjan [58] (in a version presented in Theorem 5 and Corollary 6 in
[28]), Krein’s formula then can be summarized as follows.

Theorem 4.1. (28], [58].) Let Hy and Hy be self-adjoint extensions of H and z €

(4.11)

(Hy —2)~' = (Hy — 2)"' + (Hy — i)(Hy — 2) "' Pro(2)(Hy + ) (Hy — 2)7"
(4.12) =(Hy —2)" '+ (Hy —i)(H, — 2)~ 1PN12+

x (tan(an, 5 ) — Ma, a5, (2))7 1Pj\/l_’21+(H1 +4)(Hy — 2)7 1,

where
(4.13) Nt =ker(Hi| 1 apo,)” = 0
(4.14) e Wiz = —Cp,Cpy! {NLH’
and
(4.15) Pl,g(z')|N = (i/2)(I - Cu,Cq, |N1 \

Next we recall that My o and hence P o( ‘N and —(Py o ’N L (cf. (4.9)),
if the latter exists, are operator-valued Herglotz functlons.

Theorem 4.2. Let H be a self-adjoint extension of H with orthogonal family of
spectral projections {Eg(M)}rer, N a closed subspace of Ni. Then the Weyl-
Titchmarch operator Mu ar(z) is analytic for z € C\R and

(4.16) Im(2)Im(Mpg n(2)) > (max(1, |2[*) + [Re(2)])™", 2z € C\R.

In particular, My n(z) is a B(N)-valued Herglotz function and admits the repre-
sentation valid in the strong operator topology of N,

(4.17) My n(2) = /RdQHN()\)(()\ —2) = A1+, 2 e C\R,

where
(4.18) Qax(N) =01 +)\2)(PNEH()\)PN|N),
(4.19) / A () (1421 = Iy,

R

(4.20) /R d(&, QN = o0 for all € € N\{0}.
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Proof. (4.17) has been derived in Lemma 7 of [28], hence we confine ourselves to
a few hints. An explicit computation yields

Im(2)Im(Mp pr(2)) = Py (Iy + H?)Y?((H — Re(2))? + Im(z))?) !
(4.21) x (I + H*)'?Py|,,, z€C\R.
Together with
14+ )2 S 1
(A —Re(2))? + (Im(2))* ~ max(L, |z[?) + [Re(z)|
and the Rayleigh-Ritz argument this yields (4.16). The representation (4.17) and
the fact (4.18) follow from (4.8) and (H —2)~'¢ = [ d(Eg(M\)E)(A—2)"1, £ € H.
(4.19) then follows from
[ d@ua e+ = [ dewEae = Py [ dEuig
R R R
(4.23) = Pyé=¢forall € € V.
Finally,

(4.24) /R d(E, Qe (NE) = /R A€, B (M€ (1 + X?) = oo for all € € A\{0}

since N C N and Ny Ndom(H) = {0} by von Neumann’s formula
(4.25) dom(H) = dom(H)+N,+(—Cx) "N,

(4.22)

O

We also recall without proof the principal result of [28], the linear fractional
transformation relating the Weyl-Titchmarch operators associated with different
self-adjoint extensions of H.

Theorem 4.3. ([28].) Let Hy and Ho be self-adjoint extensions of H and z €

My, (2) = (Pra(i), + (v +iPL2(0)] )My v (2)) X

(426) X ((IN+ + ’L‘P172(’L‘)|N+) - Pl,Q(i)|N+MH1,N+ (Z))_17
where

(4.27) Pra(i)y, = (i/2)In — Cr,Cr) .,

(4.28) I, +iPua(i)] ., = (1/2) (I + Cu, )| v, -
Introducing

(4.29) ™22 = —Cp, Cpy |,

(4.26) can be rewritten as
My, ny(2) = e*i"‘l”"(cos(au) +sin(a1,2) Mu, v, (2)) X
(4.30) X (sin(ai,2) — cos(a,2) Mu, N, (z))*leia“.
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A comparison of (4.30) and (1.5), (1.6) then yields

(4.31) Alars) = < eTier2sin(ogp)  —emins ?08(0‘172)) e AKaK)

—tanz cos((a 2) e t2gin(ay o)

for the corresponding matrix A in (1.5), (1.6).

Weyl operators of the type My ar(z) have attracted considerable attention in
the literature. The interested reader can find a variety of additional results, for
instance, in [18], [21]-][24], [40], [41], [45], [46], [56].

Next we will prepare some material that eventually will lead to a model for
the pair (H,H). Let N be a separable complex Hilbert space, {tn}nez, Z C
N a complete orthonormal system in N, {Q()\)} rer a family of strongly right-
continuous nondecreasing B(AN)-valued functions normalized by

(4.32) Q(R) = I,
with the property

(4.33) / d(&, QX 14+ %) = oo for all £ € M\{0}.

Introducing the control measure fi(B) = 727" (un, Q(B)un)/\f, BeX, and A
as in Theorem 2.5, we may define L? (R, N wdﬁ), p > 1, w > 0 a weight function,
as in Section 2. Of special importance in this section are weight functions of the
type w,.(A) = (1 +A2)", r € R, XA € R. In particular, introducing

Q
(4.34) Q(B) = / (1+ )\2)dﬂ(>\)d—~<)\), Bey,
B dpt
we abbreviate H = .2 (R,N;dQY) and define the self-adjoint operator Hin 7'A(,
(4.35) (Hf)(\) = Af(\),  f€dom(H) = L*(R,N; (1 + A\)dQ),

with corresponding family of strongly right-continuous orthogonal spectral projec-
tions

(4.36) (BN (@) =0 —v)f(v) for Q—ae veR, feH.

Associated with H we consider the linear operator H in H defined as the following
restriction of H

~

dom(H) = {f € dom(H )|f(1+>\2) (A& F(N)wy =0 for all £ € AN},

(4.37)
H= H’dom(ﬁ[)'

(The integral in (4.37) is well defined, see the proof of Theorem 4.4 below.) Here

we used the notation introduced in the proof of Theorem 2.5,

(4.38) §€=A8 ={{(N) = Ehaer.
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Moreover, introducing the scale of Hilbert spaces Ho, = L2 (R, N (1+A?)"dQ),

~

r e R, ﬁo = 'H, we consider the unitary operator R from Hs to H_o,
(4.39) R:Ho — H_g, f— (1+)F,

(440) (£,9)p, = (/RO = (Rf.9)p = (Rf . Ra)y_,, g €Ta,
(441) (@,0)5 = (@, R7'0)5, = (RM0,0)5 = (R4, R ')y, v € Hoo.
In particular,

(4.42) AN)CH, AN)CHos, ECANNO}=E¢H
(cf. (2.51) and (4.32)—(4.34)).

Theorem 4.4. The operator H in (4.37) is densely defined symmetric and closed
in H. Its deficiency indices are given by

(4.43) def(H) = (k, k), k= dimc(N) € NU {c0},

and

o~k

(4.44)  ker(H —z)= lin.span{{(A\—2)"len}rer € H|n € I}, ze€ C\R.

Proof. Writing ||f(\)||a = (1 + A2)~Y2(1 4 A2)1/2||f(\)||n, one infers that f €
LY(R,N;dQ) for f H,. Thus the integral in (4.37) and hence dom(H) is well

defined. As a restriction of H, H is clearly symmetric. By (4.37) and (4.39)—(4.41)
one infers

~

(4.45) dom(H) = dom(H) = Hz Sy, RTAN),
where, in obvious notation, Sy, indicates the orthogonal complement in H,. Thus

H has a closed graph.
Next, to prove that H is densely defined in 7‘7, suppose there is a g € H such

that gLdom(H). Then
(4.46) 0= (f,3)5, = (f, B'9)y, for all f € dom(E)

and hence R71g € R7'A(N), that is, there is an £ € N such that § = A¢ Q-
a.e. by (4.45). Since A¢ € A(N)\{0} implies AS & H by (4.42), g € H if and only
if A = g = 0. Finally, since H is self-adjoint, ran(H — z) = H for all z € C\R,
and (H %) : Hy — H is unitary,

(4.47)

(1 £0)f, (£ )5 = [ 1+ XPGENEN G0 = () oo € o
Thus (4.45) and (4.46) yield

-~

H = (H +iyHy = (H % i)(dom(H) &g, RT'AN))
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o~

= (H + i)dom(H) @y, lin.span{{(A £ i)(1 + \2)u, }rer € H |n € T}

(4.48) = ran(H % i) &y, linspan{{(A T i) ~'un}ren € H |n € T}

and hence

(4.49) ker(H F i) = linspan{({} T i) “tn trcs € H |n € T}.
Since (A —2) "= (A —i)7 X+ (z — i) (A — 2) YN =)7L with {(A —2)71 (X —
)1 aer € Ho = dom(H) for all £ € N, z € C\R, (4.49) yields (4.44). O

Lemma 4.5. Let H be a densely defined linear closed symmetric operator in a sep-
arable complex Hilbert space H with deficiency indices (k, k), k € NU {oo}. Then
‘H decomposes into the direct orthogonal sum

(4.50) H = Ho® Hp, ker(H* —i) C Hy, z€ C\R,

where Ho and Hg are invariant subspaces for all self-adjoint extensions of H, that
18,

(4.51) (H—2)"YHo CHo, (H-2)""HF CHF, zecC\R,

for all self-adjoint extensions H of H in 'H. Moreover, all self-adjoint extensions

H coincide on Hg, that is, if {Ha}aez (I an appropriate index set) denotes the
set of all self-adjoint extensions of H, then

(4.52) Hy,=Hyo ®H, a€T in H=Hyo>Hy,
where
(4.53) H" is independent of a € T.

Proof. Let H be a fixed self-adjoint extension of H, denote N = ker(H* Fi), and
define

(4.54) Hy = linspan{(H — z)"luy € H|uy € N4, z € C\R}.

Since (H—21) Y (H—22)"' = (21 —22) " Y((H—21) "' —(H —22) 1), Hpy is invariant
with respect to (H—2)"1, (H—2)"YHy C Hy, and since ((H—2)"1)* = (H-2)71,
also Hy; is invariant under (H — z)~! for all z € C\R. Since w-lim, ;oo (—2)(H —
2)~1f = f for all f € H, one concludes

(4.55) Ny C Huy.

Next, let v € H7;. Then also

(4.56) w=(H-2)"'veHy, zcC\R
and

(4.57) (ug, V) = (up,w)y =0, up €Ny

Since w € dom(H)
(4.58) wé¢ Ny
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(otherwise H*w = +iw yields Hw = +iw which contradicts the self-adjointness
of H). By von Neumann’s formulas

(4.59) dom(H") = dom(H) &, Ny &, N_,

where @7, denotes the direct orthogonal sum in the Hilbert space H defined by
(4.60)

Hy = (dom(H"), ()1).  (fr9)+ = (H' [, H g)n+ (f,9)n, f.g € dom(H").
Using (4.55), Hw = zw + v (cf. (4.56)), (4.57), and (4.60) one computes

(u+7 w)+ = (H*U+, H*w)H + (U_;,., w)'H = —i(U+, Hw)H + (’LL+, w)'H
(4.61) = (—iz+ 1)(ug,w)y —i(ug,v)y =0.
(4.58), (4.59), and (4.61) then prove w € dom(H) and hence
(4.62) Hw = Hw = 2w + v.

If H is any other self-adjoint extension of H, then w € dom(H ) also yields

(4.63) Hw = Hw = zw+v
and hence
(4.64) w=(H-z2)"'v=(H-2""v, veHsy.

Thus the resolvents of all self-adjoint extensions of H coincide on H;. Moreover,

(4.65) ((H = 2) " ug, v) = (uy, (H = 2) 7o) = (ug, ) = 0
yields
(4.66) (H—2)""uy LHf, zeC\R

and hence H 7 C Hy. By symmetry in H and I;T, Hgz = Hmg = Ho completing the
proof. O

In the following we call a densely defined closed symmetric operator H with de-
ficiency indices (k,k), k € NU {oo} prime if Hy = {0} in the decomposition
(4.50).

Given these preliminaries we can now discuss a model for the pair (H ,H).

Theorem 4.6. Let H be a densely defined closed prime symmetric operator in
a separable complexr Hilbert space H. Assume H to be a self-adjoint extension
of H in H with {Eg(\)}aer the associated family of strongly right-continuous
orthogonal spectral projections of H and define the unitary operator U:H =
L2(R, Ny dQg ) — H as the operator U in Lemma 2.8, where

(4.67) et (\) = (L+X)(Pa, Er (V) P [, )
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with Py, the orthogonal projection onto Ny = ker(H* —1i). Then the pair (H, H)
is unitarily equivalent to the pair H , H ),
(4.68) H=UHU"', H=UHU",

where H and H are defined in (4.32)—~(4.37), and Theorem 4.4, and N is identified
with Ny, etc. Moreover,

(4.69) UN, = Ny,

where

(4.70) N, = lm.span{g+ . € 7‘A[|g+ N = =) tup ., AER, n €T},

with {uy » fnez a complete orthonormal system in N = ker(H* — 7).

Proof. Consider u SN = - i) uy ,, n €Z, then

(4.71) [72+ = / dEg(MNtug n =tUqpn, neL
’ R

proves (4.69). Moreover,

(4.72) (H=2)7"w, YN =0O=2"A=i)ur,, neZ, zeC\R

yields

(4.73) UH —2)"'u

u, :/dEH()\)()\fz)’lqu,n:(Hfz)’luJﬁn, nel.
U = |

Since by hypothesis H is a prime symmetric operator, finite linear combinations
of the right-hand side in (4.73) are dense in H. Since U is unitary, also finite linear
combinations of (H — z)_lg+ ,, on the left-hand side of (4.73) are dense in H.

Using the first resolvent equation one computes from (4.73)
UH —2) U UH -2, =UH=2)""UH = 2) g,
(4.74) =(H—2)""(H—2) uy p.
Since finite linear combinations of the form (H — 2’)~!u, ,, are dense in ‘H we get

~ o~

(4.75) UH-2)"'U'=(H-2)"", zeC\R
(4.69) and (4.75) then yield UHU " = H. O

If His a densely defined closed non-prime symmetric operator in H, then in
addition to (4.50), (4.52), and (4.53) one obtains

(4.76) H = H() >, H&', Ny = N0’+ @ {0}
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with respect to the decomposition H = Ho @ Hp . In particular, the part Hy of H
in Hg is self-adjoint. For any closed linear subspace A" of Ny, N'C N, one then
infers N' = Ny @ {0}, Py = Py, @® 0 and hence

(4.77) Mg (2) = Mgy no(2), 2 € C\R.

This reduces the H-dependent spectral properties of the Weyl-Titchmarch opera-
tor effectively to that of Hy, where H = Hy @ HOl is a self-adjoint extension of H
in H.

Next we digress a bit to the special case where H >0 and'characterize Friedrichs
and Krein extensions, Hr and Hg, of H in H. Assuming H to be densely defined
in H we recall the definition of Hr and Hy (cf., e.g., [7]),

dom(HI{ﬂ/z) = {f € H|there is a {fn}nen C dom(H) s.t. lim | f, — fll% =0

and 7211100((fn_fm)7H(fn _fm))'H 20}7

m

(4.78)

Hrp = H* ‘dom(H*)ﬂdom(HIl;/Q)’

dom(Hp) = {f € dom(H")|there is a {f, }nen C dom(H) s.t.

i [[H f = H* fllp = 0and | Tim ((fo = fon), H(fn = fn))2e = 0},
(4.79)
Hyg = H*|dom(HK)'
Moreover, we recall that

(4.80) inf spec(Hp) = inf{(g, Hg)» € R|g € dom(H), ||g|lx =1} >0,
(4.81) inf spec(Hg) = 0,

and

(4.82) 0< (Hp—p) ' SH—p) ' < (Hg—p)™', p<0

for any nonnegative self-adjoint extension H >0 of H.

Next we discuss a slight refinement of a result of Krein [39] (see also [8], [65],
[66]). We will use an efficient summary of Krein’s result due to Skau [61] (cf. also
[43]), which appears most relevant in our context.

Theorem 4.7. Let H > 0 be a densely defined closed nonnegative operator in H
with deficiency subspaces Nx = ker(H* F1). Suppose H is a self-adjoint extension
of H in H with corresponding family of orthogonal spectral projection {Ex(M\)}rcr
and define

(4.83) Qo (N) = (L+ M) (Pay, En (NP, )-
Denote by Hp and Hy the Friedrichs and Krein extension of H, respectively. Then

(i) H = Hp if and only if [ d||Eg(Aui||},A = oo, or equivalently, if and only
if [ d(us, Qu v, (Nug)a, A™H =00 for all R >0 and all uy € N2 \{0}.
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(ii) H = Hg if and only if fOR d||Eg(MNu|[} A7 = oo, or equivalently, if and
only if fOR d(ug, Qan, (ANug)a, A7 =00 for all R >0 and all uy € N3 \{0}.
(iii) H = Hp = Hy if and only if [5° d||Eg(Nuy |2 = [iF d||Eg(\uy||ZA =
00, or equivalently, if and only if for all R > 0 and all uy € Ny € N \{0},
S dug, Qe a, Nup ) A1 = [ d(ug, Qe v, Mg ) A1 = oo

Proof. By Lemma 4.5 and (4.76) we may assume that His a prime symmetric
operator. Moreover, by Theorem 4.6 we may identify (H, H) in H with the model

pair (H, H) in H = L*(R,Ny;dQp xr, ). Since by (4.70),

(4.84) Ny =linspan{u, = ={(A =) usn}rex € H|n € I},

statements (i)-(iii) are reduced to those in Krein [39], respectively Skau [61], who
use ker(H* + 1) instead of N = ker(H* — i), by utilizing the elementary identity
A+D)t=A=0) =1 +9)A+1)"(A—i)~! and the fact that {(A\+ 1)~ (A —

i) ug nbaer € H = L3R, Ny dQg ) for all n € T. O
Corollary 4.8. ([22], [23], [24], [41], [67].)

(i) H = Hp if and only if limy| oo (uy, Mu n, (Nuy)n, = —oo for all uy €
N;A{0}.

(ii) H = Hg if and only if limxyo(uq, My ar, (N ug)n, = oo for all uy € Nyp\{0}.
(iii) H = Hp = Hg if and only if imy| _oo(uy, Mu n, (Nuy)n, = —o0 and

limgo(ug, M, (Nug)n, = oo for all uy € Np\{0}.
Proof. Since

My, (2) = 2In, + (14 2°)Py, (H — 2) "' Py, \M
(4.85) _ / Q% (A= 2)7 = A1+ X)),z € C\[0, o)
R

by (4.83), it suffices to involve Theorem 4.7 (1)—(iii) and the monotone convergence
theorem. O

As a simple illustration we mention the following

Example 4.9. Consider the following operator H in L2(R";d"z),

(4.86) H= —A|CSC(R"\{O}) >0, n=23.

Then

(4.87) Hp = Hx = —A, dom(—A) = H**(R?) ifn =2

is the unique nonnegative self-adjoint extension of H in L2 (R%; d?z) and
(4.88) Hp = —A, dom(—A)= H**(R?)ifn =3,

(4.89) Hig =UWU ' o @PUhU" ifn=3.

£eN



Operator-valued Herglotz Functions 299

Here HP'1(R™), p,q € N denote the usual Sobolev spaces,
(4.90)

hy = —

2
W?
dom(hi) = {f € L*((0,00);dr) | f, ' € AC([0, R]) for all R > 0; f'(04) = 0;

1" e L*((0,00);dr)},

r >0,

(4.91)

2+ 1)
h@—-w“r 7“2 5

dom(hg) = {f € L*((0,00);dr) | f, f" € AC([0, R]) for all R > 0; f(0) = 0;
— e+ 1)r_2f I= L2((0, 00);dr)},

r>0, (€N,

and U denotes the unitary operator,
(4.92) U : L*((0,00);dr) — L*((0,00);72dr), f(r) — v~ f(r).
Equations (4.87)—(4.89) follow from Corollary 4.8 and the facts

_J=(@2/m)n(z) +2i, n=2,
(4.93) (ugs Mup vy (2)Ug) L2 (R dna) = {i(22)1/2 +1, n=3,
and
(4.94) (s Mg vy (2)u) p2(resasay = i(2/2) 2 — 1.
Here
(4.95)

Ny =linspanfuy},  uy(x) = Go(i,2,0)/[|Go(i, -, 0) || L2(rnidnay, © € R™\{0},
where
i g 1/2, —9
(496) Go(Z,fE,y) — 4_ 192 (Z |f£ y|)a z 7{ Yy, n 9
e= el f(dnle —yl), w#£y n=3
denotes the Green’s function of —A on H?2(R"), n = 2,3 (i.e., the integral kernel
of the resolvent (—A — z)~1!) and Hél)(C ) abbreviates the Hankel function of the

first kind and order zero (cf., [1], Sect. 9.1). Equation (4.93) then immediately
follows from repeated use of the identity (the first resolvent equation),
/ d"z'Go(z1,z,2')Go(20,2',0) = (21 — 22) " (Go(21,2,0) — Go(22,2,0)),
(4.97)
x#0,21#29,n=2,3

and its limiting case as  — 0. Finally, (4.94) follows from the following arguments.
First one notices that (—(d?/dr?)+vr—2) |C°°((0 ) is essentially self-adjoint if and
S ,00

only if v > 3/4. Hence it suffices to consider the restriction of H to the centrally
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symmetric subspace of L?(R3;d3z) corresponding to angular momentum £ = 0.
But then it is a well-known fact (cf. Lemma 5.3) that the Dirichlet Donoghue
m-function (uy, Mu,. v, (2)Uy)2(Rr;dna) cOrTesponding to

(4.98)
d2
hOD = *W, r > 0,

dom(hy') = {f € L*((0,00);dr) | f, f' € AC([0, R]) for all R > 0; f(04) = 0;
f" e L*((0,00); dr)},
and the Neumann Donoghue m-function (uy, Mgy a7, (2)Uy )12 (n;dng) cOrrespond-

ing to hY in (4.90) are related to each other by (5.29), with a = 7/2, 3 = 7/4,
proving (4.94).

Further explicit examples of Krein extensions can be found in [6] and the refer-
ences therein. All self-adjoint extensions of H are described in [5], Section I.1.1 and
Ch.1.5. Generalized Friedrichs and Krein extensions in the case where H has defi-
ciency indices (1,1) and H is not necessarily assumed to be bounded from below,
are studied in detail in [32]-[35]. Interesting inverse spectral problems associated
with self-adjoint extensions of symmetric operators with gaps were studied in the
series of papers [4], [13]-[16].

Finally we discuss some realization theorems for Herglotz operators of the form
(4.85). For this purpose introduce the following set of Herglotz operators,

NMo(WNV) ={M € B(N') Herglotz | M(z) :D{dQ()\)(()\ —2)TE = A1+ AT,
(4.99)
Q(R) = Ly; for all € € N\{0}, [d(€, AN = o0},

No,p(N) = {M € No(N) [supp(Q?) C [0, 00); for all & € M\{0},
(4.100)

Ofod(f,Q(A)f)N)\_l = oo for some R > 0},
R

No.g (V) = {M € No(N)|supp(©2) C [0,00); for all £ € N\{0},
(4.101)

}fd(g,Q(A)g)NA—l = oo for some R > 0},
NopxkN) ={M € No(j\f) |supp(€2) € [0, 00); for all £ € M\{0},
T d(€, QNN = fd(g, QN)ENAT! = oo for some R > 0}
(4.102) ’ ’
= No,r(N) N No,x (N),
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where N is a sepazable complex Hilbert space, supp(2) denotes the topological
support of ©, and Q(A\) = (1 + A?)71Q(\), A € R.
Theorem 4.10. (i) Any M € No(N) can be realized in the form

o * 2 o —1
(4.103)  M(z) =V*(zIn, + (1 +2°)Py (H — 2) PN+|N+)V, z € C\R,
where H denotes a self-adjoint extension of some densely defined closed symmetric

operator H with deficiency subspaces N1 in some separable Hilbert space H.
(i) Any M € Ny p(resp.ic)(N) can be realized in the form

(4.104)
M(z) = V*(zIn, + (1 + 2*)Pnv, (Hr(resp.ic) — %) Py \M)V, z € C\R,

where Hp(resp.icy > 0 denotes the Friedrichs (respectively, Krein) extension of

some densely defined closed symmetric operator H with deficiency subspaces Ny
in some separable complex Hilbert space H.
(iii) Any M € Ny p.x(N) can be realized in the form

(4.105) M(z) = V*(2Iy, + (1 +2*) Py, (Hpx — 2) ' Py, \M)V, z € C\R,

where Hp i > 0 denotes the unique nonnegative self-adjoint extension of some

densely defined closed symmetric operator H with deficiency subspaces N in some
separable complex Hilbert space H.
In all cases (i)-(iii), V denotes a unitary operator from N to Ni.

Proof. (i) Define
(4.106) VN =Ny, €—(—i)7k

and use the notation developed for the model pair (H, H) in (4.32)~(4.37), Theo-
rem 4.4, and Theorem 4.6. Then

@0 (VeVal = [ deoWnn+ )7 = €. tneN

shows that V is a linear isometry from A into H..,

(4.108) V'V = Iy, ran(V*)=N.
By (4.84) (identifying N} and N),
(4.109) VN SN, (=i —¢

is also a linear isometry from .li\/:r into AV, implying
(4.110) V=1, ran(V)=N,.
Thus V is unitary and one computes

(& V* (2L, + (1 +2%) Py (H —2)"' Py, L VN

= (V& (2l + (1 + 2Py (H = 2)" Py, yM)vn)fV+
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—

(=)' Ly, + (L4 2% P (H = 2) 7 P | ¢ ) = )7 '),

A€ Q=1+ + [ dE QN M1+ )0+ X))

—

(&, QNN (A =271 = A1+ %))

(4.111)
= (E’ M(Z)U)Na 57 777 E N’ z E C\R'
(ii) and (iii) then follow in the same way using Theorem 4.7. O

For a whole scale of Nevanlinna classes in the case where H has deficiency
indices (1,1) we refer to [37].
Remark 4.11. In the special case where dimc(N) € N, treated in detail in [30],
we also considered at length the case where H and Hp (respectively, Hg) were
relatively prime operators with respect to H. In this case the limiting behavior of
M(z) as X\ | —oo (respectively, A 7 0) crucially entered the corresponding results
in Theorems 7.5-7.7 of [30]. These limits are given in terms of Re(( P 2(4) |N+)*1)
(cf. (4.15)) identifying Hy = H, Hy = Hp or Hg, etc. In the present infinite-
dimensional case, (P (i) N+)_1 exists if H; and Hy are relatively prime with
respect to H. However, (P (i) /\/+)71 is not necessarily a bounded operator in
Ny. In fact,

(4.112) Im((Py2 ()| )7 = — I,
(4.113) Re((P172(i)|N+)*1) € B(N,) if and only if ran(Py 2(i)) = N4

as shown in Lemma 2 of [28]. This complicates matters since now the limits of
M(X) as A | —oo (or A 7 0) may exist but possibly represent unbounded self-
adjoint operators in N} and thus convergence of M(\) as A | —oo (or A 1 0) in
these cases is understood in the strong resolvent sense. A detailed treatment of
this topic goes beyond the scope of this paper and is thus postponed.

Theorem 4.12. Suppose My € No(N), £ = 1,2 and My # Ms. Then M; and Ms
can be realized as
(4.114)

My(z) = V*(zIn, + (1 + z2>PN+ (Hy — 2)_1PN+|N+)V7 £=1,2, z€ C\R,
where Hy, £ = 1,2 are distinct self-adjoint extensions of one and the same densely
defined closed symmetric operator H with deficiency subspaces Nt in some sepa-
rable complex Hilbert space H, and V denotes a unitary operator from N to N,
if and only if,

(4.115)
Ms(z) = e "(cos(a) + sin(a) My (z))(sin(a) — cos(a) My (z)) " te’, ze€ C\R

for some self-adjoint operator v in N.
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Proof. Assuming (4.114), (4.115) is clear from (4.30). Conversely, assume (4.115).
By Theorem 4.13 (i), we may realize M;(z) as

(4.116)  My(z) = V*(2In, + (1 + 2*) Py, (Hy — z)—1PN+\N+)V, z € C\R.

If H # H, is another self-adjoint extension of H we introduce
've _ * 2 7 _ —1
(4.117)  M(z) = V*(zdn, + (14 2°) Py (H — 2) PN+}N+)V, z € C\R,
and infer from Theorem 4.3,
(4.118)

M(z) = e "%(cos(@) + sin(a) M (2))(sin(@) — cos(@)M;(z)) " Le'®, 2 e C\R
for some & = a* in \V.

Since (Hy — 2)(Hy £i)~! are bounded and boundedly invertible, P; »(z) in (4.4)
uniquely characterizes all self-adjoint extensions Hy # H; of H. Moreover, by
(4.5)—(4.7) and von Neumann’s representation of self-adjoint extensions in terms
of Cayley transforms, all self-adjoint extensions Hs # H; of H are in a bijective
correspondence to all self-adjoint (possibly unbounded) operators ai 2 (a1 #
m/2) in Ny. Hence we may choose H such that & equals o in (4.115) implying
M(z) = Ma(z). O

We conclude with a result on analytic continuations of general Herglotz op-
erators from C, into a subset of C_ through an interval of the real line, which
is independent of our emphasis of perturbation problems in Section 3 and self-
adjoint extensions in the present Section 4. As is well known, the usual convention
for M ’ c_ by means of reflection as in (1.4), in general, does not represent the

analytic continuation of M | c.- The following result is an adaptation of a theo-

rem of Greenstein [31] for scalar Herglotz functions to the present operator-valued
context.

Lemma 4.13. Let K be a separable complex Hilbert space and M be a Herglotz
operator in K with representation (1.1)—(1.3). Suppose that the operator Stieltjes
integral in (1.1) converges in the strong operator topology of K and let (A1, A2) C R,
A1 < Xo. Then a necessary condition for M to have an analytic continuation
from C4 into a subset of C_ through the interval (A1, A2) is that for all £ € K,
the associated scalar measures we = (§, Q&) are purely absolutely continuous on
(A1, A2), wf‘(h,)\z) = (wg‘()\l’)\z))ac, and the corresponding density wé >0 of we is
real-analytic on (A1, A2). If K is finite-dimensional, this condition is also sufficient.
If M has such an analytic continuation into some domain D_ C C_, then it is
given by

(4.119) M(z) = M(z)" +27iQ/(z), z€D_,
where ' (z) denotes the complex-analytic extension of Q' (N\) for A € (A1, A2). In

particular, M can be analytically continued through (A1, \2) by reflection, that is,
M(z) = M(2)* for all z € C_ if Q has no support in (A1, Az2).
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Proof. Suppose M has an analytic continuation from C, into a subset of C_
through the interval (A1, A2). Then for all £ € K, Greenstein’s result [31] applies
to the scalar Herglotz function me(2) = (&, M(2)¢)k, £ € K associated to the
measure we = (§, Q). Consequently, m¢ has an analytic continuation from C,
into a subset of C_ through the interval (A1, A2) if and only if the associated scalar

measure we = (£, Q&) is purely absolutely continuous on (A1, A2), w5|(>\1 ) =
(w§|()\1 )\2))%, and the corresponding density wé > 0 of we is real-analytic on
(A1, A2). In this case the analytic continuation of me into some domain D_ ¢ C C_

is given by
(4.120) me(z) = me(2)" + 2miwg(z), z€D_pg,

where wi(z) denotes the complex-analytic extension of w;(A) for A € (A1, A2). This
can be seen as follows: If m, can be analytically continued through (A1, \2) into
some region D_ C C_, then mg(2) 1= me(z) — miwg(2) is real-analytic on (A1, A2)
and hence can be continued through (A1, A2) by reflection. Similarly, wi(2), being
real-analytic, can be continued through (A1, A2) by reflection. Hence (4.120) follows
from

(4.121) me(z) — miwg(2) = me(2) = me(Z) = me(Z) + miwg(z), z€D_.
Applying a standard polarization argument, we obtain that the analytic continu-
ation of m¢ ,(2) = (&, M(2)n)k, §&,m € K into some domain D_ ¢, C C_ is given
by

(1.122) men(2) = mey ()" + 2mint (=), 2 € D_ e,

where w; , (2) = (§,9'(2) n)k is related to w ., (2) and wi,, (2) by polarization. In
particular, if M(z) has such an analytic continuation through the interval (A1, A2)
it is necessarily of the form stated in (4.119). If dim¢(K) < oo, then (4.120) and
(4.121) yield the weak and hence B(K)-analytic continuation of M through the
interval (A1, A2). O

Formula (4.119) shows that any possible singularity behavior of M | ¢ s deter-

mined by that of €/ |<c_

over, analytic continuations through different intervals on R in general, will lead
to different 2’(z) and hence to branch cuts of M

since M, being Herglotz, has no singularities in C. More-
c_-

5. One-dimensional applications

In our final section we consider concrete applications of the formalism of Section 4
in the special case dimc(N}) = 1. We study Schrodinger operators on a half-
line, compare the corresponding Donoghue and Weyl-Titchmarsh m-functions, and
prove some estimates on linear functionals associated with these Schrodinger oper-
ators. We conclude with two illustrations of Livsic’s result [44] on quasi-hermitian
extensions in the special case of densely defined closed prime symmetric operators
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with deficiency indices (1,1) in connection with first-order differential expressions
—id/dx.

First we specialize some of the abstract material in Section 4 to the case of a
densely defined closed prime symmetric operator Hina separable complex Hilbert
space H with deficiency indices (1,1). This case has been studied in detail by
Donoghue [25] (see also [30]) and we partly follow his analysis.

Choose u+ € ker(H* F i) with ||ut|l = 1 and introduce the one-parameter
family H,, a € [0,) of self-adjoint extensions H in H by

Ho(f + clug +e*@u_)) = Hf 4 cliuy —ie**u_),

(5.1)

dom(H,) = {(f + c(us +¢*®u_)) € dom(H*) | f € dom(H), c € C}, a € [0,7).
Let {Em_ (A)}aer be the family of orthogonal spectral projections of H, and sup-
pose that H, has simple spectrum for one (and hence for all) a € [0, 7). (This

is equivalent to the assumption that His a prime symmetric operator and also
equivalent to the fact that uy is a cyclic vector for H, for all o € [0,7).) Next

we introduce the model representation (H, Hy) for (H, Hy) discussed in (4.32)-
(4.37), Theorem 4.4, and Theorem 4.6. However, since in the present context N
is a one-dimensional subspace of H,

(5.2) N4 = lin.span{uy },

the model Hilbert space H, = L*(R,N4;dQp, ar, ), a € [0,7) with the operator
(in fact, rank-one) valued measure Qg _ A, ,

(5.3) QN (AN) =wa(N)Prp vy Prvy = (ug, - )uy,
wa()‘) = (1 + )‘Q)HEHQ ()‘)UJrH%-lv OS [0777)7

can be replaced by the model space ﬁa = L?(R; dw,) with scalar measure w,. In
particular, w,(A) can be taken as the control measure in this special case and

ViH, = L*(R,Ny;dQp, v, ) — Ho = L(R; dwy,)
(5.4) F=1f) = FfNushrer = V= F={fN}er
represents the corresponding unitary operator from 7-A( = L*(R,N;;dQp, Ni)

to Hq = L2 (R; dw,). Hence we translate in the following some of the results of

Theorems 4.4 and 4.6 from H to H However, due to the trivial nature of the
unitary operator V' in (5.4), we will ignore this additional isomorphism and simply
keep using our ~-notation of Section 4 instead of the new ~-notation. Thus, we
consider the model Hilbert space Ho = L?(R; dw,), a € [0,7), where

(5:5) (N = (1+>\2)||EH (Nuslfz, a€l0,m),

(5.6) /dwa A (142%™ /dw(, =00, ac|0,m)
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and define in ﬁa the self-adjoint operator f[a,
(5.7) (Haf)(N) = Af(N), [ e dom(Hy) = LA(R; (1 + A%)dwa)

~

and its densely defined and closed restriction F

o~

(68 dom(H,) = {f € dom(H,) | [ dun(A)F() = 0}, Ho = Hal ity

Then

o~k

(5.9) ker(H —z)={c(-—2)"' € Ho|c € C}

and the pair (H,H,) in H is unitarily equivalent to the pair (Ha,ﬁa) in He

~

(cf. Theorem 4.6). This representation of (H, H,) in terms of (H,, ﬁa) has the
advantage of very simple definitions of ﬁa and H «, however, one has to pay a price
since different H,, H, act in different Hilbert spaces ’I-A[a. Hence it is desirable to
determine the expression for all H,, a € [0, 7) in connection with one fixed « say,
ag € [0,7), in the corresponding fixed Hilbert space Ho, = L*(R;dw,,) and we
turn our attention to this task next.

Lemma 5.1. Fiz ag € [0,7) and define

N
(5.10)  Usy i Hay —H, f—Uaof = glim [ d(Bp, (Nuip)A =) Ff ).
—0 J_ N

Then Uy, is a unitary operator from ﬁao to H and

(5.11) H = Uy HogUZ),  Hag = Ung Hay Uzl
Moreover,
(5.12) () = Ut ) (V) = (A — )7
(5.13) () = (U us)(A) = —e (A +4) 7", XER,
and hence
(U ug + e u))(N) = 2ie’(@=20) (1 4+ X2~ (= Asin(a — ag) + cos(a — ap)),
(5.14) a€0,7), N eR.

Proof. (5.10) and (5.11) have been discussed in Theorem 4.6, (5.12) is clear from
(5.10). From

(5.15) Uy 'Hoy(uy + € u_) = Ua_olH* (ug +e* oy ) = ia, —ie*oq_,
(5.16)  Huy (iig + €200 ) = May + eX*a_),

and (5.12) one infers

(5.17) i — i)t — e 0u_(\) = A\ — i) 7L 4 eZNa_(\)

and hence (5.13). Equation (5.14) then immediately follows from (5.12) and (5.13).
O
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Equation (5.14) confirms the fact that any two different self-adjoint extensions
of H are relatively prime

(5.18) dom(H,) Ndom(Hg) =dom(H), «,8€[0,7), a#pf

since [, dwa,(A) = 0o and hence
(5.19) /Rdwao AN |UL (uyg + e u_)(N)]* = oo for all a # ag.

This is of course an artifact of our special hypothesis def(H) = (1,1).

Next, consider the normalized element (cf. (5.14) for oo = )

~ %

Ja € (ker(H — i) ker(H +1)) N dom(H,),

—-1/2
(5.20) ﬁa(/\)</Rdwa(V)(1+V2)2> A+X)7 lgallg, =1.

Then

(5.21) dom(H,) = lin.span{js }-+dom(H,)

by von Neumann’s theory of self-adjoint extensions of symmetric operators (cf.,
e.g., [3], Ch. VII, [26], Sect. I1.4, [54], Sect. 14, [55], Sect. X.1, [69]) and we may

~

consider the linear functional ¢;, on dom(H,) defined by

(5.22) l5. - dom(Hy) — C, 45 (f) =,
where
(5.23) fedom(@,), f=cioth, hedom(Hy).

Lemma 5.2. Let o € [0, 7). Then

N RGN
(5.24) . <||f||; > /Rd W)L+ A2,

fEdom(Ha) N + ||Haf |3:‘a

Proof. By (5.6) and (5.8) one computes

629) [ dnF) =e [ don i) = b5, (1) [ dena+ A2>-2)m
and hence the Cauchy-Schwarz inequality applied to

/ dwau)m)] < ( [ et +A2>f<A>|2)m( / dwa<A><1+A2>-1)
(5.26)

= (1712, + a1, )

1/2
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yields

(5.27) . s (f 5 /dwa J(L+A%)2
+|\H Iz,

Since inequality (5.27) saturates for fo()\) = (14 A", fo € dom(H,), (5.24) is
proved. ]

Introducing the Donoghue-type m-function
(5.28) mP() = / doaN) (A =2 = A1+ X)), aelo,m), zeCy,
R

the analog of (4.17), one can prove the following result.

Lemma 5.3. (Donoghue [25].)

—sin(f — a) + cos(8 — a)mP(2)
cos(f — a) +sin(B — a)mP(z) ’

Next we turn to the Schrodinger operator on the half-line [0,00). Let ¢ €
LY([0,R]) for all R > 0, q real-valued and introduce the fundamental system
d4(z,2), 04(2,2), z € C of solutions of

(5.29) mg(z) = a,f€0,m), z€Cy.

(5.30) " (2,2) + (g@) — 2)(z,2) =0, >0
(! denotes d/dz) satisfying
(5.31)

9(2,04) = ~8)(2,0,) = —sin(3), ¢} (2,0) = 0, (2,0,) = cos(3), 7 € [0,7).

Assuming that 7% + ¢ is in the limit point case at oo, let 9., (2, z) be the unique
solution of (5.30) satisfying

(532) w’)’(zv ) € LQ([Ov OO); dm)v Sin(’Y)wfy(Z?O-‘r) + COS(7)¢W(Z7O+) = 17
AS [O,W), A (CJr.

Then 1 (2, x) is of the form (see, e.g., the discussion of Weyl’s theory in Appen-
dix A of [29])

(5.33) by (2,2) = 0,(5,2) + M () (,2), 7€ [0,7), 2 € Cy,
where m! (z) denotes the Weyl-Titchmarsh m-function [64], Chs. II, III, [70] (as
opposed to Donoghue’s m-function m?(z) in (5.28)) corresponding to the operator
H, in L?([0,00);dz) defined by
(H, f)(z) = —f"(x) + q(2) f(x), x>0,
(5.34)
f € dom(H ) = {g € L*([0,00);dx) | g, g’ € AC([0, R]) for all R > 0;
sin(7)g’(0+) + cos(7)g(0+) = 0; =" + qg € L2([0,00);dx)}, v € [0, 7).



Operator-valued Herglotz Functions 309

The family ﬁw, ~v € [0,7) represents all self-adjoint extensions of the densely

defined closed prime symmetric operator Hin L?([0,00); dz) of deficiency indices
(1’ 1)7

(Hf)(@) = —f"(2) + a@) f(x), x>0,
(5.35) fe€ dom(f]w) = {g € L*([0,00);dx)) | 9,4 € AC([0, R]) for all R > 0;
g'(05) = g(04) = 0; —¢" + qg € L*([0, 00); dz)}.

(Here AC([a, b]) denotes the set of absolutely continuous functions on [a, b].) Weyl’s
m-function is a Herglotz function with representation

&+ fo dwl )(A = 2)7 =M1+ A)D), e [0m),

mW(z) =
(536) 5 ( ) {COt(’Y)+fRdwK/()\)()‘Z)17 vy E (O,W)a

for some ¢, € R, where
< oo, ve(0,7),
(5.37) /dwxv(A)(l + D! { 00, v €(0,m)
R =o00, v=0.
Moreover, one can prove the following result.
Lemma 5.4. (See, e.g., Aronszajn [9], [27], Sect. 2.5.)

—sin(§ — ) + cos(6 —y)mlV (z)
cos(d — ) + sin(d — y)mY (z)

(5.38) m¥(2) = , 6ye0,7), z€Cy.

Moreover,

cot(v) +O(=717?), ~ € [0,7),
(5.39) mY (2 = Y. B
z—ioo | 4212 + 0o(1), v =0.
In the following we denote by H, in L?([0,00);dx) the Schrédinger operator

on [0,00) defined as in (5.1) but with H replaced by H in (5.35). The connection
between H, and H., and mZ(z) and m,‘;V (2) is then determined as follows.

Theorem 5.5. Suppose y(«a) € [0, ) satisfies

(5.40) cot(y()) = —Re(my (i) — Im(my’ (1)) tan(a), o € [0, 7).
Then

(5.41) Ho = Hyp, ac[0,m).

and

(5.42) mP(2) = (m?{a)(z) - Re(m?fa)(i))/lm(mz‘ga)(i)), a€[0,7), z € Cy.
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Proof. Since 9.z, x) are just constant multiples of ¢ (z, z), it suffices to focus on
o(z,z). In order to prove (5.41), subject to (5.40), we need

(5.43)
e = 110007 00ty Y0(8) + [0 (=D 0,00 % 0(—3) € dom(Ho)
according to (5.1) and the fact (cf. (5.32))

(5-44) U4 = |\wo(ii)||Z;([07w);dz)¢0(ii).
Since it is known (see, e.g., [20], Sect. 9.2, [27], Sect. 2.2) that
(5.45) 18 (B 0 ety = Im(m (2))Im(z), = € C\R,

one obtains from (5.52) and (5.33)
(546)  —cot(y(a)) = 1, (04)/na(04) = (1 +e**) 7 (mg” (i) + e***my (—1)),
which yields (5.40) and at the same time proves (5.41). By (5.28) and (5.36),

(5.47) mB(z) = Aam,‘%a)(z) + Ba, a€l0,m), z€Cy
for some A, > 0 and B, € R. The fact
(5.48) mB (i) =i, ac|0,n)

(use (4.8) or combine the normalization [, dwa(A)(1 + A?)~! = 1 with (5.28))
immediately yields (5.42). O

Corpllary 5.6. Assume in addition that H > 0. Then the Friedrichs extension Hp
of H corresponds to

(5.49) a=ap=7/2 and y=7vp=0
and the Krein extension Hpy ofH corresponds to
(5.50) tan(a) = tan(ag) = mf/Q(O,) and  cot(7y) = cot(yx) = —my (0-)

in (5.1) and (5.34). The right-hand sides in (5.50) are simultaneously infinite if
and only if Hp = Hy .

Proof. Since limy| o m{/ (A\) = —oo by (5.39), (5.49) follows from Corollary
4.8 (i). Similarly, (5.50) follows from (5.38) (replacing 6 — v and v — 0) and
Corollary 4.8 (ii). O

Finally we return to the functional ¢;, in (5.22) and establish its properties in
connection with the Schrédinger operator H, on [0, c0).
Lemma 5.7. Define g, by
(5.51)

Uz o = 10(8) + €60 (=1 74 0 oeyran (Y0 6) + €0 (<)), a € [0, 7).
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_ {(Qilm(mg‘/(i)))lﬂ%(i) - 1/10(*i)|\L?([o,oo);dz)(U;/lgf)’((u), a=7,
(1 + e ) H)eho (i) 4+ €20 (—i)]| L2([0,00)3d) (UG F)(04), € [0,m)\{5},
)

fe dom(ﬁa).
Proof. By (5.43) and (5.45),
o (i) + ¥4 (i) € dom(Ha).
Hence
(5.53) = cllto() + e to(=i)lI 7 o.seruam) (¥ (0) + (i) +
f € dom(H,), h € dom(H)

and

(5.54) U (f)=¢, fedom(H,).
Since by (5.34),

(5.55) h'(04) = h(04) =0,

one computes in the case o = m/2
F1(04) = ellvo() = Yo(=)l1 22 (0.00):az) (W0 (i 04) — (i, 04))
(556) = cllo(i) — Yo(=0)lI7L 0 myuany 2 (), € dom(Hya)
using (5.31) and (5.33). Similarly, for « € [0, 7)\{7/2} one computes
F(04) = ellvo(i) + € *Po(=0)l 12 10,00)sam) Y0 (i 0+) + ¥t (—i,04))
(557 = clltold) + oDl 0 sy (L + €7,
fedom(Hz)s), a€[0,m)\{r/2},

since ¥o(z,04+) = 1,z € C\R by (5.31) and (5.33). Combining (5.54) and (5.56),
(5.57) proves (5.52). O

Lemmas 5.2 and 5.3 then yield the principal result of this section:
Theorem 5.8. Let o € [0, 7). Then

(5.58) sup ( 3 70, 5 ) =Im(myY (i),
fedom(Hr 2) ||f||L2([0,oo);d:v) + ||H7T/2f||L2([0,oo);dac)
£(04)? cos®(av)
(5.59) sup ( = -
fedom(H,) HfH2L2([o’oo);dw) + ||Haf||%2([o,oo);dz) Im(m(‘)’v(z))
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Proof. Consider a = 7/2 first. Then Lemma 5.2 combined with (5.11), (5.44), and
(5.52) yields

wp ( [£/(0,)12 )
fedom(Hy2) ||f||2Lz([o,oo);dm) + HHrr/?fH%z([o,oo);dx)

41 W \)]2
(5.60) = Almlmg @) / duor 5 (N)(1 4 A2)~2,
0 oy 1 — 41 0 oyt i
Since
(5.61) s — w122 (0,00)5am) = I8+ — ﬁfH%W/z = 4/Rdww/2(1 +A%)72
by (5.12) (taking g = 7/2) and

by (5.45), the right-hand side of (5.60) coincides with that in (5.58). Similarly, one
computes from Lemma 5.2, (5.11), (5.44), and (5.52),

sup < |£(04)[? )
redom(ia) N 122 (0,00)iaz) T IHaf 122 (10,00)d2)
4cos?(a)

(5.63) /Rdwa()\)(l +AH)72

0B (0,00 16+ + €U 22 (0. 00y:d0)
Because of (5.62) and

(5.64) [lut + eQiau*H%?([O,oo);dz) = [|a4 + 621‘@@7”%& = 4/Rdwa()\)(1 +A%)73,
(5.63) coincides with (5.59). O
Remark 5.9. (i) In the special case ¢(z) =0, > 0 one has

(5.65) my (2) =i(2)"/?

(using the branch with Tm((2)'/2) > 0, z € C) and hence (5.58) yields

S 1/2
(5.66) |f’(0+)|§2‘1/4< / dx(lf(:c)2+|f”(x)l2) . f e H22((0,00),

with 271/4 best possible and
H?((0,00)) = {f € L*([0,00); dx) | f, f € AC(]0, R]) for all R > 0;
(5.67) f01) =0; f, " € L*([0,00); d)}

the familiar Sobolev space.
(ii) Multiplying the two results (5.58) and (5.59) reveals the curious fact,

(5.68)
w | 705 )

fedom(H, o) ||f||2L2([o,oo);dx) + ||H7r/2f||%2([0,oo);dx)
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104
X sup <
fe€dom(Hy,) ||f||%2([0,oo);dw) + ||Haf||%2([0,oo);dl')

) = cos?(a), a€[0,7).

Finally, we conclude with two illustrations of a well-known result of Livsic [44]
on quasi-hermitian extensions in the special case of densely defined closed prime
symmetric operators with deficiency indices (1,1).

Following Livsic [44] one defines a closed operator H to be a quasi-hermitian
extension of a densely defined closed prime symmetric operator H with deficiency

indices (1,1) if
(5.69) HGHGH

and H is not self-adjoint.

A typical example of a quasi-hermitian extension is obtained as follows.

Let T denote the following first-order differential operator on the interval [0, 2a],
a>0,

(Tf)(z) = —if'(x), &€ (0,2a),
(5.70) /€ dom(T) = {g € L*([0,2a]) | g € AC([0,2a]); 9(0,) = g(2a_) =
g’ € L*([0,2a])}.
Then for p € CU {0}, |p| # 1 the operator T},
(Tpf)(x) = —if'(z), €€ (0,2a),
(5.71)  fedom(T,) = {g € L*([0,2a]) | g € AC([0,2a]); g(0+) = pg(2a_);
g € L*([0,2a))}
is a quasi-hermitian extension of 7. (Here p = oo in (5.71), in obvious notation, de-
notes the boundary condition g(2a—) = 0.) Among all quasi-hermitian extensions
of T there are two exceptional ones that have empty spectrum. In fact, the opera-

tor Ty corresponding to the value p = 0 in (5.71) as well as its adjoint, T = T,
have empty spectra, that is,

(5.72) spec(Tp) = spec(Tw) = 0.

The following theorem proven by Livsic in 1946 provides an interesting charac-
terization of this example.

Theorem 5.10. (Livsic [44].) For a densely defined closed prime symmetric oper-
ator with deficiency indices (1,1) to be unitarily equivalent to the differentiation
operator T' in L*([0,2a)) for some a > 0 it is necessary and sufficient that it admits
a quast-hermitian extension with empty spectrum.

Using Livsic’s result we are able to characterize the model representation for
the pair (H ,H), where H is a densely defined prime closed symmetric operator
with deficiency indices (1, 1) which admits a quasi-hermitian extension with empty
spectrum, and H a self-adjoint extension of H.
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Theorem 5.11. Let w be a Borel measure on R such that

(5.73) /Rf‘i(il =1, /Rdw()\) — o0,

H the self-adjoint operator of multiplication by X in L*(R;dw),
(5.74) (HfYA) = Af(N), fedom(H) = L*(R;(1+ \?*)dw).

Define H to be the densely defined closed prime symmetric restriction of H,
(5.75) H = H|d0m(H)7 dom(H) = {f € dom(H) | /Rdw(/\)f()\) =0},

with deficiency indices (1,1). Then H admits a quasi-hermitian extension with
empty spectrum if and only if for some a > 0 and some « € [0,7) the following

representation holds
» L1 2\—1y _ sin(a) — cos(a)(cot(az)/ coth(a))
(5.76) /Rd Wz =) AL+ cos(a) + sin(a)(cot(az)/ coth(a))’

z € C\R.

In this case the measure w is a pure point measure,

_ coth(a)(1 + cot?(a)) ZN
a(1+ cot?(a) coth®(a)) o= HFFT/ed

(5.77)

where fig,) denotes the Dirac measure supported at § € R with mass one and
B = pB(a,a) € [0,7) is the solution of the equation

(5.78) cot(B) + cot(a) coth(a) =1 if a € (0,7) and 5 =0 if « = 0.

Moreover, the self-adjoint operator H given by (5.74) is unitarily equivalent to the
differentiation operator T, in (5.71) with

(5.79) p=e?P,

Proof. That H is a densely defined closed prime symmetric operator with defi-
ciency indices (1, 1) is proven in [25]. By Livsic’s theorem, Theorem 5.10, the pair
(H, H) is unitarily equivalent to the pair (7,T},), where T is the operator (5.70)
in L?([0,2a]) for some a > 0 and T}, is some self-adjoint extension of T given by
(5.71) for some p, |p| = 1. By (4.8) and (4.17) (cf. also (5.28)) we conclude

(5.50)  mB(s) = /Rdw()\)((z ) oA+

(5.81) =24+ (1+ 2% (us, (Tp — 2) s ) 2w

uy € ker(T™ —14), |lug |2 ryaw) = 1,

where m% (z) denotes the Donoghue Weyl m-function of the operator T},.
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Let T be the self-adjoint extension of T corresponding to periodic boundary con-
ditions,
(5.82)

dom(T) = {g € L*([0,2a]) | g € AC([0,2a]); g(04) = g(2a_); ¢’ € L*([0,2a])}.
By Lemma 5.3 there exists an « € [0, 7) such that

_ sin(a) + cos(a)m2(z)

5.83 () = :
(5:83) mr, () cos(a) — sin(a)m? (2)
where m? (z) is the Donoghue Weyl m-function of the extension T
(5.84) m2(2) = 2+ (L4 2°)(uy, (T — 2) " us) 2(0 20}, 2 € C\R.
The assertion (5.76) then follows from the fact
Dy _ _ cot(az)
(5.85) myz(z) = coth(a)

Next we prove (5.85). First, we note that the resolvent of the operator T' can be
explicitly computed as
(5.86)

esza

T 2a

(T = 2)" (@) = e ( | etrwar s o | e"“f(t)dt), 2 €C\R,
0 —e** Jo

Next we calculate the quadratic form of the resolvent of T on the element u (2) =

21/2(1 — e=44)=1/2 exp(—x) generating ker(T™* — 7). By (5.86) we have

_ 21/2(1 _ 6—4(1)—1/2 1 —e2a
—1 —x izx
(587) ((T - Z) U+)(1') = i— 2 (6 — € m)

and therefore,
(5.88)

- 1 2(1 _ 6—2(1)(1 _ eQiaz—Qa)
T—2)"" dz) = 1 i
(w4, ( 2)7 U4 ) L2((0,2a];dx) PR < + (i — 1)(1 — e 1a)(1 — e%a7)
Equations (5.84) and (5.88) then prove (5.85).

In order to prove (5.77) we note that the right-hand side of (5.76) is a periodic
Herglotz function with period m/a. Such Herglotz functions have simple poles at
the points {(8 + mn)/a}nez with residues

sin(a) — cos(a)(cot(az)/ coth(a))
Res :
2=(B+mn)/a \ cos(a) + sin(a)(cot(az)/ coth(a))
coth(a)(1 + cot?(a))

(5.89) - a(1 + cot?(a) coth®(a))’ nen

proving (5.77).
The last assertion of the theorem follows from the fact that the support of the
measure w coincides with the spectrum of H and therefore with the one of the
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operator 1), which is unitarily equivalent to H. The spectrum of the self-adjoint
operator T}, can explicitly be computed as

1 s
(5.90) spec(T,) = {%argp + En}"ez'
Since the sets (5.90) and supp(w) coincide we conclude (5.77). O

Remark 5.12. We note that the weak limit as a — oo of the measures w = w(a, a)
(with « fixed) given by (5.77) coincides with 7 ~1d\, where d\ denotes the Lebesgue
measure on R.

The next result shows that this limiting case dw = 7~ 'd)\ is also rather exotic.

Theorem 5.13. Let w be a Borel measure on R such that

dw(X)
91 =1 =
(5.90) [ [am ==
H the self-adjoint operator of multiplication by X\ in L?(R;dw),
(5.92) (HfY\) = Af(N), fedom(H) = L3(R; (1 + \?*)dw).

Define H to be the densely defined closed prime symmetric restriction of H,
(699 B = Hlyyp e dom() = {f €dom(mD)]| | FN)dw(3) =0}

with deficiency indices (1,1). Then H admits a quasi-hermitian extension with
pure point spectrum the open upper (lower) half-plane and spectrum the closed
upper (lower) half-plane if and only if the following representation holds,

i,  Im(z) >0,

—i, Im(z) <O.

(5.94) /Rdw()\)((z—A)’l A1+ :{

In this case
(5.95) dw =7~ 1d\.
Proof. The setup in (5.91)—(5.93) is identical to that in Theorem 5.11 and hence

needs no further comments. The fact that H is unitarily equivalent to the differ-
entiation operator T" acting in L?(R;dz),

(Tf)(x) =—if'(x), €E€R,
(5.96) fedom(T) = {g € L*(R;dx) | g € AC(R); g(0) = 0; ¢’ € L*(R;dx)}

goes back to Livsic (see, e.g., Appendix 1.5 in [3]). In fact, the quasi-hermitian
extension T" of T' defined by

(5.97)
(Tf)(x) = —if'(z), &e€R\{0},
f€dom(T) = {g € L*(R;dx) |g € AC([-R,0]) U AC(]0, R]) for all R > 0;
9(0-) = 0; ¢' € L*(R; d)}.
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(and its adjoint T* with corresponding boundary condition g(04) = 0) has spec-
trum the closed upper (lower) half-plane with pure point spectrum the open upper
(lower) half-plane, respectively. This is easily verified from an alternative expres-
sion for T given by

(5.98) T=T ®T, in L*R;dz) = L*((—o0,0]; dz) ® L*([0, o0); dz),
where
(5.99) (T_f)@) = —if'(x), =<0,

fedom(T ) = {g € L*((—o0,0];dz)| g € AC([-R,0]) for all R > 0;

9(0-) = 0; g" € L*((—00,0]; dz)},

(5.100) (T4 f)(@) = —if'(x), >0,

f €dom(T,) = {g € L*([0,00);dz) | g € AC([0, R]) for all R > 0;

g € L*([0,00); dx)}.

The explicit expressions for the resolvents of 7 and T " (see, e.g., [38], Example

I11.6.9) then show that both operators have spectrum the closed upper half-plane,
that is,

(5.101) spec(T_) = spec(T) = Cj.

Together with the aforementioned result of Livsic, this shows that the pair (H ,H)
is unitarily equivalent to the pair (7,7),), where T, |p| = 1 is some self-adjoint
extension of 7' in L?(R;dx),

(5.102)
(Tpf)(x) = —if'(x), £eR\{0}, p| =1,
f €dom(T,) = {g € L*(R;dx)| g € AC([-R,0]) U AC([0, R]) for all R > 0;
9(0-) = pg(04); ¢’ € L*(R;dx)}.
Since the pair (7',T}) is unitarily equivalent to the model pair (H,H) in (5.92)
and (5.93) (it suffices applying the Fourier transform), where dw = 7~ 1d\, we can

immediately compute the Donoghue Weyl m-function mlle (2) of the self-adjoint
extension 77,

(5.103)  mP (2) = %/Rd)\((z — )T =AY = {Z_l EZ; z 8
Since
(5.104) _ sinla) + cos(a) () for all « € [0,7),

~ cos(a) — sin(a)(£1)

Lemma 5.3 implies that the Donoghue Weyl m-function m% (2) of the extension

T, is independent of p, |p| = 1 and hence m, (z) = m2’(z). Therefore, the model
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representation for the pair (7,7,) is given by (5.91)-(5.93) with dw = 7~ 1d\,
proving (5.95). Finally, (5.94) follows from (5.103). O
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