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1_1
It is shown that a Banach space E has type p if and only for some (all) d > 1 the Besov space Bp(f,'; 2)d (Rd; E)

embeds into the space (L* (R?), E) of ~-radonifying operators L* (R*) — E. A similar result characterizing
cotype ¢ is obtained. These results may be viewed as E-valued extensions of the classical Sobolev embedding
theorems.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Let £ be a real or complex Banach space and denote by Y(Rd; E) the Schwartz space of smooth, rapidly
decreasing functions f : R — E. Forafunction f € .7 (R%; E) we consider the linear mapping I : L*(R?) —
E defined by

Irg = /@ f(x)g(z) du.

The aim of this paper is to prove the following characterization of Banach spaces E with type p in terms of the
embeddability of certain E-valued Besov spaces into spaces of v-radonifying operators with values in E and vice
1_1
versa. The precise definitions of the spaces B,(,f‘ 2 )d(Rd; E) and y(L*(R?), E) are recalled below.
Theorem 1.1 Let F be aBanachspaceandlet1 < p <2 < g < .
1. E has type p if and only if for some (all) d > 1 the mapping  : f — Iy extends to a continuous embedding

Bzgi_%)d (Rd; E) — 'y(L2 (Rd) , E) ;

2. E has cotype ¢ if and only if for some (all) d > 1 the mapping I=' : I; — f extends to a continuous
embedding

V(L2(RY), B) — By (&Y ).

A version of this result for bounded open domains in R? is obtained as well.
As is well-known [8, 19], see also [17], that E has type 2 if and only if the mapping f — I; extends to
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a continuous embedding L?(R%; E) — ~(L?(R?), E), and E has cotype 2 if and only if v(L?(R?), E) —
L? (Rd; E) Thus in some sense, Theorem 1.1 may be viewed as an extension of these results for general values
of pand q.

If dim E = 1, then v(L?(R%); E) = L?(R?) and the embeddings of Theorem 1.1 reduce to the well-known
Sobolev embeddings

By VR < 2@ < Bl @Y, 1<p<2<as
25 4,9 ) SPx4xgx 00

Vector-valued Besov spaces have attracted recent attention in the theory of parabolic evolution equations
in Banach spaces as a tool for establishing optimal regularity results; see for instance [1, 4]. In [7], Fourier
multiplier theorems with optimal exponents are established for operator-valued multipliers on Besov spaces of
functions taking values in Banach spaces with Fourier type p.

On the other hand, the spaces v(L?(R?), E) have recently played an important role in the theory of H°°-
functional calculus for sectorial operators [6, 10, 11] and the theory of wavelet decompositions [7]. Furthermore,
the spaces v (L?(R?), E) have been characterized in terms of stochastic integrals with respect to (cylindrical)
Brownian motions [15, 16, 19]. Therefore, our results allow to compare various square functions and they also
give conditions for the stochastic integrability of E-valued functions. These applications, which motivated our
results, will be detailed in a forthcoming paper.

Throughout this paper, H is a Hilbert space and E is a Banach space, which may be taken both real or both
complex. Furthermore, (r,,),,>1 denotes a Rademacher sequence and (-y,,),>1 & Gaussian sequence.

1.1 Typeand cotype

Let p € [1,2] and let ¢ € [2, 00]. A Banach space E is said to have type p if there exists a constant C' > 0 such
that for all finite subsets {z1, ..., zx} of E we have

2\ 3 1

P

E

N N
> rny <C<Z|l’n|p>
n=1 n=1

The least possible constant C'is called the type p constant of E and is denoted by T,,(E). A Banach space E is
said to have cotype q if there exists a constant C' > 0 such that for all finite subsets {x1, ..., 2y} of E we have

1
2\ 2

N 3 N
(an) <c B> r
n=1 n=1

with the obvious modification in the case ¢ = oo. The least possible constant C' is called the cotype g constant
of E and is denoted by C,,(E). As is well-known, in both definitions the réle of the Rademacher variables may
be replaced by Gaussian variables without altering the class of spaces under consideration. The least constants
arising from these equivalent definitions are called the Gaussian type p constant and the Gaussian cotype ¢
constant of £ respectively, notation 7,7 (E) and C (E).

Every Banach space has type 1 and cotype oo. The L?-spaces have type min{p, 2} and cotype max{p, 2} for
1 < p < oo. Every Hilbert space has both type 2 and cotype 2, and a famous result of Kwapieh asserts that up to
isomorphism this property characterizes the class of Hilbert spaces.

For more information we refer to Maurey’s survey article [12] and the references given therein.

1.2 Besov spaces

Next we recall the definition of Besov spaces using the so-called Littlewood—Paley decomposition. We follow
the approach of Peetre; see [21, Section 2.3.2] (where the scalar-valued case is considered) and [1, 7, 20]. The
Fourier transform of a function f € L* (R%; E)) will be normalized as
—~ 1 g
T = @ Ju
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Let ¢ € .7 (R?) be a fixed Schwartz function whose Fourier transform ¢ is nonnegative and has support in
{€ e R?: 1 < [¢] <2} and which satisfies

Y o(27Fe) =1 for £eR\{0}.
kEZ
Define the sequence (5 )0 in . (RY) by
(&) =0(27"¢) for k=1,2,..., and Z(€) =1-> @), €eR™
E>1

For1 < p,q < ocoand s € R the Besov space B (Rd ) is defined as the space of all £-valued tempered
distributions f € .7/ (R%; E) for which

1713 ) = [ 250 sz oy

is finite. Endowed with this norm, B, (Rd E) is a Banach space, and up to an equivalent norm this space is
independent of the choice of the |n|t|al function ¢. The sequence (¢ * f)r>o is called the Littlewood—Paley
decomposition of f associated with the function ¢.

The following continuous inclusions hold:

B, (RLE)— B (RLE), B (RYE) < B2 (RYE)

p,q1 Pp,q2

forall s,51,82 € R, p,q,q1,q2 € [1,00] with ¢1 < g2, s2 < s1. Also note that
B) (R4 E) — LP(RGE) — B) (RLE).

If 1 < p,q < oo, then B  (R%; E) contains the Schwartz space . (R%; E) as a dense subspace.
In Section 3 we shall need the following lemma. For A > 0 let f)(z) := f(\x).

Lemmal2 Letp,q € [1,00] and let s € R, s # 0.
1. If s > 0, there exists a constant C' > 0 such that for all A = 2", n > 1, and f € B; ,(R% E) we have

||f/\||Bs (R E) S <ONT p”f”BS J(REE)-

2. If s < 0, there exists a constant C' > 0 such that for all A = 2", n < —1,and f € B; ,(R%; E) we have

_d
”fA”B;,q(Rd;E) SOXNTr ”f”Bqu(Rd;E)-

Proof. We only prove (1), the proof of (2) being similar. The proofs are patterned after [22, Proposition
3.4.1].

Let ¢ and i, k = 0,1,2,..., be as in Subsection 1.2. Define, for m € Z, the functions ,,, by ©.,,(§) :=
@(27™E). Then ¢y, = @ form =1,2,... and (¢, ), = ¥m—n form € Zand A = 2", n € Z. For s > 0 we
have

(Z 2kqu<Pk * fA“%p(Rd;@) =A7h (Z QkSquZ_l((@))‘f) HZP(W;E)>

k>0 k>0

<A Z (@ T) 2o (g,

+)\z<22ksq"y (wk nf HLP ]RdE>

k=1
1

+ A (ZQZS'Jng1(@?)”%:»(]1@%@)

(1) & (1) + (IT0).
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Since o = 1 0n (0,1] and () has supportin (0,27"] C (0, 3], by Young’s inequality we have

12 @) oy = 12~ (T sy < lolla o = £y

Hence,
_d s_d
(I) SAT? ”SDOHLl(Rd)”ﬂ B3 ,(R4E) SATP ||900HL1(Rd)HfHBg’q(Rd;E)-
To estimate (I1) we note that for £ = 1,...,n — 1 the functions @ have support in (0, 1]. Therefore,

|77 (@nmad Y liowasmy < Ibimnllia oo * £l o ceosmy
= 1Bl Lr ey llpo * fllrre; By -
Similarly, for & = n,
(-7 () f )HLP(W;E) < @l Lrray (0o * FllLorazy + 01 % fllLoe;r))-
Summing these terms and using that s > 0 we obtain
s—4d
(I < Cs,g A 7 llpllLr ey 1]

with a constant C,  depending only of ¢ and s. Obviously,

s d.
Bj ,(RYGE)

;_d
(II) < X772 | f]

s d. .
B; (R4 E)

By putting these estimates together the desired inequality follows. O

1.3 ~-Radonifying operators

For a finite rank operator R : H — E of the form

N
Rh="Y [ hn]u on (1.1)

n=1

with Ay, ..., hy orthonormal in H, we define

N
> AnRhy

n=1

2

||R||'2y(H.,E) =E

Note that |||z, does not depend on the particular representation of R as in (1.1). The completion of the
space of finite rank operators with respect to the norm || - ||z, & defines a two-sided operator ideal ~(H, E) in
Z(H,E). If H is separable, an operator R € £ (H, E) belongsto v(H, E) if and only if for some (equivalently,
for every) orthonormal basis (h,,)n>1 of H the Gaussian sum >, -, v, RRh,, converges in L?(Q; E), in which
case we have

2
Z nBRhn| -

n>1

||R||i(H,E) =K

We refer to [5, Chapter 12] for more information.

The following elementary convergence result, cf. [15, Proposition 2.4], will be useful. If the T7,T5,... €
Z(H)and T € Z(H) satisfy sup,,>q || 1| < oo and lim,, .o T*h = T,k for all h € H, then for all
R € v(H, E) we have

lim |[Ro T, — RoT|ymm = 0. (1.2)

www.mn-j ournal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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_If Hy and H, are Hilbert spaces, then every bounded operator 7" : H; — H> induces a bounded operator
T :~(Hy, E) — ~v(Hs, E) by the formula

TR:= RoT*
and we have
HTH$(7(H1,E),7(H2_,E)) < ||TH$(H1H2) (13)

This extension procedure is introduced in [11] and will be useful below.

If (S,%, 1) is a o-finite measure space, we denote by v(S; E) the vector space of all strongly p-measurable
functions f : S — E for which (f, z*) belongs to L?(S) for all z* € E* and the associated Pettis operator
If: L*(S)— E,

Itg = / fgdu
S

belongs to v(L2(S), E). We identify functions defining the same operator. An easy approximation argument
shows that the simple functions in +(S; E) form a dense subspace of v(L?(S), E). We shall write

I fllvesizy = I fllvz2(s),B)-

2 Embedding resultsfor R

The proof of Theorem 1.1 is based on two lemmas.
Lemma2.1 1. Let E have type p  [1,2]. If f € . (R?; E) satisfies supp f C [, 7]%, then f € (R%; E)
and
11y ey < T (BNl Lo res ).
where 7} (E) denotes the Gaussian type p constant of E.
2. Let E have cotype g € [2,00]. If f € . (R?; E) satisfies supp f C [—,7]?, then
Nl (ra; ) = CJ(E)_1|\f|\La(Rd;E),

where C7 (E) denotes the Gaussian cotype g constant of .

Proof. Let Q := [—m,7]% We consider the functions h,,(z) = (2r)~%/2e"® with n € Z¢, x € Q, which
define an orthonormal basis for L?(Q).
(1) Define the bounded operators I : L*(R?) — E and Iz L*(RY) — E by

Lo = [ fwgte)ds, Trg= [ Flalgta)ds

In the case when F is a real Banach space we consider its complexification in the second definition. By the
assumption on the support of f we may identify I+ with a bounded operator from L?(Q) to E of the same norm.
Since I¢hy, = f(n), for any finite subset 1~ C 7% we have

1
2

Z ’Ynf(n)

nekF

2
> Wmlfhn

nekF

5< <Z|f Ii”)l

nekF

It follows that I € 7(L*(Q), E). By the identification made above it follows that /7 € (L*(R), E) and

I

wa(Lz R4),E) ||If|| (L2(Q),F) S (Z | f(n ||p>

nezd
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From (1.3) it follows that

1

Wi = Wil = e ;< 508 3 1)

nezd

Fort e R:=[0,1)¢ put f,(s) = f(s+t). Thensupp f; C Q and

1
£y ey = | fellymamy < T (E ( >l feln ||p>

nezd

By raising both sides to the power p and integrating over R we obtain

Il casy < T30 (/ant pdt) =73 ></Rd|f<s>npds>p

nezd

(2) This is proved similarly. Note that by part (1) (with p = 1) we have f € v(R%; E). O

Let (S, %, 1) be a measure space. For a bounded operator R : L?(S) — FE and a set S; € X we define
Rls, : L*(S) — Eby
R|s,9 = R(1s,9).
Note that if R € v(L?(S), E), then R|s, € v(L*(S), E) and
1R]s0lly(z2(5),8) < I Blly(z2(3),8)

by the operator ideal property of v(L2(S), E).
In the following lemma we use the well known fact that if £ has type p (cotype q), then the same is true for
the space L?(Q; E) and we have

TP(LQ(QQE)) =Tp(E), Cq(L2(Q3E)) = Cy(E).

Lemma2.2 Let (S, 3, 1) be a measure space and let (S;);>1 C X be a partition of S.
1. Let E have type p € [1,2]. Then for all R € v(L?(S), E) we have

IRl (z2s),m) < Tp(E) (ZHR|S ||'y(L2(S) E)) :

7j=1

2. Let E have cotype g € [2, 00]. Then for all R € v(L?(S), E) we have

IRl (L2(s),m) = (ZHR|S I ~(L2(S), E)) :

j=1

Proof. (1) We may assume that n(S;) > 0 for all j. Fixing R, we may also assume that X is countably
generated. As a result, L2(S) is separable and we may choose an orthonormal basis (h;x); k=1 for L2(S) in
such a way that for each j the sequence (% )x>1 is an orthonormal basis for L2(S;). Let (vjx);k>1 and (1) j>1

be a doubly-indexed Gaussian sequence and a Rademacher sequence on probability spaces (€2, P) and (Q’ P,

www.mn-j ournal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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respectively. By a standard randomization argument,

2\ 3
IRy (z2es).m) = | E|| D visRhji
Jk>1
2\ 2
= | E|| Y_ visRls,hjn
Jk>1
2 3
ol S DILDBLTEL A
gzl k21 L2(OE)
p v
ST (LA E)) [ D2 || D vinkls, i
gz k21 L2(;B)
:TP(E) Z|‘R|SJH3(L2(S)7E)
Jjz1
(2) This is proved similarly. 0

We are now prepared for the proof of Theorem 1.1. Recall that the Schwartz functions ¢ and ¢, k& > 1, has
been defined in Subsection 1.2.

Proof of Theorem 1.1. (1) First we prove the “only if” part and assume that £ has type p. Let f € .7 (R%; E)
and let fi := ¢y = f. Putting gi.(z) := fx(27%x) we have g, € . (R%; E) and

suppgr C {£ € R?: ¢ <2} C [—m,7]%

Hence from Lemma 2.1 we obtain f;, € v(R¢%; E) and

— — kd _ kd
I fxlly ey = 2752 || gkl e,y < 22T (E)|gill o raspy = 27 ~ 2 T (B)|| fill o (re; py-

By using Lemma 2.2, applied to the decompositions (Sax)xez and (Sari1)rez of R\ {0}, we obtain, for all
n>m =0,

P
2jd _ 2j

"\ zjd_ 2ja
< T;(E)TP(E)< > 2 )p||f2j||§v<Rd;E>>
j:m

2n
> e

k=2m

7(REGE)
1
n—1 P
2j+Dd _ (2j+1)d
+TJ(E)Tp(E)<§ 2% 2 )p|f2j+1||’£p(Rd;E)>

Jj=m

Estimating sums of the form 775" ™%, . and 3775 | in asimilar way, it follows that f € (R E)
and

1f 1l @esE) < 2TJ(E)Tp(E)HfHB

I~

1
2

) @)

k]

p,

Since . (R%; E) is dense in Béﬁ,_a)d(Rd; E) it follows that the mapping f — I extends to a bounded operator

I from Bzgf_a)d(Rd;E) into v(R%; E) of norm || I|| < 2T,)(E)T,(E). The simple proof that I is injective is
left to the reader.

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim Www.mn-j ournal.com
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Next we prove the “if” part. For n > 1, let ¢,, € . (R?) be defined as
Un(§) = c27"2g(27m¢),
where ¢ := ||¢|\Z§(Rd). Then (¢3,),>1 is an orthonormal system in L?(R<). For any finite sequence (z,,)3_; in
E we then have, with f := ij:l V3 ® Ty,

N
§ TnTn
n=1

2
115 gy = E

Notice that for k > 1,

1
ok * orll Loray = 25475516 % @] 1o (Ray
and
_1
lor+1* Pkl e ey = 285k Ol Lr(re)-

Therefore, forn =1,..., N,

_z 11
lpsn * Fllzoqes;zy = €272 0sn % GaallLoqea |zl = €23 7536 1 6]l o gyl

and similarly,

1_1 (11
lan1 * flloggam = ¢23 733902 00 4 6]l 1 gay |2

and

1_ 1
3nt1 % fllzo@asm = 237503 o1 5 6] Lo ggay [ n]-

Finally, for k > 3N + 2 we have ¢, * f = 0. Summing up, it follows that there exists a constant C, depending
only on p, d and ¢ such that

11

N 5
1 < C In p .
e < S t)
By putting things together we see that £ has type p, with Gaussian type p constant 7)) (E) < C | I]|, where
I: Bzgg*i)d(Rd; E) < y(R% E) is the embedding.
(2) This is proved similarly. O

B

As a special case of Theorem 1.1, note that for every Banach space E we obtain continuous embeddings

BY (R E) — (L*(R"), E) — Bx'x (R": E).
As is easily checked by going through the proofs, these embeddings are contractive.

Let H*P (Rd; E) witha € Rand 1 < p < oo, denote the usual E-valued Lebesgue—Bessel potential spaces
[3, Section 6.2] and [21, Section 2.33]. In [10] the y-Sobolev spaces (H**(R¢), E) are introduced and their
basic properties are studied. From Theorem 1.1 we obtain the following ~-analogue of the Sobolev embedding
theorem.

Corollary 2.3 1. If E hastype p € [1, 2], we have continuous embeddings

HoP(RE E) — Bot G R BY < (H02(RY), B)

for all o, 8 € R satisfying o > 3 + (% - 3)d.

2. If E has cotype ¢ € [2, o], we have continuous embeddings
v(HP2(RY),E) — Bf,j(ﬁ‘i)d(Rd;E) — H*4(R% E)
forall o, 5 € R satisfying a < 5+ (1 — 3)d.

www.mn-j ournal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Remark 2.4 Taking ¢ = oo in (2) we obtain the embedding (2 ~%*(R?), E) — Bfo_,é (R% E) as aspecial
case. If 3 — & is strictly positive and not an integer, the latter space can be identified, up to an equivalent norm,
with the Holder space (BUC’)ﬁ" (R%; E) [1, Equation (5.8)] and we thus obtain a continuous embedding

y(HP2(RY); E) — (BUC)?~% (R E). (2.1)

Proof. The second embedding in (1) and the first embedding in (2) are immediate from Theorem 1.1 com-

bined with the fact that (I — A)~#/2 acts as an isomorphism from B,gé_i)d(Rd; E) onto Bﬁ+( 3)d (R4 E)
[1, Theorem 6.1] and from (L2 (R?), E) onto (H ~#%(R¢), E). The first embedding in (1) and the second
embedding in (2) follow from the E-valued analogues of [3, Theorem 6.2.4]. O

Note that (2) can be combined with the classical Sobolev embedding theorem to yield an inclusion result
which is slightly weaker than (2.1).

If we combine Theorem 1.1 with the boundedness of the Fourier transform on ~(L?(R?); E) we obtain the
following result for the Fourier transform on R<.

Corollary 2.5 Let E be a Banach space with type p € [1,2] and cotype ¢ € [2,00]. Then the Fourier

1_1 1
transform is a bounded operator from Bzgj; : )d(Rd; E) into Bg 2)d(Rd; E).

3 Embedding resultsfor bounded domains

Let D be a nonempty bounded open domain in R¢. For 1 < p, ¢ < oo and s € R we define
B (DiE)={f|lp: f€B;,(RLE)}.

This space is a Banach space endowed with the norm

inf H.fHB;’q(]Rd;E)-

||9HB;,Q(D;E) = g

See [22, Section 3.2.2] (where the scalar case is considered) and [2].
In Theorem 3.2 below we shall obtain a version of Theorem 1.1 for bounded domains. We need the following
lemma, where for » > 0 we denote B, := {z € E : ||z|| < r}.

Lemma3 1 Let1 < p,q < ooandlets € R. There exists a constant C such that for every r» > 1 and for all
fe p,q( ; ) with Supp(f) C B,,

1]

B ®%E) < C | flBo B3 (BoriE)-

Proof. Choose ¢ € . (R?) such that ) = 1 on By and 1) = 0 outside B.

Fix an integer & > max {s, 4 — s}.

Notice that for the L-dilation Yi(x) = ¢(Lz) we have ||¢%||Wk,w(Rd) < |9 llw.ce (rey. Choose g €
Bs ,(R% E) suchthat g = f on B, and

191155 ;) < 2111820 |85, (B2ri)-

Then it follows from the vector-valued generalization of [22, Theorem 2.8.2] that

1]

By JREE) — delf, B J(RELE) — HQ/“

Bs (R%E)

< cllYllwe oo(]Rd)Hg| B ,®4E) < C o I Bs  (B2riE)
where C' = 2¢||9 ||y k.o (re)- O

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com
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Theorem 3.2 Let 1 < p < 2 < ¢ < oo and let D C R? be a nonempty bounded open domain.
1. E has type p if and only if we have a continuous embedding

1

,,% d
B, (Ds B) = +(12(D), B).
2. E has cotype ¢ if and only if we have a continuous embedding
2 (5-3)d, .
7(L (D),E) — By 4 (D; E).

In both cases, the norm of the embedding does not exceed the norm of the corresponding embedding with D
replaced by R<.

Note again the special cases corresponding to p = 1 and ¢ = oo, which hold for arbitrary Banach spaces E.
Corollary 2.3 admits a version for bounded domains as well.

Proof. The “only if” parts in (1) and (2) and the final remark follow directly from the definition.

For the proofs of the “if” parts in (1) and (2), there is no loss of generality in assuming that 0 € D. Let
D,, = 2"D and note that 1 p, — 1 point-wise. The idea is to “dilate” the embedding for D to D,, and pass to the
limit n. — oo to obtain the corresponding embedding for R¢. That E has type p or cotype q is then a consequence
of Theorem 1.1.

(1): The result being trivial for p = 1 we shall assume that p € (1,2]. Fix a function f € . (R% E) and
note that by Lemma 2.1 (applied with p = 1) that f € v(R% E). Fix n > 1 arbitrary and put f,, := f|p,. Let
gn : D — FE be defined by

gn(x) := fu(2"2z), xz€D.

Then g, € v(D; E) and

”gnll'y(D;E) = 2_Endanll'y(Dn:,f’E)'

Also, g, = g™|, where g™ (z) = f(2"z) for = € R%. By Lemma 1.2 there exists a constant C' > 0,
independent of n, such that

—n 5]

AUNE I A ST Bt meim)

A
Denoting by I : B,g,f,_a)d(D; E) — ~(D; E) the embedding, it follows that

1falls(Dasy = 22" gnlly (o) < 221 1] [lgnl 1) SO

ol D ol D

)

Passing to the limit n — oo we obtain, by virtue of (1.2),

Il < CMINA -3y

B R4 E)

An application of Theorem 1.1 finishes the proof.
(2): It suffices to consider the case ¢ € [2,00). Fix f € C° (Rd; ) and let » > 1 be so large that supp(f) C
B,.. With the same arguments as in (1) one can show that

)d < CHfH'y(Rd;E)a

(11
Bq,g (Dns

where f,, = f|p,, asbeforeand C is a constant not depending on f and n. It follows from Lemma 3.1 that there
is a constant C’, independent of f and , such that

11 ogye <O flma,
qg (R4 E)

B ’

)

Q=

B

www.mn-j ournal.com © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



248 Kalton, van Neerven, Veraar, and Weis: Vector-valued Besov spaces and ~y-radonifying operators

Choosing n so large that Bs,. C D,,, we may conclude that

11 ! n 1.1 § ! . .
||f||B£§,§) . <Af. HBS?E) y C'CNfllywee)
Since C2°(R%; E) is dense in y(R%; E) the result follows from Theorem 1.1. O

It is an interesting fact that at least in dimension d = 1, the “if part” of Theorem 3.2 (1) can be improved as
follows.

Theorem 3.3 If p € [1,2) is such that we have a continuous embedding

By, *((0,1); E) = 5(L*(0,1), E),
then E has type p.

Proof. We may assume that p € (1,2).

First, for s > 0 we introduce an equivalent norm on By  (R; E') which does not involve the Fourier transform
and can be handled quite easily from the computational point of view.

For h € R and a function f : R — FE we define the function T'(h) f : R — E as the translate of f over h, i.e.,

(T(R)f)(E) = F(E+ h).
For f € LP(R; E)and ¢t > 0O let

op(f,t) :== sup |T'(h)f — fllLo(r:E)-
[h|<t

Then

1]

1
b = Wl + ([ (oatr 0 %)

(with the obvious modification for ¢ = oc) defines an equivalent norm on B, (R; E) (see [18, Proposition 3.1]
or [20, Theorem 4.3.3]).

With these preliminaries out of the way we turn to the proof of the theorem. Since every Banach space has type
1 we may assume thatp € (1,2). Letn > 1and xo, ..., 2z,—1 € E bearbitrary and fixed. For j =0,...,2n—1,
lett; = ;. Define f : R — E as

n—1
f = E :1(t2k7t2k+l]xk'
k=0

Then || fl| Lo r;p) = (2n)*§ (ZZ;& chka)%. Let0 <t < (2n)~landtake 0 < |h| < t. If h > 0, then

T(h)f - /= Z (1(t2k_hat2k] - 1(t2k+1—h7t2k+1])xk'
k=0

If h <0, then

h)f - f = Z (— 1(t2k,t2k+h] + 1(t2k+1,t2k+1+h])xk

In both cases we find that

n—1
IT(h)f = FllE o sy < 2|h|ZHwka 20y [lzxl|”.
k=0

(© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim WWW.mn-j ournal.com



Math. Nachr. 281, No. 2 (2008) 249

This shows that g, (f, ) < 27t7 (v, NP ) forall 0 <t < (2n)~1. It follows that

(2n)~ 1! 141 l (2n)~1
/ tr 2Qp 2p ZH.’L’;CHP / t
0 0

=2:+(2n) -%<Z|xk|p)

If £ > (2n)~1, then o, (f,t) < 2|/ f|l, = 2(2n) "> (Srs, ||:z:k||?’)%. It follows that

1
1 n—1 Pl
dt 1 11 dt
= +29 f, <2(2n)" 7 | / t—rtz 2
/(%) 1 p(f.0)7 < 2( Solleel ) S

N

ﬂ
t

It follows that f € B”, * (R; E) and by restricting to (0, 1) we obtain

n—1 %
Cp(2n) "% <Z |xk|*°>
k=0

<If 54
((0,1);E) BY, ~(R;E)

11

1_1
P2
BPJ

where C), depends only on p. On the other hand,

zm

1
2

¢l (z200,1),8) =

L2(E)

From the boundedness of the embedding I : B?, *((0,1); E) — ~(L?(0,1), E) we conclude that

1
n—1 P
ka < Cy(2n)H|1| (Z ||xk||1’>
L2(S;E) k=0

Hence E has type p, with Gaussian type p constant of at most C,, || I|. O

1
2

Returning to Theorem 3.2, we note the following consequence:

Corollary 3.4 Let D C R? be a nonempty bounded open domain with smooth boundary. Let p € [1,2] and
let o, 6 € R satisfy a > 8 + (% — %)d > 0. If E has type p, we have a continuous embedding

C*(D;E) — ~(H**(D),E).
Proof. Fora >~ > 3+ (5 — 3)d > 0 we have, cf. [2],
C*(D:E) = B o (D:E) — By » (D5 ).

The result now follows from Theorem 3.2. O

For dimension d = 1 we have the following converse:
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Theorem 3.5 Let £ be a Banach space, let p € (1,2) and let a € (0,7 — 3). If C*([0,1];E) —
v(L*(0,1); E), then E has type p.

In particular this shows that in the spaces £ = [? and E = L?(0,1), with p € [1,2), forevery a € (0 = — %)
there exist a-Hlder continuous functions which do not belong to 7(L2(0 1), ) Indeed, for such o we can find

p < p’ < 2suchthat o € (0, L — 1), but both I¥ and L (0, 1) fail type p’. A similar result holds for £ = ¢,
and £ = C([0,1]) and « € ( %) This improves the examples in [19], where only measurable functions are
considered.

Proof. Assume for a contradiction that £ is not of type p. We will show that this leads to a contradiction.
By the Maurey—Pisier theorem (see [13]), I? is finitely representable in E. Fix an integer nand let T : 2 — F
be such that for all € I

el < 1T < 2[lg-
Choose 1 < 7 < (Lp+ap) ™" Letc = Ssii T andletty =0, tp = ¢ 28 i7" for k > 1. Let (ex))_,
be the standard basis of {2 and define g, : [0,1] — £ as
<1 2t =tk =t
gn(t) = th — k-1
0, otherwise.

>€k; if te(tk,htk] for 1<k <n,

We claim that g,, is Holder continuous of exponent o and

t) —qgl(s
lgnllceqonrn, = sup lon(®l + sup WOZIGNe )y e e,
e te[0,1] " 0gs<i<l |t — 5|«

To show this we consider several cases. First of all ||g,,(¢)||;» < 1forallt € [0,1]. Ift,s € [tp_1,tx] for some
1<k<n,
|2t —tp — tk_1| _ |2S —tr — tk_1|
tk — tkfl tk - tkfl
2|t — s o 2|t — s|* o 2|t — s|®
R T Y L [ I

gn(t) = gn(s)|lir, =

If s € (tg—1,tx] and t € (tx,try1) for some 1 < k < n — 1, then by the above estimate and the concavity of
T — %,
9n(t) — gn(S)|liz < 119 () — gn(te)lliz + [1gn(tr) — gn(s)[liz
20t — 1] 2/t — 8| 22t — |
= [ o < [
|tn - tn71| |tn - tn71| |tn - tn71|

Ifs e (ti—1,t;]and t € (tg—1,tx] forl + 2 < k < nthen
gn(t) — gn(s)llir <2< 2(tk—1 —t)*(tn — tn—1)"" < 2(t — 8)*(tn — 1)

For the other cases the estimate is obvious and we proved the claim. We have g,, € 7(L2(0, 1), l;’;) and a standard
square function estimate (cf. [16, Example 7.3]) gives

) n 12t =t — tra
HIQnH—y(L2(O,1),lp > Ky kz:: </tk 1 (1 tr —th—1 ) )

1

_ kv i( i 1/11(1 15])2 dt)

k=1

2 pr
()7 ),
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where K, is a constant depending only on p. Define f,, : [0,1] — E as f,, := Tg,. Then f, is a-Hblder
continuous and Iy, € v(L?(0,1), E) with

I fullce(o,n,2) < 2llgnllco(o,1,m) < 2(1 4 4cn")
and

D

||Ian:(L2(o_,1)7E) > HIgn”g(Lz(oJ)Jg) >3 2c

(n+1)" %+ —1).

KP
P2 —pr

Since the inclusion operator 1 : C*([0, 1]; E) — ~v(L?(0, 1), E) is bounded we conclude that

1
1 1 2p pr 1 )
3¢ 2 K,————((n+1)7 2T —1)7 <2(1 +4c*n"™).
(2—pr)»
Since we may take n arbitrary large, this implies —5 + % <ra,S0r > (ap + g)_l. But this contradicts the
choice of r, and the proof is complete. O

After the completion of this paper, an improvement of Theorem 3.5 has been obtained in [14] where it is shown
that if po € [1,2) and C*([0,1]; E) — 7(L?(0,1), E) for a = -1 — 5, then E has type p for some p > po.
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