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1. Introduction 

In  this note we ans~ycr a question of A. Prmsm by constructing an example of a 
quasi-normed operator ideal on a HILBEBT space which admits more than one continu- 
ous trace. We aiso characterize the cIms of uniquely traceable operators as described 
below. 

Let H be a separable =BERT space and let a be an ideal in X[H) (the compact 
operators on H). Then a trace “21) on B i s  8 linear functional t: J + C so that 
[T 1) T(P) = 1 if P is a projection of rank one. 
(T2) T(AB) = @A) if A E 3) and B E I(H). 
In addition r is called separateiy continuous or (Y, $)-continuous ([2]) if 
(T3) For every A E 53, the linear functional B + r[AB) is bounded on Y(R). 
Let C, be the trace-class and let tr: C, + C denote the standard trace. If A E P, 

and rank (A) < 00 then 

t ( A )  = tr [A) .  

If t verifies (T3) then for every A E P, we have 

sup (tr (A&\ < 00 
11&W 

n b n k E < a  

and so A E C,. Hence if 2) supports a separately continuous trace then P, c C,. 

supports exactly one separately continuous trace, namely the standard trace tr. 
We shall say that a positive T E C1 is uniquely tnrceQble if the ideal P, it generates 

An ideal 9) is said to be qumi-ncrmed if there is a quasi-norm 1.1 on 9 verifying 
[Ql) [a, 1-1) is complete 

(Q2) 1-41 BBllAll A E 3 
for same /3 > 0, and 

(Q3) 1 8 4  S IlfJlll4 llTll 8, E W) A E 9) 
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Proposition 1. I /  P, is a quasi-nomed ideal and t i s  a separately continwrus trace on 

Remark. The converse is clear (123 p. 68). 
Proof. Suppose first that A, E .B is a sequence of normal operators verifying lA,l 4 0. 

We show t [A, )  + 0. Indeed if not we can find normal B, with I B, I I 2-n and t[B,) 2 n. 
Now there esists isometries U,, : H + H (not necessarily surjective) so that the se- 
quence C, = UnBnUZ commutes. Let Pn = IC,l = (qCJ1la. Then x P, converges 
in to an operator P and each C,  can be written C = PT, where llTnll 5 1. Thus 

P, then T is continuow on (a, 1.1). 

sup .(C,) < 00. 
n 

However t[C,) = z(U,B,Uf) = z(BnU:U,) = n. 

and 1.4, - A:l +- 0 and hence t (A, )  + 0. 
For the general case, if A ,  is any sequence in 3 with lA,l --f 0, then ISn + A*,l --t 0 

2. Some preparatory lemmas 

For A E X [ R )  denote by s,(A) the sequence of singular values of A so that IlAII = s,(A) 
2 %(A) .2 -. - 2 a,,@) +- 0. Define 

?-i(t) = sup {n: &[A) > t }  t > 0 .  

m e n  vA is a monotone decreasing function continuous on the right. 
We note first some easy inequalities. Erst  

(1) am+n-I[A + B)  5 im(A) + 8n(W 

for A, B E X(H), m, m E N (6. [l]). It follows that 

(2) q.4+&) 5 47.4 (i) f 47B (+) 
Further note that 

W W 

(3) c sn(A) = J vA(t) at. 
n=1 0 

Now suppose A 2 0 and A E %(a). Then the sequence {s,[A)) consists of the eigen- 
valnea of A arranged in decreasing order. Let us define 

(II 

t r m  (A) = C an(A) * 
j-1 

(4) 

Then 

(5) 

where P ranges over aJl self-adjoint projections of rank m. 

trm (A)  = max (tr (PAP)) 

Lemma% FOT A, B 2 0 and m, n E N w e b v e  

(i) 
(ii) 

t r m  (A + B) S t r m  (A) + k m  (B) 
km+n (A + B) L t r m  (A) + t r n  (B) - 
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Proof. (i) is immediafe. For (ii) note that there exi& self-adjoint projections P, Q 
so that rank P = na, r d Q  = n and 

tr (PAP) = tr, (A)  

P (WQ) = tra (B)  - 
Let R be a &-adjoint projection onto a aubspaee of dimension tn + n containing 
P(B) and Q(H). Then 

tr (RAR) 2 trm ( A )  

tr (RBR) 2 tr, (B) 

tr (B(A + B)  R) S t r+ ,  ( A  + B) . 
but 

Lemma%. I f  A ,  B E X(H) and A ,  B 2 0, then 

(i) W B ( t )  b max (w, r p B ( q  t > 0 
(fi) 9.4i.E(4$) 3 max ( q A ( t ) ,  q B [ t ) )  t > 0. 
Proof. (i) is immediate, for if p.<(t) = m then ( (A  - t1) 2, 2) > 0 on a subspace 

of dimension m. Hence ([A + B - t l )  x,  z) > 0 on the same mbapace end so Y&B(t) 
2 ?n. 

(ii) Let qA(l) = m, q&) = n and suppose pA+~(4t) 2 2 max (m, n). Let Q)diE(4.t) = k; 
then 

bt (A + B) > kwm (A  + B)  + 4(k - m - n) t 

2 tr, (A) + tr, (B) + 4(k - ?n - n) t .  
However 

trt [A)  I; km (A)  + (k - m) f 
trt (B) 5 tr. (B) + (k - n) t -  

t r , ( A  + B) 5 trm (A) + trm (B) + (2k - m - n ) t ,  

2E - rn - n > 4(k - m  - n) 

E < - (m + n) I 3  max (m, n). 

Hence 

Thns 

and SO 

3 
2 

Now for u > 0, A E  C, with A 2: 0 we shall define 

a 

PAW = J ?&) 
0 

Lemma 4. If A , B  E C, with A , B  2 0 then 

fPA+i?(a) - p d ( @ )  - FB(a)l W&tE(@>. 
Proof. Firs% note that 

0 

j- I 
FA@) * (sj(A), 5) - 
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Now since p 2 max (m, n )  (Lemma 3 )  

and hence 

Thus 

Conversely q 5 3 max (m, n)  and hence 

where N = max (m, n). Thus 

Hence 

We conclude 

.Lemma 6. Suppose ly: (0, 00) + (0, 00) i s  a right-continuous integer-valued monotone 
decreasing functh. Suppose 

(8) j r ( u )  au < a. 
0 

(b) There existcon.&u&C< 00 and0 c y < 1 sothut 
8 

J Y(U) Gh s Cyaly(ya) 0 c a s 1. 
0 

l'hen there exists cO7astads K < co and a > 0 90 tisat 

for 0 < 8, t I 1. 
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J y(u) du 5 cZay(a) o < a g y-1. 

0 

Xext we observe that we may suppose y = 2-3 where p E LV. Let 

dk = 2 - k ~ ( 2 - k )  k 6 N. 

For n E N we define v, E w, the space of all real sequences, by 

v,(k) = - k E  N 
4 

If n 2 p then 

0 S vn(k) 5 C 
so that {vn: n 2 p }  is bounded in w. Let r be the closed comes null of {vn: n 2 p } .  
Then r is compact. 

By hypothesis if k 2 p 

Tdu)  du 5 o d k  
0 

and hence 
W 

ai 5 2m,. 
i-r 

Hence if m > k 2 p 

and's0 
m 
.L' WnU) 5 2fin(k) 

j= k 

NOW if E r 
I 

2 4j) 5 2&(k). 
i- k 

Since w is bounded this implies that w E c,,. Let P be the closed positive cone of o; 
then I' - P is closed and the constant sequence e = (1,1, . . .) is not in T - P. Thus 
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there exist p,, 2 0 finitely non-zero such that 

and 

for all n 2 p .  If j b  = 0 for k > N me conclude that 

ZBk=l 

Bkvn(k) 5 1 - 6 

minv,(k) 5 1 - 8 
k S N  

for n 2 p. Thus for every n 2 p there exists k 5 N with 

dn+k S (1 - 6 )  d , .  
Fix a > 0 by TNa = 1 - 8. We deduce that if n Z p ,  a E N there exists k with 

uN .c k 5 (a+ 1)N and 

d,,+k 5 [l - 6)'fl d, = 2-('+1)'Ndn. 

Hence if (a - 1) N < 1 I; ON, since y is monotone decreasing, 

d,, 5 2k-'1j,,+~ 5 2W2-(a+l)ddn = 21-(0-1)"2-W n -  < 2N2-1adn. 

We easily deduce that for some constant K we have 

sty(&) 5 Rsattp(t) 

for every 0 < 8 ,  t < 1 and the result follows. 

3. The main results 

Let T be a positive compact operator and let y(t)  = p&). Then the two-sided ideal gT 
generated by T is determined solely by y. In fact A E BT if and only if for some y,  
0 < y < 1 and some C < 00 we have 

(6) a&) s Cy(yt) t > 0. 
We denote the set of such A by .B(y). To see that a ( y )  is an ideal one must use equa- 
tion (2). 

Suppose in addition we have that for some 1,0 < 1 < 1 , 

v(2) 2 2y(t) t > 0. 

Then B(y) is a quaai-normed ideal if we define [A/  to be the infimum of all c > 0 so 
that 

ar(@ 5 Y ( t )  t > 0. 
Note here that 



We idso remark that if is any right-continuous monotone dew- integer valud 
function with lim y(t) = 0 then there k s positive cornpaat operator T with yT I y. 

clearly S ( y )  t C, if and only if T E C,, i.e. 
bra 

00 

J p ( u ) d u  < m.  
0 

'Pheorem6. %uppo8e y is a ~ronntyativs nwmofolrc&m'wdecreasirag, ilrteger-vazzcecl kft-con- 
tinww function on (0, 00) witir 

00 

J Y ( U ) d u  < 00, 
0 

!!?%en the foll&ng are equivalent: 

(i) If t is a separately continuow trace on B(y) then 

.(A) = tr (A)  A E B(y).  

(ii) There exists K < 00, a > 080 thafif 0 s, d 1 

yr(W 2s --w - 
Proof. (i) + (ii): L&m suppose (ii) fails. Then, according to Lemma 5 we can find 

a sequence a, with 0 < a, 5 1 and 
(1. 
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C 0 S A ( A )  s-  
Y 

where vd(f) 5 C y W  
We &o note that if 6 has finite rank then qn(t) is bounded and then 

E h ( 4  I 
for some n. Hence A(A) = 0 if rank A < do. Now extend '1 to e linear functional still 
denoted by A, defined on B(p). We note that 

A( U-lAU) = A(A) 

if U is unitary. 

H = PI - Pn where P,, Po am positive and 
If rank A < 00 then A(A) = 0. Furthermore if EI is hermitian then we can write 

F&+P*(t) = q H ( t ) -  

IA(H)I 5 cy-' * 

Hence if (pa@) 5 Cy(yt) then 



In general if A E B(y) then 

and hence if p&) 5 Cyfyt) then 

It follows easily that A is separately continuous, i.e. for each B E 3 ( y )  the linear 
functional A +d(AB) is bounded on I@). 

Now define t ( A )  = tr (A)  + A(A) for A E a ( y ) .  Then 7 is separately continuous and 
t(P) = 1 for every rank one projection. Furthermore 

T(W-~AU)  = %(A) 

for every unitary U and hence 

t(AB) = t(BA) 

for every B E IIH), A E B(y) (cf. [2] p. 63). 

with 
To see that T is a trace distinct from tr we need only produce a positive operator T 

P&) = Y W -  
Then A(T) = 1 and hence z(T) = tr (2') + 1. This shows that (i) 3 (5). 

(ii) + [i): Let us assume T is a sepamtely continuous trace on (y). Let us write 
A(A) = .(A) - tr (A), so that A is sepadely contmuous andd(F) = 0 if rank F < 00. 
Suppose C < do and 0 < y c 1 ; then there exists Y < ca so that if 

(7) 9 4 )  5 Wfl) 
then IA(A)l S Y. 

write 
Fix A satisfying (7). Then for n E N using standm3 representation theorems we crtn 

A = P + A ,  + * a -  + A ,  

where rank F < do and 

1 
?A,(t) 5 VA?l(t) 0 5 t d 1 

and 
q&) = o  t > l .  
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Hence 

and hence A(A) = 0. It follows that tr (A)  = .(A) for A E 9)(y). 

Corollary 7 .  Let T be a positive trace-chs operator. I n  order that T is uniquely &meable 
it is 1 z e c e ~ ~ v y  and sufficient that there exists p > 1 and C < OQ so that the singular u a l w  
(48) of T sdisfy 

Proof. It suffices to show that vT satisfies (i) of Theorem 6 if and onIy if it satisfies 
the criterion of the Corollary. In  fact if 

F&t) 5 Ks=-'vT(t) 

VT(48n) < n 

PdJn -1 S n 

FJT(&n -1 2 m 

0 < 9, t < 1, 

1, < 1 and rn > n then 

and hence 

1 and the Corollary follows with p = - 
1 -a *  



If the condition of the Corollary fails we may for every C > 0 p > 1 find m > n 
with I t ,  < 1 so that 

Then q(A) < A and 

Thus 

so that 

Clearly this is a contradiction if p = (I - u)-l and KO-' < 1. 

quasi-normed ided supportii at least two &tinct eontinnous traces. 

Set yo = 0, yl = 1. For A = 1,2, ..., let 

Example. We now construct an explicit exampB of a function y 90 that I ( y )  is a 

We define only d 2 - 9  for m E Nu (0). We do this by induction. Let 3 4 2 - 9  = ynr. 

~ , , , = 4 y + ~  if n ! < m 5 _ n l + n  

ym = 2ym-l if n! + n < m 5 (n + l)! 
Let y be a monotone-demeasing right-continuous integer-valued function with y(2-am) 
= ynr. Clearly a ( y )  is a quasi-normed ideal since 

Furthermore 

~ts!+r) = 2aYn, 
so that p fails Theorem 6(ii). 

We must check that 
8 

J p ( t ) d t  < 00. 
0 

To do this note we need 

Now 

9 xath.RcChr.,Bd.151 
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while 

if 1% 2 2. Hence 

2 (1% + 1) Val < - 
and so 

Qo 

J v ( t ) ~ c - .  
0 

By Theorem 6, B(y)  gives the promised example. 
Added In proof. For an alternative treatment see [3] pp. 312-321. 
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