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ABSTRACT 

In the memoir [22], Johnson, Maurey, Schechtmann and Tzafriri initiated the study 

of the possible rearrangement-invariant lattice structures on an arbitrary Banach space. 

In this work, using somewhat different techniques, we continue this study and improve 

their main results on uniqueness of structure as an r.i. function space on [0,1]. Our 

techniques also yield more general results on uniqueness of structure as a Banach lattice. 

For example, if X is an order-continuous r.i. space on [0,1] and X ^ L2 then if X embeds 

as a complemented subspace of an order-continuous Banach lattice Y then X embeds as 

a complemented sublattice; furthermore this sublattice is lattice-isomorphic either to X 

or, if the Haar basis of X is unconditional, to the atomic Banach lattice generated by 

the Haar basis. We also show that if Y is a nonatomic Banach lattice which is q-concave 

for some q < 2 and is isomorphic to an r.i. function space X on [0,1] then Y is lattice-

isomorphic to X. This leads to examples of r.i. spaces with unique structure as nonatomic 

Banach lattices (in addition to the known examples L\ and L2 due to Abramovich and 

Wojtaszczyk). 

Key words and phrases: Banach lattice, uniqueness of lattice structure, non-atomic, Kothe 

function space. 

VI 
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1. Introduction 

The general problem we address in this paper is to attempt to characterize in some 

way the possible Banach lattice structures that a separable Banach space may have. Thus 

given two Banach lattices X and Y which are isomorphic as Banach spaces we attempt 

to derive results concerning their respective lattice structures; in extreme cases we may 

hope for results that assert that X and Y are lattice-isomorphic. In this paper we will 

be mainly concerned with the case of order-continuous nonatomic Banach lattices which 

therefore may be concretely represented as Kothe function spaces. However we review first 

the literature for general lattices. 

Of course a separable order-continuous atomic Banach lattice is nothing other than 

a Banach space with a given unconditional basis. The question of uniqueness of uncon

ditional basis was considered first by Lindenstrauss, Pelczynski and Zippin in the late 

sixties ([30],[32],[34]). In the language of this paper they showed that there are exactly 

three spaces (^1,^2 a n d c0) with a symmetric unconditional basis which have exactly one 

structure as an atomic order-continuous Banach lattice. Subsequently, Edelstein and Wo-

jtaszczyk ([18],[48],[49]) showed that direct sums of these spaces such as £\ © £2
 a l s o have 

unique structure as atomic order-continuous lattices. In the memoir [5], Bourgain, Casazza, 

Lindenstrauss and Tzafriri probed the problem of characterizing spaces with such a unique 

structure and gave further examples such as ^1(^2)- I n a different direction the uniqueness 

of the symmetric basis was investigated in [31] and [42]. 

The first result on uniqueness of structure for nonatomic Banach lattices seems to 

be that of Abramovich and Wojtaszczyk [2] who showed that the the uniqueness of the 

unconditional basis for £\ and £2 has an analogue for the function spaces L\ and L2. These 

spaces have unique structure as nonatomic Banach lattices. 

The general study of corresponding problems for nonatomic Banach lattices was, how

ever, initiated in the seminal work of Johnson, Maurey, Schechtman and Tzafriri [22], and 

Received by the editor April 3, 1991 and in revised form, November 22, 1991 
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2 N. J. KALTON 

it is this paper which provides the motivation for the present work. In [22], the study was 

focussed on rearrangement-invariant (r.i.) spaces on either [0,1] or [0,oo). These spaces 

are, in a certain sense, the continuous analogues of spaces with symmetric bases. The 

main aim was to prove results characterizing the possible r.i. structures on a given Banach 

space. We will discuss their main results in more detail in a moment. First, however, 

we also mention that their work also initiated the study of finite-dimensional symmetric 

spaces and the general problem of uniqueness of symmetric basis in this case (see [6], [13], 

[20] and [44]). We also mention that in [13] and [44] these ideas were extended to the 

study of possible lattice structures on finite-dimensional Banach spaces, with results which 

when stated in the appropriate language resemble some of the theorems in this paper in 

the infinite-dimensional setting; typical results asserted that under suitable hypotheses, if 

two finite-dimensional Banach lattices are isomorphic then they contain large dimensional 

bands which are lattice-isomorphic (cf. Theorem 2.6 of [13] or Theorems 5.4 and 5.5 of 

[44]). 

It is well-known that a separable r.i. space on [0,1] has an unconditional basis and 

hence a structure as an atomic Banach lattice if and only its Boyd indices satisfy 1 < px < 

qx < oo, and in this case the Haar system gives an unconditional basis of X (see [22], 

[33]). We shall refer to the induced atomic Banach lattice as the Haar representation of 

X, denoted by Hx-

In [22] the approach taken to uniqueness of structure theorems is via embedding 

theorems. Thus, given an r.i. space Y on [0,1], one tries first to identify those r.i. spaces 

X which can be embedded into Y. One way to embed X into Y (when 1 < px < qx < °°) 

is to embed Hx as a sublattice; the conclusions of Theorems 5.1 and 6.1 of [22] are that, 

if we exclude this possibility then, under suitable hypotheses, the identity map is bounded 

from X to Y. Precisely: 

THEOREM 1.1 [22]. Let X and Y be separable r.i. spaces on [0,1] and assume that Y is 

q-concave for some q < oo. Suppose X is isomorphic to a subspace ofY. Suppose either: 

(a) 1 < px < qx < oo? X is not isomorphic as an r.i. space to L2, and Hx is not lattice-

isomorphic to a sublattice ofY, or: 

(b) px = 1 and for some r < 2 there exists C such that \\f\\x < C| | / | | r for all f £ X. 

Then there is a constant Co so that for all f G X we have | | / | |y < Co| | / | |x-
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LATTICE STRUCTURES ON BANACH SPACES 3 

From this theorem results on the uniqueness of r.i. structure can be obtained. Thus 

if we have that X is isomorphic to Y we utilize the facts that X embeds into Y and Y 

embeds into X; if we want to exploit the fact that X is isomorphic to a complemented 

subspace of Y we use a duality argument that X embeds into Y and X* embeds into Y*. 

Thus typical uniqueness of structure results obtained are: 

THEOREM 1.2 [22], [33]. Let X and Y be separable r.i. function spaces on [0,1] and 

suppose X and Y are isomorphic. Then each of the following hypotheses imply that 

X = Y as an r.i. space: 

(a) X is r-concave for some r < 2. 

(b) X is superreEexive and Hx is not lattice-isomorphic to a sublattice of X. 

Subsequent work on r.i. spaces has concentrated on characterizing subspaces of r.i. 

spaces (see [7], [8], [9], [10], [11], [15], [16], [23], [40], [41], [45]). In this paper we concentrate 

on the problems of identifying complemented subspaces (see [12] and [21]) and the question 

of uniqueness of lattice structure. In the course of our study we give a more complete result 

on uniqueness of r.i. structure, eliminating concavity hypotheses and strengthening the 

conclusions. 

By way of motivation let us consider two situations. First suppose X is a reflexive 

Banach space with two unconditional bases (xn) and (yn). Then by a standard argument 

it is clear that there is a block basic sequence (zn) of (yn) equivalent to a subsequence 

(xkn) of (xn) and spanning a complemented subspace of X. This can be rephrased: if X 

and Y are separable reflexive atomic Banach lattices which are isomorphic then there is an 

infinite-dimensional band B in X which is lattice-isomorphic to a complemented sublattice 

of Y. The second example is the result of [25] which shows that something similar occurs 

for a special nonatomic Banach lattice: if X is a Banach lattice not containing CQ and L\ 

embeds into X then L\ embeds as a complemented sublattice of X. 

We prove a very general result of this type in Theorem 7.2. We suppose that Y is 

a separable order-continuous Banach lattice which contains no complemented sublattice 

lattice-isomorphic to £2] we suppose further that X is a separable order-continuous Banach 

lattice which contains no complemented sublattice lattice-isomorphic to L2- Then if X is 

isomorphic to a complemented subspace of Y there is a nontrivial band XQ in X which is 
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4 N. J. KALTON 

lattice-isomorphic to a complemented sublattice of Y. More generally X itself is lattice-

isomorphic to a complemented sublattice of Y{&2)- This latter result is the nonatomic 

generalization of a theorem due to Maurey [37] (cf. [33]) on unconditional bases in Banach 

lattices. 

In the case when we suppose that X is an r.i. space these results can be sharpened. 

In Theorem 7.3 we will show that if Y is a separable order-continuous Banach lattice 

and if X is a separable r.i. space on [0,1] with X ^ L^ and if X is isomorphic to a 

complemented subspace of Y then either 1 < px < qx < oo and Hx is lattice-isomorphic 

to a complemented sublattice of Y or X itself is lattice-isomorphic to a complemented 

sublattice of Y. Thus if a separable r.i. space on [0,1] is complement ably embeddable in a 

separable order-continuous Banach lattice it is embeddable as a complemented sublattice. 

This result is apparently new for the case Lp when p > 1; for p — 1 it is true without the 

hypothesis of complementation (see [25] and Theorem 10.7, below). 

These results allow an improvement of Theorem 1.2 above. We show that if X and 

Y are isomorphic separable r.i. spaces on [0,1] such that either (a) 1 < px < qx < °o 

and Hx is not lattice-isomorphic to a complemented sublattice of X or (b) px = 1 or 

(c) qx = oo then X = Y as an r.i. space. This improves on the theorems of [22] by 

removing all restrictive hypotheses on X and by requiring in the excluded case that Hx 

be a complemented sublattice. 

There is obviously no hope except in special cases of establishing uniqueness of the 

nonatomic lattice structure for an r.i. space. Indeed it is shown in [22] that if 1 < px < 

qx < oo then X admits many nonatomic lattice structures. For example X is isomorphic 

to X(^2), X(L/2) and to an r.i. space on [0,oo). However in the special case of Lp they 

establish a uniqueness theorem by eliminating structures in which £% c a n be embedded 

uniformly as a (complemented) sublattice. In the terminology we introduce in the paper 

this is equivalent to showing that if 1 < p < 2 then Lp has a unique structure as a strictly 

2-concave (i.e. r-concave for some r < 2) Banach lattice and if 2 < p < oo then Lp has 

unique structure as a strictly 2-convex (i.e. r-convex for some r > 2) Banach lattice. 

This result is a corollary of a stronger result that any strictly 2-convex nonatomic Banach 

lattice which is isomorphic to a subspace of Lp for p > 2 is lattice-isomorphic to Lp. 

The atomic version of these results for Hp is due to Dor and Starbird [17]. The spaces 
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LATTICE STRUCTURES ON BANACH SPACES 5 

£p-> 1 < P < 2 are the only Banach spaces with a symmetric basis and a unique structure 

as a strictly 2-concave Banach lattice (and there is a dual statement for p > 2), as is clear 

from Proposition 3.a.5 of [33]. However, for r.i. function spaces on [0,1] the situation is 

rather different. We show in Section 8 that under certain technical assumptions which 

apply to a wide range of spaces that the strictly 2-concave lattice structure on a separable 

r.i. space on [0,1] is unique. The simplest such assumption (with the simplest proof) is 

that px = 1. However uniqueness also holds if px / qx or if X is px-convex. There are 

dual results for strictly 2-convex structures. It is to be noted that these results are of a 

somewhat different nature to the Lp —results which in the case p > 2 apply to any subspace 

and are proved by p-convexity and p-concavity considerations. 

In Section 9 we pursue these considerations one step further by developing a simple 

criterion which allows us to conclude that a Banach lattice does not contain uniformly 

complemented ^J's- This enables us to give examples of r.i. spaces on [0,1] with unique 

structure as nonatomic Banach lattices, in addition to the known examples of L\ and 

L2- Roughly speaking an r.i. space which is very close to L\ will have such a unique 

.structure. For example the Orlicz space L^[0,1] has unique nonatomic structure when 

F(t) ~ t ( log t ) a for large t and 0 < a < 1/2. This example is already mentioned in [22] as 

an r.i. space on [0,1] which is not isomorphic to an r.i. space on [0, oo). 

Finally in Section 10 we consider embedding results in the spirit of [22] and give 

some small improvements to results from [22]. Let us draw attention to Theorem 10.9. 

It is shown in [22] that, if 1 < p < 2 Lp is embeddable into any r.i. space on [0,1] 

which contains L(p, oo) (i.e. weak Lp) by using p-stable random variables. Theorem 10.9 

is motivated by an attempt to provide a converse; an r.i. space of Rademacher type p 

(e.g. the Lorentz space L(pyq) where p < q < oo) is a proper subspace of L(p, oo). In 

Theorem 10.7 we show that if Lp embeds into a Banach lattice of type p then it embeds 

as a sublattice. 

We now give a brief description of Sections 2-6 where we develop our techniques to 

produce these results. Section 2 is mainly devoted to introducing terminology, concerning 

Kothe function spaces and Banach lattices. However we also discuss criteria for comple

mentation of sublattices. In Section 3 we introduce the basic ideas on representing positive 

operators by generalized kernels (or random measures). These ideas have a long history 
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6 N. J. KALTON 

having been explored in [24], [46], and [47], for example. In Section 4 we consider the basic 

situation when a Kothe function space X is known to be isomorphic to a complemented 

subspace of a Kothe function space Y. We associate to X and Y three positive operators 

P, Q,R defined on certain associated spaces. In Section 5 we concentrate on establishing, 

under suitable hypotheses, that these operators carry the information that X is comple

mented in Y (and, in particular, do not vanish). In Section 6 we study hypotheses which 

enable us to argue that the generalized kernels associated to these operators are given, 

a.e., by atomic measures. Thus by Section 7 we are ready to interpret the results. 

Finally let us stress that Kothe function spaces and Banach lattices are (at least in 

the order-continuous case) essentially interchangeable notions, the former being simply a 

concrete version of the latter. It is frequently more convenient to deal with Kothe spaces 

but the reader should keep in mind that this involves no loss of generality. 
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2. Banach lattices and Kothe function spaces 

Let us first recall that a Banach lattice X is said to be order-continuous if and only 

if every order-bounded increasing sequence is norm convergent (see [33] p.7). A Banach 

lattice which does not contain a copy of c0 is automatically order-continuous but the 

converse is false. An atom in a Banach lattice is a positive element a so that 0 < x < a 

implies that x = aa for some 0 < a < 1. A Banach lattice is discrete if min( |x | ,a) = 0 

for every atom a implies x = 0; it is nonatomic if it contains no atoms. The reader 

is referred to Aliprantis-Burkinshaw [3], Lindenstrauss-Tzafriri [33] or Schaefer [43] as a 

general reference for Banach lattices. 

Let K be a Polish space (i.e. a separable complete metric space) and let fi be a 

a—finite Borel measure on K\ see Cohn [14] for background on measure theory. We refer 

to the pair {K, /i) as a Polish measure space; if /i is a probability measure then we say 

(K, /i) is a Polish probability space. We denote by B(K) the collection of Borel subsets 

of K\ if E is a Borel set then XE denotes its indicator function. We denote by LO(/JL) the 

space of all Borel measurable functions on K, where we identify functions differing only 

on a set of measure zero; the natural topology of LQ is convergence in measure on sets of 

finite measure. If 0 < p < 1, an admissible p-norm is then a lower-semi-continuous map 

/ —> | | / | | from £O(A0 t ° [0, oo] such that: 

(a) ||c*/|| = \a\\\f\\ whenever a <E R, / G LQ. 

(h) \\f + g\\p <\\f\\p + \\g\\pJor f , g e L0. 

(c) | | / | | f? H l̂l? whenever | / | < \g\ a.e. (almost everywhere). 

(d) ll/H < oo for a dense set of / G LQ, 

(e) ll/H = 0 if and only if / = 0 a.e. 

If p — 1, we call || || an admissible norm; an admissible quasinorm is an admissible 

p-norm for some 0 < p < 1. 

7 
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8 N. J. KALTON 

A quasi-Kothe function space on (if, p) is defined to be a dense order-ideal X in Lo(p) 

with an associated admissible quasinorm || | |x such that if Xmax — {/ : | | / | | x < °°} then 

either: 

(1) X = Xmax (X is maximal) or: 

(2) X is the closure of the simple functions in Xmax (X is minimal). 

We remark here that, for Kothe function spaces, Xmax coincides with the maximal normed 

extension of X introduced in [1]. 

If || | |x is a norm then X is called a Kothe function space. Notice that according to 

our description we consider || | |x to be well-defined on LQ. Any order-continuous Kothe 

function space is minimal. Also any Kothe function space which does not contain a copy 

of c0 is both maximal and minimal. 

Given any Kothe function space X and 0 < p < oo we define Xp (see [35]) to be the 

quasi-Kothe space of all / such that \f\p G X with the associated admissible quasinorm 

| | / | | x p = | | | / H l x • ̂  *s readily verified that || | |xp is an admissible p-norm when 0 < p < 1 

and an admissible norm when p > 1. We will primarily use the case p = 1/2, in this paper. 

We will also use the subscript + to denote the positive cone in a variety of situations, e.g. 

X+ = {f:feX7 / > 0 } . 

If X is an order-continuous Kothe function space then X* can be identified with the 

Kothe function space of all / such that: 

| | / | | x - = sup / \fg\dp < oo. 
\\g\\x<iJ 

X* is always maximal. 

If /i is a probability measure then we say following [22], that a Kothe function space 

X is good if L ^ C X C Li and further for / G L0, | | / | | i < | | / | | x < 2||/||oo. It is well-

known that any separable order-continuous Banach lattice can be represented as (i.e. is 

isometrically lattice-isomorphic to) a good Kothe function space on some Polish probability 

space (if, ji) (see [22] and [36]). 

In the case when X is nonatomic we can require that K = [0,1] and p = A is Lebesgue 

measure. Alternatively we can take K = A = { — 1, + 1 } N to be the Cantor group and take 

/i to be normalized Haar measure on A which we again denote by A. 

To be more precise let p is a nonatomic (or continuous) probability measure on the 
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LATTICE STRUCTURES ON BANACH SPACES 9 

Polish space K. Consider a Borel map a : K —• A such that A o a~l — fi and such that 

a is essentially one-one (i.e. there is a Borel set E C K so that a is one-one on E and 

li(E) — 1); we shall say that a is an essential isomorphism between (A',/i) and (A, A). 

Under these circumstances it is easy to show that there is a Borel map r : A —» K so that 

a o r(t) = t, A—a.e. and r o a(s) = s, /i—a.e. If X is a Kothe function space on K then 

we define X o a to be space of / £ L0(X) so that / o u G I with the associated norm 

||/||xoo- = | | / ° a\\x'i clearly X o a is isometrically lattice-isomorphic to X . 

LEMMA 2.1 . Let (A", fi) be a Polish probability space, where [i is nonatomic, and suppose 

(En) is any sequence of Borel subsets of K. Then there is an essential isomorphism a : 

(A", /i) —> (A, A) such that for each n there is an open subset Wn C A so that a~1Wn C En 

and\(Wn) = n(En). 

PROOF: We shall assume that the sequence (En) contains a base for topology of K. Let 

(Fn) be a sequence of Borel sets in which each En is repeated infinitely often. We will 

construct a sequence of Borel sets Gn(+1) in K so that if Gn( — 1) = K \ Gn(-\-l) and 

V(eu . . . , £„ ) = nn
k=1Gk{ek) then n{V{eu..., e„)) = 2 " " . 

Assume n G N , and that 6rfc( + l) has been chosen for 1 < k < n — 1. (In the case n = 1, 

let V(0) = AT; the construction described below can then be suitably interpreted.) For each 

c i , . . . , en_i = ±1 consider V ( e i , . . . , en_i) D -Fn- Define a Borel subset of V{e\1..., e n _i ) , 

H(e\,..., en_i) of measure 2~n so that if 0 < / / (V(ei , . . ., en_i) Pi F n ) < 2~~n then this set 

is contained in H{t\,..., e n - i ) ; in the other case when the measure exceeds 2~n we require 

H(eu..., en_!) C V(eu. . . , e n _ 1 ) n F n , Finally let Gn(+1) = U e . = ± 1 i f ( e 1 , . . . , e n _i) . Then 

of course y ( e l 5 . . . , e n_i , +1) = ^ ( e l 5 . . . , e n_i) . 

Now for any Borel set E C AT let Zn(E) be the union of all sets V ( e i , . . . , en) which 

are not contained in either E or K \ E. Note that Zn(E) is monotone decreasing and that 

by construction fi(Zn(Fn)) < | / i ( Z n _ i ( F n ) ) . Hence we have limw-^oo fi(Zjsj(En)) = 0 for 

every n £ N . 

Now we define cr : A -> A by (7(5) = ( / ^ ( s ) ) ^ where hn = X G „ ( + I ) - X G „ ( - I ) - It i s 

clear that a is Borel and that A o a " 1 = ji. 

For each e i , . . . , e n = ±1 let A ( e i , . . . , e n ) = {(G?jfc)j£i : î = e i ^o r ^ — i — n ) 

be the corresponding clopen subset of A. For each En define UN,U be the union of all 
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10 N. J. KALTON 

A ( e i , . . . , ejv) such that V ( e i , . . . , e^) is contained in En. Then cr~1U^jn C £Jn- Further 

^(UN,U) > fJ-(En) — fi>(ZN(En))- Thus if we set £7n = U^=1UN,n then £7n is open in A, 

a~lUn C ^ and X(Un) = fi(En). 

We conclude by showing that a is an essential isomorphism. Let D = U^=1(En \ 

^r~1Un). Then fi(D) = 0. If s i , s 2 E K \ D are distinct there exists n so that s\ E i£n and 

s2 ^ E n - Thf r as1 E 27„; however if (JS2 E C/n then s2 E (J~lUn C E n - Thus a is one-one 

on A" \DM 

Let us now restrict attention to quasi-Kothe function spaces on a compact metric space 

K with a probability measure fi. In this case we will say that X has the density property if 

whenever / E X m a x with | | / | | x < 1 then there is a sequence of continuous functions (f)n so 

that (f)n —> / in Lo and | | ^ n | | x < 1- Notice that if X has the density property then so does 

Xp for any 0 < p < oo. It is also easy to see that any order-continuous Kothe function 

space containing L^ has the density property. 

If X is a Kothe function space we shall say that X has the strong density property if 

both X and X* have the density property. In some circumstances (e.g. if X is reflexive) 

the strong density property is automatic. However, to cover all cases, we will need to show 

that we can always assume it. 

PROPOSITION 2.2. If X is a good order-continuous Kothe function space on a Polish 

probability space (A",/i) where /i is nonatomic. Then there is an essential isomorphism 

<j : K —> A so that X o a has the strong density property Thus any separable order-

continuous nonatomic Banach lattice is isometrically lattice-isomorphic to a (minimal) 

good Kothe function space on (A, A) with the strong density property 

PROOF: Since X is order-continuous, it is necessarily separable. Using this it is easy to 

show that there is a sequence (gn) of nonnegative simple functions on K so that | |#n | |x* < 1 

and for every / E X we have | | / | | x — suPn / l/tfnM/^- Clearly this last equation also extends 

^O -A-max • 

Now, by Lemma 2.1, we can find an essential isomorphism a : (A", fi) —> (A, A) so that 

there is a sequence hn of simple lower-semi-continuous functions on A such that hnocr = gn 

a.e. 

Clearly, as remarked above, Xoa has the density property since it is order-continuous 
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LATTICE STRUCTURES ON BANACH SPACES 11 

and contains L^. We also can find a sequence of nonnegative continuous functions (f)n 

with ||<£„||(Xo<r)* < 1 so that | | / | | x = supn / \f<t>n\dn for f e X. 

Now suppose h > 0 and ||/i||(Xo<r)* < 1- Fix any strictly positive v in X o a. Assume 

h is not in the closure of the set Q of continuous functions in the ball of (X o <r)* for 

convergence in measure; then the same is true for the stronger topology induced by the 

weighted Li—space Li(vdX). By the Hahn-Banach theorem there exists w with \w\ < v 

a.e. such that 

/
hw dji = a > f3 = sup / (pw d\i. 

(f>eQJ 

Clearly 

sup / </>w d[i = sup sup / <j)ipw dfi 
<j>eQ J 4>ec(A),\ii>\<i<j>eQJ 

so that 

P= sup / \</>\\w\dfi= \\w\\x 
4>£QJ 

and we have a contradict ion.• 

Let X and Y be Banach lattices. A bounded linear operator V : X —» Y is called a 

lattice homomorphism if V(x\ V x2) — Vx\ V Fx2 for every x\,X2 £ X. V is necessarily 

positive and it is automatic that the range of a lattice homomorphism is a sublattice 

of Y. If X is an order-continuous Kothe function space on (A"i,/^i) and Y is a Kothe 

function space on (7^2,^2) it follows easily, using for example the ideas of [47] or Section 3 

below, that every lattice homomorphism takes the form V/(.s) = a(s)f(as) //2-a.e. where 

a E L0(fi2) and a : K2 —• K\ is a Borel map. (Of course the boundedness of V will impose 

additional constraints on a and a.) 

If X is a Kothe function space on ( A ' I , / ^ ) and E is a Borel subset of K^ of positive 

measure then we denote by XE the band in X of / such that f(s) — 0 a.e. for s £ E. 

The following proposition is our main criterion for determining that a sublattice of a 

Kothe function space is complemented. 

PROPOSITION 2.3. Suppose X is an order-continuous Kothe function space on (Ki^i) 

and Y is an order-continuous Kothe function space on (A^ , / ^ ) where K\,Ki are Polish 

spaces and / i i ,^2 are a—finite Borel measures. Suppose E is a Borel subset of K\ of 

positive measure. 
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12 N. J. KALTON 

(a) If XE is lattice-isomorphic to a complemented sublattice of Y then there exist 

lattice-homomorphisms U : X —> Y and V : X* —> Y* of the form Uf(s) — a(s)f(as) 

and Vf(s) = b(s)f(as) where a, b G £0(^2) and cr : i^2 —> ^ 1 such that for some S > 0, 

whenever F C E is a Borel set then 

(*) / a(s)b(s)dfi2(s)>Sfi1(F). 
Ja-^F 

(b) Conversely suppose that there exist lattice homomorphisms U : X —• Ymax and 

V : X* -^ Y* of the form Uf = a(f o a) and Vf = b(f o cr) where for some 6 > 0 

and every Borel set F contained in E we have (*). Then XE is lattice-isomorphic to a 

complemented sublattice of Y. More precisely there is a constant C = C(| | t / | | , ||V||, 6) so 

that XE is C-lattice-isomorphic to a C-complemented sublattice of Y. 

PROOF: (a) We can suppose the existence of a lattice-homomorphism U : X —> Y and a 

bounded operator T : Y —• X such that TUf = / for / G XE- We assume Uf — af o a 

where a G LQ(/22) is nonnegative and a : K2 —• K\ is a Borel map. Consider the directed set 

D of all finite partitions V — {G\,..., Gn} of Ki into Borel sets (directed by refinement). 

For any such V we define R<p : X* —• F* by 

n 

J f c = l 

Then by a standard diagonalization argument (cf. Proposition I.e.8, p.20 of [32]) we have 

11-ftp 11 — 11̂ 11- Hence by a compactness argument we can produce an operator VQ : X* —> 

y* , with 11 Vb| I < II 1̂1 7 so that for each / G X*, Vb/ is a weak*-cluster point of the net 

(R-p(f))-P£T>. It then follows easily that for any Borel set G and any / G X* the function 

^ O ( / X G ) is supported in <J~1G. Pick any strictly positive u; G X*. Let 60 = (V0w)(woa)~1. 

Then it follows that VQ(WXG) — Xa-1G^ow = ^O((WXG) ° cr)- It follows quickly that if 

l/l < Mui for some constant M then Vof = bof o a. It is not difficult then to deduce that 

60 is independent of the original choice of w and that Vb/ — bofoa for all / G X*. 

Finally we let 6 = |&o| and V / = bf o a. It remains to verify (*). If F C E we use a 

theorem of Lozanovskii [36] to factorize XF = fg where / G Xmax^^g € X £ with / , g > 0 

and | | / | | x |M |x* = PiiF) — | | X F | | I - We then may select an increasing sequence Fm of Borel 

subsets of F so that UFm = F and / x F m £ X. For any partition V = {G\,... , Gn} we 
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/ (U(fxFJ)(RvgW2 = £ / WxFm))x*-iGkT*(gxGkW2 

= £ / (U(fXFmnGk))T*(9XGk)dfa 
*=i JK* 

(TU(fxFrnnGk))gXGkdfi1 

k= 

= / fXFrnQdfl! 

= fa(Fm). 

Passing to the limit we obtain 

/ (UtfxFm))V0gdp2=v1(Frn) 

which translates as 

ab0(f o a)(g o a)xa-^Fm dfa = fa(Fm). i 
JK-IK2 

Letting m —> oo we obtain (*) with 8 = 1. 

(b) Notice that we do not require that U maps X into Y but rather into Ymax. To 

cope with this we suppose first that v G X is strictly positive and select wn E 7 s o that 

0 < u;n | Uv. Then let an = wn(Uv)~1a and define Unf = anf o a. Since J7n?; G Y it 

follows easily from order-continuity that Un(X) C Y". 

We next introduce Borel measures, vn,v on K\ by setting: 

vn(F) = / anbdfi2 
Ja-^F 

v(F) = / abdfi2. 
Jtr-lF 

We show that these measures are a—finite and indeed fa — continuous. Indeed if F G 

B{K\) then utilizing Lozanovskii's theorem again we factor XF — fg where f,g > 0, 

/ G Xmax, g G Xp and H/Hxlls'llx* — ^ i ( ^ ) - ^ is easy to see that U naturally extends to 

a lattice homomorphism from Xmax into Ymax with the same norm. Hence 

v(F) = / abdfa 

ab(f o cr)(# o a)dfa j 
JK >K2 

<\\U\\\\V\\fa(F). 
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14 N. J. KALTON 

Now we can find by the Radon-Nikodym theorem hnih E Lo(/ii)+ so that 

u(F) = I hdfH un(F) = f hndfjn F e B(KX). 

Since an | a a.e. it follows that vn(F) j" v(F) for all F and hence hn ^ h H\— a.e. 

Next we interpret (*). If F C ^ we have u(F) > 6/J,I(F) and hence h > SXE a.e. It 

now follows from EgorofF's theorem that we can partition E into Borel subsets (En) such 

that hn > \8XEU- Finally we introduce another lattice homomorphism W : X —> Y by 

setting 
oo oo 

n=l n = l 

It is clear that W maps X into F ; in fact for each n, Un(fxEn) £ ^ and the series ]P /XEn 

converges to / by order-continuity. Further we have ||W|| < \\U\\. 

We next consider the map V*W : X —> X**. We will show that this map may be 

considered as mapping into X m a z . If fact if / £ X+ and g £ -X"+ then 

oo 

( J ] anX*-iEn)bf oagocr dfi2 L 2 n = l 
» oo 

jK* n = l 

so that y*VF/ = ( ^ hnXEn)f- Now by choice ]T) hnXEn > 2^X£ anc^ s o there *s a lattice 

homomorphism L : X m a x —» X m a x such that LV*Wf — XE! for f € X and ||L|| < 2/8. It 

follows that VF(X#) is a complemented sublattice of Y which is lattice-isomorphic to XE-* 

If X is a Kothe function space on (K, fi) and if 1 < p < oo, we can define Kothe 

function spaces X(£p) and X(LP). The space X(£p) is a Kothe function space on (A" x 

N , fj, x 7r) where 7r is counting measure on N; an element F of L0(/i x TT) can be identified 

with a sequence ( / n ) of functions in LQ(/I) by F(s,n) = fn(s)- X(£p) consists of all ( / n ) 

such that (X^^Li l /n(5) |p)1^p £ X with the associated norm 

oo 

Mx(/P) = ll(El/»lp)1/,'l^-
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LATTICE STRUCTURES ON BANACH SPACES 15 

It is easily verified that X(£p) is minimal or maximal according as X is minimal or maximal, 

and is order-continuous when X is order-continuous. Similarly X(LP) is a Kothe function 

space on (K x [0,1], fi x A) consisting of all F = F(s,t) such that ( / \F{s,t)\pdtf/p G X 

with the associated norm 

imu(LP) = ii(/iF(-,on1/piu. 
It is now possible to define X(£p) and X(LP) for an arbitrary order-continuous Banach 

lattice by simply appealing to a concrete representation of X and this definition is unam

biguous. 

Our next result is a simple application of Proposition 2.3 which provides an interpre

tation of a result of Maurey [37] (cf. [33] Theorem l.d.6 p. 49) concerning unconditional 

bases in Banach lattices. We state this result formally in order to provide motivation for 

our later results on nonatomic Banach lattices. 

PROPOSITION 2.4. Let X be a separable order-continuous atomic Banach lattice and 

suppose Y is an order-continuous Banach lattice. Suppose that X is isomorphic to a 

complemented subspace ofY. Then X is lattice-isomorphic to a complemented sublattice 

ofY(£2). 

PROOF: We suppose that X is a Kothe function space on (N,7r) and that Y is a Kothe 

function space on (A",/i). Let Xn — X{n}- Let A : X —> Y and B : Y —• X be linear 

operators such that BA = Ix (the identity on X). Then X* and Y* can be identified as 

Kothe function spaces and V ^ ) * c a n be identified with Y*(£2). 

Now by a well-known theorem of Krivine which we use heavily in the sequel ([33], p. 

93 and [29]) we have that if / <E X then for all N G N 

| | ( £ | / ( n ) | 2 | A x n | 2 ) 1 / 2 | | y < ^ G | | A | | | | / | | x 
7 1 = 1 

(where KG is the Grothendieck constant) and hence we can define a bounded lattice 

homomorphism U : X —• Fmax(^2) = ^ 2 ) m a i by Uf(s,n) = f(n)Axn(s). In a similar 

fashion since Y* is already maximal we can define V : X* —* Y"*^) by Vf(s,n) = 

f(n)B*Xn(s). 
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16 N. J. KALTON 

Thus Uf = af o a and Vf = bf o a where a : if x N —» N is defined by cr(s,n) = n 

and a ( s ,n ) = Axn(s), b(s1n) = B*Xn(s)- Now if Q is a finite subset of N 

a(s,n)b(s,n)dfj,= ^ / (Axn)(B*Xn)dfJ> = TT(Q) 

and so the proposition is an immediate consequence of Proposition 2.3.« 

Let us now turn to rearrangement-invariant spaces (cf. [22],[33]). For any nonnegative 

/ G LQ(K,JJL) we define its decreasing rearrangement / * G L0[Q, fi(K)) by /*(£) = sup{x : 

/ / ( / > x) < £}. Now let X be a Kothe function space on either [0, oo) or [0,1] with Lebesgue 

measure. We say that X is a rearrangement-invariant (r.i.) space if | | / | | x = | | /* | |x f ° r a ^ 

/ > 0, and if ||x[o,i]||x = 1. If -X" is an r.i. space on [0, oo) (respectively, [0,1]) and (if, fi) 

is a Polish measure space (respectively, with /-t(if) < 1,) then we define X(K,[i) to be the 

set of / e Lo(/j) such that | / |* G X with | | / | | x = HI/TUx- For example, it will be of some 

advantage to consider X ( A , A) in place of X[0,1]. We will only be interested in separable 

r.i. spaces which are necessarily minimal. It is then easy to see that X(A,A) is a good 

Kothe function space with the strong density property (in fact, except in the exceptional 

case X = Li, the closure of the simple functions in X* is order-continuous which makes 

the conclusion immediate). 

Consider a separable r.i. space X on [0,1]. In this case there is a certain rigidity in 

the structure of sublattices which can be expressed by the following obvious remark. Let 

(if, /i) be a nonatomic probability space. Suppose E is a sub-a—algebra of B(K), and 

E G E. Let X # ( E ) be the subspace of all / G X which are E—measurable and supported 

on E. Then X # ( E ) is a norm-one complemented sublattice of X(K, fi) by the conditional 

expectation operator. Further X#(E) is lattice-isomorphic to X[0,1] if and only if fi is 

nonatomic when restricted to E. A slightly deeper observation is: 

PROPOSITION 2.5. Let X be an order-continuous Kothe function space on (if, /i) where 

K is a Polish space and fi is nonatomic Borel measure. Let Y be a separable r.i. space on 

[0,1]. Suppose X is isomorphic to a complemented sublattice ofY. Then there is a Borel 

subset E of K with n{E) > 0 so that XE is lattice-isomorphic to Y. 

REMARKS: It is possible of course to restate this with X an order-continuous nonatomic 

Banach lattice. The conclusion would then be that there is a nontrivial band in X which 

/ . 
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LATTICE STRUCTURES ON BANACH SPACES 17 

is lattice isomorphic to Y. Also note that an exhaustion argument would allow us to 

partition K into count ably many sets (En) such that XFn is lattice-isomorphic to Y. If 

X is also rearrangement-invariant and if \i{K) < 1 then we obtain that X and Y are 

identical (up to equivalence of norm) as r.i. spaces. If we relax the assumption that Y 

is order-continuous the proposition is false. Indeed for 1 < p < oo, Lp is isomorphic to 

a complemented sublattice of L(p, oo) (weak Lp); this can be proved by considering the 

natural embedding of Lp[0,l] into L(p, oo)([0, l]2) defined by Vf(s,t) = f ^ t ' 1 ^ . The 

argument of [27] Theorem 2.5 demonstrates complementation. 

PROOF: We use Proposition 2.3. We may supppse the existence of lattice homomorphisms 

U : X —* Y and V : X* —> Y* of the forms £// = af o cr and V / — bf o a where a, 6 are 

nonnegative functions in Lo[0,1], a : [0,1] —•> A" is a Borel map and for every Borel subset 

F of K we have J -iF abdX > fi(F). 

Fix any M < oo so that the set G = {s E [0,1] : M " 1 < a(s),b(s) < M} has 

positive measure. Then consider the measure v on K defined by v(F) = A(cr_1 F fl G). 

If fi(F) = 0 then UXF — 0 a-e- a n d hence aXo--1^—0 a-e-5 thus v(F) = 0. Further 

i/(A") = \(G) > 0. Thus, by an application of the Radon-Nikodym theorem there exists a 

constant C > 0 and a Borel set E in K so that 0 < /JL(E) < C~1 and whenever F C E 

then C ~ V ( ^ ) < K*1) < Cfi(F). 

Now suppose / E XE is nonnegative. Then | | X G / ° < |̂|y ^ -̂ "11̂ *11 ll/ll-X" so that 

| | / | | y < ( C ' + l )M| | J7 | | | | / | | x . Conversely pick g E X* so that | |^| |x* = 1, flf > 0 and 

J fgdfjL = \\f\\x. Then: 

\\f\\x<C j fgdv 

= C f (f o a)(g o a)d\ 
JG 

<CM f Vg(f o cr)^A 
JG 

<CM\\V\\\\xGfoa\\Y 

<C(C+l)M\\V\\\\f\\YM 

On any r.i. space X on [0,1] we define the dilation operators Ds for 0 < s < oo by 

Dsf(t) = /(*/*) 
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18 N. J. KALTON 

whenever 0 < t < min(l,,s) and Dsf(t) — 0 otherwise. The Boyd indices px and qx are 

denned by 

log s 
Px = lim 

qx = lim 

s ^ o o l o g | | D 5 

log s 

—obgp.ir 
In general 1 < px < qx < °°- ^ X is order-continuous, then X has an unconditional basis 

if and only if 1 < px < qx < °°5 in this case the Haar basis of X is an unconditional 

basis (see [33] p. 157-161). For convenience let us describe this basis for X(A,A) . Let 

A ( e i , . . . , en) = {d G A : dj = eJ5 1 < j < n}. Let A(0) = A. For E a set of the form 

A ( e i , . . . , en) where n > 0 we define the Haar function 

h<E = XA( € l , . . . , e n , + l ) - X A ( e i , . . . , e n , - l ) -

The functions (HE) together with XA form the Haar system. If the Haar system is an 

unconditional basis then X has a representation as an atomic Banach lattice induced by 

the Haar system. We will call this the Haar representation of X and denote it by Hx-

A Kothe function space (or, more generally a quasi-Kothe function space) X is said to 

be p—convex (where 0 < p < oo) if there is a constant C such that for any fi,..., / „ G X 

we have 

ii(Ei/.n1/piu<c7(^ii/,iip
x)^. 

X is said to have an upper p-estimate if for some C and any disjoint / i , . . . , / n G l , 

\\J2Mx<c(E\\fi\\x)1,p-

X is said to be <?—concave (0 < q < oo) if for some c > 0 and any f 1 , . . . , fn £ X we have 

i=l i=l 

X is said to have a lower g-estimate if for some c > 0 and any disjoint / i , . . . , fn £ X, 

I'ZfiWx^cij^wfiWx)1 ii 
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LATTICE STRUCTURES ON BANACH SPACES 19 

Notice that a Kothe function space which satisfies a lower g-estimate is automatically both 

maximal and minimal since it cannot contain a copy of CQ. 

A Banach lattice X is p-convex, satisfies an upper-estimate, is ^-concave or satisfies a 

lower g-estimate according as any concrete representation of X as a Kothe function space 

has the same property. 

A Banach space X is said to be of (Rademacher) type p (1 < p < 2) if there is a 

constant C so that for any x l r . . , x n G l , 

1=1 1=1 

and X is of cotype q (2 < q < oo) if for some c > 0 and any x i , . . . , xn £ X we have 

i = l i=l 
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3. Posit ive operators 

In this section we develop some machinery concerning positive operators and their 

representation by generalized kernels (or random measures). The basic idea of such rep

resentations has been explored in numerous articles. See for example [24] [26] [46] [47]. 

However we do develop some special results for future application. 

Let K\ be a compact metric space and let K2 be a Polish space. By a positive 

(generalized) kernel or random measure we will mean a map s —•> us from K2 into' A4 + (Ki) 

which is Borel for the weak*-topology on M.{K\) and the metric topology on K2- It is easy 

to see that s —* vs is a positive generalized kernel then for every bounded Borel function 

/ on K\ the function s —> J f dvs is a Borel map on AV Now suppose {12 is a a—finite 

Borel measure on K2- Given such a kernel we can induce a (continuous) positive operator 

P : C(Ki) —> LO(JJJ2) by the formula 

Pf(s) = j f{t)dvs(i). 

Conversely suppose P : C{K\) —• £0(^2) is any positive linear map. Select a linearly inde

pendent countable dense subset ( / n ) in C(K\) and (selecting representatives) let Pfn = hn. 

Then if a\,.. . , an are rational we have 

n n 

I V a z / i , ( 5 ) | < P x t f i ( s ) m a x | y ] a i / i ( t ) | 
— t e ft1 

1=1 1=1 

[i2~a.e. It follows easily that for a suitable Borel subset E of K2 with ^2(^2 \ E) — 0 w e 

can define Borel measures v f G M{K±), for s e E with \\vf\\ < PXK\(S) and such that 

for every n J fndvf — hn{s). Off E we can set vf = 0 for example. It follows then without 

difficulty that vf > 0, fi2— almost everywhere and that s —> vf is Borel; by redefining on 

a set of measure zero, vf is a positive kernel. Further vf is uniquely determined up to 

sets of fi2~measure zero. Thus there is an identification of positive operators on C(K\) 

with positive kernels. 

20 
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LATTICE STRUCTURES ON BANACH SPACES 21 

Now suppose that p,\ is a probability measure on K\. We will say that a positive 

operator P is measure-continuous if its kernel vf satisfies the condition that if E is a Borel 

subset of K\ with fii(E) — 0 then vf(E) — 0 \±2~a.e. 

In general if P is measure continuous we extend the definition of Pf to all / G £ 0 ( / i i )+ 

unambigously by the formula 

Pf{s) = j f(t)dvf{t) 

where Pf is a Borel function from K2 into [0, 00]. (It is immediate that if / = g a.e. then 

Pf = Pg a.e.) 

LEMMA 3.1 . Let X be a quasi-Kothe function space on (A"i, ji\) with the density property. 

Let Y be a maximal quasi-Kothe function space on A"2. Then if P : C(K\) —> LQ is 

a positive measure-continuous operator satisfying, for a suitable constant C, | | P / | | y < 

C | | / | | x f°r &tt f £ C(K\) then P extends to a bounded positive operator P : X —> Y 

defined by 

Pf(s) = f f(t)d^(t) /,2-a.e. 

and \\P\\x-*Y < C. 

If X is order-continuous and £00(^1) C X any positive operator satisfying \\Pf\\y < 

C | | / | | x f°r aU f £ C(K\) is measure-continuous. 

PROOF: We define Pf as above for / G Lo(/ii)+. If | | / | | x < 1 there is a sequence (gn) 

with gn G C+(Ai ) and ||#n||x < 1 so that (gn) converges /ii—a.e. to / . Then (/i2-a.e.) we 

have 

Pf(s) < -P(liminf ^n)(s) = / liminf gn dvs < liminf Pgn(s) 

so that 

| | P / | | y < lim sup || inf Pgk\\Y <C. 
n k>n 

This estimate easily allows us to show that P is well-defined on X by the given formula 

with norm at most C. 

For the final part if X is order-continuous, the density property is immediate. Further 

if E is closed in K\ and fii(E) = 0 then there exist fn £ C(K\) with XE < fn < 1 

with / „ —> 0 /ii—a.e. Then | | P X E | | Y < | |P/n| |Y —>• 0- Hence P\E = 0 a.e. and so P is 

measure-continuous." 
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22 N. J. KALTON 

Next, if P and Q are two positive operators, P, Q : C{K{) —• Lo(/i2), we shall say 

that P is Q—continuous if up is continous with respect to i/?, ^ 2
— a .e . In general if P is 

not necessarily Q—continuous we may define its Q—continuous component R = PQ by the 

kernel 

vf = sup(i/f A m / ? ) . 
n 

Here the lattice operations are in the space M(K\). It is readily verified that vf- is Borel 

and defines a positive kernel. 

LEMMA 3.2. IfP is continuous with respect to Q there exists a Borel function g on K2 xKi 

such that for /j,2 — a.e. s £ K2l 

dv?=g(s,t)dV?. 

PROOF: We can define a— finite Borel measures vp and v® on Ki x K\ by 

vp{E)= J f XB(s,t)du?(t)dii2 

and 

v<i{E)= J f XE{s,t)dv?{t)dvL2 
J it 2 " & 1 

Then vp is z/^-continuous and hence there exists a Borel function g on K2 x K\ such that 

dv — g dv®. Note that since g is Borel, for each s we also have that t —> g(s,t) is Borel. 

Now if / is a continuous function on K\, for every Borel subset F of A"2, 

/ I f(t)dv?(t)dp2= I J f(t)g(s,t)dvf(t)d^. 

Hence we obtain /i2 — o..e. 

f f(t)d^(t)= f f{t)g(s,t)dv?(t). 

Since C(K\) is separable, this leads to the lemma." 

The following lemmas will be useful to us later. 

LEMMA 3.3. Let P, Q, P , S : C(K\) —• ̂ 0(^2) De positive operators. Suppose that P, Q, R 

are all S—continuous and that for every f G C+(Ki) we have: 

P(f) < (Q(f))1/2(R(f)Y/2 (W - a.e.). 
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LATTICE STRUCTURES ON BANACH SPACES 23 

Then, if gp,gQ,gR are Borel functions on K2 x K\ such that gT{s^-).v^ is the kernel for 

T where T = P,Q, R, we have for fi—a.e. s E K that for v^—a.e. t E A, 

gp(s,t)<(gQ(S,t)gR(Sjt))^2. 

Further we have that for any / i , / 2 E C+(A'i), 

P{hh) < (Q(ff))1/2(R(f!)1/2 0*2 - a.e.). 

PROOF: We can exclude a set of fi2 — measure zero E so that for every s E K2 \ E, and 

for every continuous / E C+(K\) we have: 

J gP(s,t)f(t)dvf(t)<Q^ gQ(S,t)f(t)dvf(tfj (J 9R(s,t)f(t)dvf(t)^j . 

It follows that s E K \ E this equation holds for all bounded Borel functions / and hence 

the first part of the lemma follows. The last part follows directly from the Cauchy-Schwartz 

inequality. Assume s E K\E. 

P(fif2)(s) = j gP{s,t)h{t)f2{t)dvs
s{t) 

= (Q(/2)(*))1/2W*)(*))1/2-" 

LEMMA 3.4. If P, Q, R satisfy 

P(f) < (Q(/))1/2 W ) ) 1 / 2 

fi2 — a.e. whenever f E C(K\) it also follows that 

P{f) < (Qp(f))1/2(Rp(f))1/2 

fi2 — a.e. for f E C(K\). 

PROOF: We may take S = P + Q + R and apply Lemma 3.3. We obtain for for almost every 

*, (gP(s,t))2 < gQ(s,t)gR(s,t), i / f -a .e . Let E = {($,*) : gP(s,t) > 0}. Let g'Q = XE9Q 
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24 N. J. KALTON 

and g'R — XE9R- It follows easily that g'nV3 and g'Rvf are the kernels of Qp and Rp 

respectively and that (gp(s,t))2 < gQ(s,t)g(
R(s,t) v3 —a.e. for ^2—a.e. s.m 

Finally we consider certain Kothe function spaces built using positive kernels. If X is 

a Kothe function space on some (A", JJL) we recall that for 1 < p < oc the Kothe function 

space X(Lp) on K X [0,1] is defined to be the collection of all Borel functions / such that 

for / i - a . e . s, f3 = f(s, •) E Lp[0,1] and g G X where g(s) = | | / a | |p , with | | / | |x(Lp) = ||#IU-

Now suppose, as above K\ is a compact metric space, K is a Polish space, JJL is a 

a—finite measure on A", and suppose s —> v3, (K —•> Ai + (Ki)) is any positive kernel, 

where z/>(s) = i/a(ATi) is positive on a set of /i—positive measure. We define a a—finite 

Borel measure p\ on A" x A"i by 

fi1(E)= / XE(s,t)dv3(t)dfi(s). 

We define X(X p ; z/5) to be the Kothe function space on K2 X K\ of all / such that f3 E 

Lp(us) /i2~a.e. and g E X where g(s) — | | / S | | L (I/,)- We define the norm by 

||/IU(L„;*.) = \\9\\X-

LEMMA 3.5. X{LP\ i/3) is isometrically lattice isomorphic to a 1-complemented sublattice 

ofX(Lp). 

PROOF: We first remark that it suffices to consider the case when each vs is nonatomic. 

For we may embed X{LP\ v3) isometrically and naturally in X(Lp; ps) where ps — vs x A G 

A4 + (A"i x A); then X(Lp]vs) is isometric to a 1-complemented sublattice of X(Lp; p3). 

Next, by using a Borel isomorphism we can assume that K\ = [0,1]. Let us therefore 

restrict to this case. 

Assume that E — {s : i^(s) = i/s([0,1]) > 0}. We show that X(Lp;us) is isomor

phic to XE(LP) (with obvious notation). Define a map <j> : E x [0,1] —> E x [0,1] by 

4>(s,t) = ?/>(.s)_1i/s(0, i). It is easy to show that the lattice isomorphism / —-> ip1^/ o </> 

from XE(LP] VS) into XE(LP) is isometric and surjective.a 
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4. The basic construction 

Let, as before, A = { — 1,1} denote the Cantor group and let A denote the standard 

Haar measure on A. For n G N and e i , . . . , en = ±1 we let A(e i , . . . , en) = {(dk)<^=1 : dj — 

6j for 1 < j < n} . We let B(A) denote the Borel sets of A and let C denote the algebra 

of clopen subsets of A. For each n, let Cn be the finite subalgebra of C generated by the 

atoms An = { A ( e i , . . . , en) : e; = ± 1 , 1 < i < n). Let (75(A) denote the continuous 

simple functions on A (the linear span of functions of the form {XE • E G C}.) 

We now suppose that X is a good order-continuous Kothe function space on (A, A) 

with the strong density property and that Y is a good order-continuous Kothe function 

space on (A", ^ ) , where K is a Polish space and fi is a probability measure on K. We shall 

further suppose that there exist bounded linear operators A : X —> Y and B : Y —-> X 

such that BA = Ix- For convenience we let M — max(||A||, ||-B||). 

Before proceeding, we need a lemma which is already implicit in [22]. 

LEMMA 4 . 1 . Suppose that for each m G N , (</>m)n)^i:1 is a sequence of non-negative 

functions in L0(fi) so that co{<j)min : n G N } is bounded. Then there is a sequence 

(0m)m=i i n ^o and a strictly increasing sequence of natural numbers (n^^L-^ such that 

for each m G N , and for every subsequence / m > r of (<^mjTlfc) l^r-^oo ~(/m,i + • • • + fm,r) 

converges a.e. to <f>m. 

PROOF: For each m G N let Km be an isomorphic copy of K and let K = U ^ = 1 i \ m be 

the disjoint union. Let fl be the probability measure on K given by p, = Y^=i vrn where 

Vra is the measure 2~m/i transported to Km. If ^n(s) = <̂ m,n(<s) for 5 G Km it is easy 

to see that co{^ n : n G N} is bounded in LQ(JJL). By a theorem of Nikishin ([38],[39] or 

see [50], p.286 Example 6) there exists w G Lo(fl) with w > 0 a.e. and f w djl = 1 such 

that co{^ n : n G N} is bounded in L\(wji). By a well-known theorem of Komlos [28] we 

can find a if) G L\(wjl) and a strictly increasing sequence n& so that every subsequence of 

(ipnk) is Cesaro convergent a.e. to ifr and this gives the lemma.• 

25 
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26 N. J. KALTON 

Now if E G A n so that E — A ( e i , . . . , en) we define the corresponding Haar function 

hE by 

h<E = X A ( e i , . . . , e n , + l ) - X A ( c i J . . . , c n , - l ) -

Let CSn(A) denote the linear span of {XE '- E G An}-

For n G N we define linear maps Pn,Qn, Rn '• CSn —• -LO(M) by setting QnXE = 

|A/i£;|2, #nX£; = |jB*/i£;|2 and PnXE = |A/i£;|.|JB*/iS| for £ G An- As before we let KG 

denote Grothendieck's constant. 

LEMMA 4.2. Suppose f,g G CSn^+. Suppose m > n and that an,... , a m > 0 with an + 

• • • + am = 1. Then: 
m 

(1) \\Y,akQkf\\YM2<K2
GM2\\f\\Xtll2, 

k=n 

m 
(2) || Y, G ^ < ? | | Y M / 2 < i 4 M 2 | | / | | x . , 1 / 2 , 

fc=n 

m m 77i 

(3) £ akPk(f^g^) < ( £ a ^ Q * / ) 1 / 2 ^ a . i ? ^ ) 1 / 2 , 
A;=n A:=n fc=n 

(4) l l ^ a ^ / l l ^ / ^ M 2 ! ! / ! ^ . 
k=n 

PROOF: (1) Let / = J^EeAn OL2
EXE, and let a* = b\. Then for k > n, 

<?*/= E E ^ M 2 -
Hence 

£><?*/ = E E E 6*^M2 . 
fc=n k=nE£An ^eAk 

FQE 
Now by a theorem of Krivine (Theorem l.f.14 of [33], [29]) 

m m 

II E akQkf\W,i/2 = III £ a*Q*/|1/2|ft 

</4M2IIIX: E E ^ w n ^ 

= ^ M 2 | | / | | X i l / 2 . 

A;=n &=n 

FQE 
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LATTICE STRUCTURES ON BANACH SPACES 27 

The proof of (2) is similar. We turn to (3). Suppose g — YIEEA P\XE- Then 
m m 

E ^ ^ W E " * E E <*E0E\AhF\\B*hF\ 
k=n k=n EeAn ^eAk 

FCE 
m m 

<(£a*«*/)1/2(Ea*W/2-
k=n k=n 

Finally to prove (4) we take g = XA a n d replace / by f2. Then 
m m m 

£ akPkf < (]T akQk(f2)f'2(Yl °*fl*XA)1/2. 
k=n k=n k=n 

Hence, since X is good and | |XA| |X* < 1? 
m m m 

ii E a*p*/iii ^ I K E a*<?*(/2))1/2iwi(E «^*XA)1/2IIX. 
A;=n 

= ii E a*o*(/2)ii5/,i/2ii E ^^XAiii/v 

<A'£M2||/|U 

/ 2 

Let us now define Pnf — Qnf — Rnf = 0 whenever / G CS \ CSn. Then it follows 

easily from Lemma 4.1 and Lemma 4.2 that there is a strictly increasing sequence njt so 

that for every E G C we can define the PxEt QXE, &XE to be those functions in L0 which 

are the limits a.e. of the sequence of Cesaro means of any subsequence of, respectively, 

(PnkXE)kLn (QnkXE)T=i-> o r (^nfcX£)jfcii- ^ is clear from the mode of definition that 

P,Q,R then extend to positive linear maps P, <§, R : CS —* L0(fi). We further deduce, 

immediately, 

L E M M A 4.3 . For f e CS+, 

a ) | | 0 / | | y , i / 2 < A ^ M 2 | | / | | X ) 1 / 2 

f2) | | ^ / | | y M / 2 < / 4 M 2 | | / | | x % 1 / 2 

(3) WPflUKKhM'WfWx. 

It follows immediately that P, Q and P can extended to positive operators on C(A) 

obeying the same norm inequalities. 

In equally simple manner we have (proving the result first for simple functions using 

Lemma 4.2(3)): 
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28 N. J. KALTON 

LEMMA 4.4. Iff,g e C+(A), then P(fg) < (Q(p)R(g2))1/2. 

Now it follows from Lemma 4.3(3) and Lemma 3.1 that P is measure-continuous and 

hence if we introduce its kernel vf we can extend P to a bounded operator P : X —> L\ 

by the formula 

Pf(s) = [ f(t)dv?(t). 
JA 

We will define Q — Qp and R — Rp so that both Q and R are P—continuous and hence 

also measure continuous. These then extend to operators Q : X m a x l / 2 —* Ymax^ 1j2 and 

R : (X*)1/2 —> (^*)i/2 (note here that both -X^/2 a n d (X*)1/2 have the density property.) 

By Lemma 3.2 there exist Borel functions A;Q and IZR on K x A such that 

Qf(*)= [ kQ(s,t)f(t)dv? 
JA 

and 

Rf(s)= ( kR(s,t)f(t)dv?. 
JA 

We now state as a lemma: 

LEMMA 4.5. For fi—a.e. s G K we have 

kQ(s,t)kR(s,t) > 1 

vf — a.e. and hence if f £ X+, ^ E X ^ 

^ ( / ^ ^ ( Q C / 2 ) ) 1 7 ^ ^ 2 ) ) 1 7 2 . 

PROOF: It follows from Lemma 3.4 and Lemma 4.4 that for / G C+(A), 

i 7 < (Qf)1/2(Rf)1/2 

and Lemma 3.3 gives the first part of the conclusion. The second part follows from the 

Cauchy-Schwartz inequality as in Lemma 3.3.« 

LEMMA 4.6. P extends to a bounded operator P : L1(X) —• Li(fi) with \\P\\ < KQM2. 

PROOF: Suppose / G £i ,+ with | | / | | i = 1. Then, by a well-known factorization theorem 

due to Lozanovskii ([19],[36]) there exist <j> G Xmax,+ a n d i\) G X+ with \\(j>\\x — ll^lix* = 1 
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LATTICE STRUCTURES ON BANACH SPACES 29 

and / = </>*/;. Now it follows that if we define Pf(s) = / fdvf then Pf < Q(02)1 / 2#(V>2)1 / 2 

almost everywhere and in particular Pf(s) < oc a.e. We further have 

UP/HI < i i w ^ O w 2 ) ! ! ^ 

so that 

\\Pf\U < I<IM2M 
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5. Lower est imates on P 

This section is a continuation of Section 4 and we preserve the same notation. 

We now define a Borel measure wp on A by setting 

*p(E) = Ju?(E)drts) = \\PXE\\i. 

It follows from Lemma 4.6 that irp < K2
JM2X. 

LEMMA 5.1. Suppose S > 0 and that F is a Borel subset of A with irP(F) < (1 - S)X(F). 

Then, given 77 > 0 and any finite collection { D i , . . . , D m } °f clopen subsets of A, there 

exists a Borel subset F0 of F with A(F0) = §A(F) and a Borel subset G of K with fi(G) < rj 

so that if <j> = %XF0 — XF then \ JD. cpdX \ < rj for 1 < j < m and 

f (A(j>)(B^)dfi > 6\(F). 
JG 

PROOF: We first assume that F is clopen. Let r = AKQM2^'1. Then 

max(r - PXF,0)dfjL > r - (1 - S)X(F). / < 

Recalling the definition of P , there exists a strictly increasing sequence of natural numbers 

rik such that F £ Cni and (almost everywhere) 

1 N 

max(r - P X F , 0 ) < Ijminf — ] T max(r - PnfeXF,0). 

~*°° k=i 

Now we apply Fatou's Lemma to deduce that 

limsup / max(r — PnfcXF> 0)^/4 > r — (1 — S)X(F) 
k—*oo J 

so that 

liminf / m i n ( P n f c X F , ^ ) ^ < (1 ~ &)KF)' 
k-+oo J 

30 
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LATTICE STRUCTURES ON BANACH SPACES 31 

We may now fix k so that Di,..., Dm,F G Cnk and 

m m ( P n f c X F , r ) d / i < ( l - £ ) A ( F ) . 
/ • 

Let G = {s : PnkXF(s) > r } . Then rfi(G) < \\P„kXF\\i < K2
GM2\\XF\\X < 2KGM2 by 

Lemma 4.3. Hence p(G) <r]. If H = K\G then 

X P B t X p d / * < ( l - * ) A ( F ) . 

Now let e = {e^ : E G «4nfc} be a choice of signs. Let g€ = YIECF eE^E- Then, 

averaging over all choices e# = ± 1 , 

Ave (Age)(B*g€) = £ ( A ^ ) ( 5 * h B ) < P n f c X F . 
E C F 

However, 
r Ave (Agt){B*gf)dp = X(F) L 

h 

IK 

since i?yl = Ix- Hence we have 

/ Ave (Ag€)(B*g€)dfi > SX(F) 

JG 

and there is a choice of signs 6Q so that if <j> — g€Q then 

(A(f>)(B*<t))dii > SX(F). 
IG 

By construction, it is immediate that JD <t>dX — 0 for 1 < j < m. If we define FQ SO that 

<j> = 2XF0 — XF we have the conclusion of the lemma in the special case when F is clopen. 

We now turn to the general case. If F is a Borel set of positive measure such that 

7rp(F) < (1 - S)X(F) then there exists 7 > 0 so that if X(FAF') < 7 then irP(F') < 

(1-6- j)X(F'). We may then pick a sequence F^ G C with l i m X ( F ^ A F ' ) = 0 and 

X(F^AF') < 7. By the first part we may then find clopen sets FQ contained in F^ 

with A(P0
(n)) = f A(P(n>) and Borel subsets Gn of K with /i(Gn) < rj so that if <j>n = 

2XF(n) - X F ( " ) I t n e n J D ^n dA = 0 for 1 < j < m, while 

/ (A<l>n)(B^n)dix >(6 + 7 ) A ( P ( n ) ) . 
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32 N. J. KALTON 

We may further arrange, by taking fi(Gn) small enough that if k < n 

j Q \{A<t>k){B*4,k)W < ^iKF(k)). 

Thus if we set G'n = Gn\ UkynGk then ii(G'n) < r\ and 

/ {AK){B*<j)nW>{8+l-1)\{F^) 
JG'n

 l 

and the G'n are disjoint. 

Now, for each n there is a Borel subset EQ of F with X(EQ) = \\{F) and 

A ( £ < n ) A f f >) < X(F^AF). Let </>'n = 2X£.(„, - XF-

Notice that [3, p.202] the sequence (xG'n-^.^n)^Li is weakly null. Also (\)n — $n converges 

to zero in measure and hence also in the Mackey topology r(XOG, L\) of uniform convergence 

on weakly compact subsets of L\. Hence <j)n — <f>'n also converges to zero for r (X* , X ) . Thus 

B*(f)n — B*(f)'n converges to zero for r(Y*,Y). We deduce that 

lim [XG'nA<l>n(B*<l>l
n-B*<l>n)dti = Q. 

We also have that lim \\(f>n — (/>'n\\x — 0 s o that lim \\A(j)n — A^'n | |y = 0. Hence 

lim / | A ^ n - A ^ n | | 5 V „ | d / i = 0. 

Combining we obtain that for large enough n, 

W ' » ) ( B , t t > 6X(F). L 
It is also clear that lim fD. <f)'nd\ — 0 for 1 < j < m, and so the lemma follows, upon taking 

n large enough." 

PROPOSITION 5.2. Suppose Y contains no complemented sublattice lattice-isomorphic to 

l2. Then TTP > A. 

REMARK: The hypothesis on Y is equivalent to the statement that no disjoint sequence 

spans a complemented Hilbertian subspace. 

PROOF: Let us assume the existence of a Borel set F with 7Tp(F) < (1 — S)X(F) for 

some 6 > 0. Then, by induction, we may use Lemma 5.1 to construct a sequence of Borel 
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LATTICE STRUCTURES ON BANACH SPACES 33 

subsets Fn of F with X(Fn) = §A(F) and a sequence of Borel subsets Gn in K so that if 

(j>n = 2xFn - XF then 

/ (A</>n)(B*<l>n)d^>6X(F) 

while for 1 < k < n — 1, 

j G \{A^k){B*4>k)W < 2^T*A(F). 

If we disjointify by setting G'n = Gn \ Uk>nGk then 

/ (A</>n)(B*<l>n)dfi > ls\(F) 
JG'n

 Z 

for all n. 

Now let wn = XG> A(f)n and w* = Xc7'n J9*<^n- then for any a i , . . . , a n , 

i i£«*Ki i iyHi(£hbiW)1 / 2 i iy 

<UI(£kl2W*l2)1/2l|y 
n 

^ J V G M I K ^ K H ^ I 2 ) 1 / 2 ! ^ 
fc=l 

n 

= KGM\\xF\\x(J2\a^1/2-
k=l 

In the above argument we use the result of Krivine ([33] Theorem l.f.14). It now follows 

that there is a lattice homomorphism L : £2 —> Y with Len = \wn\ where en is the canonical 

basis of £2 • 

Now if / G Y and a\,..., an £ R, 

n 

^2ak \wl\fdV < Y\\J2a^wk\\\y* 
k=l 

n 

<A'GM||xF||x.||/l|y(Ela*l2)1/2 

k=l 

by a similar calculation. It follows that there is a bounded positive operator L' : Y —» £2 

dafined by 

L ' ( / ) = ( / K I / V ) _ • 
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34 N. J. KALTON 

Now L'Len = anen where 

an = J \wn\\w*\dfi > ^SX(F). 

Thus L'L is invertible and [|iun|] spans a complemented sublattice lattice-isomorphic to 

We now turn to consideration of the case when X is rearrangement-invariant. We first 

reformulate Lemma 5.1. 

LEMMA 5.3. Let F be a Borel subset of A, with positive measure, such that 7Tp(F) < 

(1 — S)X(F). Then there is a sequence (Fn)^=1 of subsets of F with X(Fn) = f A(F) and a 

sequence of Borel subsets (Gn)c^L1 of K with lim /J,(Gn) = 0 so that 

I (A^n)(B^n)df,>SX(F\ 

where (j)n — 2%Fn ~ XF> and \im(f)n = 0 weakly in X and weak* in X*. 

PROOF: In fact, it is immediate from Lemma 5.1 that one can choose (Fn) and ((?„) 

as above so that lim fD (j)ndX = 0 for every clopen subset D of A. It follows from the 

order-continuity of X that ((/>n) will converge to zero weakly in X and weak* in X*. 

If X is an r.i. space then the Haar basis of X is the collection of functions XA, Un{/i£ : 

E E An} taken in order. (The order of selection of HE for fixed An is irrelevant). 

LEMMA 5.4. Let X be a separable r.i. space. Suppose the Haar basis of X satisfies the 

condition that there exists a constant C such that for every finitely non-zero set of scalars 

{CLE} we have 

||£a*M*<;cll(£M2IM2)1/2lk 
E E 

\\J2aEhM\x*<c\\(j2WE\2\hE\2y/2\\x.. 
E E 

Then the Haar basis of X is unconditional. 

PROOF: It suffices ([33] p. 157) to show that the Boyd indices of X satisfy px > 1 and 

qx < oo. To do this it suffices to show that qx,qx* < °°- Consider then the dilation 

operator Da for 0 < a < 1, defined on £o[0,1] by Daf(s) = f(s/a) for 0 < s < a and 
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LATTICE STRUCTURES ON BANACH SPACES 35 

Daf(s) = 0 for a < s < 1. We require to show for suitable a < 1 we have ||-Da||xj ||-Da||x* < 

1 where the norms are computed with respect to X[0,1] and X*[0,1]. 

To do this we pick a = 2~n where n > C2. Suppose / G CS+(A) and let / * G X[0,1] 

be the decreasing rearrangement of | / | . Suppose / G CSm. For each I let r\ = Y^EeA ^E 

(the Rademacher functions). Then 

m-\-n 
|| Y, fr<\\x>n\\Daf*\\x. 

/=m + l 

However by the assumptions of the Lemma, 

m-\-n 

II £ /r,||A: < Cn1/2!!/!^. 
l=m + l 

Combining these gives | |£) a /* | |x < C n _ 1 / / 2 | | / | | x - This quickly gives that | |D a | |x < 1 a n d 

the estimate for ||^0a||x* ls similar. • 

PROPOSITION 5.5. Suppose X is rearrangement-invariant and that either the Haar basis 

of X is not unconditional or that Y contains no complemented sublattice lattice-isomorphic 

to the Haar representation of X. Then np > A. 

PROOF: Let us assume that 7rp(E) < X(E) for some Borel set E. Then let /3 = dnp/dX. 

There exists 8 > 0 and a Borel set F C A of positive A—measure so that f3(s) < 1 — 8 for 

s G F. Thus if F' C F is of positive measure then 7rP(F') < (1 - 8)\{F'). 

Let F\ = F. We shall determine a sequence of Borel sets (Fn)^=1 in A and a sequence 

(Gn)^=1 in K so that if we set (j)n — 2xFn ~ XF2n
 an<^ ^ ^n = X(Fn) we have: 

( i ) 

(2) 

(3) 

2 A ^ 

Fn — F2n U F2n+i and F2n fl i^n+i 

X2n ~ ^ 2 n + l 

For every n > 1: 

(A<j>n)(B*(l)n)dn > 8\n. h 
(4): I f O < f c < n - l w e have: 

JG f c 
< 

8X1 
M2"+! 
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and 
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N. J. KALTON 

(A</>n)(B*<l>k)dfM 6X1 
M2n+1 

where Gk
n = Gk \ Uk<j<nGj. 

(5): If I < k < n — 1, and E C Gn is any Borel set then 

6X1 

and 

| | 5 (XEA^)I I I < M2"+ 2 

a2„ 
M2"+ 2 ' 

Let us describe the inductive construction. Suppose n E N and that we have deter

mined {Fj : 1 < j < 2n}, {cj)j : 1 < j < n} and {Gj : 1 < j < n}. Then, using Lemma 

5.3, we can find a sequence of subsets (Fni)<^L1 of Fn with X(Fni) = | A n and a sequence 

of Borel sets (Gf
n/)J21 in K with lim/^oo fi(Gni) = 0 so that, if 0n / = 2XFU1 — XFn then 

(0n/)/^i is weakly null in X , weak*-null in X* and 

1 (A(f)ni)(B*<f)ni)dfi > SXn. 

Since F is order-continuous, 

and so 

lim | | X £ ^ ; | | Y = 0 l<j<n-l 
/i(B)-*0 

hm | | E ( X E A ^ ) | | x = 0 l < j < n - l . 

Thus since the norm on X dominates the Li-norm, 

lim \\B(XEA<l>j)\\1=0 l < j < n - l . 
/z(E)-*0 

Although Y* is not necessarily order-continuous, we do have 

lim XEB*^, = 0 1 < j < n - 1 
/*(£)—o 

for the Mackey topology r(Y*, Y). Since A* is continuous for the respective Mackey topolo

gies we also have 

lim A*(XEB*(/)J) = 0 l < j < n - l 
fi(E)->0 
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LATTICE STRUCTURES ON BANACH SPACES 37 

for the topology T(X*,X). It follows that 

lim | | A * ( x £ ? 5 V i ) | | i = 0 l < j < n - l . 
/z(E)->0 

Utilizing these remarks, it is now possible to pick / large enough so that if we set 

F2n — Fni and ^2n+i = Fn \F2n and Gn = Gni then the inductive hypotheses are fulfilled. 

Now let Hn = Gn \ U^zn+1G?fc. Then we can write 

/ {A<f>n){B*<j>n)dfi>8\n- ] T / {A<j>n){B*4>n)diJL 
J Hn i i ~i J Ek 

where each Ek is a subset of Gk- Thus for each k > n 

| / (A^n)(B^n)dfi\ = | I(BXEhMn)Kd\\ 
JEk J 

< \\B{XEkA<t>n)h 
6\\ SXn 

< r4" < M2k+2 2*+2 ' 

Thus 

(6) / {Acj)n)(B*4>n)d»>5\n{l-2-{n+l))>S-\n. 

If k > n then Hk C Gk and by (5), 

| / ( A ^ ) ( £ V n ) d / i | < \\A%XHkB^n)\\l < 
JHk 

sx2 

(7) I J {A4>k){B*4>n)d^\ < ||A*(XH|lBVn)||i < j^i+2 • 
Similarly 

(8) | / {A4>n){B*4>k)diA < 
SX2 

k 
M2k+2' 

If k < n then 

/ (A</>k)(B*<l>n)d» = f (A<t>k)(B^n)dfi-f] f (A4>k)(B*cf>n)dti 
JHk JO* j=njEJ 

where, as before, Ej C Gj. Hence 

P f>\2 °° 
| JH {A4>k){B*K)dri < j ^ + Y, ll*(XE,. A^)lli 

< 

j=n 

Jn+l ~*~ 2 ^ M9.J + M2n+1 4-" M2i+2' 
j=n 
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38 N. J. KALTON 

We conclude that 

8X1 
(9) I / (A<f>k)(B*4n)dn\ < f (A<f>k)(B*<j>n)d^\ 

M2n 

and similarly 

M2n' 
(10) | / (A</>n)(B^k)dfi\ < 

Now we define disjoint sequences (wn) in Y and (w*) in Y* by wn — XHnA(j)n and 

to* = XHnB*(j>n. We complete the proof by showing that ((f)n) is unconditional, (wn) is 

equivalent to (<f>n) and that [wn] is complemented in Y. From this it will follow immediately 

that Y contains a complemented sublattice lattice-isomorphic to the Haar representation 

of X. 

There is a natural projection V of X onto [(f) n ] given by 

oo „ 

71 = 1 J A 

Let 
an = ^n1 / (t>n(Bwn)d\ 

and observe that an > 8/2 for all n, by (6). Then 

/ (f>n(Bwk)d\ = f (B*(f>n)xHk(A<f>kW 
JA JK 

= / (A^XB^^dfi. 
fHk 

Thus we conclude that , using (7)-(10), 

"Izl x\2 \ - i 
T/R A II ^ V ^ SXlXk \\<t>k\\x , V ^ _^*_ |U II 

M 2 " ^ M2* 1 

fc=l fc=n+l 

< V SXn | ^A" 
- 2 ^ M2"A* M 2 " 

fc=l 
n£An 

< -
~ M2n 

< n8\\(f)n\\x 
~ M2n 
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LATTICE STRUCTURES ON BANACH SPACES 39 

Now | K | | y < \\A<t>n\\Y < M | | ^ n | | x and similarly, | | < | | y . < M\\</>n\\x*. It follows 

that , by (6), SXn/2 < M||wn| |Y||<£n||x* and hence that £||<£n||x < 2M| | iyn | |y . Combining 

with the estimates above now gives 

\\VBWn-anU\x<n^. 

Notice that V* is a projection of X* onto the weak* closure of [</>n]; and very similar 

calculation gives that: 

\\V*A*K-aMx.<nJ^. 

Since ^2 k2~k < oo it follows easily that we can perturb VB to construct an operator 

L : Y —* X such that Lwn = an4>n- Then we have, for any a i , . . . , a n : 
n n 

|| J^a*<Mlx = II J2akaklLw*Wx 
k=l k-1 

<\\L\\\\J2^a^wk\\y 
k = l 

<ii£ini(X;i«tri«tr2i^ti2)i/2iiy 

<ifGM||Z||||(^KI2|«*|-2|^|2)1/2|k 

<2t f G M|| I | | ^ ( f> t |W) 1 / 2 IU-
A : = l 

Precisely similar calculations show that there is a constant C so that for all a\,..., an 

n n 

\\Y,a*M\x'<c\\C£\ak\2\M2)1/2\\x.. 
k=l k=l 

These estimates imply similar estimates for the Haar basis of X and hence by Lemma 

5.4, the Haar basis of X is unconditional. Thus (<j>n) is also unconditional. Further the 

above calculations show the existence of a constant C so that for all a 1 ? . . . , an 

n n n 

c-'w^a^kWx < \\^2akwk\w <c\\Y,^k\\x 
k=l k=l k=l 

and 
n n n 

C-l\\YJdk4>k\\x' <|lX>«*||y. <C\\Y,«Mx: 
k=l k=l k=l 
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40 N. J. KALTON 

Thus (wn) is equivalent to {<j>n)- Furthermore there is a bounded operator U : X —• 

Y such that U(j)n = a~lwn for every n. Clearly U o L defines a projection of Y onto 

[wn]. The sublattice generated by (|wn |) is then complemented and clearly Y contains a 

complemented sublattice lattice-isomorphic to the Haar representation of X.m 
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6. Reduct ion to the case of an atomic kernel 

We first review the outcome of the methods of Sections 4 and 5. 

THEOREM 6.1 . Suppose K is a Polish space and that ji is a probability measure on K. Let 

X be a good order-continuous function space on (A, A) with the strong density property 

and let Y be a good order-continuous Kothe function space on (if, /j,). Suppose A : X —> Y 

and B : Y —> X are bounded operators with BA = Ix and let M = max(||A||, ||i?||). 

Assume further that either 

(a) Y contains no complemented sublattice lattice-isomorphic to £2 or 

(b) X is an r.i. space and (in the case when 1 < px < qx < 00) Y contains no comple

mented sublattice lattice-isomorphic to the Haar representation of X. 

Then there exist positive (measure-continuous) operators P,Q,R : C(A) —» Lo(fi) such 

that if f e L0(\)+ 

WfW^WPflU^KhM'Wfiu 

\\Qf\\Y,l/2<K2
GM2\\f\\xA/2 

\\Rf\\Y^l/2<K2
GM2\\f\\x%1/2 

Pf < (Qf)1/2(Rf)1/2 

Furthermore Q, R are P-continuous. 

PROOF: The operators P,Q,R were introduced in Section 4. The condition np > A is 

equivalent to | | / | | i < ||-P/||i for all / G Xo(A)+ and so Propositions 5.2 and 5.5 are 

combined here.a 

In order to apply these results we need to consider situations when the kernel vf for 

P is automatically purely atomic for almost every s. 

In general if P : C(A) —• LO(JJL) is any measure-continuous positive operator with 

kernel vf (see [24], for example) we can find Borel maps dn \ I\ —y [0, CXD) and <7n : A —>• A, 

41 
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42 N. J. KALTON 

with arn(s) ^ crn(s) whenever m / n, so that we have 

oo 

^f = ^2an(s)San{s) + ps 
n=l 

where ps is a continuous (nonatomic) measure for every s E K. 

LEMMA 6.2. For 1 < j < N let Tj : C(A) —> £o(/<0 be a measure-continuous positive 

operator. Let 7 be any positive finite (p-continuous) Borel measure on K. Let 

00 

n=l 

where each anj,crnj is Borel, anj(s) ^ <7mj(s), whenever m ^ n, and pj}3 is continuous. 

Let fj E £0(A)+ for 1 < j < N. Define 

^W=(E< i W(/i(^n l iW)) 2 

\ n = l 

Tnen for any D > N1'2 and any e > 0, there is a Borel subset F of K and a clopen subset 

EofA such that <y(K \F)< ND~2
7(K) and for 1 < j < TV, 

XFITJUJXE) - \TJU3)\ < DUj + eT3fr 

PROOF: For each n let {Gn>i : 1 < i < 2n} be an enumeration of the atoms An of Cn. For 

each n let 

«»,i = (Dri(/i^-..-))2)1/2-

Then clearly unj(s) —> Wj(s) for all 5 E K. Now let r& denote the Rademacher functions 

(which we regard as characters defined on the Cantor group A, i.e. rjfc(t) — tk) Then, by 

a simple estimate from Khintchine's inequality, for each s E K the set of t E A such that 
2 n 

(*) I E nWiViXG^ )(*)\ < 2Dun,j(3) 

has A—measure at least 1 — \D~2. It then follows from Fubini's theorem that we can find 

a Borel subset F'n of K with i{F'n) > (1 - \ND~2)-f{K) and a fixed t E A such that we 

have (*) for every j and every s E F'n. Now let En = Vri(t)=iGn,i- Then, for 1 < j < ]V, 

XF^\Tj(fjXEn) - 2Tjfj\ < Dun,j-

±; ± 
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LATTICE STRUCTURES ON BANACH SPACES 43 

It remains to observe that as u fi j ^ u j pointwise and unj < Tjfj we can apply Egoroff's 

theorem to find a sufficiently large n and a Borel set F C F'n with j(F) > (l — ND~2)j(K) 

so that Dunj < DUJ + eTjfj on F. The result then follows by taking E = En. 

THEOREM 6.3. Let (K,/J,) be a Polish probability space. Suppose X is a good order-

continuous function space on (A, A) and let Y be an order-continuous function space on 

(K,fi). Suppose that M > 0 and that P,Q,R : C(A) —> LQ(p) are positive measure-

continuous operators satisfying, for f G LQ(\)+, 

Pf < (Qf)1/2(Rf)1/2 

\\Qf\W,l/2 < M | | / |U , l /2 

II^/IIYM/2 < M||/||x.,1/2. 

Assume further that Q,R are P-continuous. Then either: 

(a) L2 is lattice-isomorphic to a complemented sublattice of X, and, if further X is a 

separable r.i. space then X = L2. 

or: 

(b) There exists a sequence ofBorel maps on : K —> A, with (Tm(s) ^ crn(s) for m ^ n, and 

there are sequences of nonnegative Borel functions a^a^a^ G £O(A0 su^h that (p—a.e.) 

0 0 

7 1 = 1 

OO 

<?/(*) = £«?(*)/(*»*) 
n=l 

CO 

Rf(S) = J2an(S)f(°nS) 
n=l 

a^s)2 < «?(*)<£(*). 

PROOF: We may write 
0 0 

7 1 = 1 

where ps is almost everywhere a continuous measure. If p3 = 0 almost everywhere then 

we must have case (b) (using Lemma 3.3 for the last statement). Thus we shall assume 

that we do not have p3 = 0 almost everywhere and deduce case (a). 
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44 N. J. KALTON 

Let PQ be the positive operator defined by 

Pof(s) = j fdPs. 

Then P0f < (Qf)1/2(Rf)1/2 for / G L0(X)+ and by an application of Lemma 3.4 we have 

Pof < (QofY^iRof)1/2 where Q0 = Qp0 and R0 = Pp 0 are each P0 —continuous. 

We shall define a Borel measure on K by j(F) = JF(P0XA)dfJ>. By assumption we 

have j(K) > 0. Let (TJ^^LQ be a sequence of positive reals such that ]T)^Lo 2n?7n < 

| min(l , 7(A")). Let G(0) = A. Then for each finite sequence ( e i , . . . , en) with ê  = ± 1 we 

will define a clopen subset G(e\,..., en) of A and a Borel subset F(e\,... , en) of -K" so that 

X G ( c i , . . . , c „ ) = X G ( £ i , . . , 6 n i l ) + X G ( e 1 , . . . , e n , - l ) 

7 ( / \ \ F ( e i , . . . , e n ) ) < 7yn 

X F ( e i , . . . , € n ) | ^ ( X G ( 6 1 ) . . . ) € n , l ) ~ 2TxG(*U...,*n))\ ^ 7 7 n T x G ( c 1 > . . , e n ) 

where T is PQ, QO o r -^o- ^ is clear that this can be done by repeated application of Lemma 

6.2 for suitably large D (in this case Uj = 0). 

We now let F = n ^ n e f e=± 1 F(eu..., en), so that j(K \ F) < £ 2 " ^ < § T ( * 0 -

Thus 7 ( P ) > | 7 ( K ) > 0. Further if T = P 0 , Q0 or R0 

1 n—1 

XF|TxG(ei)...,en) - ^TXA\ < ( £ 2krjk)2-nTXA 
Z k=o 

< 2 - ( n + 1 ) T X A 

so that 

(*) X F T ( X G ( £ I € B ) ) < ^ 2 - " X F T X A . 

Consider the measure defined on A by TTF(H) = JF PQXH dfi. Then irp is nonzero and 

0 < 7rp < MA, so that there is a Borel set E of positive measure in A so that for some 

c > 0, we have TTF(EO) > c\(Eo) for every Borel set Eo C E. 

Now we define a continuous map a : A —> A so that a(s) = (ek)<^=1 whenever 

5 G n ^ = 1 G ( e i , . . . , en). We then define the lattice homomorphism U : C(A) —> £o(A) by 

Uf = XE(foa). 
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At this stage we observe that (*) implies that if T = Po,Qo or R0 then, for any 

/ E C(A)+ we have 

(**) XFT(foa)<^(J fd\)XFTXA. 

For / E C(A)+ we have XE(I o <T) E X and so there exists g E X* with ||#||x* = 1 
and g > 0 so that 

/ g(f oa)d^ = WXEU °°)\\x. 
JE 

Now 

PoGK/ o *)) < (QQ(f o cjfY'\R,g2fl\ 

c\\XE(f O a ) | | x = c / #(/ o a)dA 

< / g(f0(7)d7TF 
JE 

= f Po(9(foa))dfi. 
JF 

\\{R09y\\y. = | | ^ 2 | | i / . 2
i l / 2 < ^1/2 | |ff2 |l5/.2

i l /2 < M1/2 . 

ll^/l |x = | |XB(/oa)|U 

< - ^ | | ( X F Q O ( / ° < T ) 2 ) 1 / 2 | | Y 

= ^ | | X F Q O ( / O < 7 ) 2 | | ^ 2
/ 2 

1 /2 

- (IQ IIX^°XA|0|/I|2 

where we use the fact that 

XfQo(/ O of < | ( 7 / 2 ^ XFQOXA 

which follows from (**). 

Further 

Hence 
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It follows that U extends to a bounded lattice homomorphism from X2(A, A) into X, 

and this extension is also given by / —> XE! ocr- A very similar calculation shows that U is 

a bounded lattice homomorphism of L2 into X*. We now seek to apply Proposition 2.3. In 

order to this we must consider the measure on A defined by v(H) — A(<r_1i7ni2). It follows 

from Proposition 2.3 that if we can find a Borel subset H0 of A of positive A—measure and 

8 > 0 so that if H C Ho then v(H) > S\(H) then X contains a complemented sublattice 

lattice-isomorphic to L2. To see this we need only show that v is A—continuous and nonzero 

and then use the Radon-Nikodym Theorem. First v(A) — \(E) > 0. Second if X(H) = 0 

then | |{7x#||x = 0 a n d hence v(H) = 0. The proof is then complete. 

Finally if X is a separable r.i. space and contains L2 as a complemented sublattice 

then X = L2 by Proposition 2.5." 

THEOREM 6.4. Under the hypotheses of Theorem 6.3 assume that case (b) holds and that 

for some a > 0 we have 

f Pfdfx>a I fdX 

for all f G Za(A)+. Then either: 

(c) There is a constant C so that for each n G N , £% is C-lattice isomorphic to a C-

complemented sublattice of X, 

or 

(d) There exists a constant c > 0 so that for f G Zq(A)_|_, 

/ sup \anf o an\ dfi > c I f d\. 

PROOF: We proceed by assuming that (d) fails. We may further assume without loss of 

generality that ( a^ ) 2 = a>nan almost everywhere (for otherwise we may simply redefine 

Q). 
Let us assume that N G N is a power of two, say N — 2l. Let [N] be the set 

{ 1 , 2 , . . . , N} regarded as equipped with normalized counting measure. We will construct 

lattice homomorphisms U : L2([N]) —> Xmax and V : L2([N]) -» X*. 

To start we observe from the negation of (d) that there exists / > 0 in Li(X) so that 

ll/lli = 1 but 
/ sup \a„fo(jnI d/i < A^"4. 

JK n 
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We factorize / = gh where g G X m a X ) + , h G -X + , ||#||x = | |^| |x* = 1. Let /3 

16Ma-2N~4. Then for s G K, let A/"H = JVR(S) be the set of n G N for which we have 

pa*(s)(h(an(s))2Q(g2)(s) < (c£(*)) 2 ( / ("»(*)) 2 . 

We observe that , for each n, the set {5 : n G -A/^s)} is a Borel set. 

It follows from the Cauchy-Schwarz inequality that 

nGA/jR nGA/k n€AfR 

<r1/2(E(a^)/(^))2)1/2 

< / r 1 / 2 ( / 7 ( * ) ) 1 / 2 ( s U P l a ^ / M , ) ! ) 1 / 2 . 

Thus 

neAfR 

We can repeat the same construction for Q; precisely, we let A /Q(S) be the set of n such 

that 

^ ( 5 W a n 5 ) 2 % 2 ) ( 5 ) < {ap
n{s)f(ans))\ 

Then 

/ E anf°°ndv< ^ . 
TIGA/'Q 

Thus if we set .M(s) = N \ (VVQO) U AfR(s)) then 

We also have 

/ Yl anf°<7ndv> | . 

supa?(<7 0<jn)2</?Q(<72) 

s u p a « ( A o , ; „ ) 2 < ^ % 2 ) . 
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48 N. J. KALTON 

We now modify our operators P, Q, R. We define P ' , Q1\R' by 

P'<t> = £ > ^ o < r n 
nEM 

R'<f> = ^ a ^ o an. 
nEM 

Notice that we still have that for <j> > 0, P ^ < (Q'</>)1/2(#V)1/2-

Let 

- (E(* -J 2 ) 2 ) 1 / 2 

» = (5>?(A0«7B)2)2)1/2. 

Then 

u < ( sup a f t * o ^ J 2 ) 1 / W ) 1 / 2 < / ^ W ) , 
nEM 

and this yields the estimate 

N I Y , I / 2 < /? 1 / 2M < 4 M 3 / 2 a ~ 1 i V - 2 . 

In an exactly similar fashion we obtain 

H y . , 1 / 2 < 4 M 3 / 2 a " 1 i V - 2 . 

We next define a Borel measure 7 on K by 

7(E)= f P'fdfJL, 
JE 

so that i(K) > a/2. 

By iterating Lemma 6.2 with D = 47V1/2 and e = N~l /2 we may find a Borel subset 

F of K with j(K \F) < 3D~2Nj(K) < y(K)/2, and a Borel partition {Eu... ,EN} of 

A such that 

XF\Q'(g2XEi)-N-1Q'(g2)\<2Du + 2eQl(g2) 

XF\R'(h2
XEj) ~ N-'R'ih2)] < 2Dv + 2eR'(h2) 
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LATTICE STRUCTURES ON BANACH SPACES 49 

for j = 1 , 2 , . . . , N. Thus 

XFQ\92XE, ) < XF(^Q'(92) + 2Du) 

XFR'(h2
XEi) <XF(^Q'(h2) + 2Dv). 

Now consider the measure TT defined on A by TT([E) = JF P,(xE)dfJ- Then TT < MA, 

and so there is a Borel function 0 with 0 < 0 < M and n(E) = JE 0d\ for all Borel sets E 

in A. If <j> £ Li(A) then 

/ P'<i>d[i= I 6(f>d\. 

In particular 

J 6fd\ = j P'fdv = 7(F)>^. 
Hence if G = {s : 9(s) > a / 8 } , then 

L G ° 

We now can construct U : L2([N]) —> X and V : L2([N\) —> X* as promised. We let 

r : A —> [iV] be defined by r (s ) = j where s E Ej. Let 

£/<£(s) = <£(TS)$T(S)XG(S) 

Vfts) = <KTs)h(s)XG(s). 

If </> E Z^L^VJ+j there exists ^ G -X"̂ . supported on G with | |^ | |x* = 1 a n d such that 

fx/>U<l>d\= \\U<l>\\x- Thus: 

||Ety||x = / W<*A 
JG 

<- f o^pu^dx 
a JG 

= - f P'tyUftdfi 
& JF 

-1 (Qf((um)i/2(R'^2))i/2dv 
a JF 

1/2 
y , i / 2 -

< 
IF 

< 8-^^\\xFQ'((u<f>mi
Y

/2
1 
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50 N. J. KALTON 

However we also have 

1 N 

XFQ'{{U4>)2) < ( - Y, m2)xF(2Q'(g2) + 2NDu) 
k=l 

so that 

I IXFQ'( (^) 2 ) l ly( i / 2 < | |^ | | 2((2M) 1 / 2 + (32M 3 / 2
Q - 1 7V- 1 / 2 ) 1 / 2 ) . 

Thus we have 

\\u<f>\\x<c\\<i>h 

where C is independent of TV. In a similar fashion 

livflu-< c|M|2. 

Finally we introduce the measure v0 on [N] defined by 

v0{k} = f fdX. 
JEknG 

Clearly 

v j m < WTTVZJWVWV-VZJWV < r 2 

N 
MH)<\\UXH\\X\\VXH\\X*<C2^. 

On the other hand, 

MW}) = J fdX^M-1 J Vdm > ^ 

It follows that if H0 = {k e [N] : u0{k} > (IGMN)-^} then \H0\ > aN/l6MC2. We 

are now in a position to apply Proposition 2.3 with a(s) = g(s)xG(s), b(s) = JI(S)XG(S) 

and with a — r. Thus ah — fxG and if H C HQ we have 

f r „ Oi\H 
16MN 

By Proposition 2.3, (L2[N])H0 is C — lattice isomorphic to a C — complemented sublattice 

of X where C is independent of N. This demonstrates that condition (c) holds.* 
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7. Complemented subspaces of Banach latt ices 

We now give the first applications of the machinery developed in the preceding three 

sections. 

THEOREM 7.1 . Let Y be a separable order-continuous Banach lattice which contains no 

complemented sublattice lattice-isomorphic to £2. Suppose X is an order-continuous Ba

nach lattice which is isomorphic to a complemented subspace of Y. Then X is lattice-

isomorphic to a complemented sublattice ofY(L2). 

PROOF: Suppose first that X is nonatomic. Then we can represent Y as a good order-

continuous function space on some Polish probability space (K,/i) We can represent X 

as a good order-continuous function space on (A, A) with the strong density property. 

According to Theorem 6.1 we can then find positive measure-continuous operators P,Q,R : 

C(A) —> Lo(fi) and a constant M so that for / £ Lo(A)+, 

[ fd\< J Pfdp<M J fd\ 
J A JK J A 

\\Qf\\Y,l/2 < M\\f\\Xil/2 

\\Rf\W',i/2<M\\f\\x.,1/2 

Pf < (Qf)1/2(Rf)1/2. 

We may suppose that Q:R are P-continuous, Then we may find Borel functions kg,kR 

on K x A so that v® = &Q(S, .).vf and vf- = &#(s, .).vf almost everywhere on K. Let p 

be the measure on K x A defined by 

p{B)= I I XB(s,t)dv?(t)drts). 
JKJA 

We will then have kqkn > 1 p—a.e. We define lattice homomorphisms U,V : £o(A) —> 

L0(p) by 

Uf(s,t) = k1
cj2(s,t)f(t) 

Vf(s,t) = kR
/2(s,t)f(t). 

51 
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52 N. J. KALTON 

Then: 

\\Uf\\yiL2,vn = \\{JkQ{s,t)\f{t)\Uvf(t)yl*\\y 

= \\JkQ(s,t)\f(t)\2d^(t)\\1
Y[2

1/2 

= \\J\f(t)\2d^(t)\\T1/ 
12 
1/2 

= IIQ(l/|2)lly?/2 

<M^w\f\rz/2 
= M^\\f\\x. 

Thus U maps X into (Y(L2'-I i / p ) ) m a i . 

Similarly we have \\Vf\\Y.(L2,vP) < M^2\\f\\x.. Since Y(L2;vp)' = Y*{L2-vp) we 

can apply Proposition 2.3 once we observe that for any Borel subset F of A", 

/ . 
<M2(0 +\iM*( kA\s,t)k)[\s,t)dp(s,t) > p(K x F) 

KxF 

= / PXFdfi 
JK 

> A(F). 

Thus by Proposition 2.3 X is isomorphic to a complemented sublattice of Y(L2,up) and 

hence of Y(L2) by Lemma 3.5. 

To complete the proof in the general case, we can decompose X into atomic and 

nonatomic parts. It thus suffices to consider only the atomic part. In this case (Proposition 

2.4) X lattice embeds as a complemented sublattice of Y(£2) which is itself isomorphic to 

a complemented sublattice of Y{L2) by Lemma 3.5.» 

THEOREM 7.2. Let Y be a separable order-continuous Banach lattice which contains 

no complemented sublattice lattice-isomorphic to £2. Suppose X is a separable order-

continuous Banach lattice which contains no complemented sublattice lattice-isomorphic 

to L2. Suppose X is isomorphic to a complemented subspace ofY; then 

(a) X is lattice-isomorphic to a complemented sublattice ofY(£2), 

(b) There is a non-trivial band XQ in X which is lattice-isomorphic to a complemented 

sublattice of Y. 
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PROOF: It suffices to consider the case when X is nonatomic. We represent X and Y as 

in Theorem 7.1. In this case we can apply Theorem 6.3 to deduce that we may represent 

P, Q and R in the form: 

oo 

Pf{s) = J2<(S)f(°nS) 
n = l 

oo 

Q/W = £<#(*)/(*»*) 
n=l 
oo 

Rf(s) = ^2a*(s)f(ons) 
n=l 

where a^a^^a^; are nonnegative Borel functions on K satisfying a^a^ > (a^)2 a.e. and 

an : K —> A are Borel maps, satisfying <Jm(s) ^ (Tn(s) whenever m ^ n. 

Denote by 7 counting measure on N. We define 17, V : Lo(A) —» LQ(K x N , /i x 7) by 

p/(M) = (a?W)1/2/K«) 
y / ( 5 , n ) = ( a « ( s ) ) 1 / 2 / K 5 ) . 

Then 

ll^/l|y(^) = l l ( E a " l / 0 < 7 » l 2 ) 1 / 2 l l y 

n = l 

= IIQ(l/!2)lly?/2 

< Af1/2!!/!!^. 
Similarly 

ll^/l|y(M<^1/2ll/IU--
If F C A is a Borel set then: 

0 0 - 0 0 » 

£ / ( a ^ a f t s ) ) 1 ' 2 ^ ) > £ / , < £ t o « W 

= \ PXFdfi 
JK 

> \(F). 

Thus by Proposition 2.3 X is lattice-isomorphic to a complemented sublattice of ^(^2) , 

proving (a). 
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54 N. J. KALTON 

For (b) fix some n such that a^(s) > 0 on a set of positive measure. Consider the 

lattice homomorphisms Un, Vn : Lo(X) —->• £O(A0 defined by: 

Unf(s) = (a%(s))^f(ans) 

Vnf(s) = (a*(s))^f(*ns). 

Then \\Un\\X-,Ymax, H K I U ^ Y * < M 1 / 2 . Further if F is a Borel subset of A, we set 

TT(F) = / a £ # . 

Thus 7r is a nontrivial A—continuous measure on K\. Hence there exists a Borel set E with 

\{E) > 0 and S > 0 so that if F C E then TT(F) > 6\(F). Thus if F C E is an arbitrary 

Borel set, 

/ ( a j a ? ) 1 / 2 ^ > TT(F) > ^ ( F ) , 

and we may apply Proposition 2.3 to show that X^ is lattice-isomorphic to a complemented 

sublattice of YM 

We now turn to the case of r.i. function spaces. Here Theorem 6.1 yields more. 

THEOREM 7.3. Let Y be an order-continuous Banach lattice and suppose that X is a 

separable order-continuous rearrangement invariant function space on [0,1], which is not 

equal to ^[O^ 1]. Suppose X is isomorphic to a complemented subspace ofY. Then either 

Y contains a complemented sublattice lattice-isomorphic to the Haar representation of X 

or Y contains a complemented sublattice lattice-isomorphic to X. In either case Y contains 

a complemented sublattice isomorphic to X. 

In particular, if the Boyd indices of X satisfy either px = 1 or qx — oo then Y 

contains a complemented sublattice lattice-isomorphic to X. 

PROOF: We first prove the theorem under the assumption that Y is separable. We may 

as in Theorem 7.1 represent Y as a function space on (A", /i), and we may suppose that X 

is modelled on (A, A). Suppose that Y does not contain a complemented sublattice lattice-

isomorphic to the Haar representation of X. Then we are in case (b) of Theorem 6.1 and 

since X ^ Li we are in case (b) of Theorem 6.3. We conclude exactly as in Theorem 7.2 

above that there is a band in X lattice-isomorphic to a complemented sublattice of Y. 
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Since every band in X is lattice-isomorphic to X the theorem follows. The hypotheses on 

the Boyd indices in the last statement imply that the Haar basis fails to be unconditional. 

We now consider the general case. The reduction to the previous case is attained 

by the observation that any separable subspace of Y is contained in a complemented 

separable sublattice. This follows from Proposition l.a.3 (p. 9) of [33] combined with the 

complementation results of Amir and Lindenstrauss [4] on weakly compactly generated 

subspaces. More precisely we can first suppose that Y has a weak order-unit u > 0. If 

Z — ZQ is a separable subspace of Y we can, by [4], construct a sequence of separable 

subspaces Zn so that Z2n+i is the smallest closed sublattice generated by Z2n f ° r n > 0 

and Z2n is a subspace containing Z2n-i for n > 1 so that there is a projection Pn : Y —> Z2n 

with | |P n | | < 1 and Pn[—u,u] C [—u,u]. Then (Pn) has a cluster-point P for the weak-

operator topology which is a projection onto the closure of V}Z2n+\M 

Now let us consider a special case of the above when Y is itself an r.i. space. 

THEOREM 7.4. Let X and Y be separable r.i. spaces on [0,1]. Suppose that X is not 

equal to L2[0,1] and that X is isomorphic to a complemented subspace ofY. Suppose 

that either (a) px = 1 or (b) qx = oo or (c) Y contains no complemented sublattice 

lattice-isomorphic to the Haar representation Hx of X. Then X = Y. 

PROOF: It follows from Theorem 7.3 that in each case, Y contains a complemented sub-

lattice lattice-isomorphic to X. However Proposition 2.5 then immediately yields X — Y.m 

The following theorem is an improvement of Theorems 5.1 and 6.1 in [22] in two ways. 

First we insist in the exceptional case that the Haar representation of X be isomorphic to 

a complemented sublattice of X. Second, we remove all side conditions on X\ we do not 

assume either that the Haar basis is unconditional or that X D LP[0,1] for some 1 < p < 2. 

THEOREM 7.5. Let X be a separable r.i. space on [0,1]. Suppose that either (a) px = 1 

or (b) qx = oo or (c) X contains no complemented sublattice lattice-isomorphic to the 

Haar representation of X. IfY is a separable r.i. space on [0,1] such that X and Y are 

isomorphic then X = Y. 

PROOF: Cases (a) and (b) are covered by the preceding theorem. For (c) observe that we 

can assume that 1 < px < qx < °° a n d 1 < py < qy < oo so that both X and Y have 

Haar representations. Further X ^ L2 and s o F ^ L2. Thus if X ^ Y we obtain that 
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Hy is lattice-isomorphic to a complemented sublattice of X. Now X is isomorphic to Hy 

and cannot be lattice isomorphic to a sublattice since Hy is atomic. Thus by Theorem 7.3 

Hy has a complemented sublattice lattice-isomorphic to Hx- But this means that Hx is 

isomorphic to a complemented sublattice of X. • 

THEOREM 7.6. Suppose that Y is a separable r.i. space on [0,1] and that X is a nonatomic 

Banach lattice which is isomorphic to a complemented subspace ofY. Suppose that Y con

tains no complemented sublattice which is lattice-isomorphic to £2 and that X contains no 

complemented sublattice which is lattice-isomorphic to L2. Then X contains a nontrivial 

band which is lattice-isomorphic to Y. 

PROOF: This is immediate from Theorem 7.2 (b) and Proposition 2.5." 

Notice it then follows by an exhaustion argument that X can be decomposed as the 

direct sum of at most countably bands each lattice-isomorphic to Y. This suggests a 

uniqueness principle for lattice structures on Y which we investigate further in the next 

section for certain special cases. Notice that if Y is super-reflexive then Y is isomorphic 

to Y(L2) which explains the restriction on X. Finally we notice that X must contain a 

complemented copy of Y; in view of Proposition 2.d.5 (p. 172) of [33] this leads to: 

COROLLARY 7.7. Under the hypotheses of Theorem 7.6, suppose further that 1 < px < 

qx < oo. Then X is isomorphic to Y. 
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8. Strictly 2-concave and strictly 2-convex structures 

We shall say that a Banach lattice X is strictly 2-concave if it is g-concave for some 

q where 1 < q < 2 and is strictly 2-convex if it is p-convex for some p where 2 < p < 

oo. Our main theorem of this section is an extension of an implicit result of [22] which 

asserts that any nonatomic Banach lattice which is strictly 2-concave and isomorphic to a 

complemented subspace of Lp (1 < p < 2) is lattice-isomorphic to Lp. However our proof 

is quite different. 

THEOREM 8.1. Suppose X is a strictly 2-concave r.i. space on [0,1], with Boyd indices 

{px,qx}, for which one of the following conditions holds: 

(a) px = 1 

(b) px < qx 
(c) X is px — convex. 

Let Y be a strictly 2-concave nonatomic Banach lattice. If Y is isomorphic to a 

complemented subspace of X then Y is lattice-isomorphic to X. 

REMARK: If we assume that Y is isomorphic to X then we can relax the assumption that 

X is strictly 2-concave. Indeed, X must be of cotype 2 and cannot be equal to L2', since Y 

is strictly 2-concave it cannot contain a sublattice, lattice-isomorphic to £2- By Theorem 

7.3 X will embed into Y as a sublattice and hence will be strictly 2-concave. 

We also note that (c) includes (a), but as we shall see the proof of (a) is rather simpler 

and it is this case which will be exploited in later results. 

Before proving Theorem 8.1 we note the following dual result which can be deduced 

immediately or proved in the same way. 

THEOREM 8.2. Suppose X is a separable strictly 2-convex r.i. space on [0,1], satisfying 

one of the following three conditions: 

(a) qx = 00 

(b) px < qx 

(c) X is qx~concave. 
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Let Y be a strictly 2-convex nonatomic order-continuous Banach lattice. If Y is 

isomorphic to a complemented subspace of X then Y is lattice-isomorphic to X. 

PROOF OF THEOREM 8.1: The proof of Theorem 8.1 is somewhat long and involves several 

preliminary lemmas. We start by introducing an r.i. space on [0, oo); we define Z to be the 

space (cf. [22] or [33] p.203) of all / G L0[0, oo) such that /*X[o,i] G X and f*X[i,oo) G L2. 

Z can be given a norm equivalent to the quasinorm ||/*X[o,i]||x + ||/*X[i,oo)||2- Since X is 

2-concave, the dual Z* can be equivalently normed by 

| | / | | z . = m a x { | | r X [ 0 i l ] | U . , | | / | | 2 } 

and Z* is 2-convex. The norm on Z will be assumed to be the predual norm for this norm 

(which is plainly a dual norm). 

We can and do suppose that Y is a good order-continuous function space on (A, A), 

with the strong density property. 

We next introduce the notion of a special embedding of Y* into Z*. Let <$ = (4>k)kez 

be a doubly infinite sequence of nonnegative functions in Zq(A, A). Define a a— finite Borel 

measure \i on Z x A by 

fi({k} xE)= f </>kdX 
JE 

for any Borel subset E of A. Then consider the map T = T$ : L 0 (A, A) —> L0(Z x A,//) 

defined by 

Tf(k,s) = 2kf(s). 

T is plainly a lattice homomorphism. We shall say that T is a special embedding if for 

some C and all / > 0, 

l | | / | | y . < | | T / | | z . < C | | / | | y . . 

In this case it quickly follows that we must have X^^FZ ^fc(5) > 0 a-e- Define Borel functions 

u$ , v$ on A as follows: 

u$(s) = sup{& : < f̂c(s) > 0} 

v$(s) = inf{fc : (j)k(s) > 0} 

so that —oo < v$ < u$ < oo a.e. 
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LEMMA 8.3. IfT = T$isa special embedding for which there exists N G N such that 

u$ — v$ < N a.e., then Y is lattice-isomorphic to X. 

PROOF: Let </>(s) = S f c e z ^ C 5 ) ' the hypotheses imply that 0 < oo a.e. and hence there 

is a cr—finite measure i / o n A with dp — (f)dX. Then for / > 0, 

| | T / | | z - < | | 2 " * / | U . ( A , 1 / ) < 2 w | | r / | | z . . 

Hence | | / | |y* is equivalent to ||2M*/||^*(^)1/) and Y* is lattice isomorphic to Z*[0,a) where 

a = J <j)d\. Clearly since Y* is strictly 2-convex, we must have a < oo. Furthermore | | / | |y 

is equivalent to ||2~M*/||^(^,u) and s o ^ *s lattice-isomorphic to Z[0,ce) and hence to X.m 

LEMMA 8.4. Suppose px = 1 and that T$ and Ty are two special embeddings ofY* into 

Z*. Suppose that u$ , ?;$, w^, vy are all finite a.e. Then there exists N G N such that 

\u$ — uy | < N a.e. 

PROOF: We suppose C is a constant such that 

^ | | / | | y < | | T # / | U . , | | T * / | | z - < C | | / | | y . , 

for / G £o(A, A). It will suffice to prove a uniform estimate on \u$ — uy\ on any set E of 

positive measure such that u$,v$,uy and vy are constant. 

For A; G Z, define 

&k= I <t>k d\, Pk = fa d\. 
J E J E 

Then (otk)kez and (flk)kez are each finitely non-zero. Let 6 be the minimum of all positive 

values of a^, /?*.. Then define 

fcEZ 

We use the fact that gx* = °° . We can find a simple function h G X*[0,1]+ of the 

form 
n 

h = ^2bjX[U-l)rfiJv) 
j=l 

so that nr] < min(l//9,<5) and so that ||/&||x* — 1 but | |JDP /I | |X* < 2. (JDp denotes the usual 

dilation operator.) 
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By Lyapunov's theorem we can find n disjoint Borel subsets F\,..., Fn of E so that 

/ (f)kd\ = S~1rjak 
JFJ 

I tl>kd\ = 6-1ril3k 
JFJ 

for 1 < j < n and k £ Z. Then let g = 2 ? = i fyXF,- • 

n 

kezj=i 
n 

i=i kez 

Hence recalling that u§ is constant on E and denoting its constant value by u$ , 

l|r*ff|U. <2-||i> (4. l5:ai)ft|U. 
<2 u * | |D p /» | | x . 

Similarly 

and hence 

T $ f f > 2 " * ^ 6 j X { u , } X F J 

\\T*g\\z* > 2 U * . 

Combining with similar estimates for Ty we obtain: 

ft — l o M $ ^ /"(Ott^ + l 

/*>— lrttixp ^ /'X} it 4. + 1 

so that 

|w$ — u^ | < log2(2C2)i 
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LEMMA 8.5. Let r — px* or r = qx*, and that r < oo. Suppose T$ and Ty are two special 

embeddings such that w$,v$, u^^v^ are finite a.e. Then there is a constant L so that 

kez kez kez 

PROOF: The initial steps are similar to those of Lemma 8.4. We suppose that C is a 

constant such that 

C^H/lly. <||T#/||z.,||T»/||z.<C||/||z. 

for all / G LQ(\), and that E is a Borel subset of A of positive measure so that the 

functions u$,v$,U\j,,v\if are all constant on E. For k G Z, define 

Oik = / </>*; dA, Pk ~ iftk d\. 

Let (5 > 0 be the minimum of all positive values of a^, f3k. Let p = <5-1(XXafc + /?&))• 

Let m be a natural number with m > 2p. Then by Theorem 2.b.6 (p. 141) of [33] 

there exists 77 > 0, n G N with mnr] < min(l , XX a* + Ph)) a n d a function h G X*[0,1]+ 

with ||/i||x* = 1, of the form 
n 

h = ^2bjX[(j-l)ritjr,) 
7 = 1 

so that if /i/, (1 < / < m) are defined by 

hi(t) = h(t -(I- l)nrj) (7 - \)nr) < t < Inrj 

hi(t) = 0 otherwise 

then, for all scalars (f/)[2.1, 

1 m m m 

\(£ \m1,r < 11E ̂ iu - < 2(£ i6ir)1/r. 
/ = i / = i / = i 

As in Lemma 8.4 we apply Lyapunov's theorem to find n disjoint Borel subsets 

F1,..., Fn of E so that for 1 < j < n and k G Z, 

(j>kd\ = 8 1rjak 

ipkdX = 8~lr]l3k. 
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We again let g — X)?=i bjXFj • Then 

kez 

where fi(Gjk) — S~1rjak. (Here fi = /x($).) 

Now 8~lotk > 1 and so if 7^ is defined to be the integer part of 8~la^ then 7* < 

S~1ajc < 2jk- We can then partition Gjk into sets Gijk for 1 < * < Tifc-r-1 where fi(Gijk) — f] 

for z < 7^ and /J,(Gijk) < rj for z = 7^ + 1. 

Thus 

j=i kez i=i 
7fc+l n 

fcez i=i j=i 

Note that 

Thus 

X (̂7fc + l ) < 2 ^ ^ 1 a , < 2 p < 
*ez fcez 

h^kr^Y/r < \\T*9\\z- < 2 (£ 2*-(7* + X))1/r-
JfcGZ fcEZ 

Since |6 _ 1 afc < 7^ < 7^ + 1 < 2^_1o;jt, we obtain 

2-(H-0s-i ^ 2 t r a * < ||T#ff|fc. < 2 r + 1 ^ E 2 * r « * -
itez fcez 

Similarly 

2-(«-+i>a-i £ 2*rA < ||T*fl||£. < 2r+1S~1 J2 ^rh-
kez kez 

Thus if we let L = C222<r+1) then 

L-1 £ 2fcj"a* < £ 2krpk <L^ 2fcrafc. 
fcGZ fc£Z keZ 

We now recall that E was an arbitrary set of positive measure on which the functions 

u$ , v$,Uijf and vy are constant. Thus for any such set 

JE ur-^ JE ur-rr JE i,t-rw 
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and it follows that , a.e., 

L-1 J2 2*r^ < Y, 2kr^k ^LJ2 2kr^-a 

kez kez kez 

We now return to the proof of Theorem 8.1. We regard X as being modelled on 

(A, A). Since X and Y are both strictly 2-concave, in particular neither contains any 

sublattice lattice-isomorphic to £2
 o r L2. Thus Theorems 6.1 and 6.3 are applicable. We 

deduce the existence of a constant M, a sequence of Borel maps an : A —> A with 

crm(s) / <jn(5) if m / n and sequences of nonnegative Borel functions a^a®, a^ on A so 

that a^ < {a^a^ff2 a.e. and if 
oo 

Pf{s) = YJ<{s)f{ans) 
n=l 
oo 

(?/(*) = 5>?(a)/(a„a) 
n = l 

oo 

n = l 

then P, Q,R are positive measure-continuous operators from C(A) to LQ(X) satisfying 

f fdX< f PfdX<M f fdX 

\\Qf\\x,l/2 < M| | / | | y , 1 / 2 

\\Rf\\x* ,1/2 <M\\f\\Y.%1/2 

for all / e -L0(A)+. 

For n G N , k G Z, let £ ( n , k) = {s : 22* < a%(s) < 22<*+ 1 )}. We will define two 

sequences of measures LOk, ĵt on A by 
oo 

n=l 
oo 

Our first objective is to show that each of these measures is A—continuous and to define 

its derivative. First observe that 

kez J 
PXF d\ < MX(F) 
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and so we can use the Radon-Nikodym Theorem to obtain nonnegative Borel functions 

(wk)kez so that dvk = w^dX and 1 < ^2keZ wk < M a.e. 

In order to consider the measures Uk we introduce the measure A on N X A defined 

by \({n} xE) = X(E). We define S : F* -> L0(N x A, A) by 

Sf(n,t) = (a2(t))1'2f(*nt). 

Then Z* is 2-convex and so, applying Lemma 7.2 of [22] to its 2-concavification, for a 

suitable constant C we have 
oo 

l|5/|lz.(A)<^KEa"(/0(7")2)1/2|l^ 
n = l 

= CIIJ?(/2)II5/.2
I1/2 

Thus 5 : Y* —> Z*(A) is bounded. As S\F > 2* on a set measure of measure at least 

LJk(F), we conclude that each LO^ is a finite A—continuous measure and we introduce the 

nonnegative Borel functions ((/>k)kez such that duj^ — <t>kd\. 

The next step is to use the functions (wk) to construct three lattice embeddings of 

Y* into Z*. We first determine four measurable integer-valued functions (KJ)J=1 on A so 

that if max*; Wk(s) > | then «i(s) = ^ ( s ) = Ks(s) = K^S) = / where wi(s) > | ; if, on the 

other hand, max*; Wk(s) < | then KJ(S) are such that: 

fc<Ki (5) 

4< E «>*(*) < g 

fc</C2(s) 
1 ^ V^ ^ \ 5 

fc<K3(s) 

J < E «>*(*) < § • 

It follows that K,I < K,2 < ^3 < ^4 and that for j — 1, 2, 3, 

k=Kj (s) 
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We now introduce the Borel sets Vj(k) = {t : Kj(t) < k < Kj+i(t)} for j = 1,2,3 and 

k £ Z. For n £ N and j = 1,2,3 we define Wj(n) = UkeZ(E(n, A;) ncr"1 V^-(fc)). Notice that 

this union is a disjoint union for each fixed n. 

We now use these sets to cut up the original operators P, Q, R. We define for j = 1,2,3, 
oo 

JV(t) = £<#(<)/(*»*) 
n = l 
oo 

n = l 
oo 

n = l 

where a n
; = a^x^ ; (n ) 5 «nJ = a^xwj(n) a n d an

J = a jxiy^n)- It is clear, with these 

definitions that Pj,Qj:Rj are measure continuous operators on C(A) with 0 < Pj < P, 

0 < Q j < Q, 0 < Rj < R and P3 < {QjRjf/2. 

For any Borel set E we have: 

/ pjXE dX = J2 anXa-^E
 dX 

J n=lJwj{n) 
oo 

= Z) Z) L ^ fl»^B"l(^(*)n^) ̂ A 

kez 

= Y1 wkXvj(k)d\ 
kez^E 

> IKE). 

It follows that: 

j p3fd\>l-j fd\ 
for / e Li(A)+. 

Now since Y is strictly 2-concave, it does not contain sublattices uniformly lattice-

isomorphic to £% for n £ N . Thus Theorem 6.4 is also applicable and we can deduce the 

existence of c > 0 so that for j — 1,2, 3 and for all / > 0 in Li(A)+, 

J sup(a£ (s)f(ans)) d\(s) > c J f(s) d\(t )• 
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Now for / e F * and g G Y, 

cj\fg\d\< j 
<\\sup\(a*!y'2foan\\\x4Sup\(a%y/2goan\\\x 

n n 

<Mll2\\g\\Y\\snp\{a^yl2foan\\\x.. 
n 

By maximizing over ||g||y < 1 we clearly have, for each / G F * , 

l l s u p K a ^ / o ^ H l x . > ^ | | / | | y . . 

We now use these results to cut 5 in a similar way. For j ~ 1,2,3 define Sj : Y* —> 

L 0 ( N x A, A) by 

Sjf(n,t) = (a^(t))^f(ant). 

Since 0 < Sj < S each Sj is bounded from Y* to Z*. On the other hand 

\\Sjf\\z. > | | s u p | ( < # - ) 1 / 2 / o < r B | | | x . > J^Wfh'-

Now we introduce three doubly infinite sequences of nonnegative £i(A) functions by 

defining <jy£' — <f>kXv-(k)- Let $ ^ = (<j>k )hez- We then create three measures {fij : j — 

1,2,3} on Z x A by setting 

/*,-({*;} * E ) = [ <t>[3)dX-
JE 

Consider the maps Tj = T^u) ' Y* -^ LQ(Z x A) defined by 

Tjf(k,t) = 2kf(t). 

We will show that each Tj is an embedding of Y* into Z*((j,j) and hence is a special 

embedding. Suppose / > 0 in Y*. Set G(T) = {s : f(s) > r } . Then 

oo 

k\SJf\>T) = Y,H(^)1/2f°Vn>T) 
n=\ 
oo 

= E E A(((«n ) 1 / 2 / o a„ > r ) n a " 1 V,-(fc) n £ ( n , *))• 
n=lfcGZ 
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Thus 

oo 

A(|S;/| > r) > £ J2 K^\G(r2-k) n V^k)) H £(n, *)) 
n = l f c E Z 

= 5>t(G(r2-*) n yj(*)) 
ifcGZ 

= £/ 
= Hj(\Tjf\ > r). 

Pd\ 

Similarly X(\Sjf\ > r ) < ^ j d ^ j / l > r / 2 ) - Combining these we see that each Tj : F * —* 

Z*(fj,j) is a special embedding. Furthermore if Uj — U^(j) and Vj = v$(j) then we have 

We are now in position to apply Lemmas 8.3-8.5. 

Case (a): It follows from Lemma 8.4 that u3 — u\ is essentially bounded and hence so 

is u2 — v2. Now Lemma 8.3 completes the proof. 

Case (b): We can assume px > 1. Let p = px* and q = <?x* so that p < q. Then for 

a suitable constant L we have a.e. 

fceZ A;GZ keZ 

where r = p or r = q by Lemma 8.5. Now, almost everywhere, 

ifcGZ 

> J L - 1 2 ( ? - p ) v 3 ^ 2 A : p ^ 

»L3) 
fcEZ fcEZ 

fcGZ 

> X""12 (?"p) ( , ,3"" t t l ) V 2 * ? ^ 1 ) 

> x - 2 2 ( g _ p ) ( u 3 _ U l ) V 2kq</>(£) 

so that V3—U1 is essentially bounded. Hence u2 — v2 is essentially bounded and we complete 

the proof by Lemma 8.3. 

Case (c): Here X is p-convex where p — px] we can assume that the p-convexity 

constant is one, and the same will then hold for Z. We let q — qx* be the conjugate index 

Licensed to Univ of Missouri-Columbia.  Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



68 N. J. KALTON 

in this case. We will introduce measures jli and /I3 on Z x A by setting 

fjLj({k} xE)= [ 2q{k-^)^)d\. 
JE 

Now define f : L0(X) - • £ 0 (£ i + M hY Tf(k,t) = 2K*Wf(t). If we can show that f is an 

embedding of Y* into Z*{ji\ -f /i3) then it will follow that F is lattice-isomorphic to X by 

an argument similar to the one used in the proof of Lemma 8.3. 

First we notice that Lemma 8.5 implies that there is a constant C so that 

C-l\\ff\\z.{M < \\Tf\\z+(M < C\\ff\\z.{M. 

Now suppose h G Z(fii) with \\h\\z = 1. Then 

fh(ff)dix1=Yl fh(k,t)2K^+^k-K^f(t)^\t)d\(t) 
J kez 

= f 0(M)Ti/(M)<W*) 
JZxA 

where 

g(k,t) = 2{q-1){k-K*{t))h{k,t). 

Thus 

\g\P = U(\h\") 

where 

UF(k,t) = 2q{k-K*)F(k,t). 

It is easily seen that U is an isometry from L\(jl\) into L1(/i i) which is norm-decreasing 

for the LOQ—norm. Since Z is p-convex with constant one we conclude that ||^||z(^i) 5* 1 

and hence that 

y^f/yAi^iiri/iiz-^) 1) 

whence we conclude that 

\\tf\\z-(M < WTifh-^y 
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For the converse direction suppose now that h G Z(fiz) with ||^||z(/x3) — 1- Then for 

any / £ Z*(\), 

fh(T3f)dfi3 = Y, fh(k,t)2kf(t)$\t)d\(t) 

= [ h(k,t)2k+q(K*W-k) f(t)dji3(t) 
JZxA 

= / g(k,t)ff(t)dfi3(t) 
JZxA 

where g(k,t) = 2^~1^K^-^h(k,t). Thus \g\P = U'{\h\P) where 

U'F(k,t) = 2^KM-k)F(k,t). 

As before U' is an isometry from £1(^3) to Li(/i3) which is also L^—norm decreasing. 

Thus ||^||z(/i3) ^ 1 a n d so as before 

||T/||Z.(A,) < ll^/Hz^.)-

Combining the above we conclude that T is an embedding of Y* into Z*([J,I + ^3) and 

the proof is complete." 
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9. Uniqueness of lattice structure 

The following proposition is closely related to [6], Lemma 7.13. 

PROPOSITION 9.1 . Let X be an order-continuous Banach lattice. Suppose X is 2-concave 

(resp. 2-convex); then X fails to be strictly 2-concave (resp. strictly 2-convex) if and only 

if there is a constant C so that for every n G N , X contains a C-complemented sublattice 

which is C-lattice-isomorphic to 1%. 

PROOF: One direction is trivial since if £% is C-lattice isomorphic to a sublattice of X for 

every n then X cannot be either strictly 2-concave or strictly 2-convex. We will prove the 

other direction for the separable case when we may suppose that X is a Kothe function 

space on some (A", fi) where K is a Polish space and fj, is a a—finite Borel measure. (The 

non-separable case can be proved by using the separable complementation property, but 

we will not need it.) We will restrict attention to the case when X is 2-concave, but not 

strictly 2-concave; the other case has a similar proof. We can and do assume that the 

2-concavity constant of X is one. 

Now X* is 2-convex with constant one which implies that X*,2 is a Kothe function 

space. Let cn be the least constant so that for disjoint / i , . . . , fn we have 

| | / i H + / n | | x * < cnmax| | / z- | |x*. 

Then c m n < cmcn. Hence if for any n we have cn < n1'2 then there exists a < 1/2 so that 

cn = 0(na). Pick p with a < 1/p < 1/2. Then for any disjoint / i , / 2 , • • . , fn with | | / i | |x* 

70 
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decreasing we have, setting fi = 0 for i > n, 

oo 2 * - l 

I E * I I * - ^ E U E *u** 
oo 

< C ^ 2 ^ - 1 > | | / 2 t - 1 | U -
k=\ 

oo n 

< c ^ 2 ( a - 1 / * ) ( f c - 1 ) ( ^ | | / l | H 1 / p 

n 

i=l 

where C,C are constants. Hence X* has an upper p-estimate and hence X is r-concave 

for some r < 2. This contradicts our assumption and so cn = n 1 / 2 for all n. 

Now if n £ N and 0 < 6 < 1 we pick disjoint positive norm-one f \ , . . . , fn so that 

| | / i + - - - + / n | | x . > nll\l - l / (2*»)) . 

Then 

ll/i2 + • • • + / ' l l x* , 1/2 > n - « . 

Now X* / 2 is a Kothe function space and hence there exists v > 0 in its Kothe dual Z say 

so that \\v\\z = 1 and 

jv{ft + -.-Jl)d»>n-8. 

Hence for all j we have 

Jvfjdn>l-S. 

Now i>/j is in the Kothe dual of X* i.e. X for 1 < j < n and it is immediate that 
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(1 — S) < \\vfj\\x < 1. For g G X we let a,j — J fjgdfi/ J vfjdfj,, and then we have 

(i-*)(5>?)1/2<niX>»/>ik 

sup / y ajvfjhdfx 
h\\x*<l< 

n 

< SUp \\J2ajfjhWx*,l/2 
IWI** <1 i = i 

<(E«,2)1/2 

while 

n „ n 

3 = 1 J j = l 

^(l-^llEa^lk-IMk 
7=1 

Jf = l 

These calculations show that v/ j span a sublattice (1 — £ ) _ 1 — isomorphic to £" a n d (1 — 

£ ) - 1 —complemented." 

We now turn to the question of finding a condition on a Banach lattice such that it does 

not contain uniformly complemented £%'s. If X is a Banach lattice we define dn = dn(X) 

to be the least constant such that for disjoint / 1 ? . . . , fn G X we have 

n n 

£ll/<ll<d»ll£/.-|| 
i = l i = l 

and en = en(X) to be the least constant so that for disjoint / 1 ? . . . , fn we have 

n 

| | £ / , | | < e max| | / , | | . 
z —' K i < n 
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LATTICE STRUCTURES ON BANACH SPACES 73 

PROPOSITION 9.2. Let X be a separable order-continuous Banach lattice. Then dn(X) — 

e n (X*) and dn(X*) — en(X). Furthermore i f / i , . . . , / n are any nonnegative elements of 

X then: 

J2\\f^<dn\\J2mx 
II max fi\\x < en max | | / i | |x . 

l < z < n l<i<n 

PROOF: We may assume that X is a Kothe function space on (A", fj,). First we prove that 

dn(X) — en(X*). Suppose # 1 , . . . , <7n G X* are disjoint, and nonnegative. For e > 0 pick 

f eX so that / > 0, H/llx = 1 and 

/ f(gi + -- + gn)d(j.> \\gi + • • • + #n | |x* - e. 

Let Ê - be the support of #j. Then 

n n » 

II^^IU- < £ ) fdjdfi + e 
3 = 1 3=1 

n 

<Ell/^lkllffilk.+« 
n 

< max | | ^ - | | x* (V | | /X£? i | | x ) + e 
l< .7<n z —' 

J = l 
< dn(X) max | | # J x * + e. 

l < j < n 

Thus e n (X*) < dn(A"). For the converse suppose / i , . . . , / n > 0 have disjoint supports 

£" i , . . . , i£n in X . Choose pj G X* so that #j has support in Ejy gj > 0, ||<7j||x* = 1 a n d 

Then 

/ fj9jdfi = | | / j | |x . 

<HE/,ilxllI>>IU. 

< C „ ( X ' ) | | ^ / i H x 
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and so en(X*) = dn(X). Clearly the same arguments give dn(X*) — en(X). Of the re

maining statements the second is quite obvious. It remains to prove the first. Suppose 

fj > 0 in X. Pick as above gj E X* with gj > 0 so that | | ^ | | x* = 1 and 

Then 

/ fj9jd^= \\fj\\x-

n - n 

j j=1 

< / ( m a x g3)Y,fjd^ 
I Kj<n *-—' 

n 

< || max gj\\x*\\Y^fj\\x 

i=i " i=i 

<en(X*)\\Y^fj\\x 

and the conclusion follows.i 

LEMMA 9.3. Let X be a Banach lattice for which liminf dnn a = 0. Then X is q-concave 

where q = (1 — a ) - 1 . 

PROOF: We clearly have that dn is submultiplicative, i.e. dmn < dmdn for all m,n. Thus 

we conclude that there exists /3 < a and C so that dn < Cn^. Suppose (1 — f3)~l < r < 

(1 — a ) - 1 and suppose fj, 1 < j < n, are disjoint in X. We suppose | | / j | |x 1S decreasing. 

Then for 1 < k < n, 

j ' = i i = i 

Thus 

EiiMix<(Ef)iiE/,iix-

Now dfc/A; < Ok?'1 and r ( l - /?) > 1 so that we obtain that X has a lower r-estimate. 

Hence X is ^-concave (see [33] p.85)." 

We now come to our main application. 
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THEOREM 9.4. Let X be a Banach lattice for which liminf c? n( logn) _ 1 / 2 = 0 Then X 

does not contain uniformly complemented 1% 's. 

PROOF: We remark that X is ^-concave for any q > 1 by Lemma 9.3. Let us assume that 

X contains uniformly complemented ^J'13- Let U be any free ultrafilter on N and form 

the ultraproduct Xu- Then Xu is also in a natural way a Banach lattice and it is easy to 

verify that dn(Xu) — dn(X) for all n. Further Xu contains a complemented copy of £2- It 

follows that there is a separable closed sublattice Y of Xu which contains a complemented 

subspace isomorphic to £2. Furthermore dn(Y) < dn(X) for all n. 

We thus can identify Y as a good order-continuous Kothe function space on a prob

ability space (K,fi). We may suppose that there exist sequences fn G Y and gn G Y* 

so that: J fig id fi = 1 for all z, f figjdfi = 0 if i ^ j and for some constant C and all 

a i , . . . , a n G R, 

C^Ct^i?)112 ^WY^aifjWx, \\J2ajgj\\x. <C(J2\°i\2)1/2-

We argue first no subsequence of fngn can converge to zero in measure. For if it does 

then we may find a subsequence <j>k = /„ f c , tpk — 9nk and a sequence of disjoint Borel sets 

Ek so that 

\Mk\dfJ. > -• 

Then \\(j>kXEk ||y > 1/(2^) and so, since Y is 2-concave, for a suitable constant C0 we have, 

for all k G N , 

k 

k<2Cj2UkXEk\\r 
i=l 

k 

<2Cdk(Y)\\J2<f>kXEk\\Y 

<2Cdk(Y)\\(J2\4>k\2)1/2\\y 
i = l 

k 

<2CC0dk(Y) Ave || V e i ^ | | y 

< 2C2C0rfit(r)fc1/2 

/ 
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and this leads to a contradiction. We conclude the existence of 8 > 0 and a sequence of 

Borel sets Fn with fJ.(Fn) > 8 so that |/n<7n| > $XFn for all n. 

Next notice that | | / n | | i < Il/n||y < 2C so that {|/n| > 4(7/(5} has measure at most 

8/2. Thus we may find Borel subsets Gn of Fn with jiGn > 8/2 so that \gn\ > ( 6 2 / 4 C ) X G „ • 

Hence for all n we have 

llEl^ll|y.>£llExGl.||1>^. 
i=l i=l 

Thus 

^ s i i E i * . 
i=l 

n 

= ii maf, iyi e t0ti i iY* 

n 

< e2n(Y*) max || V ez-^||y* 
e t = ± 1 ^—' 

<Cd2n(Y)n1'\ 

As liminf ( f 2 " ( ^ ) ^ - 1 ^ 2 = 0 we again obtain a contradiction.• 

THEOREM 9.5. Let X be a separable order continuous r.i. space on [0,1] for which 

liminf d n ( X ) ( l o g n ) - 1 / 2 = 0. If Y is a nonatomic Banach lattice isomorphic to a com

plemented subspace of X then Y is lattice-isomorphic to X. 

PROOF: Observe X is g-concave for all q > 1 by Lemma 9.3. It then follows (see [33] 

p. 132) that px = qx = 1- Thus X and hence Y is of cotype 2. In particular Y is 2-

concave. However, Y does not contain uniformly complemented ^ ' s by Theorem 9.4. By 

Proposition 9.1, Y is strictly 2-concave. The conclusion follows by Theorem 8.1. • 

By duality we obtain: 

THEOREM 9.6. Let X be a separable order-continuous r.i. space on [0,1] such that 

liminf e n ( X ) ( l o g n ) - 1 / 2 = 0. If Y is a nonatomic order-continuous Banach lattice iso

morphic to a complemented subspace of X then Y is lattice isomorphic to X. 

PROOF: Just observe that X* verifies the assumptions of the previous theorem, and since 

Y is order-continuous it is determined as a lattice by Y*] more precisely if we represent Y 

Licensed to Univ of Missouri-Columbia.  Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



LATTICE STRUCTURES ON BANACH SPACES 77 

as a good Kothe function space on (A", ji) then Ymax is the Kothe dual of Y* and Y is the 

closure of the simple functions in Ymax. • 

We now turn to examples. We consider certain Orlicz spaces considered in [22] (p. 

235) as examples of r.i. spaces on [0,1] which are not isomorphic to r.i. spaces on [0, oo). 

Define Fa by 

\ t ( l o g £ ) a , otherwise 

For 0 < a < 1/2 the Orlicz spaces Lpa are given as examples of r.i. spaces on [0,1] which 

are not isomorphic to r.i. spaces on [0, oo). An important ingredient of this result is that 

£2 is not isomorphic to a complemented subspace of Ljpa (see Lemma 8.16 of [22]). The 

next lemma shows that we can refine this to show that the same spaces do not contain 

uniformly complemented 0% 's-

LEMMA 9.7. For the Orlicz space Lpa we have there is a constant C so that dn < C(log n)a 

for n>2. 

PROOF: The dual space of Lpa is (up to equivalent norm) the Orlicz space Lca where 

Ga(t) = exp(t^) — 1 with /3 — 1/a. We will instead compute e n ( I c a ) . Suppose g1,... , # n 

are disjoint nonnegative functions with norm one so that 

ri 
Ga(gk(t))dt = 1 / 

Jo /o 

for k = 1,2,.. ., n. Let g = 2/b=i 9k- Then 

/ 
Jo 

Ga(g(t))dt = n. 

Now ||<7|| is defined by 

We claim that \\g\\ < an where 
/ 'GM)<* 

_ f2\ogSn\a 

We will show that /^ G^a'1 g(t))dt < 1. Let us put E = {t : g(t)p > 21og8n}. Then, for 

t e E , we have that | ( log8n)^(t) / 9 > g{t)P. Thus, again for t G E, 

( lo g 8nM*) / , >f l f (0 / ? + (log8n)2 
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^ < S ( 0 > - I o g 8 n . 
log8n 

It follows that 

/ Ga(a?g(t))dt < [ exp(a^g(tf)dt 
JE JE 

i - J exp(g(tf)dt < 
~ 8n 

<±.J(1 + Ga(g(t))dt 
1 < - . 

~ 4 

Let F be the complement of E. Then 

[ Ga(a^g(t))dt< J Ga{(\ogZ/2)a)dt 
JF JO 0 

1 < - . 
- 2 

Combining these statements gives the desired conclusion.* 

THEOREM 9.8. ForO < a < 1/2, the Orlicz spaces Lpa have unique structure as nonatomic 

Banach lattices. 

We also note here that the preduals of these spaces which coincide with the closure of 

the simple functions Hca in Loa also have unique structure as nonatomic order-continuous 

Banach lattices (for a < 1/2). In the case a = 1/4, this example is discussed in Example 

2.9 of [6]. 
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10. Isomorphic embeddings 

We now turn the problem of characterizing Banach lattices which embed into a given 

Banach lattice, but without assuming complementation. We shall suppose that X is a good 

order-continuous Kothe function space on (A, A) and that Y is a good order-continuous 

Kothe function space on a probability space (K,fi). Let A : X —• Y be an isomorphic 

embedding; we suppose that M is a constant so that: 

M-i/ll* < ||A/||y < Mll/ll*. 

We now follow the ideas presented in Section 4. Define Qn : CSn —• LQ(fi) to be linear 

and satisfy QnXE — \AHE\2 for E G An. 

We define a Haar system in X to be a sequence (<^n)^_0 °f the form <j>o = XA and 

4>n — XF2n ~ XF2n+i f° r n > 1 where (Fn) is a sequence of clopen sets with F± = A and 

Fn = F2n U i^n+i with X(F2n) = A(F2n4-i) = |A(F n ) . The closed linear span [< n̂] is then 

a sublattice of the form X(E) for a certain sub-cr-algebra of the Borel sets, on which A is 

non-atomic. 

LEMMA 10.1. Suppose lim^-^oo QkXA = 0 in Lo(fi). Then there is a Haar system in X 

spanning a sublattice X ( S ) which is an unconditional basis for X(E) and is equivalent to 

a disjoint sequence in Y. 

PROOF: We construct, by induction, a sequence (jPn)^_1 of clopen subsets of A and a 

sequence Hn of Borel subsets of K so that F\ = A, for each n, Fn — F2n U F2n+i and 

KF2n) = A(F2 n+i) = | A ( F n ) , and if </>0 = XA and <j>n = XF2n ~ XF2n+1 for n > 1 then, for 

n > 1, 

(XK ~ XHn)\AK\ < 2-^^M-1n-\XK ~ XHn) 

and 

| | A ^ X H J | Y < 2 - ^ + 4 ^ - 1 M - 1 

for 1 < k < n - 1. 

79 
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Suppose F\,..., i*2n-i a n d Hi,..., # n - i have been selected. Then Fn G Cm for some 

suitable large m. By the order-continuity of Y we may find 77 = r\n > 0 so that if fiE < rj 

then for 1 < j < n — 1 

| | ^ X £ | | Y < 2 - ( n + 4 ) r 1 M - 1 . 

Now as k —> 00 we have that QkXFn is bounded in L1/2 and QkXFn —» 0 in measure. 

Hence lim^^oo ||QfcXFn||i/4 = 0. Now for k > m, 

<2*XFn = Yl \Ah 

EeAk,ECFn 

El2 

and so 

lim / ( V I ^ / J B I 2 ) 1 / 4 ^ = 0. 

It then follows from Khintchine's inequality that 

lim Ave / I V eEAhE\1/2dii = 0. 
Jt^ooe£ = ±l / ^—' 

ECFn 

Thus, for large enough k > m, there is a choice of signs €E = ± 1 such that 

• ^ Ef^, V ^ 

ri2 

2 n + 4 M n 
EQFn 

At this point we define i*2n, ^2n+i to be disjoint clopen subsets of Fn such that 

J ^ eE/iE = XF2n ~ XF2n+1 = <̂ n-

Now let fTn - {|A<£n| > 2 - ( n + 4 ) M " 1 n - 1 } . Then / i # n < 77. Thus for 1 < j < n - 1, we 

have ||^.<^jXHn||y < 2~~'n~'~4')>/_1M_1. This completes the inductive construction. 

Next let Gn = Hn\ U£L n + 1 #* for n > 1. Then 

0 0 

| | A * B ( x t f B - X G j | | y < £ 2 - ( f c + 4 ) M - 1 n - 1 < 2 - ( " + 4 ) M - 1 n - 1 . 

Also 

\\AK(XK - XHn)||y < 2 - ^ + 4 ) M - 1 n - 1 | | X / d | y < t^"^M'1 rC1. 
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Combining, 

\\A<f>n - (A<J>„)XGJY < 2 - ( n + 2 > M - 1 n - 1 . 

On the other hand, 

| | M , | | y > M ^ I I ^ I U > M-xUn\\i > M-Xn~\ 

Hence 

| | ^ n X G n | | y > ( 2 M n ) - 1 

for all n > 1. Thus 
oo 

J2 UK - ( ^ n ) X G j | y | | ^ n X G j | y 1 < 1 
n=l 

and as ((A<j)n)xGn)^L\ ls a 1-unconditional basic sequence it follows that ( ^ n ) ^ = 0 is an 

unconditional basis for its closed linear span X(E) . • 

LEMMA 10.2. If the Haar functions form an unconditional basis of X then £2 is isomorphic 

to a complemented subspace of X. 

PROOF: By Theorem l.d.6 of [33] (and the argument therein) the Rademacher functions 

rn = ^2^eA ^E form an unconditional basic sequence equivalent to the £2 — basis in both 

X and X*. It follows quickly that the map 

0 0 , 

P / = E ( / / r n d A ) r n 

n=l J 

defines a bounded projection onto [rn].m 

LEMMA 10.3. One of the following three alternatives holds: 

(a) There is a Haar system in X spanning a sublattice -X"(E) which is an unconditional 

basis for X(E) and is equivalent to a disjoint sequence in Y. 

(b) There is a sub-cr—algebra E of 13(A) and a constant c > 0, so that for f G X(H) we 

W e 11/11* > c | | / | |2 . 

(c) There exists a non-trivial lattice homomorphism of X into Y. 

PROOF: We will assume that (a) and (c) fail. Thus by Lemma 10.1 we do not have 

limfc^oo QkXA — 0, in LQ(/JL). We pass to a subsequence nk so that that there exists 
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8 > 0 and Ak Borel in K with fiAk > 6 and Qnk(XA) > $XAk> By passing to a further 

subsequence we can assume that 

1 N 

N->oo Jy z —' 
k-l 

exists in L0(fi) for all / £ (75(A), where as usual Qnf = 0 when / £ CSn(A). Arguing as 

in Lemma 4.3 we conclude that 

| | Q / | | Y , I / 2 < K2
GM2\\f\\XA/2 

and hence that Q extends to a positive measure-continuous operator Q : X1/2 —» Y1f2,max-

We next argue that if (c) fails then v® is almost everywhere a continuous measure. 

Indeed if not then as in Section 6, we can find a G L^fi) with a > 0 and a > 0 on a set 

of positive measure and a Borel map a : K —> A so that v® > a(s)Sas a.e. Then if we set 

Tf = (a(s))1'2 f(as) then T is a nontrivial lattice homomorphism of X into Y. 

Thus we may assume that v® is continuous almost everywhere. We now essentially 

duplicate the arguments of Lemma 6.2 and Theorem 6.3. We select H of positive measure 

in K so that QXA is bounded on H and then set Qof = XHQI for / G X We shall define 

a Borel measure on K by 7(F) = jK{QoXA)l^2dfi. By assumption we have 7(A") > 0. Let 

(7?n)5JLo be a sequence of positive reals such that J^^Lo 2nr}n < | min(l ,7(i ir)) . 

Let (7(0) = A. Then for each finite sequence ( e i , . . . , en) with ê  = ±1 we can define 

a clopen subset G ( e i , . . . , en) of A and a Borel subset JP(CI, . . . , en) °f K2 so that 

G(ei, . . . , e n ) = G ( e i , . . . , e„, 1) U G(ei , . . . , e„, - 1 ) 

A(G(e 1 , . . . ,6 n ) = 2 - r i 

7 ( i i C \ F ( e i , . . . , e n ) ) < r?n 

XF(e 1 ) . . . , e n ) |<3o(XG(e 1 , . . . , e n , l ) ~ 2 ^ G ( e i . - » e n ) ) l ^ VnQoXG(e1,...,en) 

It is clear that this can be done by repeated application of Lemma 6.2 for suitably large 

D (in this case Uj = 0). 

We now let F = n ~ = 1 flCfc=±1 F(eu..., en), so that <y(K \ F) < £ 2 " ^ < \l(K). 

Thus 7 ( F ) > \7{K) > 0. Further 

1 n _ 1 

XF\QoXG(elt...tCn) - ^ X A | < (Y, 2k
Vk)2-nQoXA 

Z k=o 

< 2 " ^ + 1 ) Q o X A 
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so that 

XFQO(XG(CI>...,£„)) > ^~UXFQQX^-

Now we conclude that for any / of the form, 

/ = 5 Z a ( € i ' " - ' e ")XG( € l ) . . . ,6 n ) , 
e,-=±l 

we have 

\{j f2d\)XFQoXA<Q0(f2) 

and hence 
l-J f2d\(7(F))2 < | |Oo(/2) | | i /2 < l |go(/2) | |y, i /2. 

Hence for some suitable c > 0, 

cy>dA<ii/2iu,1/2=ii/iu. 
This clearly extends to the full a—algebra E generated by all G(ei , . .. , en), n G N«. 

We now combine these results to give some applications: 

THEOREM 10.4. Suppose X and Y are separable order-continuous nonatomic Banach 

lattices such that X embeds into Y. Suppose further that either (1) X and Y are both 

strictly 2-concave or (2) liminf d n ( X ) ( l o g n ) - 1 / 2 = 0. Then there is a nontrivial lattice 

homomorphism of X into Y. 

PROOF: We can suppose that X and Y are Kothe function spaces as above. We simply 

show that in cases (1) and (2) both (a) and (b) of Lemma 10.3 are excluded. Suppose first 

we have (1). Then if (a) holds, Y contains a sublattice lattice-isomorphic to £2 a n d cannot 

be strictly 2-concave. If (b) holds then for / £ AT(E) we can find for each N disjoint sets 

Ek'A < k < n, in E such that ||/x£fc | |2 = Af_1/2 | |/||2. Hence if X is ^-concave for some 

a > 0, 

\\f\\x > < C WfXEk \\qY/q > acWfhN1'*-1'* 

which again leads to a contradiction. Now suppose (2) holds; then (a) is excluded because 

no sublattice of X can contain a complemented Hilbertian subspace by Theorem 9.4. On 

the other hand X is strictly 2-concave (Lemma 9.3) so that the above reasoning excludes 

(b) . . 

Now we consider the case when X is an r.i. space on [0,1]. The following result 

strengthens Theorem 5.1 of [22] (see also Theorem 6.1 of [22]). 
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THEOREM 10.5. Let X be a separable order-continuous r.i. space on [0,1] and let Y be 

an order-continuous Banach lattice. If X embeds into Y then one of the following three 

(non-exclusive) possibilities holds: 

(a) The Haar system is an unconditional basis for X and Y contains a sublattice lattice-

isomorphic to the Haar represntation of X. 

(b) There exists a constant c > 0 so that for all / E l , | | / | | X > cll/ | |25 

(c) There is a nontrivial lattice homomorphism of X into Y. 

If further Y is an r.i. space on [0,1] or [0, oo) then (c) is equivalent to: 

(d) There exists c> 0 so that for all f e X, \\f\\x > c\\f\\y 

PROOF: The first part of the assertion is immediate from Lemma 10.3. For the equivalence 

of (c) and (c'), let us suppose that Y is an r.i. space on [0,oo) and that V : X —•> Y is a 

nontrivial lattice homomorphism. Thus V is of the form 

Vf(s) = a(s)f(as) 

where a £ L0[0,oo) is nonnegative and is strictly positive on a set of positive measure, 

and a : [0, oo) —•> [0,1] is a Borel map. We may clearly suppose that a — \E where E is 

a Borel set of measure less than one. Define a measure i/ on [0,1] by vF = X(a~1F D E). 

Then it easily follows that v is A—continuous on [0,1] and is nontrivial. Hence there 

exists a Borel set G of positive measure so that for suitable 0 < c e < / 9 < o o w e have 

a\(H) < v(H) < f3\(H) whenever H is a Borel subset of G. Now if / is supported on G 

then 

| | A » / | | Y < | | V / | | y < C | | / | U 

for a suitable constant C and hence (d) follows.• 

We conclude by considering the special case when X = Lp[0,1]. The following result 

is a generalization of Lemma 7.13 of [5]. 

LEMMA 10.6. Suppose 1 < p < oo and that Y is a separable order-continuous p-convex 

Banach lattice. Suppose that there is a nontrivial lattice homomorphism V : Lp —> Y. 

Then Y contains a complemented sublattice Z which is lattice-isomorphic to Lp. 

PROOF: We can suppose that Y is a good order-continous Kothe function space on a 

probability space (A", fi). We can suppose that Vf = XEI ° & where JJ,E > 0 and a : K —> 
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[0,1] is a Borel map. Consider the K6the function space Z = Yl/p. Then there exists 

<j> e Z\ so that <f> > 0 a.e. and j <\>XE&[i> > 0. Thus for / G Y, 

j\f\p^<\\\m\z = \\f\\py. 
Define v to be measure on [0,1] given by 

v{F) = <j)dfi. 
Ja-lFnE 

Then it is again to easy to see that v is A—continuous and nonzero. Thus there is Borel 

subset G of [0,1] of positive measure such that for some a > 0 and all Borel subsets H of 

G we have v{H) > a\(H). Now if / G LP(G), 

J\Vf\^d^ = J \foer\P4dp 

= jG\f\Pdv 
>4/ii?. 

It follows that V maps Lp(G) isomorphically onto a sublattice L of Lp(<j)d{i). Let P be 

a norm one projection of Lp{(j)d^) onto L. Since on L the Y and Lp(</>dfj,) norms are 

equivalent P also induces a projection of Y onto LM 

The next theorem is an improvement (in the case p = 1) and a generalization of the 

result of [25]. 

THEOREM 10.7. Suppose 1 < p < 2 and suppose that Y is a separable order-continuous 

p-convex Banach lattice. Suppose Lp embeds into Y. Then either: 

(a) p > 1 and Y contains a sublattice lattice-isomorphic to the Haar representation of Lp, 

or 

(b) Y contains a complemented sublattice lattice-isomorphic to Lp. 

PROOF: This is now immediate from Theorem 10.5 and Lemma 10.6.« 

Obviously if we assume that Y is strictly 2-concave then case (a) is excluded and we 

must have that Lp is lattice-isomorphic to a complemented sublattice of Y. However, if we 

do not require complementation the same conclusion can be obtained in Y is merely of 

type p (in the case p > 1.) In order to prove this we use a minor modification of a result 

from [26]. 
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PROPOSITION 10.8. Suppose 0 < p < 1 and that Z is a p-Kothe space on some Polish 

probability space (A",//), which is r-concave for some r < oo. Suppose there exists a 

positive operator V : Lp —> Z such that for some c > 0 and all nonnegative f G Lp we have 

\\Vf\\z > cl|/lli)- Then there is an embedding of Lp into Z which is a lattice isomorphism. 

PROOF: This is essentially proved in [26], Theorem 8.7. The hypotheses there are that 

V is an embedding (not necessarily positive). Nevertheless the result quoted is proved by 

exactly the same reasoning; one need only observe that it suffices to consider operators 

satisfying a lower estimate on the positive cone in place of embeddings. 

THEOREM 10.9. Suppose 1 < p < 2. Let Y be a separable strictly 2-concave Banach 

lattice of type p > 1. Suppose that Lp embeds into Y. Then Y contains a sublattice 

lattice-isomorphic to Lp. 

PROOF: We shall suppose that Lp = Lp(A, A) and Y is a good Kothe function space on 

the probability space (A", /i). We define Z = Yi/2- Let us observe that Z can be equivalently 

normed as a p/2—Kothe function space. Indeed if gi G Z+ for 1 < i < n then g± = ff 

where /,- G Y. Then for constants C, C depending only on Y we have: 

nE?.iu = ii(E/ni/2ii2y 
i=l i=l 

n 

<CAveei=±1\\Y,tifi\\Y 

<cc(f2\\fi\\p)2,p 
i=l 

<cc'C£h>\\p/2)2/p-
« = 1 

Thus Z is a p/2—Kothe function space. Further since Y is g-concave for some q < 2, Z is 

r = q/2—concave where r < 1. 

Now as in the discussion before Lemma 10.1 we suppose A : Lp —» Y is an embedding 

satisfying M-X\\f\\p < \\Af\\Y < M\\f\\p for all / G Lp(A,X). Define Qn : CSn -> I o ( / 0 

as before. As in Lemma 10.3 we may select, by Komlos's theorem, a subsequence so that 

for every / G CS(A) 

k=i 
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exists /j, — a.e. From Lemma 4.3 we conclude that Q is extends to a positive bounded 

operator from Lpf2 to Z. It remains to show that Q satisfying a lower estimate for positive 

functions. 

Suppose / G CSni is nonnegative and | | / | |p/2 = 1- Let Qf — h G Z+. Then we may 

find a sequence Nj tending to infinity so that if 

1 NJ 

3 k=i 

then we can write, by a standard gliding hump technique, 

hj = h -f (f)j + ifrj 

where (< ĵ)?^=i ^s a sequence of disjointly supported functions with 0 < <j>j < hj and 

ll^illz —* 0- We will argue that ||</>j||z -^ 0 as well. If not we may pass to a subsequence 

so that H^jllz > <5 > 0 for all j . Then for all m and a suitable constant a > 0 since Z is 

r-concave, 

.. m 

cm1/r-1S<\\~J2'l>^ 
1 m 

<H-EML 
3 = 1 

j=i } k=i 

< K2
GM2\\f\\p/2 

by applying Lemma 4.2. But this yields a contradiction a s m - > o o and so we do indeed 

have lim||<^| |z = 0. Hence lim||/ij — h\\z = 0. 

If we write / = ^2EeA
 a\XE then 

^ • 4 E E E «^M2 
3 k=i EeAni ^ M „ f c 
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88 N. J. KALTON 

and hence for suitable constants c,c' > 0 since Y has cotype 2, 

I N l f = ll^/2lly 

^ I J E E E ^Ah?\\y 
k=l EEAn. F6Ank Wj 

FQE 

^ ' IK^E E E °W2n, 
3 k=l E£An. F£*nk 

FQE 

Hence l iminf^oo \\hj\\z > (c')2 and so | | Q / | | Z > {c'f. 

The theorem will now follow from Proposition 10.8.« 

We remark that the Lorentz spaces L(p, q) are of type p when 1 < p < q < oo. It is in 

fact known that £p does not embed into L(p,q) ([10]). See [7], [8], [9] and [10] for general 

results on subspaces of Lorentz spaces. 
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