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ABSTRACT

of the possible rearrangement-invariant lattice structures on an arbitrary Banach space.
In this work, using somewhat different techniques, we continue this study and improve
their main results on uniqueness of structure as an r.i. function space on [0,1]. Our
techniques also yield more general results on uniqueness of structure as a Banach lattice.
For example, if X is an order-continuous r.i. space on [0,1] and X # L, then if X embeds
as a complemented subspace of an order-continuous Banach lattice Y then X embeds as
a complemented sublattice; furthermore this sublattice is lattice-isomorphic either to X
or, if the Haar basis of X is unconditional, to the atomic Banach lattice generated by
the Haar basis. We also show that if Y is a nonatomic Banach lattice which is g-concave
for some ¢ < 2 and is isomorphic to an r.i. function space X on [0,1] then Y is lattice-
isomorphic to X. This leads to examples of r.i. spaces with unique structure as nonatomic
Banach lattices (in addition to the known examples L; and L; due to Abramovich and

Wojtaszczyk).

Key words and phrases: Banach lattice, uniqueness of lattice structure, non-atomic, Kéthe

function space.

vi
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1. Introduction

The general problem we address in this paper is to attempt to characterize in some
way the possible Banach lattice structures that a separable Banach space may have. Thus
given two Banach lattices X and Y which are isomorphic as Banach spaces we attempt
to derive results concerning their respective lattice structures; in extreme cases we may
hope for results that assert that X and Y are lattice-isomorphic. In this paper we will
be mainly concerned with the case of order-continuous nonatomic Banach lattices which
therefore may be concretely represented as Kothe function spaces. However we review first
the literature for general lattices.

Of course a separable order-continuous atomic Banach lattice is nothing other than
a Banach space with a given unconditional basis. The question of uniqueness of uncon-
ditional basis was considered first by Lindenstrauss, Pelczynski and Zippin in the late
sixties ([30],(32],(34]). In the language of this paper they showed that there are exactly
three spaces (¢1,¢2 and cg) with a symmetric unconditional basis which have exactly one
structure as an atomic order-continuous Banach lattice. Subsequently, Edelstein and Wo-
jtaszezyk ([18],(48],[49]) showed that direct sums of these spaces such as £; @ £, also have
unique structure as atomic order-continuous lattices. In the memoir [5], Bourgain, Casazza,
Lindenstrauss and Tzafriri probed the problem of characterizing spaces with such a unique
structure and gave further examples such as #1(¢2). In a different direction the uniqueness
of the symmetric basis was investigated in [31] and [42].

The first result on uniqueness of structure for nonatomic Banach lattices seems to
be that of Abramovich and Wojtaszczyk [2] who showed that the the uniqueness of the
unconditional basis for #; and ¢, has an analogue for the function spaces Ly and Ly. These
spaces have unique structure as nonatomic Banach lattices.

The general study of corresponding problems for nonatomic Banach lattices was, how-

ever, initiated in the seminal work of Johnson, Maurey, Schechtman and Tzafriri [22], and

Received by the editor April 3, 1991 and in revised form, November 22, 1991
This research was supported by NSF-grants DMS-8601401 and DMS-8901626

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



2 N. J. KALTON

it is this paper which provides the motivation for the present work. In [22], the study was
focussed on rearrangement-invariant (r.i.) spaces on either [0,1] or [0,00). These spaces
are, in a certain sense, the continuous analogues of spaces with symmetric bases. The
main aim was to prove results characterizing the possible r.i. structures on a given Banach
space. We will discuss their main results in more detail in a moment. First, however,
we also mention that their work also initiated the study of finite-dimensional symmetric
spaces and the general problem of uniqueness of symmetric basis in this case (see [6], [13],
[20] and [44]). We also mention that in [13] and [44] these ideas were extended to the
study of possible lattice structures on finite-dimensional Banach spaces, with results which
when stated in the appropriate language resemble some of the theorems in this paper in
the infinite-dimensional setting; typical results asserted that under suitable hypotheses, if
two finite-dimensional Banach lattices are isomorphic then they contain large dimensional
bands which are lattice-isomorphic (cf. Theorem 2.6 of [13] or Theorems 5.4 and 5.5 of
[44)).

It is well-known that a separable r.i. space on [0, 1] has an unconditional basis and
hence a structure as an atomic Banach lattice if and only 1ts Boyd indices satisfy 1 < px <
gx < oo, and in this case the Haar system gives an unconditional basis of X (see [22],
[33]). We shall refer to the induced atomic Banach lattice as the Haar representation of
X, denoted by Hx.

In [22] the approach taken to uniqueness of structure theorems is via embedding
theorems. Thus, given an r.i. space Y on [0, 1], one tries first to identify those r.i. spaces
X which can be embedded into Y. One way to embed X into ¥ (when 1 < px < ¢gx < 00)
is to embed Hx as a sublattice; the conclusions of Theorems 5.1 and 6.1 of [22] are that,
if we exclude this possibility then, under suitable hypotheses, the identity map is bounded
from X to Y. Precisely:

THEOREM 1.1 [22]. Let X and Y be separable r.i. spaces on [0,1] and assume that Y is
g-concave for some q < 0o. Suppose X is isomorphic to a subspace of Y. Suppose either:
(a) 1 < px < gx < oo, X is not isomorphic as an r.i. space to Ly, and Hx is not lattice-
isomorphic to a sublattice of Y, or:

(b) px =1 and for some r < 2 there exists C such that ||f||x < C| f||» for all f € X.
Then there is a constant Cy so that for all f € X we have ||f]ly < Col|fllx-
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LATTICE STRUCTURES ON BANACH SPACES 3

From this theorem results on the uniqueness of r.i. structure can be obtained. Thus
if we have that X is isomorphic to Y we utilize the facts that X embeds into Y and ¥
embeds into X; if we want to exploit the fact that X is isomorphic to a complemented
subspace of Y we use a duality argument that X embeds into ¥ and X* embeds into Y*.

Thus typical uniqueness of structure results obtained are:

THEOREM 1.2 [22], [33]. Let X and Y be separable r.i. function spaces on [0,1] and
suppose X and Y are isomorphic. Then each of the following hypotheses imply that
X =Y as an r.i. space:

(a) X is r-concave for some r < 2.

(b) X is superreflexive and Hx is not lattice-isomorphic to a sublattice of X.

Subsequent work on r.i. spaces has concentrated on characterizing subspaces of r.i.
spaces (see [7], [8], [9], [10], [11], [15], [16], [23], [40], [41], [45]). In this paper we concentrate
on the problems of identifying complemented subspaces (see [12] and [21]) and the question
of uniqueness of lattice structure. In the course of our study we give a more complete result
on uniqueness of r.i. structure, eliminating concavity hypotheses and strengthening the
conclusions.

By way of motivation let us consider two situations. First suppose X is a reflexive
Banach space with two unconditional bases (z,) and (y,). Then by a standard argument
it is clear that there is a block basic sequence (z,) of (y,) equivalent to a subsequence
(zk,) of (z,) and spanning a complemented subspace of X. This can be rephrased: if X
and Y are separable reflexive atomic Banach lattices which are isomorphic then there is an
infinite-dimensional band B in X which is lattice-isomorphic to a complemented sublattice
of Y. The second example is the result of [25] which shows that something similar occurs
for a special nonatomic Banach lattice: if X is a Banach lattice not containing ¢y and L,
embeds into X then L; embeds as a complemented sublattice of X.

We prove a very general result of this type in Theorem 7.2. We suppose that Y is
a separable order-continuous Banach lattice which contains no complemented sublattice
lattice-isomorphic to £3; we suppose further that X is a separable order-continuous Banach
lattice which contains no complemented sublattice lattice-isomorphic to Ly. Then if X is

1somorphic to a complemented subspace of Y there is a nontrivial band Xy in X which is
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4 N. J. KALTON

lattice-isomorphic to a complemented sublattice of Y. More generally X itself is lattice-
isomorphic to a complemented sublattice of Y (£2). This latter result is the nonatomic
generalization of a theorem due to Maurey [37] (cf. [33]) on unconditional bases in Banach

lattices.

In the case when we suppose that X is an r.i. space these results can be sharpened.
In Theorem 7.3 we will show that if ¥ is a separable order-continuous Banach lattice
and if X is a separable r.i. space on [0,1] with X # Ly and if X is isomorphic to a
complemented subspace of Y then either 1 < px < ¢gx < 0o and Hx is lattice-isomorphic
to a complemented sublattice of ¥ or X itself is lattice-isomorphic to a complemented
sublattice of Y. Thus if a separable r.i. space on [0, 1] is complementably embeddable in a
separable order-continuous Banach lattice it is embeddable as a complemented sublattice.
This result is apparently new for the case L, when p > 1; for p = 1 it is true without the

hypothesis of complementation (see [25] and Theorem 10.7, below).

These results allow an improvement of Theorem 1.2 above. We show that if X and
Y are isomorphic separable r.i. spaces on [0, 1] such that either (a) 1 < px < ¢gx < o©
and Hx is not lattice-isomorphic to a complemented sublattice of X or (b) px = 1 or
(c) gx = oo then X =Y as an ri. space. This improves on the theorems of [22] by
removing all restrictive hypotheses on X and by requiring in the excluded case that Hx

be a complemented sublattice.

There is obviously no hope except in special cases of establishing uniqueness of the
nonatomic lattice structure for an r.i. space. Indeed it is shown in [22] that if 1 < px <
gx < oo then X admits many nonatomic lattice structures. For example X is isomorphic
to X(¢2), X(L,) and to an r.i. space on [0,00). However in the special case of L, they
establish a uniqueness theorem by eliminating structures in which £} can be embedded
uniformly as a (complemented) sublattice. In the terminology we introduce in the paper
this is equivalent to showing that if 1 < p < 2 then L, has a unique structure as a strictly
2-concave (i.e. r-concave for some r < 2) Banach lattice and if 2 < p < oo then L, has
unique structure as a strictly 2-convex (i.e. r-convex for some r > 2) Banach lattice.
This result is a corollary of a stronger result that any strictly 2-convex nonatomic Banach
lattice which is isomorphic to a subspace of L, for p > 2 is lattice-isomorphic to L,.

The atomic version of these results for ¢, is due to Dor and Starbird [17]. The spaces
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LATTICE STRUCTURES ON BANACH SPACES 5

£5, 1 < p < 2 are the only Banach spaces with a symmetric basis and a unique structure
as a strictly 2-concave Banach lattice (and there is a dual statement for p > 2), as is clear
from Proposition 3.a.5 of [33]. However, for r.i. function spaces on [0, 1] the situation is
rather different. We show in Section 8 that under certain technical assumptions which
apply to a wide range of spaces that the strictly 2-concave lattice structure on a separable
ri. space on [0,1] is unique. The simplest such assumption (with the simplest proof) is
that px = 1. However uniqueness also holds if px # ¢x or if X is px-convex. There are
dual results for strictly 2-convex structures. It is to be noted that these results are of a
somewhat different nature to the L, —results which in the case p > 2 apply to any subspace

and are proved by p-convexity and p-concavity considerations.

In Section 9 we pursue these considerations one step further by developing a simple
criterion which allows us to conclude that a Banach lattice does not contain uniformly
complemented £3’s. This enables us to give examples of r.i. spaces on [0,1] with unique
structure as nonatomic Banach lattices, in addition to the known examples of L; and
Ly. Roughly speaking an r.i. space which is very close to L; will have such a unique
structure. For example the Orlicz space Lp[0,1] has unique nonatomic structure when
F(t) ~ t(logt)* for large ¢t and 0 < « < 1/2. This example is already mentioned in [22] as

an r.i. space on [0, 1] which is not isomorphic to an r.i. space on [0, c0).

Finally in Section 10 we consider embedding results in the spirit of [22] and give
some small improvements to results from [22]. Let us draw attention to Theorem 10.9.
It is shown in {22] that, f 1 < p < 2 L, is embeddable into any r.i. space on [0,1]
which contains L(p, co) (i.e. weak L,) by using p-stable random variables. Theorem 10.9
i1s motivated by an attempt to provide a converse; an r.i. space of Rademacher type p
(e.g. the Lorentz space L(p,q) where p < ¢ < oc) is a proper subspace of L(p, o). In
Theorem 10.7 we show that if L, embeds into a Banach lattice of type p then it embeds

as a sublattice.

We now give a brief description of Sections 2-6 where we develop our techniques to
produce these results. Section 2 is mainly devoted to introducing terminology, concerning
Kothe function spaces and Banach lattices. However we also discuss criteria for comple-
mentation of sublattices. In Section 3 we introduce the basic ideas on representing positive

operators by generalized kernels (or random measures). These ideas have a long history
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6 N. J. KALTON

having been explored in [24], [46], and [47], for example. In Section 4 we consider the basic
situation when a Ko6the function space X is known to be isomorphic to a complemented
subspace of a Kothe function space Y. We associate to X and Y three positive operators
P, @Q, R defined on certain associated spaces. In Section 5 we concentrate on establishing,
under suitable hypotheses, that these operators carry the information that X is comple-
mented in Y (and, in particular, do not vanish). In Section 6 we study hypotheses which
enable us to argue that the generalized kernels associated to these operators are given,
a.e., by atomic measures. Thus by Section 7 we are ready to interpret the results.
Finally let us stress that Kothe function spaces and Banach lattices are (at least in
the order-continuous case) essentially interchangeable notions, the former being simply a
concrete version of the latter. It is frequently more convenient to deal with Kéthe spaces

but the reader should keep in mind that this involves no loss of generality.
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2. Banach lattices and Kothe function spaces

Let us first recall that a Banach lattice X is said to be order-continuous if and only
if every order-bounded increasing sequence is norm convergent (see [33] p.7). A Banach
lattice which does not contain a copy of ¢y is automatically order-continuous but the
converse is false. An atom in a Banach lattice is a positive element a so that 0 <z < a
implies that z = aa for some 0 < @ < 1. A Banach lattice is discrete if min(|z|,a) = 0
for every atom a implies ¢ = 0; it is nonatomic if it contains no atoms. The reader
is referred to Aliprantis-Burkinshaw [3], Lindenstrauss-Tzafriri [33] or Schaefer [43] as a
general reference for Banach lattices.

Let K be a Polish space (i.e. a separable complete metric space) and let u be a
o—finite Borel measure on K; see Cohn [14] for background on measure theory. We refer
to the pair (K, u) as a Polish measure space; if u is a probability measure then we say
(K, u) is a Polish probability space. We denote by B(K) the collection of Borel subsets
of K; if E is a Borel set then xg denotes its indicator function. We denote by Lo(x) the
space of all Borel measurable functions on K, where we identify functions differing only
on a set of measure zero; the natural topology of Lg is convergence in measure on sets of

finite measure. If 0 < p < 1, an admissible p-norm is then a lower-semi-continuous map

f = |If|l from Lo(u) to [0, 00] such that:

(a) llafll = |all[f[| whenever a € R, f € Lo.

®) [If +gll” < IF1I7 + llgllP, for £, g € Lo.

() IF I € llgll, whenever |f| < |g| a.e. (almost everywhere).
(d) IfIl < oo for a dense set of f € Ly,

(e) Ifll =0 if and only if f =0 a.e.

If p =1, we call ||| an admissible norm; an admissible quasinorm is an admissible

p-norm for some 0 < p < 1.

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



8 N. J. KALTON

A quasi-Kaéthe function space on (K, p) is defined to be a dense order-ideal X in Lo (u)
with an associated admissible quasinorm || || x such that if Xpnee = {f : ||fllx < oo} then
either:

(1) X = Xpaz (X 1s mazimal) or:
(2) X is the closure of the simple functions in X4, (X is minimal).
We remark here that, for Kéthe function spaces, X 4, coincides with the maximal normed

extension of X introduced in [1].

If || |x is a norm then X is called a Kothe function space. Notice that according to
our description we consider || ||x to be well-defined on Ly. Any order-continuous Kothe
function space is minimal. Also any Kothe function space which does not contain a copy
of ¢y 1s both maximal and minimal.

Given any Kothe function space X and 0 < p < oo we define X, (see [35]) to be the
quasi-Kothe space of all f such that [f|P € X with the associated admissible quasinorm
I fllx, = |Hf|”||§(/p It is readily verified that || || x, is an admissible p-norm when 0 < p <1
and an admissible norm when p > 1. We will primarily use the case p = 1/2, in this paper.
We will also use the subscript + to denote the positive cone in a variety of situations, e.g.
Xi={f:feX, f>0}.

If X is an order-continuous Kothe function space then X* can be identified with the

Kothe function space of all f such that:

Ifllx- = sup1/|fg|d,u<oo.

llgllx <

X* is always maximal.

If i is a probability measure then we say following [22], that a Kothe function space
X is good if Lo, C X C Ly and further for f € Ly, ||fllh < IIfllx < 2||fljoo- It 1s well-
known that any separable order-continuous Banach lattice can be represented as (i.e. is
isometrically lattice-isomorphic to) a good Kéthe function space on some Polish probability
space (K, i) (see [22] and [36]).

In the case when X is nonatomic we can require that K = [0,1] and y = A is Lebesgue
measure. Alternatively we can take K = A = {—1,+1}" to be the Cantor group and take
p to be normalized Haar measure on A which we again denote by A.

To be more precise let y is a nonatomic (or continuous) probability measure on the
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LATTICE STRUCTURES ON BANACH SPACES 9

Polish space K. Consider a Borel map o : K — A such that Moo~ = u and such that
o is essentially one-one (i.e. there is a Borel set £ C K so that o is one-one on E and
u(E) = 1); we shall say that o is an essential isomorphism between (K, u) and (A, \).
Under these circumstances it is easy to show that there is a Borel map 7 : A — K so that
co7(t) =t, A—a.e. and Too(s) = s, p—ae. If X is a Kothe function space on K then
we define X o o to be space of f € Lg(A) so that f oo € X with the associated norm

| fllxos = ||f 0 o||x; clearly X o o is isometrically lattice-isomorphic to X.

LEMMA 2.1. Let (K, p) be a Polish probability space, where p is nonatomic, and suppose
(En) is any sequence of Borel subsets of K. Then there is an essential isomorphism o :
(K, ) — (A, X) such that for each n there is an open subset W, C A so that c™'W,, C E,
and A(Wy,) = u(Ey).

PROOF: We shall assume that the sequence (E,) contains a base for topology of K. Let
(F,) be a sequence of Borel sets in which each E, is repeated infinitely often. We will
construct a sequence of Borel sets G,(+1) in K so that if G,(—1) = K \ G,(+1) and
Vier,... €)= NF_,Gr(er) then p(V(er,...,€,)) =277,

Assume n € N, and that Gi(+1) has been chosen for 1 < k < n—1. (In the case n = 1,
let V(@) = K; the construction described below can then be suitably interpreted.) For each
€1,...,€6n—1 = £1 consider V(ey,...,en_1) N F,. Define a Borel subset of V(ey,. .., €n-1),
H(ei,...,en—1) of measure 27" so that if 0 < u(V(e1,...,eén—1) N Fy) < 27" then this set
is contained in H (e, ..., €,—1); in the other case when the measure exceeds 27" we require
H(ey,...,en—1) CV(ey,...,en—1)NF,, Finally let G,,(+1) = U,=41H (€1, ..., €,—1). Then
of course V(er,...,en—1,+1) = H(ey,...,€n_1).

Now for any Borel set E C K let Z,(E) be the union of all sets V(ey,...,€,) which
are not contained in either F or K \ E. Note that Z,(F) is monotone decreasing and that
by construction p(Zn(Fp)) < 54(Zn—-1(Fn)). Hence we have impy oo ti( Zn(En)) = 0 for
every n € N.

Now we define 0 : K — A by 0(s) = (ha(s))s2, where hy, = xa,(+1) — XGa(~-1)- 1t is
clear that o is Borel and that A oo~ = p.

For each €1,...,en = 1 let Aler,...,en) = {(di)f2y : dj = ¢jforl < j < n}

be the corresponding clopen subset of A. For each E, define Uy, be the union of all
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10 N. J. KALTON

A(ei, ..., en) such that V(ey,...,en) is contained in E,. Then 607 'Un,, C E,. Further
AUnp) 2 p(En) — i(Zn(Er)). Thus if we set Up = U—;Un,n then Uy, is open in A,
o~ 'U, C E, and \(U,) = pu(Er).

We conclude by showing that ¢ is an essential isomorphism. Let D = U, (E, \
o~ 1U,). Then u(D) = 0. If s;,s2 € K \ D are distinct there exists n so that s; € F,, and
sy & E,. Ther os; € Uy; however if 0s, € U, then s, € 071U, C E,,. Thus o is one-one
on K\ Du

Let us now restrict attention to quasi-Kothe function spaces on a compact metric space
K with a probability measure p. In this case we will say that X has the density property if
whenever f € Xpq, with ||f||x <1 then there is a sequence of continuous functions ¢, so
that ¢, — f in Ly and ||¢n]|x < 1. Notice that if X has the density property then so does
Xp for any 0 < p < oco. It is also easy to see that any order-continuous Kothe function
space containing L, has the density property.

If X is a Kothe function space we shall say that X has the strong density property if
both X and X* have the density property. In some circumstances (e.g. if X is reflexive)
the strong density property is automatic. However, to cover all cases, we will need to show

that we can always assume it.

PROPOSITION 2.2. If X is a good order-continuous Ké6the function space on a Polish
probability space (K, u) where p is nonatomic. Then there is an essential isomorphism
o : K — A so that X o ¢ has the strong density property. Thus any separable order-
continuous nonatomic Banach lattice is isometrically lattice-isomorphic to a (minimal)

good Kéthe function space on (A, \) with the strong density property.

ProoOF: Since X is order-continuous, it is necessarily separable. Using this it is easy to
show that there is a sequence (g,,) of nonnegative simple functions on K so that ||g,||x» <1
and for every f € X we have || f| x = sup,, [ |fgn|du. Clearly this last equation also extends
to Xmag-

Now, by Lemma 2.1, we can find an essential isomorphism o : (K, u) — (A, A) so that
there is a sequence h,, of simple lower-semi-continuous functions on A such that h,00 = g,
a.e.

Clearly, as remarked above, X oo has the density property since it is order-continuous
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LATTICE STRUCTURES ON BANACH SPACES 11

and contains Lo,. We also can find a sequence of nonnegative continuous functions ¢,
with [|¢nll(xo0)s < 1 s0 that || f|x = sup, [[fén|du for f € X.

Now suppose h > 0 and ||k||(xo0)« < 1. Fix any strictly positive v in X o 0. Assume
h is not in the closure of the set @ of continuous functions in the ball of (X o o)* for
convergence in measure; then the same is true for the stronger topology induced by the
weighted L;—space L;(vd\). By the Hahn-Banach theorem there exists w with |w| < v

a.e. such that

/hwdu=a>ﬂ=sup/¢wdu.
PEQ

Clearly

sup/qﬁwdu = sup sup/d)ww du
$€Q PEC(A),|$[<1 ¢€Q

so that
B = sup / (llwldp = [l x
PEQ

and we have a contradiction.m

Let X and Y be Banach lattices. A bounded linear operator V : X — Y is called a
lattice homomorphism if V(z1 V z2) = Vz; V Vz, for every z1,z2 € X. V is necessarily
positive and it is automatic that the range of a lattice homomorphism is a sublattice
of Y. If X is an order-continuous Kothe function space on (Kiq,p1) and Y is a Kothe
function space on (K3, u2) it follows easily, using for example the ideas of [47] or Section 3
below, that every lattice homomorphism takes the form V f(s) = a(s)f(os) ps-a.e. where
a € Lo(pz) and o : K, — K is a Borel map. (Of course the boundedness of V' will impose
additional constraints on a and o.)

If X is a Kothe function space on (Kj,pu;) and E is a Borel subset of K; of positive
measure then we denote by Xg the band in X of f such that f(s) =0 a.e. for s ¢ E.

The following proposition is our main criterion for determining that a sublattice of a

Kothe function space is complemented.

PROPOSITION 2.3. Suppose X is an order-continuous Kéthe function space on (K1, p1)
and Y is an order-continuous Kéthe function space on (K3, uy) where K, K, are Polish
spaces and iy, 2 are o—finite Borel measures. Suppose E is a Borel subset of K; of

positive measure.
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12 N. J. KALTON

(a) If Xg is lattice-isomorphic to a complemented sublattice of Y then there exist
lattice-homomorphisms U : X — Y and V : X* — Y* of the form Uf(s) = a(s)f(cs)
and V f(s) = b(s)f(os) where a,b € Lo(pz) and o : Ky — K such that for some § > 0,

whenever F' C E is a Borel set then

) [ aos) duas) > by (P

(b) Conversely suppose that there exist lattice homomorphisms U : X — Y., and
Vi X* - Y* of the form Uf = a(f oo) and Vf = b(f o o) where for some § > 0
and every Borel set F contained in E we have (*). Then Xg is lattice-isomorphic to a
complemented sublattice of Y. More precisely there is a constant C = C(|U]||, ||V]], ) so
that X g is C-lattice-isomorphic to a C-complemented sublattice of Y.

PROOF: (a) We can suppose the existence of a lattice-homomorphism U : X — Y and a
bounded operator T : Y — X such that TUf = f for f € Xg. We assume Uf = afoo
where a € Lo(u2) is nonnegative and ¢ : K — K is a Borel map. Consider the directed set
D of all finite partitions P = {Gy,...,G,} of K into Borel sets (directed by refinement).
For any such P we define Rp : X* — Y* by

Rpf =) Xo-1a,T*(fxa.):
k=1

Then by a standard diagonalization argument (cf. Proposition 1.c.8, p.20 of [32]) we have
[Rp|| < |IT|. Hence by a compactness argument we can produce an operator Vp : X* —
Y*, with ||[Vo]] < ||T|, so that for each f € X*, Vo f is a weak*-cluster point of the net
(Rp(f))pep- It then follows easily that for any Borel set G and any f € X* the function
Vo(fxg) is supported in 0 ~! G. Pick any strictly positive w € X*. Let by = (Vow)(woo)™!.
Then it follows that Vo(wxg) = xo-1gVow = bo((wxg) o o). It follows quickly that if
|f] £ Mw for some constant M then Vo f = bof o 0. It is not difficult then to deduce that
bo is independent of the original choice of w and that Vo f = by f o o for all f € X*.

Finally we let b = |bg| and V f = bf o 0. It remains to verify (*). If FF C E we use a
theorem of Lozanovskii [36] to factorize xp = fg where f € Xpmasz,r,9 € X} with f,g >0
and || f|lx|lgllx* = p1(F) = ||xF|l1. We then may select an increasing sequence Fy, of Borel
subsets of F so that UF,, = F' and fxr, € X. For any partition P = {Gi,...,Gr} we

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



LATTICE STRUCTURES ON BANACH SPACES 13

have
n

S| (U(xe))Xo-16.T* (96, )dp2

k=17 K2

Z/ (U(fxPnnc: )T (9x G, )dpa
k=17 K2

/}, (U(fxr,))(Rpg)dus

Z/} (TU(fXFmnGi))9X G dp
k=171

= FXF9dp

K,
= 1 (F).

Passing to the limit we obtain

/1' (U(fxr,))WVogdus = p1(Fm)

which translates as

/1 abo(foo)(goo)xe-1F, duz = p1(Fm).

AY

Letting m — oo we obtain (*) with § = 1.

(b) Notice that we do not require that U maps X into Y but rather into Yp... To
cope with this we suppose first that v € X is strictly positive and select w, € Y so that
0 < w, T Uv. Then let a, = w,(Uv)~'a and define U,f = a,f o 0. Since Upv € Y it
follows easily from order-continuity that U,(X) C Y.

We next introduce Borel measures, v,,v on K; by setting:

vn(F) = /_lFanbdug

v(F) = / abdy,.
o-'F

We show that these measures are o—finite and indeed p;—continuous. Indeed if F' €
B(K,) then utilizing Lozanovskii’s theorem again we factor xp = fg where f,g > 0,
f € Xmaz, 9 € X5 and ||fl|x]|gllx+ = p1(F). It is easy to see that U naturally extends to

a lattice homomorphism from X,,,, into Y;,,, with the same norm. Hence
v(F) = / abdps
o~1F
= [ aroa)soo)du

K
SNV g (F)-
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14 N. J. KALTON

Now we can find by the Radon-Nikodym theorem h,,h € Lo(p1)+ so that

u(F):Lhd,ul vn(F)z/;‘hnd,u] F e B(K,y).

Since a, 1 a a.e. it follows that v,(F) T v(F) for all F' and hence h, 1 h p;—a.e.

Next we interpret (*). If FF C E we have v(F) > 6u;(F) and hence h > éxg a.e. It
now follows from Egoroff’s theorem that we can partition F into Borel subsets (E,) such
that h, > %6XE,,~ Finally we introduce another lattice homomorphism W : X — Y by
setting

Wf=Y Unfxe.) =) anXo-15,)f 0 0.
n=1 n=1
It is clear that W maps X into Y'; in fact for each n, U,(fxEg,) € Y and the series > fxg,
converges to f by order-continuity. Further we have ||W| < ||U]|.

We next consider the map V*W : X — X**. We will show that this map may be

considered as mapping into Xma,. If fact if f € X4 and g € X} then

(9, V*Wf)=(Wf,Vg)

= / (Zanxa_lb-n)bfoagoad,uz

K> n=1

= /; > (hnxE,)fedpm

Y1 p=1

so that V*W f = (3 hnxE, )f. Now by choice ) hnXE, > 36x& and so there is a lattice
homomorphism L : Xpmez — Xmag such that LV*W f = xgf for f € X and ||L|| < 2/6. It

follows that W(Xg) is a complemented sublattice of ¥ which is lattice-isomorphic to X g .=

If X is a Kothe function space on (K,p) and if 1 < p < oo, we can define Kothe
function spaces X (¢,) and X (L,). The space X(£,) is a Kothe function space on (K x
N, u x 7) where 7 is counting measure on N; an element F of Lo(p X 7) can be identified
with a sequence (f,,) of functions in Lo(u) by F(s,n) = fn(s). X(£p) consists of all (fx)
such that (3200 | |f+(s)|P)'/? € X with the associated norm

1Pl xce,) = 1O 1£al?) 2]l x

n=1
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LATTICE STRUCTURES ON BANACH SPACES 15

It is easily verified that X (£,) is minimal or maximal according as X is minimal or maximal,
and is order-continuous when X is order-continuous. Similarly X(L,) is a Kothe function
space on (K x [0,1], 4 x A) consisting of all F = F(s,t) such that ([ |F(s,t)[?dt)"/? € X

with the associated norm

IFlxc,) = I / IF(,)P)77]| .

It is now possible to define X (¢,) and X(L,) for an arbitrary order-continuous Banach
lattice by simply appealing to a concrete representation of X and this definition is unam-
biguous.

Our next result is a simple application of Proposition 2.3 which provides an interpre-
tation of a result of Maurey [37] (cf. [33] Theorem 1.d.6 p. 49) concerning unconditional
bases in Banach lattices. We state this result formally in order to provide motivation for

our later results on nonatomic Banach lattices.

PROPOSITION 2.4. Let X be a separable order-continuous atomic Banach lattice and
suppose Y is an order-continuous Banach lattice. Suppose that X is isomorphic to a

complemented subspace of Y. Then X is lattice-isomorphic to a complemented sublattice

of Y (£3).

PROOF: We suppose that X is a Kéthe function space on (N, ) and that Y is a Kothe
function space on (K, ). Let xn = X{n}- Let A : X — Y and B : Y — X be linear
operators such that BA = Ix (the identity on X). Then X* and Y* can be identified as
Kothe function spaces and Y (¢;)* can be identified with Y*(4;).

Now by a well-known theorem of Krivine which we use heavily in the sequel ([33], p.

93 and [29]) we have that if f € X then forall N € N

N
IO 1f ()Pl AX ) 2 ly < Ke

n=1

[Nl x

(where K¢ is the Grothendieck constant) and hence we can define a bounded lattice
homomorphism U : X — Yimuz(€2) = Y (€2)maz by Uf(s,n) = f(n)Axn(s). In a similar
fashion since Y™* is already maximal we can define V : X* — Y*(43) by Vf(s,n) =
f(n)B*xn(s).
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16 N. J. KALTON

Thus Uf =afoocand Vf =0bf oo where 0 : K x N — N is defined by o(s,n) =n
and a(s,n) = Axn(s), b(s,n) = B*xn(s). Now if @ is a finite subset of N

a(s,n)b(s,n)du = Ax)(B*xp)du =7
[ et = 3 ) Bxin = 7(Q)

neQ
and so the proposition is an immediate consequence of Proposition 2.3.m

Let us now turn to rearrangement-invariant spaces (cf. [22],[33]). For any nonnegative
f € Lo(K, p) we define its decreasing rearrangement f* € Lo[0, u(R)) by f*(t) = sup{z :
u(f > ) < t}. Now let X be a Kothe function space on either [0, 00) or [0, 1] with Lebesgue
measure. We say that X is a rearrangement-invariant (r.i.) space if || f||x = ||f*||x for all
f >0, and if ||x[o1j]lx = 1. If X is an r.i. space on [0, 00) (respectively, [0,1]) and (K, u)
is a Polish measure space (respectively, with pu(K) < 1,) then we define X (K, i) to be the
set of f € Lo(u) such that |f|* € X with ||f||x = |||f]*||x. For example, it will be of some
advantage to consider X (A, )) in place of X[0,1]. We will only be interested in separable
ri. spaces which are necessarily minimal. It is then easy to see that X (A, \) is a good
Kothe function space with the strong density property (in fact, except in the exceptional
case X = Ly, the closure of the simple functions in X* is order-continuous which makes
the conclusion immediate).

Consider a separable r.i. space X on [0,1]. In this case there is a certain rigidity in
the structure of sublattices which can be expressed by the following obvious remark. Let
(K, p) be a nonatomic probability space. Suppose T is a sub-o—algebra of B(K), and
E € 5. Let Xg(X) be the subspace of all f € X which are ¥—measurable and supported
on E. Then Xg(X) is a norm-one complemented sublattice of X (K, 1) by the conditional
expectation operator. Further Xpg(%) is lattice-isomorphic to X[0,1] if and only if u is

nonatomic when restricted to X. A slightly deeper observation is:

PROPOSITION 2.5. Let X be an order-continuous Kéthe function space on (K, u) where
K is a Polish space and p is nonatomic Borel measure. Let Y be a separable r.1. space on
[0,1]. Suppose X is isomorphic to a complemented sublattice of Y. Then there is a Borel

subset E of K with u(E) > 0 so that Xg is lattice-isomorphic to Y.

REMARKS: It is possible of course to restate this with X an order-continuous nonatomic

Banach lattice. The conclusion would then be that there is a nontrivial band in X which
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LATTICE STRUCTURES ON BANACH SPACES 17

is lattice isomorphic to Y. Also note that an exhaustion argument would allow us to
partition K into countably many sets (E,) such that Xpg, is lattice-isomorphic to Y. If
X is also rearrangement-invariant and if g(A) < 1 then we obtain that X and Y are
identical (up to equivalence of norm) as r.i. spaces. If we relax the assumption that Y
is order-continuous the proposition is false. Indeed for 1 < p < oo, L, is isomorphic to
a complemented sublattice of L(p,00) (weak L,); this can be proved by considering the
natural embedding of L,[0,1] into L(p,0)([0,1]?) defined by V f(s,t) = f(s)t~*/P. The
argument of [27] Theorem 2.5 demonstrates complementation.

PRrOOF: We use Proposition 2.3. We may supppse the existence of lattice homomorphisms
U:X >Yand V:X* — Y* of the forms Uf =af oo and Vf = bf o 0 where a,b are
nonnegative functions in Ly[0,1], o : [0,1] — K is a Borel map and for every Borel subset
F of K we have [ _,.abd)\> u(F).

Fix any M < oo so that the set G = {s € [0,1] : M~ < a(s),b(s) < M} has
positive measure. Then consider the measure v on K defined by v(F) = Ao~!F N G).
If w(F) = 0 then Uxp = 0 ae. and hence ax,-1p=0 a.e.; thus v(F) = 0. Further
v(K) = AMG) > 0. Thus, by an application of the Radon-Nikodym theorem there exists a
constant C' > 0 and a Borel set E in K so that 0 < u(E) < C~! and whenever F C E
then C~1u(F) < v(F) < Cu(F).

Now suppose f € Xpg is nonnegative. Then ||xgf o olly < M|U||||f|lx so that
Iflly < (C+ 1)M|UJ||fllx. Conversely pick ¢ € X* so that ||g||x- = 1, ¢ > 0 and
[ fod = |- Then:

I51x <€ [ sodv
:C/G(foa)(goa)d/\

§CM/ Vg(fooa)dA

G

< CM|Vlllixafoolly

< C(C+ M|V flly =

On any r.i. space X on [0,1] we define the dilation operators D, for 0 < s < oo by

D, f(t) = f(t/s)
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18 N. J. KALTON

whenever 0 < ¢t < min(1,s) and D, f(¢t) = 0 otherwise. The Boyd indices px and ¢x are

defined by
) log s
PX = M2 gD
log s

X = I D
In general 1 < px < gx < co. If X is order-continuous, then X has an unconditional basis
if and only if 1 < px < gx < oo; in this case the Haar basis of X is an unconditional
basis (see [33] p. 157-161). For convenience let us describe this basis for X (A, ). Let
Aler,...,en) = {d € A:dj =¢€j, 1 <j <n} Let A(B) = A. For E a set of the form

A(e,...,€n) where n > 0 we define the Haar function

hE = XA(er,senrt1) = XA(erymen,—1)-

The functions (hg) together with ya form the Haar system. If the Haar system is an
unconditional basis then X has a representation as an atomic Banach lattice induced by
the Haar system. We will call this the Haar representation of X and denote it by Hx.

A Kothe function space (or, more generally a quasi-Kothe function space) X is said to
be p—convex (where 0 < p < c0) if there is a constant C such that for any f1,...,fn € X

we have

II(Z £ilP)Pllx < C(Z I£ill5)?.

X is said to have an upper p-estimate if for some C' and any disjoint f1,..., fn € X,
n n
1S fillx < > IR,
i=1 1=1

X is said to be g—concave (0 < ¢ < 00) if for some ¢ > 0 and any fi,..., fn € X we have

H(Z il x > C(Z I1£ill) /.

X is said to have a lower g-estimate if for some ¢ > 0 and any disjoint f1,..., f, € X,

I Zfillx > C(Z [l £l 9.
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LATTICE STRUCTURES ON BANACH SPACES 19

Notice that a Kothe function space which satisfies a lower g-estimate is automatically both
maximal and minimal since it cannot contain a copy of cg.

A Banach lattice X is p-convex, satisfies an upper-estimate, is g-concave or satisfies a
lower g-estimate according as any concrete representation of X as a Koéthe function space
has the same property.

A Banach space X is said to be of (Rademacher) type p (1 < p < 2) if there is a

constant C so that for any zq,...,z, € X,

s ||1Py1/
g‘}z"gl Il Zl €izql| < C(Zl llz:|P)"/®

and X is of cotype ¢ (2 < ¢ < 00) if for some ¢ > 0 and any z;,...,z, € X we have

n n
Ave |3 el 2 o3 sl
€=

=1 =1

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



3. Positive operators

In this section we develop some machinery concerning positive operators and their
representation by generalized kernels (or random measures). The basic idea of such rep-
resentations has been explored in numerous articles. See for example [24] [26] [46] [47].
However we do develop some special results for future application.

Let Ky be a compact metric space and let K2 be a Polish space. By a positive
(generalized) kernel or random measure we will mean a map s — v, from Ky into M4 (K)
which is Borel for the weak*-topology on M(K) and the metric topology on K. It is easy
to see that s — v, is a positive generalized kernel then for every bounded Borel function
f on K; the function s — [ fdv, is a Borel map on K,. Now suppose p is a o—finite
Borel measure on K3. Given such a kernel we can induce a (continuous) positive operator

P :C(K;) — Lo(pz) by the formula

Pf(s) = / £(t) dui(2).

Conversely suppose P : C(K1) — Lo(u2) is any positive linear map. Select a linearly inde-
pendent countable dense subset (f,) in C(R) and (selecting representatives) let Pf, = hp.

Then if ay,...,a, are rational we have
| ; aihi(s)| < Pxx, (s) max | ; aifi()|

pz—a.e. It follows easily that for a suitable Borel subset E of K, with us(Ks2 \ E) = 0 we
can define Borel measures v’ € M(K,), for s € E with ||v|| < Pxk,(s) and such that
for every n [ fodvl = h,(s). Off E we can set v/’ = 0 for example. It follows then without
difficulty that vF > 0, uy— almost everywhere and that s — v is Borel; by redefining on

a set of measure zero, v} is a positive kernel. Further v

is uniquely determined up to
sets of py—measure zero. Thus there is an identification of positive operators on C(K;)

with positive kernels.

20
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LATTICE STRUCTURES ON BANACH SPACES 21

Now suppose that p; is a probability measure on K;. We will say that a positive
operator P is measure-continuous if its kernel v satisfies the condition that if E is a Borel
subset of K; with p1(E) =0 then vP(E) =0 py—a.e.

In general if P is measure continuous we extend the definition of Pf to all f € Lo(p1)+

unambigously by the formula

Pf(s) = / F(t)dvP (1)

where Pf is a Borel function from K into [0, 00]. (It is immediate that if f = g a.e. then

Pf = Pgae.)

LEMMA 3.1. Let X be a quasi-Kéthe function space on (K7, 1) with the density property.
Let Y be a maximal quasi-Kéthe function space on K. Then if P : C(K1) — Lo is
a positive measure-continuous operator satisfying, for a suitable constant C, ||Pflly <
C|fllx for all f € C(K,) then P extends to a bounded positive operator P : X — Y
defined by

Pf(s) = / FO dvP(t) o —ae
and |P||x—y < C.

If X is order-continuous and L (p;) C X any positive operator satisfying ||Pf]ly <

C||fllx for all f € C(K,) is measure-continuous.

PROOF: We define Pf as above for f € Lo(u1)+. If || fllx < 1 there is a sequence (gn)
with g, € C+(K1) and ||gnl|x <1 so that (gn) converges pui—a.e. to f. Then (uq-a.c.) we
have

Pf(s) < P(liminf g,,)(s) = / liminf g, dv?’ < liminf Pg,(s)

so that
IPflly <limsup|| ,:gf;l Pyilly <C.

This estimate easily allows us to show that P is well-defined on X by the given formula
with norm at most C.

For the final part if X is order-continuous, the density property is immediate. Further
if E is closed in K; and p1(E) = 0 then there exist f, € C(K;) with xg < fn <1
with f, — 0 py—a.e. Then ||Pxglly < ||Pfally — 0. Hence Pxg = 0 a.e. and so P is

measure-continuous.m
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22 N. J. KALTON

Next, if P and @ are two positive operators, P,Q : C(K;) — Lo(u2), we shall say
that P is @—continuous if v is continous with respect to v9, yus—a.e. In general if P is
not necessarily ()—continuous we may define its @ —continuous component R = Pg by the

kernel

vE = sup(vP Anv@).
n

8

Here the lattice operations are in the space M(K}). It is readily verified that v® is Borel

and defines a positive kernel.

LEMMA 3.2. If P is continuous with respect to () there exists a Borel function g on Ko Xx K
such that for py,—a.e. s € K,
dvP = g(s,t)dv@.

PROOF: We can define o—finite Borel measures v¥ and v? on K, x K by

VP(E) = / / xEe(s,t) dl/f(t) dusy
Ky, JK;
and

v9(E) = A /I; XE(8,t) dvE(t) dus.

Then v? is v¥9-continuous and hence there exists a Borel function g on K, x K; such that
dv? = gdv?. Note that since g is Borel, for each s we also have that ¢ — g(s,t) is Borel.

Now if f is a continuous function on K, for every Borel subset F' of K3,

/F /A : f)dv? (t)dps = /F /A . F(H)g(s,t) dvQ(t) dps.

Hence we obtain uy — a.e.
[ swato = [ s aLo.
K, K,

Since C(K,) is separable, this leads to the lemma.m

The following lemmas will be useful to us later.

LEMMA 3.3. Let P,Q,R,S : C(K1) — Lo(u2) be positive operators. Suppose that P,Q, R
are all S—continuous and that for every f € C1(K;) we have:

P(f) < (QUINAHRAONM? (42 — ace.).
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LATTICE STRUCTURES ON BANACH SPACES 23

Then, if gp,gq,gr are Borel functions on K, x K; such that gr(s,-).vs is the kernel for

T where T = P,Q, R, we have for u—a.e. s € K that for v°—a.e. t € A,

gp(s,t) < (90(s,t)gr(s, )" /2.

Further we have that for any f1, f» € C+(K),

P(fif2) < (QUIN'*(R(UF)?  (u2 — ace.).

PROOF: We can exclude a set of uy— measure zero E so that for every s € K, \ E, and

for every continuous f € Cy(K;) we have:

/K1 gp(s, ) f(t)dvi(t) < (/K1 gQ(s,t)f(t)dz/f(t))I/2 (/I\"1 gR(s,t)f(t)duf(t))1/2 .

It follows that s € K \ E this equation holds for all bounded Borel functions f and hence
the first part of the lemma follows. The last part follows directly from the Cauchy-Schwartz
inequality. Assume s € K \ E.

PR = [ ap(s. DA fat) i)

<(/ 9Q<s,t)(f1<t>)2duf<t>)1/2 (fontsomwrase)
= (QUD)())A(R(f3)(s))/?

1/2

LEMMA 3.4. If P,Q, R satisfy

P(f) < (Q(A))*(R(F))V?

pz—a.e. whenever f € C(K)) it also follows that

P(f) < (Qr(H))/*(Rp())'/*?

uz—a.e. for f € C(Ky).

PROOF: We may take S = P+Q+ R and apply Lemma 3.3. We obtain for for almost every
S, (gP(Svt))Z S gQ(Svt)gR(Sat)a Vf_a'e' Let £ = {(S,t) : gP('Svt) > 0} Let g/Q = XE9Q
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24 N. J. KALTON

and g% = xegr. It follows easily that gbl/f and ghLve are the kernels of Qp and Rp
respectively and that (gp(s,1))? < gg(s,t)gk(s,t) vi—a.e. for yy—a.e. sm

Finally we consider certain Kothe function spaces built using positive kernels. If X is
a Kothe function space on some (K, i) we recall that for 1 < p < co the Kothe function
space X(L,) on K x [0,1] is defined to be the collection of all Borel functions f such that
for p—a.e. s, fo = f(s,-) € Lp[0,1] and g € X where g(s) = || fsllp, with || fllx(z,) = llgllx-

Now suppose, as above K, is a compact metric space, K is a Polish space, u is a
o—finite measure on K, and suppose s — v,, (K — M (K;)) is any positive kernel,
where ¥(s) = v,(K;) is positive on a set of p—positive measure. We define a o—finite

Borel measure py on K x K; by
m(®) = [ [ s tdu(ducs)
K JK,;

We define X (L,;vs) to be the Kothe function space on K3 x Ky of all f such that f, €
Ly(vs) p2—a.e. and g € X where g(s) = || fs]|1,(v,)- We define the norm by

Ifllxz,vy = llgllx-

LEMMA 3.5. X(L,;vs) is isometrically lattice isomorphic to a I-complemented sublattice
of X(L,).

PROOF: We first remark that it suffices to consider the case when each v, is nonatomic.
For we may embed X (L,;v;) isometrically and naturally in X (L,; ps) where ps = v X A €
M (K, x A); then X(Lp;v,) is isometric to a 1-complemented sublattice of X (Ly; ps).
Next, by using a Borel isomorphism we can assume that K; = [0,1]. Let us therefore
restrict to this case.

Assume that £ = {s : ¢(s) = v4([0,1]) > 0}. We show that X(L,;v,) is isomor-
phic to Xg(L,) (with obvious notation). Define a map ¢ : E x [0,1] — E x [0,1] by
#(s,t) = ¥(s)"'v,(0,t). It is easy to show that the lattice isomorphism f — ¥'/?f o ¢

from Xpg(L,;v,) into Xg(L,) is isometric and surjective.m
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4. The basic construction

Let, as before, A = {—1,1} denote the Cantor group and let A denote the standard
Haar measure on A. For n € N and €;,...,e, = +1 we let A(er,...,e) = {(dr)32, : d; =
e; for 1 < j < n}. We let B(A) denote the Borel sets of A and let C denote the algebra
of clopen subsets of A. For each n, let C,, be the finite subalgebra of C generated by the
atoms A, = {A(e1,...,€6n) : & = £1, 1 < ¢ < n}. Let CS(A) denote the continuous
simple functions on A (the linear span of functions of the form {xg : E € C}.)

We now suppose that X is a good order-continuous Kéthe function space on (A, )
with the strong density property and that Y is a good order-continuous Kéthe function
space on (K, u), where K is a Polish space and p is a probability measure on K. We shall
further suppose that there exist bounded linear operators A : X - Y and B:Y — X
such that BA = I'x. For convenience we let M = max(||A]], || B]|).

Before proceeding, we need a lemma which is already implicit in [22].

LEMMA 4.1. Suppose that for each m € N, (¢m,n)or, is a sequence of non-negative
functions in Lo(p) so that co{¢, , : n € N} is bounded. Then there is a sequence
(¢m)50~; in Ly and a strictly increasing sequence of natural numbers (ng)$2, such that
for each m € N, and for every subsequence fp, , Of (¢m n,) Im, o %(fm,l + o+ fmr)

converges a.e. to ¢m.

PROOF: For each m € N let K,, be an isomorphic copy of K and let K = us_, K., be
the disjoint union. Let fi be the probability measure on K given by i = >~ v, where
Vm is the measure 27y transported to Ko, If ¥n(s) = ¢m n(s) for s € Ky, it is easy
to see that co{i, : n € N} is bounded in Lo(f). By a theorem of Nikishin ([38],[39] or
see [50], p.286 Example 6) there exists w € Lo(f) with w > 0 a.e. and [wdji = 1 such
that co{y, : n € N} is bounded in L;(wf). By a well-known theorem of Komlos [28] we
can find a ¢ € Ly (wjt) and a strictly increasing sequence ni so that every subsequence of

(ipn, ) is Cesaro convergent a.e. to 1 and this gives the lemma.m

25

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



26 N. J. KALTON

Now if E € A, so that E = A(ey,...,€,) we define the corresponding Haar function
hE by
hE = XA(er,ren 1) = XA(er,eoyen,—1)-
Let C'S,(A) denote the linear span of {xg : E € A,}.
For n € N we define linear maps P,,Qn, Ry : CS, — Lo(p) by setting Q.xg =
|Ahg|?, Roxe = |B*hg|? and P,xg = |Ahg|.|B*hEg| for E € A,. As before we let Kg

denote Grothendieck’s constant.
LEMMA 4.2. Suppose f,g € CSy, 4. Suppose m > n and that an,...,a, > 0 with a, +
«-++4+am = 1. Then:

(1) l Z ax Qi flly,2 < KEM?| flix,1/2,

k=n

(2 I ZakRkQIY',l/z < KEMP||fllx~1/2,

k=n

m

3) D axPu(f7¢) < (D ax@if)*(Y arRig)'?,

k=n k=n k=n
(4) 1Y axPeflls < KEM?| £ x.
k=n

PRrROOF: (1) Let f = ZEEA,, a%xE, and let ax = b2. Then for k > n,

Qf= Y D aflahr

E€A, FEA,

FCE
Hence
m m
2 2 2
S 0= Y Y Hablnd
k=n k=n E€A, FEA;
FCE

Now by a theorem of Krivine (Theorem 1.£.14 of [33], [29])

1> akQufllyse =111 arQefIM?I%

k=n k=n
SEEMIY. D > BakxrlPlk
k=m E€A, I;'GCAEk

= K&M?||f|lx,1/2-
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LATTICE STRUCTURES ON BANACH SPACES 27

The proof of (2) is similar. We turn to (3). Suppose g = > pc 4 B%xE. Then

> aPe(f2g?) =) > > apBelAhp||Bhr|
k=n k=n E€A, FeA,
FCE
< (Y aQuf) (Y arReg)' /.
k=n k=n

Finally to prove (4) we take ¢ = xa and replace f by f2. Then

m

Yo axPef < (Y arQu(f)V*(Y_ axRixa)'/*.

k=n k=n k=n

Hence, since X is good and ||xa|lx+ <1,

1> axPefll <O ar@e(FPNY21x N axRixa)? || x-
k=n k=n k=n

=13 a QeI Il axRexallil
k=n

k=n

S KGM?|fl x

Let us now define P,f = @Q,f = R,f = 0 whenever f € CS\ CS,. Then it follows
easily from Lemma 4.1 and Lemma 4.2 that there is a strictly increasing sequence nj so
that for every E € C we can define the Pxg, Qx g, Rxg to be those functions in Ly which
are the limits a.e. of the sequence of Cesaro means of any subsequence of, respectively,
(ProXE)e21) (QniXE)5Z:, or (Rn,xE)Y,. It is clear from the mode of definition that
P,Q, R then extend to positive linear maps P,Q,R : CS — Lo(p). We further deduce,

immediately,

LeEMMA 4.3. For f € CSy,

1) 1Qfllv1/2 < K&MP?||fix,1/2
(2) IRflly+ 12 < K&M?| fllxe12
®3) IPflli < KEM?||f]lx.

It follows immediately that P,Q and R can extended to positive operators on Cc(A)
obeying the same norm inequalities.

In equally simple manner we have (proving the result first for simple functions using

Lemma 4.2(3)):
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28 N. J. KALTON
LEMMA 4.4. If f,g € C1(A), then P(fg) < (Q(f*)R(¢*))!/2.

Now it follows from Lemma 4.3(3) and Lemma 3.1 that P is measure-continuous and
hence if we introduce its kernel v¥ we can extend P to a bounded operator P : X — L,

by the formula

Pf(s) = /A F(H)dvP (8).

We will define Q = Qp and R = Rp so that both Q and R are P—continuous and hence
also measure continuous. These then extend to operators Q : Xpaz1/2 = Yinaz,1/2 and
R:(X*)12 = (Y*)1/2 (note here that both X;/; and (X*);/, have the density property.)
By Lemma 3.2 there exist Borel functions kg and kg on K x A such that

Qf(s) = A ko(s, ) f(t)du”

and
RF) = [ kals, 00
We now state as a lemma:
LEMMA 4.5. For p—a.e. s € K we have
ko(s,t)kr(s,t) > 1
vP—_ae and henceif f € Xy, g € X3
P(fg) < (Q(f*)*(R(g*)/.

Proor: It follows from Lemma 3.4 and Lemma 4.4 that for f € C1(A),

Pf <(QN'*(Rf)
and Lemma 3.3 gives the first part of the conclusion. The second part follows from the
Cauchy-Schwartz inequality as in Lemma 3.3.»
LEMMA 4.6. P extends to a bounded operator P : Ly(\) — Ly(u) with || P|| < K&M?.

PROOF: Suppose f € L; 4 with ||f|l; = 1. Then, by a well-known factorization theorem
due to Lozanovskii ([19],[36]) there exist ¢ € Xmqaz 4+ and ¢ € X% with [|¢f|x = |[¢]jx- =1
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LATTICE STRUCTURES ON BANACH SPACES 29

and f = #%. Now it follows that if we define Pf(s) = [ fdvl then Pf < Q)2 R(p2)1/?

almost everywhere and in particular Pf(s) < oo a.e. We further have

1/2
Y*,1/2

IPflh < QIS I B

so that
IPfll < KGM2.-
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5. Lower estimates on P

This section is a continuation of Section 4 and we preserve the same notation.

We now define a Borel measure 7p on A by setting

w(B) = [ v (E)du(s) = |Pxel.
It follows from Lemma 4.6 that 7p < KEZM?2A.

LEMMA 5.1. Suppose § > 0 and that F is a Borel subset of A with 7p(F) < (1 — §)A(F).
Then, given n > 0 and any finite collection {D1,...,D,,} of clopen subsets of A, there
exists a Borel subset Fy of F with \(Fy) = 1 \(F) and a Borel subset G of K with u(G) <7
so that if = 2x g, — xF then |ij éd\ <nfor1 <j <m and

[ a6 0yiu> ax(r)
PROOF: We first assume that F is clopen. Let 7 = 4K%M?*p~'. Then

/max(r — Pxr,0)dp > 1 — (1= §NF).

Recalling the definition of P, there exists a strictly increasing sequence of natural numbers

ng such that F € Cp,, and (almost everywhere)

N
max(7 — Pxr,0) < hm1 Zmax(r P, xF,0).
k:
Now we apply Fatou’s Lemma to deduce that

lim sup/max(‘r — Po xF,0)dp > 7 — (1= 8)A(F)

k—o0

so that
li,fninf min( Py, xr, 7)dp < (1 — §)A(F).

30
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LATTICE STRUCTURES ON BANACH SPACES 31

We may now fix k so that Dy,..., Dy, F € Cp, and
/min(Pnkxp,T)d,u < (1= 8)A(F).

Let G = {s : Pp,xr(s) > 7}. Then 7u(G) < ||Payxrlli < KEM?||xF|lx < 2KZM? by
Lemma 4.3. Hence u(G) <n. If H = K \ G then

/H Pp o xrdp < (1= 6)A(F).

Now let ¢ = {eg : E € A,,} be a choice of signs. Let g¢ = Y ppephp. Then,

averaging over all choices eg = +1,
Ave (Ag)(B'9) = 3 (Ahg)(B*hg) < Payxr.
ECF
However,

/K Ave (Age)(B*ge)dp = A(F)

since BA = Ix. Hence we have

/G Ave (Age)(B*g)du > SA(F)

and there is a choice of signs ¢ so that if ¢ = g, then

/G (Ag)(B*¢)du > 6A(F).

By construction, it is immediate that fD]_ ¢d\ =0 for 1 <5 < m. If we define Fj so that
¢ = 2xF, — XF we have the conclusion of the lemma in the special case when F' is clopen.

We now turn to the general case. If F' is a Borel set of positive measure such that
7p(F) < (1 — §)A(F) then there exists v > 0 so that if A(FAF') < v then np(F') <
(1 — 6 — 4)A(F"). We may then pick a sequence F(") € C with im A\(F(WAF") = 0 and
MFM™AF") < 5. By the first part we may then find clopen sets Fé") contained in F(™
with A(F{™) = IX(F™) and Borel subsets G, of K with u(G,) < n so that if ¢, =
ZXFé") — X p(n, then ij ¢nd\ =0 for 1 < j < m, while

/G (Agn)(B* $a)du > (5 + 7)NF™).

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



32 N. J. KALTON

We may further arrange, by taking u(G,) small enough that if k <n
L a8 0l < S ®),
Thus if we set GI, = G, \ Ug>n G then p(GY) < n and
L, (AGB 61 > 5+ 5AE)

and the G, are disjoint.

Now, for each n there is a Borel subset E((,") of F with /\(Eé")) = IA(F) and
MEVAF™) < MFMAF). Let ¢}, = 2x ) — XF-

Notice that [3, p.202] the sequence (XG,niqqsn)g‘;l is weakly null. Also ¢,,—¢!, converges
to zero in measure and hence also in the Mackey topology (Lo, L1) of uniform convergence
on weakly compact subsets of L. Hence ¢, — ¢!, also converges to zero for 7(X*, X). Thus

B*¢,, — B*¢!, converges to zero for 7(Y*,Y). We deduce that
T}LII;O/XG;,Am(B*aﬁ'n — B*¢n)dp = 0.
We also have that lim ||¢, — ¢, ||x = 0 so that lim ||A¢, — AL ||y = 0. Hence
tim [ 1461~ 46056, du =0,
Combining we obtain that for large enough n,

|| s e edn > oxp)

n

It is also clear that lim ij ¢l d\ = 0for 1 < j < m, and so the lemma follows, upon taking

n large enough.m

PROPOSITION 5.2. Suppose Y contains no complemented sublattice lattice-isomorphic to
ly. Then mp > .

REMARK: The hypothesis on Y is equivalent to the statement that no disjoint sequence
spans a complemented Hilbertian subspace.
PROOF: Let us assume the existence of a Borel set F' with 7p(F) < (1 — §)A\(F) for

some & > 0. Then, by induction, we may use Lemma 5.1 to construct a sequence of Borel
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LATTICE STRUCTURES ON BANACH SPACES 33

subsets F,, of F with A(F,,) = $A(F) and a sequence of Borel subsets G, in K so that if
(]5,1 = 2X1un — XF then
[ )8 621 > 57(F)
Gn
while for 1 <k<n-—1,
N 1
[ 14608 60)ldn < gz M),

n

If we disjointify by setting G!, = G, \ Ug>, Gy then
N 1
[ (608" 81 > 35(F)
G,

for all n.

Now let wy, = xG1, Apn and w}, = xg1, B*¢. then for any ay, ..., an,

n n
1 arlwillly = 10 laxPlwe )/l
k=1 1

k=

<O lakl[Age) 2|y

k=1

< KoMI|(Y_ laxl|9el)! /%1 x

k=1
= KoM xrlx(Q_ la*)'/.
k=1
In the above argument we use the result of Krivine ([33] Theorem 1.f.14). It now follows
that there is a lattice homomorphism L : ¢, — Y with Le,, = |w,| where e, is the canonical
basis of £,.

Now if f € Y and ay,...,a, € R,

3 a / ot dis
k=1

Y*

< IFlv Y axhwil]
k=1

< KoM|lxrllx- 1 flly(Y_ laxl?)'/?

k=1

by a similar calculation. It follows that there is a bounded positive operator L' : ¥ — £,

d:fined by -
) = [uslfan)
n=1
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34 N. J. KALTON

Now L'Le, = ane, where

1
an = [ lualluzldn > 30X(P)
Thus L'L is invertible and [|w,|] spans a complemented sublattice lattice-isomorphic to
Zz.l
We now turn to consideration of the case when X is rearrangement-invariant. We first

reformulate Lemma 5.1.

LEMMA 5.3. Let F' be a Borel subset of A, with positive measure, such that np(F) <
(1 — 8)X(F). Then there is a sequence (F,)3%, of subsets of F with A(F,) = A\(F) and a
sequence of Borel subsets (G,)3%, of K with lim u(G,) = 0 so that

/G (A¢n)(B*$n)du > SA(F),

where ¢, = 2xF, — X, and lim ¢, = 0 weakly in X and weak* in X*.

PROOF: In fact, it is immediate from Lemma 5.1 that one can choose (F,) and (G,)
as above so that lim fD ¢n dr = 0 for every clopen subset D of A. It follows from the

order-continuity of X that (¢,) will converge to zero weakly in X and weak* in X*.

If X is an r.i. space then the Haar basis of X is the collection of functions xa,Un{hE :

E € A,} taken in order. (The order of selection of hg for fixed A4, is irrelevant).

LEMMA 5.4. Let X be a separable r.i. space. Suppose the Haar basis of X satisfies the
condition that there exists a constant C' such that for every finitely non-zero set of scalars

{ag} we have

1Y ashelx < CIY_ lagllhel*)/l|x
E E

1Y aphelx- < IO lagl?|he)?| x-.
E E

Then the Haar basis of X is unconditional.

ProOF: It suffices ([33] p. 157) to show that the Boyd indices of X satisfy px > 1 and
gx < oo. To do this it suffices to show that ¢x,qx+« < oo. Consider then the dilation
operator D, for 0 < a < 1, defined on L¢[0,1] by D.f(s) = f(s/a) for 0 < s < a and
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LATTICE STRUCTURES ON BANACH SPACES 35

D,f(s) =0fora < s < 1. We require to show for suitable a < 1 we have || D,||x, ||[Dallx+ <
1 where the norms are computed with respect to X[0,1] and X*[0, 1].

To do this we pick a = 27" where n > C?. Suppose f € CS{(A) and let f* € X|[0,1]
be the decreasing rearrangement of |f|. Suppose f € CSy,. For each llet i = Y pc 4, hE
(the Rademacher functions). Then

m+n

IY° frillx = nllDafllx.

l=m+1
However by the assumptions of the Lemma,

m—+n

I > frillx < Cn'/?||fllx.
l=m+1
Combining these gives | D, f*||x < Cn~'/?||f||x. This quickly gives that | D,|x < 1 and

the estimate for ||Dg||x~ is similar. m

PROPOSITION 5.5. Suppose X is rearrangement-invariant and that either the Haar basis
of X is not unconditional or that Y contains no complemented sublattice lattice-isomorphic

to the Haar representation of X. Then mp > A.

PROOF: Let us assume that 7p(E) < A(E) for some Borel set E. Then let 8 = drp/dA.
There exists § > 0 and a Borel set FF C A of positive A—measure so that §(s) < 1 — 6 for
s € F. Thus if F' C F is of positive measure then 7p(F') < (1 — §)A(F").

Let Fy = F. We shall determine a sequence of Borel sets (F,)32, in A and a sequence
(Gr)22; in K so that if we set ¢, = 2xF, — XF,, and let A\, = A(F},) we have:

(1): F, = F3, UFy41 and Fy, N Fypyy = 0.

(2): Azn = Azng1 = 3An.

(3): For every n > 1:
[ (465" 8 du > 52

n

(4): If 0 < k <n—1 we have:

2
n

< M2n+1

| (608" 6n) du
Gt
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36 N. J. KALTON

and
2

‘ / (An)(B*64) du| <

2n+1

where GX = Gy \ Uk<j<nG;.
(8): f1<k<n-—1,and E C G, is any Borel set then

A2

IB(xpAslh < 112

and ,
I 632
14" (xeB™¢0)lh < 35m77-

Let us describe the inductive construction. Suppose n € N and that we have deter-
mined {Fj : 1 < j < 2n}, {¢; : 1 <j <n}and {G;:1<j < n}. Then, using Lemma
5.3, we can find a sequence of subsets (Fii)i2; of Fp, with A(Fyi) = %)\n and a sequence
of Borel sets (Gn)f2; in K with limy o p(Gri) = 0 so that, if ¢ni = 2xrF,, — xF, then
(n1)i2; is weakly null in X, weak*-null in X* and
| (408" bl > 6.

:

n

Since Y is order-continuous,

li A -0 1<j<n-1
i IxeAd;lly <j<n

and so

hm ||B(XEA¢])||X =0 1<j<n—-1

Thus since the norm on X dominates the L;-norm,
lim |B(sAS)l =0 1< <n-1.
e
Although Y™ is not necessarily order-continuous, we do have

li B*¢;=0 1<j<n-1
L XE ¢; = <j<n
for the Mackey topology 7(Y*,Y). Since A* is continuous for the respective Mackey topolo-

gies we also have

lim A* B* =0 1<53<n-1
w(B) o (XE ¢J) S>>
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LATTICE STRUCTURES ON BANACH SPACES 37

for the topology 7(X*, X). It follows that
li A*(xgB*¢;)||l1 =0 1<j<n—-1
L [A*(xeB*¢;)ll1 SJjsn
Utilizing these remarks, it is now possible to pick [ large enough so that if we set
Fy,, = Fyy and Fonty = F,\ F2,, and G,, = Gy then the inductive hypotheses are fulfilled.
Now let Hp, = G \ U2, Gk. Then we can write

[ enm sndu - 3 [ b onan
k=n+1

where each Ejy, is a subset of G. Thus for each k£ > n

[ (An)(B6.)dul = | / (B, Adw)dnd)
Ex

| B(x £ Adn)ll1
6)2 6Xn
- M2k+2 < 2k+2"

IN

AN

Thus
{6) / (Agn)(B*¢n)dp > 6Apn(1 — 2_("+1)) > .5_)\n'
Hn 2

If k£ > n then Hy C G and by (5),

™ |, (A0 61l < 14" B8 < e
Similarly
®) |, 4B b0l < 1k

If £k < n then

]H (A04) (B0 ) = /G (49u)(B ¢n)dﬂ—; /E (468" 601y
where, as before, E£; C G;. Hence

| / (A64)(B" $n)du] < +2||B<XE 4601l

- M2n+l

VR
= e z M
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38 N. J. KALTON

We conclude that

: X,
© [, (B el < 1
and similarly

* oy
(10) [, Ao < S

Now we define disjoint sequences (w,) in Y and (w}) in Y* by w, = xu, A¢, and
wy = xu,B*d,. We complete the proof by showing that (¢,) is unconditional, (w,) is
equivalent to (¢,,) and that [wy,] is complemented in Y. From this it will follow immediately
that Y contains a complemented sublattice lattice-isomorphic to the Haar representation

of X.
There is a natural projection V of X onto [¢,] given by

vi= Do ak /A FéndN)é

Let
an = /\;l/dan(Bwn)d/\

and observe that a, > 6/2 for all n, by (6). Then

/ $u(Bug)d) = / (B*$2)xm, (Adw)dp
A K
— [ (4608 61
Hy

Thus we conclude that, using (7)-(10),

[e o)

n—1
N2\ P
VB — andallx < 3 DA IOk o 9n D
k=1 k= n+1

62 6An
£ M2m A T M2

né,
M2

_ nélldulx
- M2»

IN

IA

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



LATTICE STRUCTURES ON BANACH SPACES 39

Now |lwnlly < ||A¢nlly < M||¢nllx and similarly, ||wk|y+ < M||én]x=. It follows
that, by (6), 6A./2 < M||w,|ly|l¢nllx- and hence that §||¢n|lx < 2M||wn||y. Combining

with the estimates above now gives

nflwnlly

“VBwn - an¢n”X S Zn_l
Notice that V* is a projection of X* onto the weak* closure of [¢,]; and very similar

calculation gives that:
nflwilly-
on—1

Since 3 k2% < oo it follows easily that we can perturb V B to construct an operator

|IV*A*w) — andn|lx+ <

L:Y — X such that Lw, = ap¢,. Then we have, for any ay,...,a,:

1Y akdillx = 11D aror Lwlx
k=1 k=1

n
<L arag wklly

k=1

SHLINC la okl 2| Ag )2 |ly

k=1

< KMYLIIO larlak| =% 16x) /2]l x

k=1

<2KeM|LISTHICY ] laxP16k*) 2| -

k=1

Precisely similar calculations show that there is a constant C so that for all ay,...,an

1Y ardulix- < CICO laxl?1ox) ] x-

These estimates imply similar estimates for the Haar basis of X and hence by Lemma
5.4, the Haar basis of X is unconditional. Thus (¢,) is also unconditional. Further the

above calculations show the existence of a constant C so that for all a;,...,a,

CTD axdilix <Y akwilly < CIIY axdrlix
k=1 k=1 k=1

and

CTUY ardellx- < 1D arwilly+ < CII D andllx--
k=1 k=1 k=1
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40 N. J. KALTON

Thus (wy) is equivalent to (¢,). Furthermore there is a bounded operator U : X —
Y such that U¢, = a;'w, for every n. Clearly U o L defines a projection of ¥ onto
[wn]. The sublattice generated by (|wy,|) is then complemented and clearly ¥ contains a

complemented sublattice lattice-isomorphic to the Haar representation of X.m
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6. Reduction to the case of an atomic kernel

We first review the outcome of the methods of Sections 4 and 5.

THEOREM 6.1. Suppose K is a Polish space and that p is a probability measure on K. Let

X be a good order-continuous function space on (A, A) with the strong density property

and let Y be a good order-continuous Kéthe function space on (K, ). Suppose A : X —»Y

and B :Y — X are bounded operators with BA = Ix and let M = max(|| 4], || B||).
Assume further that either

(a) Y contains no complemented sublattice lattice-isomorphic to £, or

(b) X is an r.i. space and (in the case when 1 < px < gx < o0) Y contains no comple-

mented sublattice lattice-isomorphic to the Haar representation of X.

Then there exist positive (measure-continuous) operators P,Q,R : C(A) — Lo(p) such

that if f € Lo(A)+

Il < IPflls < K&M?| £
1QFllv1/2 < K&EM?|fllx,1/2
|Rflly~ 172 < KEMP| fllx+ 172
Pf<(Qf)'*(Rf)'?

Furthermore @), R are P-continuous.

ProOOF: The operators P, @, R were introduced in Section 4. The condition 7p > X is
equivalent to ||f|li < ||[Pf]|1 for all f € Lo(A)+ and so Propositions 5.2 and 5.5 are

combined here.n

In order to apply these results we need to consider situations when the kernel v for
P is automatically purely atomic for almost every s.
In general if P : C(A) — Lo(u) is any measure-continuous positive operator with

kernel v’ (see [24], for example) we can find Borel maps a, : K — [0,00) and 0, : K — A,

41
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42 N. J. KALTON

with om(8) # on(s) whenever m # n, so that we have

[eS)
e =Y an(8)80,() + Ps
n=1

where p, is a continuous (nonatomic) measure for every s € K.

LEMMA 6.2. For 1 < j < N let T; : C(A) — Lo(p) be a measure-continuous positive

operator. Let v be any positive finite (u-continuous) Borel measure on K. Let

o0
v =Y a0 ()80, () + Pis

n=1
where each an j,0n ; is Borel, 0, () # om,j(s), whenever m # n, and pj , is continuous.

Let fj € Ly(\)4 for 1 < j < N. Define

- 1/2
u;(s) = <Z ai,j(s)(fj(an,j(s)))2>

n=1
Then for any D > N'/? and any € > 0, there is a Borel subset F' of K and a clopen subset
E of A such that (K \ F) < ND~2y(K) and for1 < j < N,

1
xr|Ti(fixe) = 5Ti(fi)l < Duj + €T fj.

PROOF: For each n let {G,;:1 <1< 2"} be an enumeration of the atoms A, of C,. For
each n let
on
un; = Q) (Tilfixan, )%
=1
Then clearly un ;j(s) — u;(s) for all s € K. Now let ry denote the Rademacher functions
(which we regard as characters defined on the Cantor group A, i.e. 7x(t) = tx) Then, by

a simple estimate from Khintchine’s inequality, for each s € K the set of t € A such that

(*) I ri)Ti(£ixG: )(8)] < 2Dun j(s)

1=1
has A—measure at least 1 — iD‘Z. It then follows from Fubini’s theorem that we can find
a Borel subset F, of K with v(F),) > (1 — $ND™?)y(K) and a fixed t € A such that we
have (*) for every j and every s € F,,. Now let E, = U, (5y=1Gn ;. Then, for 1 <j < N,

1
x| Ti(fixe,) — 5Tifil < Dun ;.
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LATTICE STRUCTURES ON BANACH SPACES 43

It remains to observe that as u, ; — u; pointwise and u, j < T} f; we can apply Egoroft’s
theorem to find a sufficiently large n and a Borel set F' C F), with v(F) > (1—-ND~2)y(K)
so that Duy, ; < Duj + €T} f; on F. The result then follows by taking E = E,,.

THEOREM 6.3. Let (K, p) be a Polish probability space. Suppose X is a good order-
continuous function space on (A, \) and let Y be an order-continuous function space on
(K, p). Suppose that M > 0 and that P,Q,R : C(A) — Lo(p) are positive measure-

continuous operators satisfying, for f € Lo(\)4,
Pf<(QN'*(Rf)'?

1Qflly,1/2 < M| fllx,1/2
Rflly+ 172 < M| fllx=1/2-

Assume further that @), R are P-continuous. Then either:

(a) Ly is lattice-isomorphic to a complemented sublattice of X, and, if further X is a
separable r.i. space then X = L.

or:

(b) There exists a sequence of Borel maps o, : K — A, with o (8) # on(s) form # n, and

there are sequences of nonnegative Borel functions af’,a®,a® € Lo(u) such that (p—a.e.)

Pf(s)= Z al(s)f(ons)

Qf(s) =Y al(s)f(ons)

n=1
oo

Rf(s) =Y af(s)f(ons)

n=1

ap (s)” < a(s)ag (s).

PROOF: We may write

(o]

vy = Z ar, (8)8a,s + s

n=1
where p; is almost everywhere a continuous measure. If p; = 0 almost everywhere then
we must have case (b) (using Lemma 3.3 for the last statement). Thus we shall assume

that we do not have p;, = 0 almost everywhere and deduce case (a).
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44 N. J. KALTON

Let Py be the positive operator defined by
Pof(s) = [ s

Then Pof < (Qf)/?(Rf)'/? for f € Lo(\)4 and by an application of Lemma 3.4 we have
Pof <(Qof)/*(Rof)"/? where Qo = Qp, and Ry = Rp, are each Py—continuous.

We shall define a Borel measure on K by y(F) = [n(Poxa)du. By assumption we
have y(K) > 0. Let (nn)s%, be a sequence of positive reals such that » .- 2"n, <
3 min(1,y(K)). Let G(@) = A. Then for each finite sequence (ey,...,€,) with ez = £1 we
will define a clopen subset G(ey, ..., €,) of A and a Borel subset F(ey,...,€e,) of K so that

XG(er,osen) = XGler,oopen,1) T XGler,...pen,—1)
V(K \ F(e1,...,€n)) <7n

1
XF(el,...,en)|T(XG(el,...,en,l) - §TXG'(51,...,E"))I < T]TLTXG(Gl,...,En)

where T is Py, Qg or Ry. It is clear that this can be done by repeated application of Lemma
6.2 for suitably large D (in this case u; = 0).

We now let F = N3, Ne,—+1 Fer,...,€,), so that y(K \ F) < 32", < 3v(K).
Thus v(F) > 1y(K) > 0. Further if T = Py, Qo or Ry

n—1

1 —-n
XFITXG(er, . en) — 2_nTXA| < (Z 26n1)2 " T'xa

k=0
< 2_(n+1)TXA

so that

3 —n
*) XFT(XG(er,en)) S 52 xrTxa.

Consider the measure defined on A by 7p(H) = fF Pyx g dp. Then 7 is nonzero and
0 < mp < M), so that there is a Borel set E of positive measure in A so that for some
¢ > 0, we have mp(Eg) > cA(Ey) for every Borel set Ey C E.

Now we define a continuous map o : A — A so that o(s) = (ex)f2, whenever

s € N2,G(e1,...,€n). We then define the lattice homomorphism U : C(A) — Lg(A) by
Uf =xe(foo).
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LATTICE STRUCTURES ON BANACH SPACES 45

At this stage we observe that (*) implies that if T = P;,Qo or Ry then, for any
f € C(A)4 we have

) X T(fo0) < 5( [ FdxrTa.

Xt:l

For f € C(A)4 we have xg(f o o) € X and so there exists ¢ € X* with ||g|
and g > 0 so that

/ 9(f 0 0)dpur = |xa(f o 0)l|x.
E

Now
Po(g(f 0 0)) < (Qo(f 0 0)*)/*(Rog?)'?,
and
clxe(foallx = [ a(f o o)ix
S/ g(foo)drp
E

= /FPo(g(fov))dw

Further
I(Bog?)' v+ = 1Rog* IV, ) < M2 IX2,jp < M2

Hence

IUflx = lIxe(foo)lx

1/2
M e @o(f 0 002l

1/2

<

IxrQo(f 0 0I5,

- C
3M 1/2
< (%) ixr@ualif2 ol

2¢7

where we use the fact that

w@ulfoof < 3 ( [ 1) xeuna

which follows from (**).
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46 N. J. KALTON

It follows that U extends to a bounded lattice homomorphism from Ly(A, ) into X
and this extension is also given by f — xgfoo. A very similar calculation shows that U is
a bounded lattice homomorphism of L, into X*. We now seek to apply Proposition 2.3. In
order to this we must consider the measure on A defined by v(H) = A(c "' HNE). It follows
from Proposition 2.3 that if we can find a Borel subset Hy of A of positive A—measure and
6 > 0 so that if H C Hy then v(H) > §A(H) then X contains a complemented sublattice
lattice-isomorphic to L,. To see this we need only show that v is A—continuous and nonzero
and then use the Radon-Nikodym Theorem. First ¥(A) = A(E) > 0. Second if A(H) =0
then ||Uxu||x = 0 and hence v(H) = 0. The proof is then complete.

Finally if X is a separable r.i. space and contains L, as a complemented sublattice

then X = L, by Proposition 2.5.m

THEOREM 6.4. Under the hypotheses of Theorem 6.3 assume that case (b) holds and that

/Pfdpza/fd/\

c) There is a constant C so that for each n € N, £3 is C-lattice isomorphic to a C-
2

for some a > 0 we have

for all f € Ly()\)+. Then either:

complemented sublattice of X,
or

(d) There exists a constant ¢ > 0 so that for f € Li()\)4,
] sup |af foop|du > c/ fd.
K n A

PROOF: We proceed by assuming that (d) fails. We may further assume without loss of
generality that (af)? = a%a® almost everywhere (for otherwise we may simply redefine
Q).

Let us assume that N € N is a power of two, say N = 2!. Let [N] be the set
{1,2,..., N} regarded as equipped with normalized counting measure. We will construct
lattice homomorphisms U : Ly([N]) = X e and V i Ly([N]) — X*.

To start we observe from the negation of (d) that there exists f > 0 in L;(\) so that
Ifll: =1 but

/KsupIaffoanldu < N7*.
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LATTICE STRUCTURES ON BANACH SPACES 47

We factorize f = gh where ¢ € Xz, b € X3, |lgllx = ||hllx- = 1. Let § =
16Ma~2N~* Then for s € K, let Ng = Ng(s) be the set of n € N for which we have

Bag (s)(h(0a($))*Qg*)(s) < (an (s))*(f(on(s))*.

We observe that, for each n, the set {s:n € Mg(s)} is a Borel set.

It follows from the Cauchy-Schwarz inequality that

> al()f(on(s) < () a@(s)(gloal(s)) 2D al(s)(h(oqs)?)/?

n€ENR n€NR n€ENR

< BTN (aB(s)f(oal(s))?)?

n€ENR
< ﬂ_l/z(Pf(S))l/Z(Sgp lar, () f(aa(s)])}/2.

Thus

S alfoondu < BVPFIY? | supal f o oally/? < BTHVEMYENT2 <
nENR n

a
4

We can repeat the same construction for Q; precisely, we let Ng(s) be the set of n such

that
Bad(s)g(ons)* R(g%)(s) < (an(s)f(ons))’.

Then

/ Z affoonduﬁ%.

nENQ

Thus if we set M(s) = N\ (Ng(s) U Ng(s)) then

/Zaffoanduz

neM

[N =)

We also have

sup ag(g 00,)? < BQ(g%)
neM

sup af(h oa,)? < BR(g%).
neM
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48 N. J. KALTON

We now modify our operators P, Q, R. We define P', @', R' by

P'¢= Z alpooy,
nemM

Qo= Z alpooy,
nem

R'¢ = z alpoo,.

nemM

Notice that we still have that for ¢ > 0, P'¢ < (Q'4)/?(R'¢)1/2.

Let
u=(Y (ad(goon)?)?)/?
nemM
v=()_(af(hoon)?))/2
neM
Then

u < (sup a%(goan)?)'?Q'(¢")/?* < B2Q(g?),
nem

and this yields the estimate

lully.1/2 < BY2M < 4M*/?a~IN72.

In an exactly similar fashion we obtain
olly= 12 < 4M3 /20" N2,
We next define a Borel measure v on K by

v(E) = /E P'fdy,

so that v(K) > a/2.

By iterating Lemma 6.2 with D = 4N'/? and e = N~!/2 we may find a Borel subset
F of K with y(K \ F) < 3D72Ny(K) < v(K)/2, and a Borel partition {Ei,...,En} of
A such that

xrlQ'(9°xE;) = N7'Q'(¢%)] < 2Du + 2¢Q'(¢%)
xr|R'(K*xE,) — N"'R'(R?)| < 2Dv + 2¢R'(h?)
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LATTICE STRUCTURES ON BANACH SPACES 49
for j = 1,2,...,N. Thus
Xr@ (g xs,) < xr(2Q'(¢") +2Du)
XER(Wxs,) < xr( 5@ () +2D0)

Now consider the measure 7 defined on A by 7(E) = [, P'(xg)du. Then = < M),
and so there is a Borel function 6 with 0 < 8 < M and n(E) = [, 8d) for all Borel sets E

in A. If ¢ € Li(A) then
/P’qﬁdu:/&ﬁdk.
F

/6fd/\:/Pfd;z v(F) >

Hence if G = {s: 6(s) > a/8}, then
a
6f d\ > —.
Jrernzs

We now can construct U : Ly([N]) = X and V : Ly([N]) — X* as promised. We let
T : A — [N] be defined by 7(s) = j where s € E;. Let

In particular

a
4’

Ug(s) = ¢(1s)g(s)xa(s)
Vé(s) = ¢(s)h(s)xa(s)-

If § € Ly[N]y, there exists 1) € X} supported on G with ||| x+ = 1 and such that
J$U¢dX = |[Ug| x. Thus:

U4l x

Il

/(;¢U¢ dA

IN

8
- /G 9T ¢ d)

8 [
E/FP(%Z)U@d#
8 / (@ (US)) (R ()2 d

I A

I /\

ﬁuxFQ (U IR @I,

IN

SM1/? )
—lxr QU3
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However we also have
1 N
xrQ'(U9)") < (5 ; $(k)*)xr(2Q'(9*) + 2N Du)
so that

Ixr@ UG5 < I8ll2((2M)M? + (32M%/2a I N=1/2)1/2),

Thus we have

1Ugllx < Cliglla

where C is independent of N. In a similar fashion

IVllx~ < Cllll2-

Finally we introduce the measure vg on [N] defined by

vo{k} = /E __fan

Clearly ;
wo(H) < [UxullxVxulx- < 02|N—|,

On the other hand,

(V) = [ ranzm [ ordu = 57

It follows that if Hy = {k € [N] : vo{k} > (16 M N)"la} then |Hy| > aN/16MC?. We
are now in a position to apply Proposition 2.3 with a(s) = g(s)xa(s), b(s) = h(s)xc(s)
and with ¢ = 7. Thus ab = fx¢ and if H C Hy we have

alH|
< .
/,_leXG = 16MN

By Proposition 2.3, (L3[N]) g, is C'—lattice isomorphic to a C'—complemented sublattice

of X where C' is independent of N. This demonstrates that condition (c) holds.m
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7. Complemented subspaces of Banach lattices

We now give the first applications of the machinery developed in the preceding three

sections.

THEOREM 7.1. Let Y be a separable order-continuous Banach lattice which contains no
complemented sublattice lattice-isomorphic to £,. Suppose X is an order-continuous Ba-
nach lattice which is isomorphic to a complemented subspace of Y. Then X is lattice-

isomorphic to a complemented sublattice of Y (L2).

PROOF: Suppose first that X is nonatomic. Then we can represent Y as a good order-
continuous function space on some Polish probability space (K, u) We can represent X
as a good order-continuous function space on (A, \) with the strong density property.
According to Theorem 6.1 we can then find positive measure-continuous operators P, @, R :

C(A) — Lo(p) and a constant M so that for f € Lo(A)4,

/fd)\S/Pfd,uSM/ fdx
A K A
1QfNlv, 12 < M| fllx,1/2

IRfllys1/2 < M| fllx* 172
Pf <(Q)'*(Rf)'2.
We may suppose that @, R are P-continuous. Then we may find Borel functions kq, kr
on K x A so that vQ = kqg(s,.).vF and vf = kg(s,.).vF almost everywhere on K. Let p
be the measure on K x A defined by
oB) = [ [ sl (0 duts).
KJa

We will then have kgkr > 1 p—a.e. We define lattice homomorphisms U,V : Lo(N) —
Lo(p) by

Uf(s,t) = kg *(s,)f(t)

Vi(s,t) = kil *(s, D (1)

51
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52 N. J. KALTON

Then:

Iy = I Koo DI dF ()2l
=1 [ kals,OAOF O

- ”/|f(t)|2du?(t)||§/,12/z

= 1RUFDINE 2
< MYY|IFRIA

= M'2||f|x.

Thus U maps X into (Y (Ly; ")) maz-
Similarly we have ||V fly«(1,.,7y < M/?||f||x-. Since Y (La;vP)* = Y*(Ly;v%) we

can apply Proposition 2.3 once we observe that for any Borel subset F of K,

/ kg * (s, 1)k} (s, 8) dp(s, t) > p(K x F)
KxF

:/ Pxrdu
K
> A(F).

Thus by Proposition 2.3 X is isomorphic to a complemented sublattice of Y'(Ly,v?) and
hence of Y(L;) by Lemma 3.5.

To complete the proof in the general case, we can decompose X into atomic and
nonatomic parts. It thus suffices to consider only the atomic part. In this case (Proposition
2.4) X lattice embeds as a complemented sublattice of Y'(¢;) which is itself isomorphic to
a complemented sublattice of Y'(L;) by Lemma 3.5.m

THEOREM 7.2. Let Y be a separable order-continuous Banach lattice which contains
no complemented sublattice lattice-isomorphic to £y. Suppose X is a separable order-
continuous Banach lattice which contains no complemented sublattice lattice-isomorphic
to Ly. Suppose X is isomorphic to a complemented subspace of Y; then

(a) X is lattice-isomorphic to a complemented sublattice of Y (£3),

(b) There is a non-trivial band X, in X which is lattice-isomorphic to a complemented

sublattice of Y.
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LATTICE STRUCTURES ON BANACH SPACES 53

PROOF: It suffices to consider the case when X is nonatomic. We represent X and Y as

in Theorem 7.1. In this case we can apply Theorem 6.3 to deduce that we may represent
P,@Q and R in the form:

Pf(s) = ak(s)f(ons)

n=1
[eS)

Qf(s) = ad(s)f(ons)

n=1

Rf(s) = al(s)f(ons)

where af’;a@,al! are nonnegative Borel functions on K satisfying a@af > (a%)? a.e. and
0n : K — A are Borel maps, satisfying o,,(s) # on(s) whenever m # n.

Denote by v counting measure on N. We define U,V : Ly(A) — Lo(K x N, u x ) by

Uf(s,n) = (a2(s)"/* f(ons)
V£(s,n) = (ak(s)"/* f(ons).

Then
10 fllven = (3 a1 0 0u) 21y
n=1
= QU .
< M2 f]x.
Similarly

If F C A is a Borel set then:

Z / (a2(s)a( ))1/2d#<s>>2 / af () du(s)

= / Pxrdu
p

> A(F).

Thus by Proposition 2.3 X is lattice-isomorphic to a complemented sublattice of Y(£;),

proving (a).
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For (b) fix some n such that af(s) > 0 on a set of positive measure. Consider the

lattice homomorphisms Uy, V;, : Lo(A) — Lo(u) defined by:

Unf(s) = (a2(s))!/ f(ons)
Vaf(s) = (a5 ()2 f(ons).

Then |Un|lx—Viees |Vallx+*—y+ < M2, Further if F is a Borel subset of A, we set
n(F) = / aP dp.
o 'F

Thus 7 is a nontrivial A—continuous measure on K;. Hence there exists a Borel set F with
A(E) > 0 and § > 0 so that if F' C E then n(F) > §A\(F'). Thus if F C E is an arbitrary

Borel set,

[\ (@8a d = n(F) 2 8X(P)
o 'F

n

and we may apply Proposition 2.3 to show that Xg is lattice-isomorphic to a complemented

sublattice of Y.

We now turn to the case of r.i. function spaces. Here Theorem 6.1 yields more.

THEOREM 7.3. Let Y be an order-continuous Banach lattice and suppose that X is a
separable order-continuous rearrangement invariant function space on [0, 1], which is not
equal to L[0,1]. Suppose X is isomorphic to a complemented subspace of Y. Then either
Y contains a complemented sublattice lattice-isomorphic to the Haar representation of X
orY contains a complemented sublattice lattice-isomorphic to X. In either case Y contains
a complemented sublattice isomorphic to X.

In particular, if the Boyd indices of X satisfy either px = 1 or ¢x = oo then Y

contains a complemented sublattice lattice-isomorphic to X .

PROOF: We first prove the theorem under the assumption that Y is separable. We may
as in Theorem 7.1 represent Y as a function space on (K, 1), and we may suppose that X
is modelled on (A, X). Suppose that ¥ does not contain a complemented sublattice lattice-
isomorphic to the Haar representation of X. Then we are in case (b) of Theorem 6.1 and
since X # L, we are in case (b) of Theorem 6.3. We conclude exactly as in Theorem 7.2

above that there is a band in X lattice-isomorphic to a complemented sublattice of Y.
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LATTICE STRUCTURES ON BANACH SPACES 55

Since every band in X is lattice-isomorphic to X the theorem follows. The hypotheses on
the Boyd indices in the last statement imply that the Haar basis fails to be unconditional.

We now consider the general case. The reduction to the previous case is attained
by the observation that any separable subspace of Y is contained in a complemented
separable sublattice. This follows from Proposition 1.a.3 (p. 9) of [33] combined with the
complementation results of Amir and Lindenstrauss [4] on weakly compactly generated
subspaces. More precisely we can first suppose that Y has a weak order-unit v > 0. If
Z = Z; is a separable subspace of Y we can, by [4], construct a sequence of separable
subspaces Z,, so that Zy,41 is the smallest closed sublattice generated by Z,, for n > 0
and Z,, is a subspace containing Z,,_; for n > 1 so that there is a projection P, : Y — Z,,
with ||Ps|| € 1 and Pp[—u,u] C [—u,u]. Then (P,) has a cluster-point P for the weak-

operator topology which is a projection onto the closure of UZ3,41.%

Now let us consider a special case of the above when Y is itself an r.i. space.

THEOREM 7.4. Let X and Y be separable r.i. spaces on [0,1]. Suppose that X is not
equal to L,[0,1] and that X is isomorphic to a complemented subspace of Y. Suppose
that either (a) px = 1 or (b) gx = o0 or (¢) Y contains no complemented sublattice

lattice-isomorphic to the Haar representation Hx of X. Then X =Y.

PRrOOF: It follows from Theorem 7.3 that in each case, Y contains a complemented sub-

lattice lattice-isomorphic to X. However Proposition 2.5 then immediately yields X = Y.

The following theorem is an improvement of Theorems 5.1 and 6.1 in [22] in two ways.
First we insist in the exceptional case that the Haar representation of X be isomorphic to
a complemented sublattice of X. Second, we remove all side conditions on X; we do not

assume either that the Haar basis is unconditional or that X D L,[0,1] for some 1 < p < 2.

THEOREM 7.5. Let X be a separable r.i. space on [0,1]. Suppose that either (a) px =1
or (b) gx = oo or (c) X contains no complemented sublattice lattice-isomorphic to the
Haar representation of X. If Y is a separable r.i. space on [0,1] such that X and Y are
isomorphic then X =Y.

PRrOOF: Cases (a) and (b) are covered by the preceding theorem. For (c) observe that we
can assume that 1 < px < ¢gx < o0 and 1 < py < gy < oo so that both X and Y have
Haar representations. Further X # L; and so Y # Ly. Thus if X # Y we obtain that
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Hy is lattice-isomorphic to a complemented sublattice of X. Now X is isomorphic to Hy
and cannot be lattice isomorphic to a sublattice since Hy is atomic. Thus by Theorem 7.3
Hy has a complemented sublattice lattice-isomorphic to Hx. But this means that Hx is

isomorphic to a complemented sublattice of X. m

THEOREM 7.6. Suppose that Y is a separable r.i. space on [0, 1] and that X is a nonatomic
Banach lattice which is isomorphic to a complemented subspace of Y. Suppose that Y con-
tains no complemented sublattice which is lattice-isomorphic to £y and that X contains no
complemented sublattice which is lattice-isomorphic to L,. Then X contains a nontrivial

band which is lattice-isomorphic to Y.

PROOF: This is immediate from Theorem 7.2 (b) and Proposition 2.5.a

Notice it then follows by an exhaustion argument that X can be decomposed as the
direct sum of at most countably bands each lattice-isomorphic to Y. This suggests a
uniqueness principle for lattice structures on Y which we investigate further in the next
section for certain special cases. Notice that if Y is super-reflexive then Y is isomorphic
to Y(L2) which explains the restriction on X. Finally we notice that X must contain a

complemented copy of Y in view of Proposition 2.d.5 (p. 172) of [33] this leads to:

COROLLARY 7.7. Under the hypotheses of Theorem 7.6, suppose further that 1 < px <
gx < oo. Then X is isomorphic to Y.
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8. Strictly 2-concave and strictly 2-convex structures

We shall say that a Banach lattice X is strictly 2-concave if it is g-concave for some
g where 1 < ¢ < 2 and is strictly 2-convex if it is p-convex for some p where 2 < p <
0o0. Our main theorem of this section is an extension of an implicit result of [22] which
asserts that any nonatomic Banach lattice which is strictly 2-concave and isomorphic to a
complemented subspace of L, (1 < p < 2) is lattice-isomorphic to L,. However our proof

is quite different.

THEOREM 8.1. Suppose X is a strictly 2-concave r.i. space on [0,1], with Boyd indices
{px,qx}, for which one of the following conditions holds:
(a) px =1
(b) px < gx
(c) X is px —convex.
Let Y be a strictly 2-concave nonatomic Banach lattice. If Y is isomorphic to a

complemented subspace of X thenY is lattice-isomorphic to X.

REMARK: If we assume that Y is isomorphic to X then we can relax the assumption that
X is strictly 2-concave. Indeed, X must be of cotype 2 and cannot be equal to Ly; since Y’
is strictly 2-concave it cannot contain a sublattice, lattice-isomorphic to £;. By Theorem
7.3 X will embed into Y as a sublattice and hence will be strictly 2-concave.

We also note that (c) includes (a), but as we shall see the proof of (a) is rather simpler
and it is this case which will be exploited in later results.

Before proving Theorem 8.1 we note the following dual result which can be deduced

immediately or proved in the same way.

THEOREM 8.2. Suppose X is a separable strictly 2-convex r.i. space on [0,1], satisfying
one of the following three conditions:

(a) gx = o

(b) px < ¢x

(¢) X is gx—concave.

57

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:26:16 EST 2014 for download from IP 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



58 N. J. KALTON

Let Y be a strictly 2-convex nonatomic order-continuous Banach lattice. IfY is

isomorphic to a complemented subspace of X then Y is lattice-isomorphic to X.

Proor oF THEOREM 8.1: The proof of Theorem 8.1 is somewhat long and involves several
preliminary lemmas. We start by introducing an r.i. space on [0, 00); we define Z to be the
space (cf. [22] or [33] p.203) of all f € Lo[0, c0) such that f*xjo1) € X and f*x[1,00) € L2
Z can be given a norm equivalent to the quasinorm || f*x[o,1)l|x + [|f*X[1,00[|2- Since X is

2-concave, the dual Z* can be equivalently normed by

1]

z+ = max{[|f*xpo,yllx+, 1 fll2}

and Z* is 2-convex. The norm on Z will be assumed to be the predual norm for this norm
(which is plainly a dual norm).

We can and do suppose that Y is a good order-continuous function space on (A, A),
with the strong density property.

We next introduce the notion of a special embedding of Y* into Z*. Let ® = (¢ )kez
be a doubly infinite sequence of nonnegative functions in L1(A, A). Define a o —finite Borel

measure g on Z X A by
w8y x B) = [ ona
E
for any Borel subset E of A. Then consider the map T = Tg : Lo(A,N) = Lo(Z x A, 1)
defined by
Tf(k,s) =25 f(s).
T is plainly a lattice homomorphism. We shall say that T is a special embedding if for
some C and all f > 0,

v+ <||Tf]

=N 7 < Cllfly-.

In this case it quickly follows that we must have ) ;. #x(s) > 0 a.e. Define Borel functions

us,ve on A as follows:

ua(s) = sup{k : 44(s) > 0}
ve(s) =inf{k: ¢x(s) > 0}

so that —co < ve < ug < 00 a.e.
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LEMMA 8.3. If T = Ty is a special embedding for which there exists N € N such that

up —vp < N a.e., thenY is lattice-isomorphic to X.

PROOF: Let ¢(s) = D ;ecz P&(s); the hypotheses imply that ¢ < oo a.e. and hence there
is a o—finite measure v on A with dv = ¢dX. Then for f > 0,

IT£]

7 <12°® fllzeany < 2N|T |l 2-.

Hence || f||y- is equivalent to [|2%2 f|| z+(a,,) and Y* is lattice isomorphic to Z*[0, a) where
a = [ ¢ dA. Clearly since Y* is strictly 2-convex, we must have a < co. Furthermore || f||y

is equivalent to ||27*% f|| z(a ) and so Y is lattice-isomorphic to Z[0, @) and hence to X.m

LEMMA 8.4. Suppose px = 1 and that T and Ty are two special embeddings of Y* into
Z*. Suppose that ue,ve,uy,vy are all finite a.e. Then there exists N € N such that

lug —ugy| < N ae.

PRrROOF: We suppose C is a constant such that

1
=l

v+ < ||Ts f

[Ty fllz» < CJf]

Z*, Y*,

for f € Lo(A,N). It will suffice to prove a uniform estimate on {ug — uy| on any set E of

positive measure such that ug,ve,uy and vy are constant.

For k € Z, define
ak=/ $r d), ﬁsz i dA.
E FE

Then (ak)rez and (Bk)kez are each finitely non-zero. Let é be the minimum of all positive
values of ay, f;. Then define

p =8> (ak +B)).

keZ

We use the fact that gx» = co. We can find a simple function 2 € X*[0, 1] of the

form

h = Z biX((G—1)m.im

=1
so that nn < min(1/p,6) and so that [|h|x- =1 but [|[D,h|x~ < 2. (D, denotes the usual

dilation operator.)
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By Lyapunov’s theorem we can find n disjoint Borel subsets Fi,..., F, of E so that

[ sedr=67"nay
F;

YrdX = 8"1npy
F;

for1<j<nandk¢€Z. Thenlet g = 27:1 biXF,-

Teg = Z Z 525X (k)< F,

k€Z j=1
n
<2 6D XikxE-
j=1 k€Z

Hence recalling that ue is constant on E and denoting its constant value by ug,

[Tegllze < 2°*[ID(5-1 5 ) hllx-
< 2"*||Dphl x-

< quetl

Similarly
Teg > 2"* Z biX {us}xF;
j=1
and hence
Togllz+ > 2"*.

Combining with similar estimates for Ty we obtain:

Clgve < cauet

C1avy < c2avet!

so that

Up — U\p| S 10g2(202)l
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LEMMA 8.5. Let r = px+ orr = gx-, and that r < co. Suppose T and Ty are two special

embeddings such that ug,ve,uy,vy are finite a.e. Then there is a constant L so that

LY 2krg, < Z 2kTh, < L Z 2574 ae.

k€EZ kEZ kEZ

PRrOOF: The initial steps are similar to those of Lemma 8.4. We suppose that C is a

constant such that
C7H|f]

for all f € Lo(A), and that E is a Borel subset of A of positive measure so that the

v+ < |[|Ts f]

| Ty f|

z» < C||f]

Z* zZ*

functions ug,ve, uy, vy are all constant on E. For k € Z, define

ak=/E¢de, ﬂk=/¢kdx.

Let 6§ > 0 be the minimum of all positive values of ax, B¢. Let p = 671X (ak + Bi))-

Let m be a natural number with m > 2p. Then by Theorem 2.b.6 (p. 141) of [33]
there exists n > 0, n € N with mnn < min(1, Y (ax + Bk)) and a function h € X*[0, 1]+
with |||l x+« = 1, of the form

h= " bixG-1ymin
i=1

so that if hy, (1 <1 < m) are defined by

hi(t) = h(t = (I = 1)nn) (I-1)np<t<liny

hi(t) =0 otherwise
then, for all scalars (&),

1 . T T . - r T
g(gral P < ||;flhl||X~ < 2(1215,4 2.

As in Lemma 8.4 we apply Lyapunov’s theorem to find n disjoint Borel subsets

Fy,...,F, of Esothat for 1 <j <nand k€ Z,
[ orar=57na
F;

/ b d\ = 6 1nBy.
Fj
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We again let g = 3°7_; bjxr;. Then

Tog =Y 2*xoy
kEZ
where p(Gjx) = 6 'nay. (Here p = u(®).)
Now 6 lax > 1 and so if 44 is defined to be the integer part of § 'y then 7 <
6 Yo, < 2v;. We can then partition Gjr into sets G for 1 < ¢ < 4441 where u(Giji) =1
for ¢ < g and pu(Gijk) < nfor i =y, + 1.
Thus

n Ye+1
Tog=> b 23 xay
i=1  kez  i=1
e+l n

= Z 2* Z (Z ijGijk)

kEZ i=1 j=1
Note that
Z(’Yk +1)< 226“1ak <2p<m.
kezZ k€EZ

Thus

1 T T T
5(2 24y )T < || Tagllze < 20D 25 (m + 1)V

kEZ kez

Since %5'10% <k < Yk + 1 <267 1ay, we obtain
261N "ok oy < || Tag||y. < 2711671 Y 25 ay.
k€EZ kez

Similarly

2—(r+1)6-—1 Z zkrﬂk < ||T\I/g||rZ' < gr+1 -1 Z 2kr[3k'
kEZ kEZ

Thus if we let L = C222("+1) then
L7 2P < 2B <L) 2Man
keZ kEZ keZ
We now recall that E was an arbitrary set of positive measure on which the functions

u®,vs,uy and vy are constant. Thus for any such set

-1 kr d\ kr d\ kr d\
L /E(g:z2 bk) S/E(E;Q Yk) SL/E(E;Q k)
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and it follows that, a.e.,
L7 Y 2%gp <) 29 S LY 25
kEZ kez kEZ

We now return to the proof of Theorem 8.1. We regard X as being modelled on
(A, A). Since X and Y are both strictly 2-concave, in particular neither contains any
sublattice lattice-isomorphic to ¢, or Ly. Thus Theorems 6.1 and 6.3 are applicable. We
deduce the existence of a constant M, a sequence of Borel maps o, : A — A with
0m(8) # on(s) if m # n and sequences of nonnegative Borel functions aZ,a®,aF on A so
that af < (aQaR)/? a.e. and if

o0

Pf(s) = aL(s)f(ons)

n=1
[<S)

Qf(s) = al(s)f(ons)

n=1
<)

Rf(s) =y _ ar(s)f(ons)

n=1

then P, Q, R are positive measure-continuous operators from C(A) to Lo(}) satisfying
/fd/\g/Pfd/\gM/fd/\
1Qfllx,1/2 < M| flly,1/2
IRfllx~1/2 < M| flly~1/2

for all f € Lo(A)4.
Forn € N, k € Z, let E(n,k) = {s : 2%% < af(s) < 22D}, We will define two

sequences of measures wg, vy on A by

wi(F) =Y Aoy 'FnE(n,k))

v (F) = / al(s)d\(s).
HEF) nz::l E(nk)no;'F (2)dX(s)

Our first objective is to show that each of these measures is A—continuous and to define

its derivative. First observe that

S vk (F) = / Pxrd\ < MACF)

kEZ
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64 N. J. KALTON

and so we can use the Radon-Nikodym Theorem to obtain nonnegative Borel functions
(wr)rez so that dvg = wxdd and 1 <37, wi <M ace.
In order to consider the measures w; we introduce the measure Mon N x A defined

by A({n} x E) = A(E). We define S : Y* — Ly(N x A, A) by
Sf(n,t) = (aZ(£))'/? f(ant).

Then Z* is 2-convex and so, applying Lemma 7.2 of {22] to its 2-concavification, for a

suitable constant C' we have
ISFll gy S CNCO ali(f 0 o)) x-
n=1

= CIR(IY
< CM'2|f]

Y*.

Thus § : V" — Z*(j\) is bounded. As Sxr > 2 on a set measure of measure at least
wi(F), we conclude that each wy is a finite A—continuous measure and we introduce the
nonnegative Borel functions (¢x)rez such that dwy = ¢rdA.

The next step is to use the functions (wg) to construct three lattice embeddings of
Y* into Z*. We first determine four measurable integer-valued functions (/c]-)ézl on A so
that if maxy wi(s) > % then x1(s) = ka(s) = k3(s) = ka(s) = | where wi(s) > %; if, on the

other hand, max; wi(s) < § then «;(s) are such that:

Z wi(s) <

k<k1(s)

< Z wi(s) <

k<k2(s)

Z wi(s) <

k<kgz(s)

< > w(s)<

k<ka(s)

o
IN
| =3 Oolor 00l 0o

=] W N | —

It follows that k1 < kg < k3 < k4 and that for j = 1,2, 3,

K;41(8)

Z wi(s) >

k=x;(s)

Co|
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LATTICE STRUCTURES ON BANACH SPACES 65

We now introduce the Borel sets Vj(k) = {t : k;(t) < k < kj41(t)} for j = 1,2,3 and
k€ Z.Forn e Nand j =1,2,3 we define Wj(n) = Ukez(E(n,k)No;V;j(k)). Notice that
this union is a disjoint union for each fixed n.

We now use these sets to cut up the original operators P, ), R. We define forj = 1,2, 3,

Pif(t) =" afi (t)f(ont)

n=1
oo
Qif(t) = ) a ()f(ont)
n=1
Rif(t) =Y aki(t)f(ont)
n=1
where afj = afl)XW]_(n), agj = a,?XWj(n) and afi = a,IfXWj(n). It is clear, with these

definitions that Pj,@;, R; are measure continuous operators on C(A) with 0 < P; < P,
0<Q; <Q,0<R; <Rand P; <(Q;R;)"/2

For any Borel set E we have:

=Y u(Vj(k)NE)

kE€EZ

= Z/ WX, (k) dA
E

keZ

It follows that:
/ijdz\z %/fd)\
for f € Ll()\)+

Now since Y 1is strictly 2-concave, it does not contain sublattices uniformly lattice-
isomorphic to €5 for n € N. Thus Theorem 6.4 is also applicable and we can deduce the
existence of ¢ > 0 so that for j =1,2,3 and for all f > 0in L;(A)4,

[suntal @) (s axe) = ¢ [ 1) axe)
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66 N. J. KALTON

Now for fe Y*and g €Y,

c / \fald < / sup|aB ( 0 0)(g 0 0)| dA
< [[sup (%512 £ 0 0l x- | sup (% ) /g 0 ol x

< M'2glly|lsup [(afF ) /* f o oulllx=-
By maximizing over ||g|ly < 1 we clearly have, for each f € Y*,
, c
lsup |(aff) /2 fo oulllx- > 377zl F v~

We now use these results to cut S in a similar way. For j = 1,2,3 define §; : Y* —
Lo(N x A, }) by
Sif(n,t) = (af (1))"/* f(ont).

Since 0 < §; < S each S; is bounded from Y™* to Z*. On the other hand
) c
I1Silz 2 lsup l(a)/2F o ol 2 57zl ly-.

Now we introduce three doubly infinite sequences of nonnegative L(A) functions by
defining ¢§€j) = ¢kXv;j(x)- Let L) = (qﬁg))kez. We then create three measures {y; : j =
1,2,3} on Z x A by setting

w8y x ) = [ dan
Consider the maps T} = Tg() : Y* — Lo(Z x A) defined by
T, (k1) = 2 (1),

We will show that each Tj is an embedding of Y* into Z*(x1;) and hence is a special
embedding. Suppose f > 0in Y™*. Set G(7) = {s: f(s) > 7}. Then

MISifl > ) =Y A(afi) P foon > 1)
n=1
=3 Y MN{(aB)*foon > 1) Noy V(k) N E(n, k)).
n=1k€Z
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LATTICE STRUCTURES ON BANACH SPACES 67

Thus

MISif1 > 1) =30 Y Mo (G(r27*) N V;(k)) N E(n, k))

n=1keZ

= Y wn(G(r2) N V()
k€Z

_ Z/ s dx
kez G(r2—Fk)

= ui(IT5f1 > 7).

Similarly ;\(|5]f| > 1) < pi(|Tjf| 2 7/2). Combining these we see that each Tj : Y* —
Z*(u;) is a special embedding. Furthermore if u; = ugy) and v; = vg() then we have
£; Svj <u; < Kjpq ae.

We are now in position to apply Lemmas 8.3-8.5.

Cuase (a): It follows from Lemma 8.4 that us —u; is essentially bounded and hence so
is up — vy. Now Lemma 8.3 completes the proof.

Case (b): We can assume px > 1. Let p = px+ and ¢ = gx+ so that p < q. Then for

a suitable constant L we have a.e.

L—l Z 2kr¢gcl) S Z 2kr¢§€3) S L Z 2kr¢gcl)

kEZ k€EZ kEZ

where r = p or r = ¢ by Lemma 8.5. Now, almost everywhere,

Z 2kq¢,gc3) > 2(4-P)vs Z 2kp¢§€3)
keZ kEZ
> [~19(a-pvs Z 2kp¢§cl)
k€EZ

—~1o(g—p)(vs— 1)
> [12(a-p)(vs UI)Z2kQ¢k
kEZ

> [~22a—P)(va—u1) Z quqgsf)
keZ
so that vz —u, is essentially bounded. Hence u; — vz is essentially bounded and we complete
the proof by Lemma 8.3.
Case (¢): Here X is p-convex where p = px; we can assume that the p-convexity

constant is one, and the same will then hold for Z. We let ¢ = g¢x+ be the conjugate index
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68 N. J. KALTON

in this case. We will introduce measures fi; and fi3 on Z x A by setting
fij({k} x E) = / 9a(k=r2) 43 g
E

Now define T': Ly(A\) — Lo(jiy + fis) by Tf(k,t) = 252() f(¢). If we can show that T is an
embedding of Y* into Z*(f11 + f13) then it will follow that Y is lattice-isomorphic to X by
an argument similar to the one used in the proof of Lemma 8.3.

First we notice that Lemma 8.5 implies that there is a constant C so that
CTUTfll 2+ () S NTFll 2+ o) < CINTFll 22 (o)
Now suppose h € Z(f1;) with ||h||z = 1. Then

/h(Tf)dﬂl - Z/h(k,t)zKZ(t)_HI(k—Kz(t))f(t)(f)g)(t)d/\(t)

kEZ

=/ gk, )T f(ky £)dpas (1)
ZxA

where
g(k,t) = g(q—l)(k—m(t))h(k’ t).
Thus-
lglP = U(|R[?)
where

UF(k,t) = 20=%2) B(k 1),

It is easily seen that U is an isometry from Ly(f;) into L;(p;) which is norm-decreasing
for the Loo—norm. Since Z is p-convex with constant one we conclude that ||g||z(u,) <1

and hence that

Z*(u1)

[ 1@ pain < 131
whence we conclude that

1T fllz= a2y < N2 fll 2 (-
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LATTICE STRUCTURES ON BANACH SPACES 69

For the converse direction suppose now that h € Z(u3) with ||A||z(4,) = 1. Then for
any f € Z*(}),

/ W(Tsf)dps =Y / h(k,1)2% £(£)¢\P (£)dA(2)
kEZ
- / Bk, )28 9020 =R) £(1)djig (1)
ZxA
= [ a2 stdaa(t)
ZxA
where g(k,t) = 200~ D)=k p(k ). Thus |g|? = U'(|h|P) where

U'F(k,t) = 2902(O=k) p(k ¢).

As before U’ is an isometry from L;(p3) to Li(fs) which is also Lo, —norm decreasing.

Thus ||g]|z(us) < 1 and so as before

1Tl 2+ (o) < T3 f1l 2+ o)

Combining the above we conclude that 7" is an embedding of Y* into Z*(ji; + j13) and

the proof is complete.n
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9. Uniqueness of lattice structure

The following proposition is closely related to [6], Lemma 7.13.

PROPOSITION 9.1. Let X be an order-continuous Banach lattice. Suppose X is 2-concave
(resp. 2-convex); then X fails to be strictly 2-concave (resp. strictly 2-convex) if and only
if there is a constant C so that for every n € N, X contains a C-complemented sublattice

which is C-lattice-isomorphic to £3.

PROOF: One direction is trivial since if £3 is C-lattice isomorphic to a sublattice of X for
every n then X cannot be either strictly 2-concave or strictly 2-convex. We will prove the
other direction for the separable case when we may suppose that X is a Kothe function
space on some (K, ) where K is a Polish space and p is a o—finite Borel measure. (The
non-separable case can be proved by using the separable complementation property, but
we will not need it.) We will restrict attention to the case when X is 2-concave, but not
strictly 2-concave; the other case has a similar proof. We can and do assume that the

2-concavity constant of X is one.

Now X* is 2-convex with constant one which implies that X7 /2 is a Kothe function
space. Let ¢, be the least constant so that for disjoint fi,..., fn, we have

Ifi+- -+ fallx+ < cpmax]||fil| x--

Then ¢pn < ¢men. Hence if for any n we have ¢, < n1/2 then there exists a < 1/2 so that

cn = O(n®). Pick p with @ < 1/p < 1/2. Then for any disjoint fi, fa2,..., fn with ||fillx=

70
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LATTICE STRUCTURES ON BANACH SPACES 71

decreasing we have, setting f; =0 for i > n,

2% 1

1D fillx- <3000 D2 Fillxe

= §=2k—1

< C 302D e xe

k=1
<C Z 2((’—1/1‘)("?—1)(2 IF:lP)Y/P
k=1 i=1
<Nl
=1

where C,C’ are constants. Hence X* has an upper p-estimate and hence X is r-concave

for some r < 2. This contradicts our assumption and so ¢, = n!/? for all n.

Now if n € N and 0 < § < 1 we pick disjoint positive norm-one fi,..., f, so that
Ifi 4+ fallx- > n'/2(1 = 1/(26n)).
Then

Il 1 +"'+f121”X',1/2 >n—6.

Now X;/2

so that ||v]|z =1 and

is a Kothe function space and hence there exists v > 0 in its Kothe dual Z say

otz du>n—s
Hence for all j we have
/vf?du >1-6.

Now vf; is in the Kothe dual of X* ie. X for 1 < j < n and it is immediate that
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72 N. J. KALTON
(1-6) <|lvfjllx < 1. For g € X welet a; = [ figdu/ [vf}du, and then we have
1= a)” <> apvfillx
j=1 j=1
= sup / a;vfihdu
Ihllx~ <1 ,; T

n
< sup || Y aifihllxe e

Illxe<1 =
n

<1 aifillx-
i=1

<Y a)”
=1

while

3
SN

< (1—5)_1/Za;‘f1gdu
7=1

<=6 asfillx-
J=1

.
I
-

gllx
<=6 al)*|gllx.
j=1

These calculations show that vf; span a sublattice (1 — §)~! —isomorphic to ¢; and (1 —

§)~!—complemented.m

We now turn to the question of finding a condition on a Banach lattice such that it does
not contain uniformly complemented £3’s. If X is a Banach lattice we define d,, = d,(X)

to be the least constant such that for disjoint fi,..., frn € X we have

SUAI < dall D fill
i=1 =1

and ep, = e,(X) to be the least constant so that for disjoint f1,..., fn we have

n
I3 S en g I
=
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LATTICE STRUCTURES ON BANACH SPACES 73

PROPOSITION 9.2. Let X be a separable order-continuous Banach lattice. Then d,(X) =

en(X*) and do(X*) = en(X). Furthermore if f1,..., fn are any nonnegative elements of
X then:

Yo lfillx < dalld fillx
1=1 =1

. < il x .
Il max fillx < en max |Ifillx

PrOOF: We may assume that X is a Kothe function space on (K, ). First we prove that
dn(X) = e,(X*). Suppose ¢;,...,9, € X* are disjoint, and nonnegative. For ¢ > 0 pick
f€ X sothat f>0,|fllx =1and

/f(gl+-~~+gn)du> llgr + -+ gnllx- — €

Let E; be the support of g;. Then

I gl < [ fayuse
j=1 =1

<YM lxllgillxs +e

i=1

n
< | x« .
< g ool (L 1w 1) +

< dn(X) Dax. llgjllxe + e

Thus e,(X*) < dn(X). For the converse suppose fi,...,f, > 0 have disjoint supports
Ei,...,E, in X. Choose g; € X* so that g; has support in E}, g; >0, ||g;||x+ =1 and

/ Figsdu = 1f3llx.

Then
S5l = [ g
j=1 Jj=1
<UD FllxY - gsllxe
j=1 1=1

<en(XID fillx
j=1
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74 N. J. KALTON

and so e,(X*) = dn(X). Clearly the same arguments give dn(X*) = e,(X). Of the re-
maining statements the second is quite obvious. It remains to prove the first. Suppose

f; 2 0in X. Pick as above g; € X* with g; > 0 so that ||g;[|x- = 1 and

/ fi95 du = |1 £;1x-

Then

dlfillx = /ijgjd#
j=1 j=1

< /(1??5’2 95) ]Z:; fidp

n
< A e ;
<l max gllx Z;ffllx
]:
n
<ea XD fillx
j=1

and the conclusion follows.m

LEMMA 9.3. Let X be a Banach lattice for which liminf d,n™® = 0. Then X is ¢g-concave

where ¢ = (1 — a)7L.

PRrROOF: We clearly have that d,, is submultiplicative, i.e. dpn < dimd, for all m,n. Thus
we conclude that there exists 8 < a and C so that d,, < Cnf. Suppose 1-Bt<r<
(1 — @)™! and suppose fj,1 < j < n, are disjoint in X. We suppose ||fj||x is decreasing.
Then for 1 < k < n,

k n
Elfellx < DNl < dell D fillx

J=1 J=1

Thus
Dol < Qo 2N fillx-
k=1 k=1 J=1

Now di/k < CkP~1 and r(1 — B) > 1 so that we obtain that X has a lower r-estimate.

Hence X is g-concave (see [33] p.85).m

We now come to our main application.
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THEOREM 9.4. Let X be a Banach lattice for which liminf d,(logn)™'/? = 0 Then X

does not contain uniformly complemented ¢3’s.

PROOF: We remark that X is ¢g-concave for any ¢ > 1 by Lemma 9.3. Let us assume that
X contains uniformly complemented ¢3’s. Let & be any free ultrafilter on N and form
the ultraproduct Xy. Then Xy, is also in a natural way a Banach lattice and it is easy to
verify that d,(Xy) = dn(X) for all n. Further Xy contains a complemented copy of 4;. It
follows that there is a separable closed sublattice Y of Xy which contains a complemented
subspace isomorphic to £;. Furthermore d,(Y) < d,(X) for all n.

We thus can identify Y as a good order-continuous Koéthe function space on a prob-
ability space (K, u). We may suppose that there exist sequences f, € ¥ and ¢, € Y™
so that: [ figidu = 1 for all 1, [ figjdu = 0if i # j and for some constant C and all
ai,...,an € R,

CO 1) <Y D aifillx, 11D asgillx- < €O lag*)2.
j=1 j=1 j=1 =1

We argue first no subsequence of f,g, can converge to zero in measure. For if it does
then we may find a subsequence ¢ = fr,, Y& = gn, and a sequence of disjoint Borel sets

FEy so that

DN |

/ |prpr|dp >
Ey

Then ||¢rxE, |ly = 1/(2C) and so, since Y is 2-concave, for a suitable constant Cy we have,

for all £ € N,

k
k<203 |lrxe.lly

=1

k
<204V drxmlly

=1

‘k
< 20 (V)Y I8Py
k
< 2CCydi(Y) Ave || eidilly

Y p
€i =1

< 2C%Codi(Y)k/?
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76 N. J. KALTON

and this leads to a contradiction. We conclude the existence of § > 0 and a sequence of
Borel sets F;, with u(Fy,) > 6 so that |fng.| > éxrF, for all n.

Next notice that ||fa]l1 < |fally < 2C so that {|f,] > 4C/é} has measure at most
§/2. Thus we may find Borel subsets G, of F,, with uG,, > §/2 so that |g,| > (62/4C)xq, -

Hence for all n we have

= & 63
iy 2 — 1 2 —=n.
||;|gz|||y > 8Cu;x(,~,n1 > ean

Thus

&3 i
< Ay
e S I ; lg:llly
n
= max |z; €igil|l v
P

n
< egn (YY) max || > eigilly-

i=1

< Cdyn (Y)n2,

As liminf dyn (Y)n~1/% = 0 we again obtain a contradiction.m

THEOREM 9.5. Let X be a separable order continuous r.i. space on [0,1] for which
liminf d,(X)(logn)~'/2 = 0. If Y is a nonatomic Banach lattice isomorphic to a com-

plemented subspace of X then Y is lattice-isomorphic to X.

PROOF: Observe X is g-concave for all ¢ > 1 by Lemma 9.3. It then follows (see [33]
p.132) that px = ¢gx = 1. Thus X and hence Y is of cotype 2. In particular Y is 2-
concave. However, Y does not contain uniformly complemented £3’s by Theorem 9.4. By

Proposition 9.1, Y is strictly 2-concave. The conclusion follows by Theorem 8.1. m
By duality we obtain:
THEOREM 9.6. Let X be a separable order-continuous r.i. space on [0,1] such that

liminf e, (X)(logn)~1/2 = 0. If Y is a nonatomic order-continuous Banach lattice iso-

morphic to a complemented subspace of X thenY is lattice isomorphic to X.

PROOF: Just observe that X* verifies the assumptions of the previous theorem, and since

Y is order-continuous it is determined as a lattice by Y*; more precisely if we represent Y
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LATTICE STRUCTURES ON BANACH SPACES 77

as a good Kothe function space on (K, p) then Yinq; is the Kothe dual of Y* and Y is the

closure of the simple functions in Y;4;. »

We now turn to examples. We consider certain Orlicz spaces considered in [22] (p.
235) as examples of r.i. spaces on [0, 1] which are not isomorphic to r.i. spaces on [0, 00).

Define F,, by
t, 0<t<e

Fa(t) = {t(log t)®, otherwise

For 0 < a < 1/2 the Orlicz spaces L, are given as examples of r.i. spaces on [0, 1] which
are not isomorphic to r.i. spaces on [0,00). An important ingredient of this result is that
£, is not isomorphic to a complemented subspace of Ly, (see Lemma 8.16 of [22]). The

next lemma shows that we can refine this to show that the same spaces do not contain

uniformly complemented £3’s.

LEMMA 9.7. For the Orlicz space Ly, we have there is a constant C so that d, < C(logn)®
forn > 2.

PRrROOF: The dual space of L, is (up to equivalent norm) the Orlicz space Lg, where
Go(t) = exp(t?) — 1 with B = 1/a. We will instead compute e,(Lg, ). Suppose g1, - .., 9n

are disjoint nonnegative functions with norm one so that

/01 Golgi(t))dt =1

for k =1,2,...,n. Let g = > }_, gk. Then

1
/O Golg(t))dt = n.

Now ||g|| is defined by
Yo )
| Gul iyt =1
0

llgll

. = 2log 8n \*
" \log(3/2))
We will show that fol Gala;lg(t))dt < 1. Let us put E = {t : g(t)? > 2log8n}. Then, for
t € E, we have that 1(log 8n)g(t)? > g(t)P. Thus, again for t € E,

We claim that ||g|| < an where

(log 8n)g(t)? > g(t)ﬁ + (log 8n)?
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or

g(t)? 8
_— t)y —1 .
log 8n <9(?) og8n

It follows that
/ Go(ag g(t))dt < / exp(a?g(t)?)dt
E E

B
< / exp(g(t) )dt
E log 8n

< g [ explatty i

IA

1 !
— 1 «(g(t))dt
5 | 1+ Galat)

1
< -.
4
Let F be the complement of E. Then

1
/ Galay; g(t))dt < / Go((log 3/2)*)dt
F 0
1
< -.
-2
Combining these statements gives the desired conclusion.m

THEOREM 9.8. For0 < a < 1/2, the Orlicz spaces L, have unique structure as nonatomic

Banach lattices.

We also note here that the preduals of these spaces which coincide with the closure of
the simple functions Hg, in Lg, also have unique structure as nonatomic order-continuous
Banach lattices (for a < 1/2). In the case a = 1/4, this example is discussed in Example

2.9 of [6].
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10. Isomorphic embeddings

We now turn the problem of characterizing Banach lattices which embed into a given
Banach lattice, but without assuming complementation. We shall suppose that X is a good
order-continuous Kéthe function space on (A, A) and that Y is a good order-continuous
Kothe function space on a probability space (K, u). Let A : X — Y be an isomorphic

embedding; we suppose that M is a constant so that:

M7Ifllx < Aflly < MI|fllx-

We now follow the ideas presented in Section 4. Define @, : C'S, — Lo(u) to be linear
and satisfy Q,xg = |Ahg|? for E € A,.

We define a Haar system in X to be a sequence (¢,)52, of the form ¢y = xa and
n = XFon — XFyny: for n > 1 where (Fy,) is a sequence of clopen sets with F; = A and
F, = F3, U Fapgq with A(F2,) = M Fong1) = %/\(Fn). The closed linear span [¢,] is then
a sublattice of the form X (X) for a certain sub-o-algebra of the Borel sets, on which A is

non-atomic.

LEMMA 10.1. Suppose limg oo Qrxa = 0 in Lo(u). Then there is a Haar system in X
spanning a sublattice X (X) which is an unconditional basis for X (X) and is equivalent to

a disjoint sequence in'Y.

PROOF: We construct, by induction, a sequence (F,)a2, of clopen subsets of A and a
sequence H, of Borel subsets of K so that F; = A, for each n, F,, = F3, U F3,4; and
A(F2n) = MFant1) = %/\(Fn), and if ¢9 = xa and ¢, = XF,, — XFony, for n > 1 then, for
n>1,

(xx = x| Adal < 27FIM 0" (X — xn1,)

and

lAdrxm, |ly <2 (mF9=1p—1

forl<k<n-1.

79
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80 N. J. KALTON

Suppose Fy,...,Fy,_1 and Hy,..., H,_1 have been selected. Then F,, € C,, for some
suitable large m. By the order-continuity of ¥ we may find n = 1, > 0 so that if yE < n
thenfor1<j;<n-1

||A¢jXEHY < 2_(n+4)j—1M~1.

Now as k — oo we have that Q4 xF, is bounded in L,/ and Qrxr, — 0 in measure.

Hence limy oo |QkXF, |l1/4 = 0. Now for k > m,

Qixr, = > |Ahg)

E€A ,ECF,

and so

im [ () |Ahp[)/*du=0.
k=0 JK pedy mer,

It then follows from Khintchine’s inequality that

lim Ave /l Z epAhg|/?dy = 0.

k—oo eg==%1
EcAy
ECFn

Thus, for large enough k > m, there is a choice of signs eg = £1 such that

2
1/2 Ui
/I\ E epAhg| dy<\/—————2n+4Mn.

E€Ay
ECFn

At this point we define Fy,, Fy, 41 to be disjoint clopen subsets of F), such that

Z €ehE = Xy, — XFang1 = G-

Now let H, = {|Ad,| > 2= ("M ~'n~1}, Then pH, < 7. Thusfor 1 < j < n—1, we
have |[Ad;xm, ||y <27+ =1M~1. This completes the inductive construction.

Next let G, = Hp \ U2, .1 Hi for n > 1. Then

o0
1AduC, —xo)lly € 30 27 GHIM1p=3 < o=(r) 1,1,
k=n+1
Also

lAdn(xx — xm)lly <27 M 0= xg|y <27 M0t
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LATTICE STRUCTURES ON BANACH SPACES 81

Combining,

lAdn — (Adn)xa,|ly <27 FDM1n~t,

On the other hand,
[A¢nlly = M7 ¢ullx = M7 |guli = M~ In7h

Hence

[A¢nxc.lly > (2Mn)~!
for all n > 1. Thus

> 1460 — (An)xa, Iy Adnxa, 7" < 1

n=1
and as ((Adn)xc, )52, is a l-unconditional basic sequence it follows that (¢,)5%, is an

unconditional basis for its closed linear span X(X). =

LEMMA 10.2. If the Haar functions form an unconditional basis of X then £y is isomorphic

to a complemented subspace of X.

PROOF: By Theorem 1.d.6 of [33] (and the argument therein) the Rademacher functions
rp = ZEeA" hg form an unconditional basic sequence equivalent to the £, —basis in both

X and X*. It follows quickly that the map

Pf = Z(/ Frad\)r,
n=1

defines a bounded projection onto [r,].=

LEMMA 10.3. One of the following three alternatives holds:

(a) There is a Haar system in X spanning a sublattice X(X) which is an unconditional
basis for X(X) and is equivalent to a disjoint sequence in Y.

(b) There is a sub-c—algebra & of B(A) and a constant ¢ > 0, so that for f € X(X) we
have | fllx > el fll

(c) There exists a non-trivial lattice homomorphism of X into Y.

PRroOOF: We will assume that (a) and (c) fail. Thus by Lemma 10.1 we do not have

limg_oo Qexa = 0, in Lo(u). We pass to a subsequence ny so that that there exists
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82 N. J. KALTON

6§ > 0 and Ay Borel in K with pAx > 6 and Qn,(xa) > 6xa4,. By passing to a further

subsequence we can assume that
1 X
Qf = Jim ; Qu. f

exists in Lo(p) for all f € CS(A), where as usual Q,f = 0 when f ¢ CS,(A). Arguing as

in Lemma 4.3 we conclude that

1Qfllv1y2 < KEM*||flix1/2
and hence that @) extends to a positive measure-continuous operator @ : Xy /2 — Y1/2 maz-

We next argue that if (c) fails then v is almost everywhere a continuous measure.
Indeed if not then as in Section 6, we can find a € Loo(p) with a > 0 and a > 0 on a set
of positive measure and a Borel map ¢ : K — A so that v@ > a(s)é,, a.e. Then if we set
Tf = (a(s))'/?f(os) then T is a nontrivial lattice homomorphism of X into Y.

Thus we may assume that 9 is continuous almost everywhere. We now essentially
duplicate the arguments of Lemma 6.2 and Theorem 6.3. We select H of positive measure
in K so that Qxa is bounded on H and then set Qo f = xg@f for f € X. We shall define
a Borel measure on K by v(F) = fK(Q()XA)l/Zd/,L. By assumption we have v(K) > 0. Let
(nn)32 be a sequence of positive reals such that Y2 2"n, < 1 min(1,y(K)).

Let G(0) = A. Then for each finite sequence (€1, ..., €,) with 4 = £1 we can define
a clopen subset G(e,...,€,) of A and a Borel subset F(ey,...,€,) of K2 so that

G(er,...,en) = G(er,..., €, 1) UG(€q,. .., €n,—1)
AMG(er,...,en)=27"
YK\ Fler, ... €n)) <7n

XF(eryoen)| Qo(XG(er,..rem,1) — %XG(Q,...,G,,)N S MQoXG(er,....en)
It is clear that this can be done by repeated application of Lemma 6.2 for suitably large
D (in this case uj = 0).

We now let F = NS, Ne,=+1 F(€r,...,€), so that v(K \ F) < > 2", < %7(1&').
Thus v(F) > 2v(K) > 0. Further

n—1
1 —
XFlQoXG(er, ) = 5r XAl < O 2127 Qoxa
k=0

<27 Qoxa
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LATTICE STRUCTURES ON BANACH SPACES 83

so that
1__
XFQo(XG(er,..en)) = 52 "XFQoXa-

Now we conclude that for any f of the form,

f= Z a(eh"'aen)XG(ﬁl,...,e")a

e;i==+1
we have

5[ PaNxe@us < Q)
and hence
5 [ POGED <1002 < 1@l vy

Hence for some suitable ¢ > 0,

¢ [ Pax < xas = 1l
This clearly extends to the full c—algebra & generated by all G(e1,...,€n), n € Nu.

We now combine these results to give some applications:

THEOREM 10.4. Suppose X and Y are separable order-continuous nonatomic Banach
lattices such that X embeds into Y. Suppose further that either (1) X and Y are both
strictly 2-concave or (2) liminf d, (X )(logn)~!/2 = 0. Then there is a nontrivial lattice

homomorphism of X into Y.

PROOF: We can suppose that X and Y are Kothe function spaces as above. We simply
show that in cases (1) and (2) both (a) and (b) of Lemma 10.3 are excluded. Suppose first
we have (1). Then if (a) holds, ¥ contains a sublattice lattice-isomorphic to £, and cannot
be strictly 2-concave. If (b) holds then for f € X(X) we can find for each NV disjoint sets
Ex;1 <k <n,in ¥ such that ||fxg,|l2 = N7'/2||f||2. Hence if X is g-concave for some
a >0,

I£lx = (Y x> ac fllo N4/

which again leads to a contradiction. Now suppose (2) holds; then (a) is excluded because
no sublattice of X can contain a complemented Hilbertian subspace by Theorem 9.4. On
the other hand X is strictly 2-concave (Lemma 9.3) so that the above reasoning excludes
(b).m

Now we consider the case when X is an r.i. space on [0,1]. The following result

strengthens Theorem 5.1 of [22] (see also Theorem 6.1 of [22]).
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84 N. J. KALTON

THEOREM 10.5. Let X be a separable order-continuous r.i. space on [0,1] and let Y be
an order-continuous Banach lattice. If X embeds into Y then one of the following three
(non-exclusive) possibilities holds:

(a) The Haar system is an unconditional basis for X and Y contains a sublattice lattice-
isomorphic to the Haar represntation of X.

(b) There exists a constant ¢ > 0 so that for all f € X, ||fl|x = ¢||fll2,

(c) There is a nontrivial lattice homomorphism of X into Y.

If further Y is an r.i. space on [0,1] or [0,00) then (c) is equivalent to:

(d) There exists ¢ > 0 so that for all f € X, ||fllx > <||flly-

PROOF: The first part of the assertion is immediate from Lemma 10.3. For the equivalence
of (¢) and (¢’), let us suppose that Y is an r.i. space on [0,00) and that V: X - Y isa

nontrivial lattice homomorphism. Thus V is of the form

Vf(s) = a(s)f(os)

where a € Ly[0,00) is nonnegative and is strictly positive on a set of positive measure,
and o : [0,00) — [0,1] is a Borel map. We may clearly suppose that a = xg where E is
a Borel set of measure less than one. Define a measure v on [0,1] by vF = A(c7!F N E).
Then it easily follows that v is A—continuous on [0,1] and is nontrivial. Hence there
exists a Borel set G of positive measure so that for suitable 0 < o < 8 < oo we have
aMH) <v(H) < BN(H) whenever H is a Borel subset of G. Now if f is supported on G
then
IDaflly <V Flly < Cllfllx

for a suitable constant C' and hence (d) follows.n

We conclude by considering the special case when X = L,[0, 1]. The following result

is a generalization of Lemma 7.13 of [5].

LEMMA 10.6. Suppose 1 < p < oo and that Y is a separable order-continuous p-convex
Banach lattice. Suppose that there is a nontrivial lattice homomorphism V : L, — Y.

Then Y contains a complemented sublattice Z which is lattice-isomorphic to L.

PROOF: We can suppose that Y is a good order-continous Kéthe function space on a

probability space (K, ). We can suppose that Vf = xgf oo where yE >0and o : K —
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LATTICE STRUCTURES ON BANACH SPACES 85

[0,1] is a Borel map. Consider the Kothe function space Z = Y;,,. Then there exists
¢ € Z} sothat ¢ >0 a.e. and [ ¢xgdu > 0. Thus for f €Y,

/ FPédu < [1£17112 = 112

Define v to be measure on [0, 1] given by

HF) = /a—anE i

Then it is again to easy to see that v is A—continuous and nonzero. Thus there is Borel
subset G of [0, 1] of positive measure such that for some « > 0 and all Borel subsets H of

G we have v(H) > aA(H). Now if f € L,(G),

Jwiredn= [ 17oord

= [ 1P

> allflf5-

It follows that V maps L,(G) isomorphically onto a sublattice L of L,(¢du). Let P be
a norm one projection of L,(édu) onto L. Since on L the Y and L,(¢dy) norms are

equivalent P also induces a projection of Y onto L.m

The next theorem is an improvement (in the case p = 1) and a generalization of the

result of [25].

THEOREM 10.7. Suppose 1 < p < 2 and suppose that Y is a separable order-continuous
p-convex Banach lattice. Suppose L, embeds into Y. Then either:

(a) p>1 andY contains a sublattice lattice-isomorphic to the Haar representation of L,
or

(b)Y contains a complemented sublattice lattice-isomorphic to L,.

PROOF: This is now immediate from Theorem 10.5 and Lemma 10.6.m

Obviously if we assume that Y is strictly 2-concave then case (a) is excluded and we
must have that L, is lattice-isomorphic to a complemented sublattice of Y. However, if we
do not require complementation the same conclusion can be obtained in Y is merely of
type p (in the case p > 1.) In order to prove this we use a minor modification of a result

from [26].
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86 N. J. KALTON

PrOPOSITION 10.8. Suppose 0 < p < 1 and that Z is a p-Kdéthe space on some Polish
probability space (K, p), which is r-concave for some r < oo. Suppose there exists a
positive operator V : L, — Z such that for some ¢ > 0 and all nonnegative f € L, we have

[V fllz > c||fll,- Then there is an embedding of L, into Z which is a lattice isomorphism.

ProoF: This is essentially proved in [26], Theorem 8.7. The hypotheses there are that
V is an embedding (not necessarily positive). Nevertheless the result quoted is proved by
exactly the same reasoning; one need only observe that it suffices to consider operators

satisfying a lower estimate on the positive cone in place of embeddings.

THEOREM 10.9. Suppose 1 < p < 2. Let Y be a separable strictly 2-concave Banach
lattice of type p > 1. Suppose that L, embeds into Y. Then Y contains a sublattice

lattice-isomorphic to Ly.

PRrROOF: We shall suppose that L, = L,(A, ) and Y is a good Koéthe function space on
the probability space (K, ). We define Z = Y7 ;. Let us observe that Z can be equivalently
normed as a p/2—Kothe function space. Indeed if g; € Zy for 1 < ¢ < n then g; = f2
where f; € Y. Then for constants C,C' depending only on Y we have:

1> allz =10 Y21
i=1 i=1

< CAvee=41] Z fz‘fi”%/

1=1

<cC' (O IIfilryHe

1T11
<CC'Y_llgillPr2y .
i=1
Thus Z is a p/2—Koéthe function space. Further since Y is g-concave for some ¢ < 2, Z is
r = q/2—concave where r < 1.
Now as in the discussion before Lemma 10.1 we suppose A : L, — Y is an embedding
satisfying M 7| f]l, < |Aflly < M||fll, for all f € L,(A, ). Define Q,, : C'S,, — Lo()
as before. As in Lemma 10.3 we may select, by Komlos’s theorem, a subsequence so that

for every f € CS(A)
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exists u — a.e. From Lemma 4.3 we conclude that @ is extends to a positive bounded
operator from L,/ to Z. It remains to show that @) satisfying a lower estimate for positive

functions.

Suppose f € CSy, is nonnegative and ||f||,/2 = 1. Let Qf = h € Z;. Then we may
find a sequence N; tending to infinity so that if

1
hi=—3 Qn
J Njk:lef

then we can write, by a standard gliding hump technique,
hi=h+¢;+¢;

where (¢;)52, is a sequence of disjointly supported functions with 0 < ¢; < h; and
ljllz — 0. We will argue that ||¢;]|z — 0 as well. If not we may pass to a subsequence
so that ||¢;]|z > § > 0 for all j. Then for all m and a suitable constant a > 0 since Z is

T—COHC&VC,
1 m
e/ < 123" 12
j=1
ES
> m].=1 inz

N.
1 &N 1 &
% §k_jl Qnefllz

J=1

< KGMP||fllp/2

by applying Lemma 4.2. But this yields a contradiction as m — oo and so we do indeed
have lim ||¢;||z = 0. Hence lim ||h; — h||z = 0.

If we write f = ZEEAn, a%xg then

N,

<

1
h; = oA Z o |Ahp|?
j

k=l E€An, FeAn,
C
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88 N. J. KALTON

and hence for suitable constants ¢, ¢’ > 0 since Y has cotype 2,

1/2 1/2
1112 = 1IR3y
ZceAX;IIZ Y. DL er 1/2AhFllv
T k=1 Eea,, redns

1

> ¢( —Z Z > abxr)' 2y
N; k= , FE€Any

FCE

> ¢ Nj_l 12
2 N, .

Hence liminf; .o ||k;]|z > (¢)? and so |Qf| 7 > (¢')?.

The theorem will now follow from Proposition 10.8.m

We remark that the Lorentz spaces L(p, ¢q) are of type p when 1 < p < g < oo. It isin
fact known that £, does not embed into L(p,q) ([10]). See (7], [8], [9] and [10] for general

results on subspaces of Lorentz spaces.
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Lattice Structures on Banach Spaces
Nigel J. Kalton

The general problem addressed in this work is to characterize the possible
Banach lattice structures that a separable Banach space may have. The ba-
sic questions of uniqueness of lattice structure for function spaces have been
studied before, but here the approach uses random measure representations for
operators in a new way to obtain more powerful conclusions. A typical result
is the following: If X is a rearrangement-invariant space on [0, 1] not equal to
L,, and if Y is an order-continuous Banach lattice which has a complemented
subspace isomorphic as a Banach space to X, then Y has a complemented sub-
lattice which is isomorphic to X (with one of two possible lattice structures).
New examples are also given of spaces with a unique lattice structure.
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