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ABSTRACT

Recently, Jawerth, Rochberg and Weiss have studied nonlinear maps arising from
interpolation theory which satisfy commutator relationships with interpolated linear
operators. Here we present a very general result of this type for rearrangement-

invariant Banach function spaces.

Key words: Interpolation theory, commutators, twisted sums, Hardy spaces, re-

arrangement invariant Banach function spaces.
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1. Introduction

In two recent papers |7}, [21] the authors have explored commutator results ob-
tained by considering the differential of an interpolation family of Banach spaces. In
each case the conclusion was that an interpolated linear operator almost commutes
with a certain nonlinear functional.

To make these concepts precise let us suppose that E is a Polish space and g is a
nonatomic finite or o-finite Borel measure on E. Suppose 1 < py < p; < oo and that
T is an operator of strong type (po, po), (1, p1) i.e. T maps Ly, boundedly into Ly,

for 7 = 0, 1. Consider the nonlinear functional

(1.1) Q(f) = flog|f|.

Then for pp < p < p1, Rochberg and Weiss [21] show that

(1.2) HT, Q) fll» < Clifll

where [T, Q]f = TQ(f) — QT(f) and C is a constant which is independent of f. This
result is obtained from the complex method of interpolation. A simple direct proof
for the Hilbert transform or Riesz projection on the circle, without using interpolation
theory, is given in [11].

In [7], Jawerth, Rochberg and Weiss use various real methods of interpolation to

obtain similar results. For convenience suppose that E is an interval (a,b) (or can be

Received by the editors January 5, 1987

Research supported by NSF-grant DMS 8601401
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2 NIGEL J. KALTON

identified with an interval); for a measurable function f define

r(8) = u{s: 1 ()] > 1f ()] or [f(s)] = |f(£)],s < £}

(1.3) Q(f) = flogry

Under the same hypotheses as above they obtain the commutation relationship
(1.2) for this choice of .

The object of this paper is to derive a very general commutator theorem including
the above results but for a much wider choice of possible functions (2, somewhat in
the spirit of the Boyd interpolation theorem [1]. The author’s interest in such a result
was first aroused by connections with the theory of twisted sums of Banach spaces
developed in [9],[10],{14],[15] for example. One-dimensional discrete analogues of the
{}-functions (1.1) and (1.3) were used by the author [9] and Ribe [20] to construct ex-
amples of non-locally convex quasi-Banach spaces X with a one-dimensional subspace
L so that X/L = ¢,. Later the author and Peck [14] (see also [8],[10],[17]) studied the

Banach space Z, (1 < p < oo) of pairs of sequences (uy,), (v,) such that

(n)s ()] = (3 [t — v log ﬁm”v +lollp < oo

where ||v]|, = (3 |vn[P)}/P. The function space analogue of Z,, (called ZF, in [11]) is

the space of pairs of functions (f,g) in Lo(E) such that

1,9}l = ¢ /E If — glog ”‘—g"”';ivdu}”u lglly < oo

where ||g|l, = {[ |9|Pdu}'/P. Again we require 1 < p < oo, and this space is considered

by Rochberg and Weiss [21] who show that the commutator relationship (1.1) - (1.2)
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 3

is equivalent to the requirement that the map (f,g) — (T'f,Tg) is bounded on ZF,.
The spaces Z, and ZF, are examples of twisted sums of, respectively, the spaces £,
and £, or the spaces L, and L,. Since many more examples can be created (cf.[14])
it is natural to ask for a more general result of this nature.

Let us now describe our main result. We suppose X is a separable re-arrangement
function space on (E, u) (e.g. an Orlicz space or Lorentz space). Let Q2 : X — Lo(u) be
any map. We shall say that 2 is a centralizer if {) obeys a commutation relationship
with every multiplication operator on X. Precisely we require the existence of a
function § : Ry — R so that if f € X, u € Lo, with ||ul|eo < 1then Q(uf)—ufd(f) €

X and

(1.4) 19(uf) = w(£)llx < 6([1fllx)

(or [[[Mu, Q]fllx < 8(||fl|x) where M; = uf).
If additionally 2 commutes with all re-arrangements then 2 is called a symmetric

centralizer. Precisely we require further that

(1.5) 19(S ) — S.2(£)llx < 8(1fllx)

whenever o : E — FE is a measure preserving automorphism and S, f = f o o.

Both maps (1.1) and (1.3) obey these conditions with §(||f||x) = C| f||x for
some constant C, provided the Boyd indices of X are finite (following the notation
of Lindenstrauss-Tzafriri [16]). However, many other examples can be created, as

described in Section 3, e.g.

(1.6) Q(f) = fllog|£]|*|log rs[®
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4 NIGEL J. KALTON

where 0 < a,b<a+b<1lor

(1.7) 0(f) = £((log | £])* + 1)*/*((log r;)? +1)*/*
where a + b <1 and a, b can be negative.

Suppose now that the Boyd indices px, ¢x of X satisfy py < px < qx < pi1, and
X is separable. Our main result (Theorem 6.10) asserts an operator T : X — X of
strong types (po,Po), (p1,p1) commutes with any symmetric centralizer 2 : X — Lg

in the sense that there is a function n : R4 — R such that

(1.8) T, Q) fllx < n(llfllx)

To be precise (1.8) holds for a dense order-ideal of f € X in general, but if X is
super-reflexive (1.8) holds for all f.

We now briefly describe the layout of the paper. Section 2 is devoted to notation.
Centralizers are introduced and examples are studied in Section 3. Section 4 explores
the relationship between centralizers and twisted sums; we do not however use much
of the general theory of twisted sums and the paper can be read without knowledge of
this theory, except for the results of Section 8. We introduce in Section 4 the notion
of a ’lattice twisted square’ and show that commutator results correspond to results
on the boundedness of a certain operator on a lattice twisted square.

Sections 5 and 6 contain our main results. We introduce the symmetrized Hardy
class H;¥™(E) in Section 6. This is the space of all complex functions f € L,(E) such

that
A = 17l +sup | [ f61og ry)dul < oo
¢
where ¢ ranges over all bounded functions ¢ : R — R with ¢(0) = 0, and |¢(s)—¢(t)| <

|s —t| for all s,t. H;Y™ is a quasi-Banach space with quasi-norm A. Its relationship
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 5

to H; is contained in a recent result of B. Davis [4] that if £ = T, a real function
f € H¥™ if and only if f is the re-arrangement of a function f in RH;. We do not
use Davis’s theorem which is actually a consequence of our results; we also give in
Section 7 a reasonably simple direct proof.

In Section 5, we show that if T is of strong types (po, po), (P1,p1) and if po <

px < gx < p; then the bilinear form

Br(f,9)=Tf.g— f.T"g

maps X X X* boundedly into H;Y™. This critically uses the Boyd interpolation
theorem. In Section 6 we show that this in turn implies our main result.

Section 7 contains the ”simple” proof of Davis’s theorem alluded to above (another
non-probabilistic proof due to J.L. Lewis was communicated to the author by A.
Baernstein; a vector-valued version is proved in [13]). In fact we prove an earlier
characterization of rearrangements of R H;-functions due to Ceretelli [2], and show
that this is equivalent to Davis’s theorem. Our main results for the special cases of
the Hilbert transform or Riesz projection can then be obtained directly without use
of interpolation theory. In Section 8, we tidy up some loose ends.

Acknowledgement. The author would like to thank A. Baernstein II, R. Rochberg

and G. Weiss for their helpful comments at various stages of this research. We also
would like to thank B. Davis for calling our attention to the work of Ceretelli, which
has apparently escaped attention in the Weat until recently. The ideas in this paper

were initiated while the author was visiting the University of South Carolina.
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2. Notation

In general we will work over a Polish space E, i.e. a complete separable metric
space, and u will be a non-atomic finite or o-finite Borel measure on E. For applica-
tions, we will take £ = T, the unit circle with Haar measure, or E is an open subset
of R" with Lebesgue measure. For any such measure space (E, u) there is a measure-
preserving Borel isomorphism o of E onto an interval (a, ) where —co < a < b < 0.
Frequently it will be convenient to suppose that F is an interval; however, our main
results do not depend on this assumption.

For terminology concerning Kothe function spaces we follow the book of Linden-
strauss-Tzafriri [18]. In general we consider spaces of complex functions. Let Lo(E, 1)
denote the space of Borel functions on E. A Kothe function space X is a Banach space
of (equivalence classes of) locally integrable functions f € Lo such that

(2.1) If B is a Borel set with u(B) < co then 15 € X

(2.2) If f —» X, g — Lo with |g| < |f| a.e. then g € X and ||g||x < || f|lx (where |-

X
denotes the norm on X).
X is said to be mintmal if the closed linear span [1p : u(B) < o] is dense in X,
and mazimal if whenever 0 < f, 1 f a.e. with f, € X and sup||f.|| < co then f € X

and

Ifllx = sup|lfallx

(cf. [18] p.118 for the same concepts for r.i. function spaces).

6
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 7

We invariably also suppose that X is separable and thus automatically minimal.
Note we exclude Lo, (u). If X is separable then X is also maximal if and only if X
contains no isomorphic copy of co. If X is separable and f,, f — X with |fn| < |f]
a.e. and f, — g a.e. then ||f, — g||x — 0. This fact, which follows from the order-
continuity of X, will be used frequently.

When X is separable, the dual space X* of X can be identified with a Kothe
function space which is maximal. We denote by X the closed linear span [1p :
p(B) < oo] in X*. The dual of X is the mazimal hull X 0, of X.

If fi € Lo(E1,p) and fz2 € Lo(E2, p2) we write f; ~ fa if for every Borel subset

B of C\ {0}, we have

pi(f71(B)) = wa2(f71(B)).

We also write f* for the decreasing re-arrangement of |f|, where f € Lo(E, u) i.e.

f* :(0,00) — R is defined by

fr(e) = inf, e, |£(s)]

A Kothe function space X is said to be a re-arrangement invariant function space (r.i.
function space) if X is either maximal or minimal and if whenever f € X, g € Ly with
g* < f* then g € X and

I£llx < I£llx

(see [18] p.114 onwards). This is equivalent to requiring that for every measure-

preserving (Borel) automorphism o : E — E, S, is an isometry where
Sef=foo,

or again to the assertion that f ~ g implies || f||x = ||gl|x-
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8 NIGEL J. KALTON

If X is an r.i. function space it will be convenient to define X(a, b) for any interval
(a,b) with b — a < uFE by requiring that f € X(a,b) if and only if there exists g € X
with f ~ g and then setting ||f||x = |lg|lx. In particular, if L = pE then X is
isomorphic to X(0,L). It will be convenient to use X to denote any such equivalent

space.

On X (0, L) we can define dilation operators D, : X(0, L) — X(0, L) by

D, f(t) = f(t/s) t < L'min(1,s)

=0 Ls <t< L.
The Boyd indices px and gx of X are defined by

lim logs
X = TR TE
PX = 2% log | D,

q lim log ¢
X = ST
+=0 log | D, |

and then 1 < px < ¢gx < oo, and

(see [18] p.131).
Before leaving the topic of r.i. function spaces let us mention one easy lemma

which is surely well known; we include a proof for completeness.

LEMMA 2.1. Suppose f,g,h € Lo(E,p) and f*g*h* € L1|0,00). Then fgh € L,

and

©co
[ gohdul< [ rorean
E 0
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 9

For two functions this is to be found in Hardy, Littlewood and Polya [5], Theorem
368. For three functions it suffices to consider the following question. Suppose a; >
az...>ap, >0, b >...>b, >0and ¢; > c2 > ... > ¢, > 0; we claim the

maximum of

n
Z QAo(k) br(k) Ck

k=1

over all permutations o,7 of {1,2,...,n} is attained at o = r = identity. For the
optimal arrangement, if k < ¢, we have ¢y > c¢ and hence (Theorem 368 of [5]),
Ao(k)br(k) = Go(e)br(e). Thus either ayx) > ao(e) or br(k) > br(¢) or both. Assume
for simplicity the former inequality. Then a,(x)ck > @o(¢)ce and hence again by (5],
brk) = br(g)- It follows that o and r are both monotone increasing and hence the
identity.

We recall that a Banach space X has type p if for some constant C we have for

every i, ..., Tn € X

(2:3) £l Zemll) < C(Z llz:7)*/

where the ¢; are independent random variables on some probability space satisfying
P(e; = +1) = P(e; = —1) = 1/2. We say X has non-trivial type if it is of type p for
some p > 1. This is equivalent to the statement that X is B-convex or that £7 is not
finitely representable in X.

Similarly X has cotype p if for some ¢ we have

(2.4) E(I D amill) 2 (D llallP)
=1 =1

X has finite cotype if £ is not finitely representable in X.
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10 NIGEL J. KALTON

A separable Kothe function space X has finite cotype if and only if it satisfies a

g-concavity condition for some ¢ < oo i.e.

(2.5) II(Z |£:19)%x 2 C(Z 1£:l15)*/

for fl, ...,fn, € X.
A Kothe function space has non-trivial type if and only if it is super-reflexive, if
and only if it satisfies both a g-concavity condition (2.5) and a p-convexity condition

where p > 1

(2.6) IQ_1AB)Plx < €O NI £11%) e
=1 1=1

See [18] for details.

We shall make very little direct use of the theory of twisted sums of Banach and
quasi-Banach spaces developed in [9],(14] and [15], although as we indicate in Section
4 below our results are closely related to this theory. In Section 8, we do utilize some
ideas which we now explain.

Let X, be a normed space and let Y be any Banach space. Amap ®: Xo - Y

is called quasi-linear if there is a constant § < oo such that

(2.7 O(az) = ad(z) aeC,zeX

(2.8) [8(21 + 22) — @(21) = B(22)|| < Blllzall + [lz2l)  @1,22€ X

A Banach space X is called a K-space [15] if there is a constant C = C(X) so that
whenever Xo C X is a dense subspace and ® : Xy — C is a quasi-linear map satisfying
(2.7), (2.8) then there is a linear, but not necessarily continuous, map ¢ : X, — C
with

|2(2) - ¢(=)| < CB||=| z € Xo.
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 11

It turns out that every Banach space with non-trivial type is a K-space [9], while
also every quotient of an L.-space is a K-space [16]. K-spaces have the important
property that if Y is any quasi-Banach space and N is a closed subspace of Y so that
N is locally convex and Y/N is locally convex and a K-space then Y is also locally
convex (i.e. a Banach space).

Convention. Throughout the paper we use C for a constant independent of

f,9,Q,T etc., but depending on X, p, g,etc., which may vary from line to line.
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8. Centralizers and symmetric centralizers

We shall suppose E is a separable complete metric space and that u is a finite or
o-finite measure on E. Let X be a separable Kothe space on E. Amap Q2 : X — Lo(E)
will be called a centralizer (on X) if there is a function § : R4 — R, so that if f € X,

4 € Loy with ||uljec < 1 then

(3-1) 19(uf) - w(f)llx < 6(IIfllx)-

It is implicit in equation (3.1) and similar equations that ||¢||x < co implies ¢ € X.
It will be useful to introduce two stronger notions. We say 2 is a strong centralizer

if there is a least constant A = A(2) so that

(3:2) 19(uf) — wQ(f)lx < Allfllx

for f€ X, |lulloo < 1.

1 is a homogeneous centralizer if

(3.3) Q(af) = oQ(f) a€C,feX

Homogeneous centralizers are automatically strong centralizers.
If further X is rearrangement invariant then a centralizer {2 is symmetric if there
is a function n : R, — R, so that whenever ¢ : E — E is a measure-preserving Borel

automorphism then

(3.4) 19(S0 ) = S (AUMNx < nlllfllx)

12
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 13

If Q is symmetric and homogeneous we denote by A*({2) the least constant so that

A*(Q2) > A(R2) (defined prior to (3.2)) and, for every o,

(35) 19S5 f) = S (AUMNx < A*Q)| 1%

We shall say that a map {1 : X — Ly satisfying

(3.6) sup [|Q(f)|lx < oo
Irli<r

for every r > 0, is a null-centralizer. In general if 0; and (22 are any two maps
satisfying 23 — Qo is a null-centralizer then {2; and ; are equivalent. Clearly if
the properties of being a centralizer or a symmetric centralizer are preserved under

equivalence.

The objective of this first section is to give examples of centralizers and symmetric

centalizers.
Let ¢ : R — R be any Lipschitz map. We denote by L(¢) the Lipschitz constant
of ¢ i.e.

1$(22) = $lza)]

|z1 — z2]

L(¢) = sup

We shall also denote by L;(L£3%) the collections of all (bounded) Lipschitz maps

¢ : R — R with L(¢) <1 and ¢(0) =0.
Let us first note that for any Lipschitz map ¢ and any separable Kothe function

space the map

Q(f) = f4(log|f])
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14 NIGEL J. KALTON

is a strong centralizer. In fact

[8(u7) = w0()lx = lu ($(1og]71) ~ #(losl | + loglul)1x
< L(@)llu1og uf]1x
< 2L@)17lx

so that A(Q) < 1L(4). Furthermore if X is re-arrangement invariant {2 is symmetric

and A*(Q1) < e 1L(¢). The special case

0(f) = flog|f|

is studied in [21].
We now proceed to a much more general type of result. Now we will assume that
E is either an interval (a,b) or E = R (with p Lebesgue measure). For any f € L,

we define the rank function r; by

rs(¢) = u{s:|f(s)| > |f(t)] or s < ¢ and |f(s)| = |£(¢)}

Note that 0 < ry < oo and r; = 0 only on a set of measure zero; also if f € X where
X is a r.i. function space with finite Boyd indices, it is easy to see that r; = oo only

when f = 0.
THEOREM 3.1. Let X be a separable r.i. function space on E whose Boyd indices
are finite. Then there is a constant C = C(X) with the following property. Let
% : R? = R be a Lipschits function so that

[¥(z1,y1) — ¥(z2, y2) | < L(|z1 — 22| + |y1 — 92)

Define for f € X

0y (f) = fo(log|f|,log]|rs])
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 15

[Here Q4 (f)(t) = 0 when f(t) = 0]. Then Ry, is a symmetric strong centralizer on X

and
(3.7) A(Qy) <CL
(3.8) 194 (S f) — SoQy(f)lx < CL| f|lx

for every measure preserving o : E — E.

PROOF: Since the Boyd indices of X are finite we have |D,|| < Cs* for0 < s <1
and some a > 0.
Let f € X and set g = uf € X where |u| < 1 a.e. Let & =log|f|, n, = log|ry|,

€2 =log|g|, n2 = log|rs|. Then

ulQy(f) — Qu(uf) = uf($(&1,m) — (&2, n2))

so that
luy (f) — Qu(uf)llx < [[lufl(lé = &2l + |n1 — n2])llx-
Now
lufllé: - &al = ufllog
1 2 g |“|
<elf]
so that

Iufllg: — &alllx < e[ fllx-

We now estimate (uf)(n: — n2). Since |uf| = 0 if either n; or 12 = oo and

71 = <00 or 72 = —oo occur only on sets of measure zero we may estimate

lglns = n2lllx < > llglns — m2l1allx
meZ
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16 NIGEL J. KALTON

where

Apn={t:m+m<n<n+m+1}.
Ifm>0andte A,,

l9(t)] = g*(r4(2))

< g (e™rs(2)

< fH(e™rs(2)
so that
lg 1anmllx < || De-m flix
< Cem ™| flix
and

lg 1anmlm = n2lllx < C(m + 1)e™™*| f||x.

Ifm<O0,and t € A,,

la(e)] < [£(¢)]
= f*(rs(8)
< fH(e™ (1)
so that

lg 1amll < [ Demsr fllx

< CemH )| £

and

lg Lamlm = nzlllx < (=m)ex 1| £||x.
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 17

Combining we obtain

lglns = malllx < Ce* 3 (Im] + 1)e™ ™| fllx
meZ

< Clifllx

(where C = C(X)). This leads to

luQy(f) — Qg (uf)llx < CL||f]x-

Now suppose o : E — E is a measure-preserving Borel automorphism. Define
0y(f) = 57 0u(Ss f)-

Then (1, is also a strong centralizer, and if f takes no value on a set of positive

measure we have
w(f) = Qy(f)-

For general f pick g with |g| > |f| so that ||g||x < 2||f||x and g assumes no value on

a set of positive measure. Then

105 (f) = f97 2 (9)Ix < 2CL| flx

194 (f) — f97 ' (9)llx < 2CL| fllx

and so

19 (f) = Qu(£)llx < 4CL| fllx

or

1502 (f) — Q4 (S f)llx < 4CL fllx
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18 NIGEL J. KALTON

A special class is of great importance to us. If ¢ : R — R is a Lipschitz map we

shall denote by I'y the homogeneous centralizer

Ty(f) = fé(logry)

COROLLARY 3.2. If X is a separable r.i. function space over E with finite Boyd
indices then there is a constant C = C(X) so that if ¢ : R — R is Lipschitz then T'y

is a symmetric homogeneous centralizer on X with

A*(T4) < CL(9).

In order to recognize more general centralizers we must identify null centralizers.

THEOREM 3.3. Let X be a separable r.i. function space over E with finite Boyd
indices 1 < px < gx < oo. Suppose 0 < a < px < qx < f < oo and let K(a,f) =
{(z,y) : z>0,az+y <0< Pz +y}.

Suppose 1 : R? — R is continuous and satisfies

(3.9) For some C,k > 0,

¥(z,9) < C(1+ |z| + |y])*

(3.10) ¢ is bounded on +K(a, f)
Then Qy(f) = fy(log |f|,log rs) is a null centralizer on X. If E has finite measure
(3-10) may be replaced by

(3.11) 4 is bounded on K(c, f3).

PROOF: We shall prove only the first case. Fix pg, go so that a < po < px, gx <

g0 < B.
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 19
Now for any f € X we have

(3.12) fo(e) < et fllx t<1

< CtmHo| fllx t21

Conversely if

t=11  fort<1
(3.13) o0 = {

t=1/po, fort>1

then g € X. We omit the elementary proofs of these statements.
Now suppose M > 1 and f € X with ||f|lx < M. Let { = log|f|, n = logry.

Then by (3.12)

(3.14) poé +n < pologCM n<0

(3.15) - gé+n<qologCM n>0

We split E into three sets. Let Ay = {t: £ >0, fé+n > 0}, A; = {¢ <
0, af+n>0and A3 = E\ (4; U A,).

On A, (&,n) belongs to the union of K(a, ) and a fixed bounded region in R?
where a§+n > 0 but (3.14) and (3.15) hold. Thus there is a constant B, independent

of f so that

[¥(€,n)| < By te A

Similarly on Az, (£,7) belongs to the union of —K(a, f) and a fixed bounded region,

so that

[%(¢,n)| < Bz te A,.
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20 NIGEL J. KALTON

Pick § > 0 small enough so that
(1-6)at—6>pyt
(1+6)p7 ' +6< g5t
§< gyt
Then there is a constant Cy so that
log || < Co + 6(|¢] + |n])

(by (3.9)).
For t € A3, if n > 0 we must have £ < 0 and afé +n < 0. Thus
log |0y (f)| < & +log |¥]
SCo+&+6(-¢+n)
<Co—((1=6)a"t-6)n
<Co-py'n

If n <0and £ <0 then

log|ﬂ¢,(f)| S Co + (1 - 5)€ - 67]
< Co—bn
<Co—go'n

If n<0and £ >0 then f€+n <0

log [y ()| < Co+ (1+8)¢ — én
< Cp— (%(1 +6) + 6)n

<Co—gq3'n
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 21

Thus

04 (f) - 1a,] < €%°g(rs(t))

where g is given by (3.13). Hence

194 (f) - 14,1l < e“Jlgllx < Bs.

Combining
19 (f)llx < MB; + MB; + Bs
and Q is the null centralizer.

Theorem 3.3 now allows to perturb Theorem 3.1.

THEOREM 3.4. Under the same notation as Theorem 3.3 suppose 9 : R? > R is a

continuous function satisfying (3.9) and For some M > 0, L > 0 we have

(3.14) [0(z1, 1) — ¥(z2, y2)| < L(|z1 — 22| + |y1 — y2l)

for (z1,41), (z2,¥2) € TK (o, B) and |z1| + |y1), |z2) + |y2] £ M.
Then (1, is a symmetric centralizer on X.
If E has finite measure then (3.14) may be replaced by For some M > 0, L > 0

we have

(3.15) [9(z1,91) — ¥(z2, ¥2) | £ L{|z1 — z2| + |y1 — 92)

for (z1, 1), (z2,y2) € K(o, B), |zi| + |y1], |Z2] + 2| = M.

PROOF: Simply find a uniformly Lipschitz function 1, agreeing with ¢ on the set
+K(o, f) N {(z,y) : |z|+ |y| > M}. Then Qy — Qy, is a null centralizer by Theorem

3.3.
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22 NIGEL J. KALTON
EXAMPLES: (1) Suppose a >0, >0, a-+b < 1. Set ¢(z,y) = |z]|* |y|®. Then

Qu(f) = fllog|f||* |logry|®

is a centralizer on any r.i. function space with finite Boyd indices.

Here

b
M Ix[a+b—1

3¢ _ b a—-1 __
|3x|—aly, |$| _a'(lxl

A b-1 || b—
=% z|® = p(=)e a+b—1
51 = sl et = 8( )" b

on both bounded on any set +K (o, 8) N {(z,y) : |z| + |y| > M}.

(2) More generally for possibly negative values of a,b with a + b < 1 we can take

¥(z,y) = (2% + )2 (7 + 1))

Qu(f) = f((log |1)* + 1)*/2(|log ry|* + 1)/

(3) For a more complicated example take

-

¥+

2+

Y(z,y) = zlog

8
—

(4) We conclude with the remark that there are centralizers on L, 1 < p < oo
which are not even equivalent to the type of centralizer given by Theorem 3.4. As the

proof is somewhat involved we shall not pursue this remark here.

Licensed to Univ of Missouri-Columbia. Prepared on Sat Jan 11 02:30:00 EST 2014 for download from |P 161.130.253.98.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



4. Lattice twisted squares and commutators

We first establish that the equivalence class of every centralizer contains a homo-

geneous centralizer.

PROPOSITION 4.1. Let 2 : X — Lo(E) be a centralizer. Then there is a homoge-

neous centralizer (Y : X — Ly which is equivalent to {1 and satisfies

Q' (uf) = wQ(f)
ifluj=1ae, feX.

PROOF: We define
Q'(f) = I fllxsenfQ(|F]- | flIx)

for f # 0 and Q'(0) = 0. Here

_ [ F@OIF@)|7E, for f(t) #0
sgn f(t) = {0’ for 1(t) = 0

Suppose (2 satisfies (3.1). Then if || f||x <1
19'(f) - a(f)llx < &(1).
If | fllx > 1 then

IU71I71x") = I71Ix sgn FO(F)Ix < 6(1Ifllx)

and so

19'(£) = Lsupp s lIx < [ Fllx 811 fllx)-

23
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24 NIGEL J. KALTON

However

19(f) = Loupp 1QUS)lx < 8([Flx)
so that

192'(5) - a(f)

x < ([ Fllx +1)s(1 fllx)-

This implies that {2’ is a centralizer equivalent to {2, and )’ is clearly homoge-

neous.

LEMMA 4.2. Suppose 2 : X — Ly is a strong centralizer satisfying (3.2). Then for
fiuf2eX
(4.1) 19(f1 + f2) — Q(f1) — (f2)lIx < 3A([[ fullx + [ f2llx)
where A = A(Q).
PROOF: Let g = |fi| + |f2| and write f; = u;g where |u;| < 1 a.e.(s = 1,2) and
|u1 + uz| <1 a.e. Then by (3.2)
19(f1 + f2) = Q(f1) - Q(f2)llx < 34lglx
< 3A([[fullx + [ f2llx)-

Now suppose {1y is any centralizer on X. We may find a centralizer () equivalent
to Qo which is homogeneous and hence satisfies (4.1). Let X @q, X be the space of
all (f,g) € Lo ® Lo so that g€ X and f — Qo(g) € X. Then X ®q, X = X ®q X can
be quasinormed by

(4.2) (£, 9llx.0 = If —Q(g)llx + llglx

The fact that (4.2) defines a quasi-norm follows easily from (4.1). Now X @ X is a

twisted sum of X with itself (cf.[14]). Precisely if we define j : X — X @&q X by

if=1(£,0)
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 25

and ¢: X ®q X — X by
a(f,9) =g

then 7 is an isomorphic embedding and ¢ is an open mapping. Thus the sequence
0— XX g X-HX—0

is exact. This also proves that X &g X is complete, i.e. a quasi-Banach space. If X
is super-reflexive (= B-convex for lattices) then X @q X is isomorphic to a Banach
space by the results of [14], but in general X @&q X is non-locally convex.

If w € Ly, let M, be the multiplication operator on X given by M, f = uf.

Notice that for each u € L, the operator

M,(f,9) = (Myf, Myg)
is bounded on X @®q X. In fact, if |u| < 1 a.e.
[(wf, ug)llx,a = lluf — Q(ug)llx + [ugllx
= [lu(f — Q(9)llx + [[uQ(g) — Qug)llx + [lugllx
< (£, 9)llx,0 + A(Q)|lgllx

< 1+ 2@)(f, 9llx.0-

The map u — M, is then bounded algebra homomorphism of Le,(E) into

L(X ®q X) so that the diagram below commutes:

0 — X — X@gX — X — 0

Thus we can interpret X @ X as a module over Lo, in such a way that

0 X—-XpgX—->X—0
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26 NIGEL J. KALTON

is a short exact sequence of L,,-modules. Thus X &g X is a twisted sum of X with

itself X as an Lo,-module.

We shall demonstrate that every such Lo,-module twisted sum is of the form
X ®q X. In order to do this we require some preparatory results. The first of these
will be used frequently; it implies that strong centralizers have certain continuity

properties.

LEMMA 4.3. Let X be a separable Kothe function space and let I be a dense order-
ideal in X. Let Q : I — Lo be a map satisfying (3.2). Suppose h € I, h > 0 and

Q(h) € X. Suppose f, € I with |f,| < h and f, — g in measure. Then
(a) fg=0 lim, . [|Q(fn)]lx =0

(b) fg#0 limsup,, .o [[2(g) = 2(fa)llx < 6A[g]lx-

PROOF: (a) Let g,p = sup>,, |fk|- Forn > m

”Q(fn) - fng;;ln(gm)llx < A”gm”X

Now Q(gm) — gmh™1Q(h) € X and so Q(gm) € X. As f,g,,' — 0 in measure and X

is separable
lim llfng;;lﬂ(gm)”x =0
n—oo

and so

limsup ||2(f.)]|x < Allgml|lx

Now ||gm||x — 0 and the conclusion follows.

(b) Now |f. — g| < 2|h| and so

Tim |Q(f - 9)lx = 0
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 27

Now

19(fn) — 2(9)llx < 10(fa — Dllx +3A(Ifullx + llgllx)

by Lemma 4.2. Thus as ||fn||x — ||g||x we obtain the conclusion.

PROPOSITION 4.4. Let X be a separable maximal Kothe function space on E and
let I be a dense order-ideal in X. Let Qo : I — Lo be a map satisfying equation (3.2).
Then there is a strong centralizer §): X — Lg so that Q|I = Q.

If Q¢ is homogeneous, ) can be chosen homogeneous.

PROOF: For each f € X \ I we choose a partition A, of E into Borel sets so that

fla, €1 and

Iflanllx < 27" fllx-

We then set

Qf) = Z 14,00(f14,) (summation in L)

n=1
and define Q(f) = Qo(f) if f € I.

Note in passing that if Qg is homogeneous then the selection of (A, ) can be made
so that {2 is homogeneous. It must now be verified that {2 is a strong centralizer. Let
us suppose f € X \ I and g = uf where |u| < 1 a.e. First consider the case g € I.

By simple induction we can prove from Lemma 4.2 which applies to o that

n

[Q0(91a,u...0a.) = O _ Qolgla,)lx
k=1

<38 Klgta,lx

k=1

n
<3AY k27| flIx

k=1
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28 NIGEL J. KALTON

Further
190(g1a,) — v1a,Q0(fla.)llx < AllfLla,]
< 27*A| fllx-
Hence
Hno(glAlu...uA,‘) - U1A1u...uA,.n(f)”X
<A Bk+1)27%)|flIx
k=1
<7A|lfllx-
Now
limsup [|Q0(914,u...ua.) — Do(g)llx < 6A[glx
< 6A|fllx
and so
1Q0(g) — vQ(f)llx < 13A| fllx
or

19(uf) — u(f)llx < 134 fllx.

Next suppose g € X \ I. We may select v, with 0 < v, 11 a.e. so that v,g € I.

By the above argument,

19(vn ) — vaf(g)llx < 13Allg]lx

and

1Q0(vng) — vau(f)llx < 134] fllx-
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 29

Hence
llvn (2(g) — uQ(£))llx < 26A[ fllx

and letting n — oo we obtain, since X is maximal,
[19(uf) — u2(f)llx < 264 flx-

Now we return to the consideration of a general L.,-module twisted sum. We

suppose that Y is a quasi-Banach space so that we have a short exact sequence

0-——»X-—?:-+Y——(I—*X—-——-)0.

We further suppose the existence of a bounded algebra homomorphism

u — M, (Leo(E) — L(Y)) so that the diagram below commutes

L

0o — X L v 4L X — o

Under these circumstances we say that Y is a lattice twisted square of X. For

convenience denote the Loo-action on Y by M,y = uy.

THEOREM 4.5. Let X be a separable maximal Kothe function space on E and let Y
be a lattice twisted square of X. Then there is a homogeneous centraliger Q) : X — L

and an isomorphism J : Y — X ®q X so that if u € Lo, y€Y

J(uy) = uJ(y)

(i.e. J is an Lo,-module isomorphism).
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30 NIGEL J. KALTON

PROOF: Let w € X be such that w > 0 a.e. and let I be the principal order-ideal

generated by w. Let p: X — Y be a map such that gp(f) = f for f € X and

plaf) = ap(f) aeC,feX
le(f}Il < Clifll fex

where C is some fixed constant (this is possible since g is open). For f € I, fw™! € Lo,

and we define 0 : I — X by

Qo(f) =77 (p(f) — fw™ ' p(w))

To see this definition makes sense, note that go(f) —g(fw™'p(w)) = f— fu~lgp(w) =

0, since g commutes with the L-actions on Y and X. Qo is homogeneous. If |u| < 1

a.e. then
Do(uf) = 5~ (p(uf) — ufw™ p(w))
ullo(f) = 57 (up(f) — ufw™'p(w))
so that
Qo(uf) — udo(f) = 77 (p(uf) — up(f))
Now

lo(uf) = up(f)lly < C'lifllx

where C’ is independent of f. Thus {1, verifies (3.2) and by Proposition 4.4 extends
to a homogeneous centralizer 1 : X — Ly.
To define J, suppose y € Y satisfies g(y) € I. This is a dense subspace of Y. For

such y let Jy = (f, g) where

=7y - (aly)w™")p(w))

9=q(y)
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 31

Then

IVyllx.a = 57y — pa(¥))llx + llaly)llx

< Cllyll

for some C is independent of Y.

We also note that ||Jy|| > |l¢(y)]| and

179l 2 177417 lly = pa(y)|

2 7717 (lvll = Cllalw)l)

go that J is an isomorphic embedding. J has dense range in X &g X since it includes
all (f,0) for f € X and qJ has dense range in X. Thus J extends to an isomorphism
between Y and X &g X.

If yeY and ¢(y) € I, then for u € Ly,

I (uy) = (f,9)

where

f=3"Huy — (a(uy)w)p(w))

= g(uy)

Thus J(uy) = uJ(y) and this extends to all y € Y.

Now let X be any separable Kothe function space and suppose {1 : X — Lg is
a centralizer. We define D(Q2) = {f : Q(f) € X}. D(Q) is an order-ideal in X. It is
also dense since if f € X we can find v with 0 < v < 1 a.e. so that v}(f) € X. Then

vf € D(Q).
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32 NIGEL J. KALTON

Suppose T : X — X is a bounded linear operator so that T maps D(Q) into

D(Q). Then for f € D(2) we define the commutator [T, Q] by

(4.3) (T, Q](f) = TA(f) — QT (f).

We shall say that T and Q commute if T(D(Q)) ¢ D(Q2) and for some function

§:Ry — Ry we have
T, 2)(Nllx < (1 Fllx)-

If Q is homogeneous this becomes

(4.5) T, Q1(f)llx < &l fllx

for some constant k. Notice that if T and {) commute and Q' is equivalent to () then
T and €)' commute. This via Proposition 4.1 reduces commutation problems to the

homogeneous case.

THEOREM 4.6. Let X be a separable Kothe function space and let t : X — X be a
bounded linear operator. Let ) : X — Ly be a homogeneous centralizer. Then the

following are equivalent:
(1) T and Q commute

(2) There is a dense order-ideal I so that T(I) c D(Q) and

sup sup [|[TQ(f) — QT (f)||x =M < oo
JEI|iflIg1

(3) There is a bounded operator T : X &g X — X ®q X so that if f € D(),g€ X

T(f,9) = (Tf,T9).
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 33
PROOF: (1)=>(2) is obvious. For (2)=>(3) define for fe [,g€ X

To(f,9) = (T£,Tg).

We show Tj extends to a bounded operator on X &g X. In fact

ITo(f, 9)llx,0 = ITf = 2(T9)llx + ITgllx
= IT(f = 2g)lx + [T, Qlgllx + |1 Tqllx

< (Tl + M)|(f, 9l x.00-

Denote by T the extension of Ty to X @q X. If f € D(Q) and g € X we choose

fn € I with f, — f a.e. and |fn| < |f|- Then

I(f = fn,0)|lx,0 — O

and so
T(f,9) = lim To(fa,0) = lim (Tfa,Tg)

Now

"T(f - fn)’OIIX,O —0

so that T(f, ) = (Tf,Tg).

(3)=>(1) is proved by a calculation very similar to the one given above.

We close with some remarks. First note that every centralizer { commutes with
every multiplication operator M,,. Second, notice that {1 is symmetric if and only if
it commutes (uniformly) with every rearrangement operator S,. Equation (3.4) reads

exactly

1S, Q) (llx < n(llfllx)
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34 NIGEL J. KALTON

while (3.1) is
1M, Q] (Fllx < 6(11fllx)

if [Jufleo < 1.
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5. A preliminary commutator theorem

Our next result is an important key to the methods of the paper. We first recall
a theorem of Lozanovskii [19] that if X is a Kothe function space on E and h € L,

then for every ¢ > 0 we can find factorization h = fg with f € X,g € X* and

(5.1) I£llx llgllxs < (1+ €Al
(An alternative treatment of the discrete case is in [6]).

THEOREM 5.1. Let X be a separable Kothe function space and let {1 be a homo-

geneous centralizer on X. Then there is a homogeneous centralizer Q1! on L; so

that
(5.2) Aty < 36A(0)
(5.3) 191t (f9) — Q(f)glls < 18A(Q)]|fllxlgllx

for fe X, g€ X*.

Furthermore if ) is any homogeneous centralizer on L, so that for some C < oo

(5.4) 19'(f9) - 2(f)glls < Cllfllxlgllx~
then ' and Q1! are equivalent.
PROOF: Suppose fi,f2 € X and ¢1,92 € X* with fig1 = fage = h € L;. Let
F = |fi|+ |f2]| € X. Then
10(f1) = AFT'Q(F)llx < A Fllx

35
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(where A = A(fQ)). Hence
19(f1)g1 = hFTQ(F) s < AllFllxlga]lx-

and therefore

19(f1)g1 = D(f2)g2llx < 28(I fullx + 1 f211x) (lgnllx+ + lg2llx+)

If we replace by f2,92 by af; and a~'g; where & > 0 and minimize the right-hand

side over a we obtain

(55)  12(f1) e — (F2)gell < 281 F11X Zanll 3 + 17215 g2l 52

Now by Lozanovskii’s result [19], we select for each h € L, a factorization h = figo

where

(5.6) [l follxllgollx+ < 2|l
in such a way that if o € C, with o # 0, ah is factored as (o fp).go. Then define
(5.7) altl(r) = Q(fo)g0
Now forany f € X,g€ X*, if h = fg
ot (£9) - (fgllx < 2AFI g2 + V2IAlL%)

by (5.5) so that we obtain (5.3).

If [ul <1lae. and h € L; then if h = fogo in (5.6) and (5.7) we obtain

192 fo)ugo — 1 (uh) |1 < 184l fol|x [lugol|x+

< 36A|R[|y
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 37
so that
lu@ll(r) — Q' (uh)|; < 364,

and this gives (5.2).
Uniqueness is also clear. If h = fogo is the factorization used in (5.6) and (5.7)

then if ' satisfies (5.4)

19 (R) = QM (R)[l1 < Cllfollxllgol|x-
< 2C|A]s.
Thus Q[ and Q' are equivalent.
COROLLARY 5.2. If()is symmetric then Q! is symmetric and A*(QlY) < 38A*(Q).

PROOF: Let 0 : E — E be a measure preserving automorphism. If » € L; is factored

according to (5.6) and (5.7) then

Soh = (S5 f0)(S+90)

and so
1011(S,k) — (S, fo)S-g0ll: < 18] follx llgollx-
< 36A[R[
However
”Q(Safo) - Saﬂ(fo)”x S A* "fO”X
so that

128 (Syh) — 5o (R(f0)-9)llx < 364l + A[|follx |90l x-
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38 NIGEL J. KALTON

or

01 (S,h) — S,Qll(R)[x < 38A%[|A|s

There is a partial converse to Theorem 5.1 which we will discuss later in Section
8. We shall need to identify I‘!;] where T'y is the special homogeneous centralizer

introduced in section 3, i.e.

Ty(f) = fé(logry)

where ¢ : R — R is Lipschitz (see Corollary 3.2). To this end we prove first a lemma

on the form of the factorization given by the Lozanovskii theorem for a symmetric

norm.

LEMMA 5.3. Let ||| be a symmetric norm on R"™ and suppose z = (zy,...,z,) € R
with z; > ... > z, > 0. Then there exist u = (uy,...,u,) € R*, v = (vy,...,v,) €
R"™ with

(5.8) UV = I 1<:1<n

(59) Jelloll = > = = el

and u; > ug >

. > u, > 0 with u; = u;4, whenever z; = z;41, and u; = 0 if and
only if z; = 0.

Here || - ||* denotes the dual norm on R™.

PROOF: By the Lozanovskii theorem and a compactness argument we can find a

factorization z = uv satisfying (5.8) and (5.9), and with u > 0, v > 0. Amongst all
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 39

such factorizations let us suppose we choose the factorization z = uv where |ju|; =1
and |lull2 = v/Y_ |u;|? is minimized. We shall show that for this factorization we have
3 > ... 2 u, > 0. Indeed, suppose not; then there exists k so that ux < ug41.

We now define

(5.10) a=1/2(u+v)
where v’ = (uy,..., Uk—1, k41, Uk, ... un). Clearly ||| < ||ul|, ||Z|ls = 1 and ||@|2 <
[lull2.

Now define o by 9; = v; for 1 ¢ (k,k + 1) and

(5.11) U = Tyt

(5.12) Vg1 = $k+1ﬂ;_:1

Consider the vectors (Ok, tk+1) and (vk, vk+1) in R2. We claimi there exist A, Az with

0<2,22<1, A1 +X2<1and

(5.13) (ﬁk,l_)k+1) = z\l(vk,vkﬂ)—f-)\g(vk“,vk).

This can be checked using Proposition 2.a.5 of [18] p.124 (due to Hardy, Littlewood

and Polya). We check that 9 > k41 and vk > vk (since ug < ug41). Then we

require

O < v

Ok + Uk41 < Uk + Vkt1.
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The first inequality is clear since %y > uk. For the second inequality we note

(5.14) (uk+1 — uk)(ve — vk+1) >0
and so
(k1 + ui) (Ve + Vkt1) = 2(ukvi + Ukt 1Vk41)
= 2(Zk + Tk41)-

Thus

9 Tk + Ti+1
Uk + Uk+1

v

(v + vkt1)
= Uk + Uk+1.-
Hence ||9]|* < ||v||*. This establishes a contradiction since ||&| ||5]|* < ||u|| ||v]|* =
||z||1- We conclude that uy > uz > ... > u, > 0.
It is clear further that u; = O whenever zx = 0. Also if zx = zk4; then we can

similarly define &, 9, by (5.10)-(5.12) and demonstrate that (5.13) holds since clearly

(5.14) holds.

The deduction in this case is that ||@||2 = ||ul|z and so & = u i.e. up = ug4;.

THEOREM 5.4. Let X be a separable r.i. function space with finite Boyd indices
defined on E where E = R or E C R is an interval. Then there is a constant

C = C(X) so that ¢ : R — R is a Lipschitz map and f € X, g€ X*

ITs(f9) = Te(f)glls < CL()I fllxllgllx+-

PROOF: We compute I'l!l via Theorem 5.1. Suppose 4 € L, is a simple function of

the form

n
h = Za]- 13]-
J=1
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 41

where |a;| > |az| > ... > |an| > 0 and p(B;) = p(B2) = ... = p(B,) < co. It now
follows from Lemma 5.3 that we may find u; > ... > u, > 0 and v,...,v, > 0 s0
that
n n
1> w5 1a,lx 1 D w5 1a,llx- = [IAlh

=1 =1
u;v; = |a;| for 1 < j < n, uj = u;y; whenever |a;| = |aj4+1] and u; = 0 whenever
a; =0.

By making a small perturbation we can then factorize A = fg so that

IFlx Nlgllx+ < 2[lAllx

and
n
— 2
f= Zuj 1g,
J=1
where u} > uh > ... > u} >0, u.;- = “;'+1 if and only if a; = aj4+1, and u'j =0

whenever a."f = 0.

Now

Ty(f)g =Ty(R)

and so

IT(h) = T4 ()| < CL(#)I £ lx gl x

< CL(¢)||Allx

by Theorem 5.1.
For general f € L, we may find a sequence h,, with 0 < |h,| < |f], hp — f a.e.,
with each h,, of the form described above.

Suppose h,, = u,, f; then
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42 NIGEL J. KALTON

ITs(unf) — Tl (un Nl < CL(A)I £l
and so

I(Ts(£) = TLH A ualls < CL@)I£IIL

By a limiting argument,

ITs(f) = T (I < CL(@)I £l

and now Theorem 5.1 implies the result.
Now let us relate our result to commutators. If T : X — X is a bounded linear

operator we induce a bilinear form Br : X x X* — L; by

Br(f,g)=Tf.g— fT"g
and || Br|| < 2||T}|.

THEOREM 5.5. Let X be a separable Kothe function space and suppose 1 is a
homogeneous centralizer on X. Let T : X — X be a bounded linear operator. Then
T and Q) commute if and only if there is a dense order-ideal I C X, and a dense

order-ideal J C X} so that
(5.15) T(I) c D(Q), Ic D(Q)
and for some constant K, and for all f € I, g€ J,

(5.16) | /E QU (Br (£, 0))dul < K| fllx lgllx-

PROOF: In fact, if we assume (5.15) then Br maps I x X* into D(Q!) by an easy

application of Theorem 5.1, so that the integral is defined.
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 43
Suppose (5.15),(5.16) hold. Then

10M(Bz (£, 9)) — Q(T £.9) — QM (£.T*g) |
< 3a @7 1£lx llglx-

< 108A||T || fllx llglix-

where A = A(f2).
Further

19(T5.9) = T gl < 18AITY If]lx llgllx-

Io(£.7g) — Q(f).T*gll < 18A|IT]| 1 fllx llg]

Xl
so that
| /E (TF).g - Q(F)-T* g)dul < K[| fllx lollx-

for some K', all f € I and all g € J. Hence since Q(Tf) — T(Q(f)) € X for f € I we

conclude
19T f) - T(Q(f))llx < K'[|fllx

and Theorem 4.6 yields that T and () commute.

For the converse we take I = D(Q2), J = X¢. Then

T x < Kllflx  fel
implies
| /E (AT f).g - 2(F)-T*9)dul < Kul|Fllx lgll-

and the argument given above can be reversed.

We investigate now the special case of 2 = I'y where ¢ is a Lipschitz function.
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THEOREM 5.6. Suppose E is an interval or E = R. Suppose 1 < pg < p; < oo and
that X is an r.i. function space whose Boyd indices satisfy py < px < qx < p1. Then
there is a constant C = C(X), so that whenever T : X — X is an operator of strong
type (po, po) and strong type (p1,p1) and ¢ : R — R is a Lipschitz map then for any

f, 9 € Lo whose supports have finite measure

I/I‘as(BT(f,g))dﬂl < CL(#)(T)I fllx llgllx-
where ¥(T) = max(||T]|z,,, | Tlz,,)-

Remark. Obviously we can relax the assumption on T to weak type by the

Marcinkiewicz interpolation theorem.

PROOF: Let us first observe that it suffices to prove the theorem for ¢ increasing since
every Lipschitz ¢ can be expressed as the difference of two increasing functions. Let
G be the space of all Lo, -functions of support of finite measure. Since T : L, — L,
where p > 1 it is easy to verify that Br(G X G) is contained in D(T'y) for every ¢.
This observation allows us to restrict attention to the case when ¢ is bounded. The
general case then follows by approximation. Finally we shall suppose L(¢) < 1 and
argue by homogeneity.

We introduce some notation. Let £ = pE (0 < £ < o). Let w = ¢(logt). Pick
ro, r1 so that pg < ro < px, gqx < r1 < p1. Then there is a constant K so that the

dilation operators D, on X and X* verify

ID,llx < K s'/m s<1
< K st/m s>1
| Dsllx+ < K gt=1/ro s<1
<K si=1/n s>1
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Fix § > 050 that § <min(;>, -~ -, 1 L _ 1)

1
po’ po ro

Now for 0 < § < § we introduce an equivalent norm on X

|fllo= sup sup| [ fghdul
llgllx*<1 hew JE

where W is the set of h € Ly with

Let us note immediately that

)
Iflle = sup ./0 frg*e % dt

llgllx> <1

= e~ Ix

(Here we utilize Lemma 2.1 and identify X with X(0, £)).

45

We shall need some basic facts concerning || ||¢. First if f € X we shall estimate

II7* ¥ |lg. To do this let us define

filt) =« £ (st)st/Pr—1ds 0<t<?
1/2

where

1
a / si/Pi=lgs =1,
1/2

We then have 0 < f* < f;, and f; € X(0,£) can be written as a Bochner integral

fi=a / (D,-lf")sl/p‘_lds
1/2
giving the estimate
[ f1llx < a(// ID,-1llx s*/P17 1 ds) | £ x
1/2

SWDﬂx+a£ Kst /o tm=1 )| 7|

<C|flx
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46 NIGEL J. KALTON
where C = C(X). Now if r > 0, e"t < £,

fi(e"t) = a/ f*(e7st)st/P1—1ds
1/2
= aqe" /P / f*(st)sl/p‘_lds
1/2e"

< e_’/”‘fl(t).
Thus

e()w(e't)fl(e‘rt) < er(ﬁ-—l/pl)fl (t)

< (0= g (3).
We conclude that ¢ f, is decreasing and so

€% £*1le < 11e®™ fille

< allx
(6.17) lle® *lls < Cl fllx

The other calculation we need is of the norms of the dilation operators on (X, || ||o)-

Hereif fe X, 0<s< o0

1Ds flle = 11 Ds " lo
=[le™" D, f*|x
< [IDallxlle=®Pemre) 2|x

Now if s > 1 we have

e0(D,-1w) < =0uw
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and so | D,llo < || Dsllx- Hfs<1
e—O(D,_lw) < g~ 00w
Combining we have

I D,]le < K s/m s>1

< K gt/n-s s<1

47

Since ro > po and (;1: — §)~! < p;, the Boyd interpolation theorem can be applied

uniformly to the spaces (X, || ||¢) (uniformly also over choices of ¢) (see [1],[18] p.145).

We conclude that there is a constant C depending only on X so that for 0 < § <

6, feX

(5.18) ITflle < C¥(T)I fllo

Very similar calculations can be performed on X*. We define for g € X*

lolo= sup sup / fahd
Ifllx<1 hew JE

and as before ||g||.,s = ||g*¢~%"||x+. Analogously we define

(o o]
g1(t) =a* / g"(st)s"l/""ds 0<t<?
1/2
where
1
a* / s~ Urods = 1.
1/2

Arguing in the same way, we conclude that 0 < ¢* < g;, and ||g;||x+ < C||gllx~,

but for 7 > 0, et < £,

91(e7t) < el/Po=7gy (1)
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This leads to a conclusion dual to (5.17),
(5.19) [l g*ll+,0 < Cllgllx

for0< 4 <4.

We also estimate the dilation operator norms

[ Dollo < Kst=1/m o> 1

SKSI—]./"()‘& SS 1

Again our original choice of § allows us to use the Boyd interpolation theorem on
T* which maps Lg, to Ly, and L,, to L,, where (go,q,) are the conjugate indices of

(po,p1)- In the same way we obtain uniform estimates on ||T*||.,s so that

(5.20) IT*glls.0 < CY(T)llgllx=6

for 0 <6 <6.

Now we are in a position to complete the proof. Fix f,g € G and let u =
#(logry), v = ¢(logr,) where u =0 when r; =0 or co and v = O similarly if r, =0
or co. For z € C we consider the analytic function

(5.21) Flz) = / T(e ).~ g du
E
We shall bound F for |Rz| < §. Suppose Rz =6 > 0. Then
lle* llo = lle”™ £*Ilo
< Cllfllx

by (5.17). Hence

IT(e** F)lle < C(T)I£llx
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY

by (5.18), and hence from the definition of || ||

| /E e g T(e f)du| < Cr(8)||7]1x llellx-

If —Rz = 6 > 0 then we similarly obtain from (5.19) and (5.20),

IT*(e™** g)llx.0 < CY(T)]lgllx-
and so
I/E(ez“f)-T*(e‘z"g)dui < CAT)Ifllx Nollx-
Thus

[F(2)] < C(DI Fllx Nlgllx-

for |Rz| < 6, and by the Cauchy estimates

|F'(0)] < Ox(T)Ix lgllx--
Now
F©) = [ (T(u)s - (T1)9)dn

i.e.

F'(0) = /E (To(f).Tg — T£.Ty(g))d.

49

We can now apply Theorem 5.4 to both X and Xj (since both have finite Boyd

indices) to deduce that

| /E Po(£.T"9) - To(T.g)dul < CA(T)[Fl1x lgllx-

Finally the quasi-addivity of I'y on L; (Lemma 4.2) yields

| /E Ty (Br(f, 6))dul < Cr(T) I lx llllx-

as required.
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50 NIGEL J. KALTON

COROLLARY 5.7. Under the assumptions of the theorem, when X is separable, T

commutes with each I'y on X.

The proof of Corollary 5.7 requires the simple observation that G ¢ D(T';) and

T(G) c D(T'y) for every ¢ when T satisfies conditions of the Theorem.
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6.The symmetric Hardy class

We recall that £'1’ denotes the class of bounded Lipschitz maps ¢ : R — R with
#(0) = 0 and L(4) < 1. Let E be an interval or E = R. Then we denote by H;¥™ the

space of all f € L,(FE) so that

(6.9 A1) = £l + sup | [ Tol(f)dul < 0
¢eLy JE

Let us observe that H;¥™, which we refer to as the symmetric Hardy class, is a vector
space and that A; is a quasi-norm on H;Y™. In fact it follows from Corollary 3.2 that
for ¢ € L8

ITs(f1+ f2) = To(f1) = To(f2)lls < C(I f1llx + [l f2l)

where C is independent of ¢ and hence that A; is a quasi-norm and H;¥™ is a vector
sym - . . . . sym
space. We also see that H '™ is a re-arrangement invariant, i.e. that if f € Hj

and 0 : E — E is a measure-preserving automorphism then S, f € H;Y™ and

Al(saf) < CAl(f)

where C is independent of o. It follows that the definition of H;¥™ can be extended
unambiguously to any Polish space E and any non-atomic o-finite measure y on E.
We will let Hi(" be the space of mean-zero functions in Hy*™. If f € L1(R) is
real-valued we shall say that f is signed-decreasing if f is non-increasing on (—o0,0)
and on (0, c0), is non-positive on (—oo,0) and non-negative on (0, 00). For any real-

valued f € Li(E) there is a unique signed-decreasing rearrangement fg € L;(R) with

51
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f ~ fa- In fact

We define
M(t) = /_: fa(s)ds
M(eo) = [ fdu

LEMMA 6.1. For real-valued functions f € Li(E), A, is equivalent to

(6.2) Ao(f)=/0 —IMt(t)|dt+/°° M(t) - Meo)| "tM(°°)|dt+Hf1|l.

1

In particular on Hy'(", A; is equivalent to
> |M(t
(6.3 roln) = [~ Ha g,
0
ProOF: If ¢ € L%, f € L,(E) with f >0,

/ Py(f)du = / Ly(f7)de
E 0
Hence if f is real-valued we deduce that
[ rotndu= [ roltser e+ [Tl ) <

where C is dependent of ¢, f. Now

/0 T Cal(f)) ~ Tol(f-)")) dt = / " (Falt) + falt) + fal~1))$(log 1)t
= /00o M'(t)¢(logt)dt

- —/OIM(t)?—'—(-ltS@dH/lw(M(oo) - M(t))qs'(#ﬂdt
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so that

| /E Ty(f)dul < ClIflly + / MOy, 1 / ~ IM(t) — M{co)] 4,

1 t

and conversely
/ |M()Idt /Oo Mfitﬁcnﬂll'*' sup | [ Ty(f)dul
o t 1 t ¢eLl JE

so that the lemma follows.

Lemma 6.1 shows immediately that (H;¥™, A,) is complete, i.e. a quasi-Banach
space. In fact Ao is a lower-semi-continuous function on L;(E) and this allows a

routine proof of completeness. We state this formally as:
PROPOSITION 6.2. H/Y™ is a quasi-Banach space.

Lemma 6.1 also relates H;Y™ to a theorem of B. Davis [3] which characterizes
rearrangements of functions in RH; and justifies our terminology. Let us note that

Davis’s theorem is actually an immediate consequence of our Theorem 5.6.

THEOREM 6.3. (Davis). Hy(T) is contained in H;*™(T) and hence RH,(T) is also

contained in H;Y™(T). If f € RH, o(T) then

[y
o t

PROOF: The Riesz projection R : Ly — H; is of strong type (p,p) for 1 < p < o0

and so by Theorem 5.6 if f, g € L3(T), ¢ € L®

| [ Tatr.R' g~ R5)aul < Cllfla ol

where C is independent of ¢.
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Here R* is the Banach space adjoint of R not the Hilbert-space adjoint, so R* is

the invariant projection of Ly onto Hy. Hence if f € Ha, g € Hz o then

| [ Totr-gdul < il sl

Now by factorization if f € H; ¢

[ Tatn)dul < 1l

whence f € H{Y™. The remaining statements are obvious, since if f € H;Y™ then Rf

and §f € H'™.

Remark. Davis’s original proof uses Brownian motion techniques. There is an
unpublished proof due to J.L. Lewis using properties of BMO established by Coifman
and Rochberg [3]; I am grateful to A. Baernstein for communicating this proof to me.
The proof given above is rather inefficient since a considerable amount of machinery
has been developed; however, we feel it has some interest. A shorter, direct proof
avoiding Theorem 5.6 will be given later, which will also establish an equivalent result
of Ceretelli [2].

We now prove a technical lemma which will be useful in the sequel.

LEMMA 6.4. Let f be a real-valued function in H;¥™ (E). Then there is a sequence
fn € H{Y™ with |f,| < |f| forn €N, f, — f a.e., each f, bounded and of support

of finite measure, so that

Ao(f) = lim Ao(fn)

n—+ oo

PROOF: It clearly suffices to prove this in the case when E = R. and f is signed-

decreasing; the general case follows by rearrangement. For each n € N we construct
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frn. Let a = %, b = n. For convenience, let us assume that

a

(6-4) M(a)= [ f(t)dt > a(f(a) + f(~a))
(6.5) M(oo) — M(b) = / f(8)dt > 0
l¢|>b
The modifications necessary in the case when (6.4) or (6.5) are violated will be easily

seen. Notice that f(b) = 0 implies M(o0) = M(b). Define d > b so that d = b if

f(b) = 0 and otherwise
d
/t F(t)dt = M(o0) — M(b).

Now define

——(—)- f(-a), for0<t<a

f(—a), for —a<t<0

falt) = § £(8), for |a] < ¢ < [b]
f(®), forb<t<d
0, otherwise

fn is also signed-decreasing and

U= [ ldee ) = 2ap(-a) + [ i

so that
Jim 1l = 11
If
t
= / fn(s)ds
—t
then
M(“_).t, for0<t<a
¢ f <t<b
o) = M(t), ora<t<
( +fb ds, forb6<t<d
M (o), fort>d
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Thus

b Ma(t)] Mt
/0 el gy < |M(a)|+/0 T‘dt,

and

t

[ )~ Ml [ M1~ Ml [ M) =),
1 t N t b

since M(t) < M,(t) < M(oo) for b <t < d.
It follows easily that

limsup Ao(fr) < Ao(f)

n—+0oo

and the lemma follows from the lower-semi-continuity of Ag.

We now state our main theorem on H;¥™.

THEOREM 6.5. There is a constant C so that whenever E is a Polish space, u is
a o-finite measure on E and Q1 is a symmetric homogeneous centralizer on Li(E, u)

then

| / (f)dul < CA*(Q)AL(f)
E
for f € H{*(" N D(Q).

Before proceeding with the proof of theorem 6.5, we make some initial remarks.
First observe that we can reduce the theorem to the case when E' is an interval or
E=R.

Next suppose {1 is a symmetric homogeneous centralizer on L;(E). Then D()
is a dense symmetric order-ideal in L;(E); in particular, if u(E) < co then D(2) D
L (E). In general D(2) must include all Lo,-functions whose supports have finite

measure. Further if f, g are simple functions whose supports have finite measure and
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 57

f ~ g there is a measure-preserving automorphism o of E with g = S, f. Thus

| /E a(f)du - /E Q(g)d| < A*[fs

where A* = A*(Q).
Now we can use Lemma 4.3(b) to deduce that in general if f,g € D(Q?) and f ~ ¢

then

(6.6) | /E Q(f)du - /E Q(g)du| < 13A%| £

We shall frequently use the inequality

| /E A1 + £2) - Q(f2) - Qfa)dul < 3A(I ]l + 1 falls)

(Lemma 4.2).

We shall now concentrate on the case E = [—1,1]; it will be convenient to nat-
urally identify L;[—1,1] as a subspace of L;(R). We will fix o = 3/4 and I, be the
o-algebra generated by the sets £[a"t!, a") for n > 0. We will let P : Ly[-1,1] —
L;(Xo) be the conditional expectation operator. Our proof will require a number of

preliminary lemmas.

LEMMA 6.6. There is a constant C so that if f € L, [—1,1] is signed-decreasing

then

(6.7) A (f = Pf) < C|lflx

A1 (Pf) < CAu(f)-

PRrROOF: If ¢ € £}

ITs(f) = To(f-10,1)) = To(f-1-1,0)ll1 < C| fllx
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and a similar inequality holds for Pf. Now

1
F¢(f-110‘1])dt=/0 f(t)¢(logt)dt

while

1
F¢(Pf.1[0‘1])dt =

/ P(t)$(logt)dt
=f01 Pf(t)P[#(logt)]dt

- [ " () Ple(oge)lat

where for a"t! <t < o"

n

Plollogt)] = oy [ #liogtat
Thus
[Pl$(1og1)] - #(logt)] <log 5
and so
g/rd,(f.qo,l]) — Ty(Pf.1j0.1))dt] < 1og§/01f(t)dt.

If we combine with the similar result on {—1,0) we obtain

| Tatr) = ra(Pr)atl < CI11,

and so
| [ rats - Prjatl < il

so that both (6.7) and (6.8) follow.
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 59

LEMMA 6.7. There is a constant C so that for every symmetric homogeneous cen-

tralizer O on Ly[—1,1] and every f € Lo

[ aa - [aga < cas@ily

where

F(t)=

IS

150

PROOF: First let g(t) = f(2t + 1)+ f(2t — 1) for —1 < t < 1. Then g ~ f and

g1j-1,0] ~ gljo,1]- Hence
2 [ Aot)ee - [ (et < ca@)
Repeating the argument if h(t) = f({4t + 1) then
« [ awas - [ (e < oa@)isly

However f/ ~ %(91[0,1} + h) so that
| [ aae- [aad < car@isls

LEMMA 6.8. There is a constant C so that if f € Lo, [—1, 1] is signed-decreasing, with
mean gero, and Yo-measurable, and if ) is any symmetric homogeneous centralizer

on Ly[-1,1] then

[ ot < on(r)a*(@).

PROOF: Let g(t) = f(t) + f(—t), —1 <t < 1. Then

| [ ata)ee—2 [ arna < casls
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Let
G(t) = Z a™tlg(a™tlt) —00 <t < o0.
n=0
Then
(6.9) 9(t) = a7 'G(a"t) - G(t)

Note that both g and G are even functions. Suppose g(t) = v, for a"t! < t < a”,

where n > 0. Ift > 1 and a~ % <t < o~ (¥*+1) then

oo
G(t) — Z 'Ynak+n+1
n=0

k+1 1
=2 / g(t)dt =0
0

l—a

since f has mean zero. Thus G is supported on [—1,1] and clearly G € Lo [—1,1].

Now Lemma 6.7 shows with (6.9) that

| [ 2l < cat@)icis

and so
[ 8t < cas@irls+ l61.

However

1 o oo
/ |G’|dt=Z(ak—ak+1)| Z ’Ynan_k|
0 k=0

n=k+1

For f we have

M(t) = » f(s)ds =/(; g(s)ds.
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and so

k
“ IM(t)l 1 = n n+1l
/a — dt — log ;| E (@™ —a™ " )7,]

k+1 n=k+1

k
o g — okttt
< [ e
a

Ic+1).

< Iyel(a* - a

Hence

l/ol l—]\-[t—(t)—ldt—logéfol |Gldt] < /01 |g|dt

so that

Gl < Cho(f) < CAL(F)

and the lemma follows.
Now we complete the proof of the theorem for E = [—1,1]. Suppose first f €
Lo[—1,1] is real and has mean zero. We will show that for any symmetric homoge-

neous centralizer {2 then

(6.10) | [t < enunat@)

where C is independent of f, ().
We claim first that for any such f we can find g € Lo [—1, 1] also real-valued with

mean-zero and such that

(6.11) lolls < >11£1s
(6.12) Ai(9) < Cllflla
(6.13) lalloo < [1flloo + 11

For any symmetric homogeneous (1 we have

(6.14) | [ i~ [ aaarl < ot @)
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To prove this claim, first let f; be the signed-decreasing rearrangement of f. This
is supported on an interval [—f3,2 — 8] where 0 < 8 < 2. For convenience we assume

B <1 and leave the reader to appropriately modify the argument if § > 1. Define

AN fa(t), for - <t<1
£ = {fd(t+2), for -1 <t<p

Then f' ~ f and so

[ et~ [awa < oa @i,

for any symmetric homogeneous Q.

Next let

—fa(t+2), for—-1<t< -8
h(t) =1 falt+1), for0<t<1-4
0, otherwise.

Then since h is the difference of two functions with identical distributions we have
| [ awa < cat @)1
Next let f"” = f' + h. Then
| [auma - [awa < car@isl.
In particular by applying this inequality to each I'y, ¢ € L% we obtain
AL(f") < CAL(f).
f" is also signed-decreasing, || /|| = || f|l, and

17" lo < 1Iflleo + fa(1)

< flloo + 1112
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Let g = f"”"— Pf". Since f" is signed-decreasing we obtain (6.13) immediately. Lemma

6.6 yields

Ai(9) < Cllf"ll = Clflla

i.e. (6.12). For any symmetric homogeneous 1
| [ a(prad < oaprat@)
by Lemma 6.8. Thus by Lemma 6.6

|[ apra < oasmat@)

< CAL(f)A*(Q).

Now
[ 8@~ [auma- [a@sa <car@isls

and (6.14) follows.

Finally for (6.11)

[ o= 3 7 i - ey
Z a® — a"+1 ( n+1) _ f"(an))
— (1 _ a) z a"(f"(a"+1) _ f"(an))

1—a)Z(a" 1_a™)f"(a™)
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so that by a similar argument on (--1,0),

1-—
lglly < =115

and 1= —
a

Wik

Now use (6.11)-(6.14) to produce a sequence f, € Lo [—1,1] of mean-zero real-

valued functions such that fo = f and

(6.15)) il < 2lfnlls n>0
(6.16) Ai(fr+1) < C|lfnlla n>0
(6.17) Ufnstlloo < fnlloo + [ alls n>0

For any symmetric homogeneous (2,

(6.18) |/Q(fn+1) — Q(f,)dt] < CA* (@)A1 (fn)

Clearly || fnls <37"||f]l1 and

Voo < Mflleo + 30110 m20.

Thus f, is uniformly bounded and f,, — O in measure. By Lemma 4.3,
lim ||Q(f.)]l: = 0.
n— 00

Now by (6.14)

Q(f)dt - Q,,dth’A*ﬂn—lAlfk
[ ot~ [atal < catw) 3 ais)

<oa @)+ S 15l

< CAT ()AL (f)-
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 65

Now letting n — oo we obtain (6.10).
Let us now complete the proof when E is a bounded interval (a, b)(and hence for
finite nonatomic measure p). We clearly have for any symmetric homogeneous {2 and

f € Lo (a,b) with mean zero

[ e < erna@).

Now suppose f € D(Q)NH %", If f isreal-valued we can find a sequence f, € Loo(a,b)

with 0 < |fp| < |fl, fn — f a.e. so that

Ao(f) = lim Ao(fn)

Let

= /ba fudt.

Then |c,| < ||f|l1 and fr — ¢, — f a.e. Now

|/ — cn)dt] < CAy(fa — ca) A*(Q)

C(Ax(fn) + len))A™(Q)

Now by Lemma 4.2

b b
limsup | mn—Mﬁ—/ﬂmMSCNWMMl

and it follows that
b
[ 8t < cas@na).

Finally we complete the proof for E = R or any o-finite nonatomic measure. First

note that if {1 is a symmetric homogeneous centralizer on L;(R) and A C R is a
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Borel set with uA4 < co then we can construct a symmetric homogeneous centralizer
on Li(A) by

Qa(f) = 1a0(f) f e Li(4)

Indeed

[124(f) = (/)] < A* (@) £llx

and it quickly follows that

A*(Q4) < 3A*(Q)

Thus if f is bounded and has support of finite measure we can deduce that if
A = suppf

[ aatna < oa@n)

and hence

[ atnal < oa*@nn).
The proof may now be completed in the same way as the finite case.

PROPOSITION 6.9. Let X be a separable r.i. function space on (E, u) and let ) be

a symmetric homogeneous centralizer on X. If f € X satisfies f*(t)|logt| € X then

f e D(Q).

PROOF: If we let, as usual, G consist of all L, -functions whose supports have finite
measure then it is easy to see that G C D(Q). If f satisfies the conditions of the
proposition, then, since X is separable, we can find a ¢ : Ry — R, so that ¢
is monotonic, limz— o ¥(z) = 0, limz—o ﬂz&l = limz— oo ﬂzﬂ = oo and h = ¥(|f])

satisfies h*(t)|logt| € X.
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Now fix a function a € L, with a € D(Ql]) and

/ adup = 1.
E

For example, if uE < oo let a be a constant function.
In the following argument K is a constant which may vary from line to line and
depend on f,h,Q) but not on g or ¢. We argue first that the conditions on h imply

that if ¢ : R — R is Lipschitz with L(¢) < 1 and ¢(0) = O then
ITs(h)llx < K

Hence for g € X*
ITs(R)-gllx < K||gl|x-
and so (Theorem 5.4)

ITs(hg)llx < Kllgllx+
Hence
Ai(gh) < Klgllx+
and if
v = / ghdu
E
Ai(gh —va) < K|gllx+

Now by Theorem 6~5)
I/Q{ll(gh —va)du| < K||g||x+

and hence by Lemma 4.2

| [ 8 (gh)ul < Klglx-
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Now by Theorem 5.1,
| [ o:0(h)ul < Killx-
and we conclude that Q(h) € Xpmaz, and so Q(f) € Xpnasz-
Nowforn € Nlet A = {t : n=! < |£(t)] < n}. Then Q(f)-Q(f.14)-Q(f.15) € X
where B = E '\ A. However f.14 € D(Q) so that Q(f) — Q(f.15) € X.

Thus d(Q(f), X) = d(Q(f.18), X). However

filp =uh
where
|e|loo = max{sup _t su —t——}
> t13n D) <n-r B(0)
=0, say
Then
< 8,4d(Q(h), X).
Therefore

d(Q(f), X) < 6,d(Q(h), X)
where 6, — 0 and so (f) € X i.e. f € D(Q2).

Now the main theorem of the paper is immediate.

THEOREM 6.10. Let E be a Polish space and let u be a finite or o-finite Borel
measure on E. Let X be a separable r.i. function space on (E, u) whose Boyd indices
satisfy 1 < po < px < qx <p1 < oo. Let T : X — X be a bounded linear operator of

strong types (po,po) and (p1,p1).
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Then for any symmetric centralizer { on X, T commutes with € i.e.
T(D(Q)) c D(2)
and

(6-19) T, Q(Hllx < 6(11fllx) feD(Q)
where § : R, — R is an increasing function.

PROOF: By Proposition 6.9, L,, N L,, € D(Q) and T maps L,, N L,, into itself.
We now appeal to Theorem 5.5 with I = J = G, the space of bounded functions with

supports of finite measure. If

Br(f,g) =Tf.9— f.T*g fi9€eqG

then by Theorem 5.6 we have

Ai(Br(f,9)) < K|lfllx llgllx-

for some constant K. Now Theorem 6.5 implies, since

/ Br(f, g)du =0
E

that
all(Bz(f,9))du < K| flix llgllx
for some K. Now by Theorem 5.5, T and {} commute.

We refer the reader to Section 8 for the proof that when X is super-reflexive
equation (6.19) is valid for all f € X (so that in particular TQ(f) is well-defined).
Probably this conclusion holds in general, but we have not pursued this technical

point.
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7. Some remarks on Hardy spaces

In this section we give an alternative treatment, avoiding using the main Theorems
5.6 and 6.10, to derive the conclusions of Theorem 6.10 for the Riesz projection and
the Hilbert transform. First, we give a direct and rather simple proof of the B. Davis

theorem 6.3 via an alternative description of H;¥™.

PROPOSITION 7.1. There is a constant C so that if

Aa(f) = |l + sup | / 76 (log | f1)dul
¢eLt JE

then for f € Ly with mean gero

C™A2(f) < AL(f) < CA2(f)

(and A2(f) < oo if and only if A1(f) < o).

Remark. For mean zero functions, A, is a homogeneous function (i.e. Ax(af) =

|a|A2(f)) and is hence an equivalent quasi-norm to A;.
PROOF: It will suffice to consider E = R and to restrict to real-valued functions

f. We may further assume f signed-decreasing and non-zero. Let g(t) = |f(t)| +

|f(—t)|, —oo < t < co and set
h(t) =D b "g(27") + ) a™g(2"t)
n=1 n=0

where a, b are fixed with 1 < @ < 2 < b. Then h is even, positive, monotone decreasing
on (0,a) and

I8l < Cl fllx

70
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where C = C(a,b).

We also have |f| < h and
ah(2t) < h(t) < bh(2t) t>0

Now if ¢ is any bounded Lipschitz function, we can find a bounded Lipschitz ¢ with

¥(klog 2) = #(log h(2¥)) keZ
and

logb
L(y) < L(¢)m

Then

[¥(log t) — 4(log h(t))| < L(¢)logb + L(1) log 2

< CL().

Thus

[ 700 + s-wtiogtiae - [ sotiog el < L@l
Now if we set
Qg(f) = fo(log|f])

then Qpp, is a strong centralizer on L; with A*(Q4) < CL(¢). Thus

194(F) = FA™10Q4(R)ll1 < CL(#)IIf]x
and

| / 74 (1og |fl)dt - / 74 (1og [Rl)dt| < CL(#)||1x
Also

| / () + F(=)) (log t)dt — [ retna < crwisls
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and so finally
| [ rstoginae - [ Toina < @)l

| [ r8tioglshad < cz@)m ()

This yields one half of the desired inequality.
The converse is very similar. If ¢ is bounded and Lipschitz we can construct a

bounded Lipschitz ¢ with

$(klog 2) = ¢ (log(h(2*)) keZ
and
log 2
L(y) < @L(@-
Then

|¢(logt) — ¥(logh(t))| < CL(¢)

and as before

[ Tatnyae= [ rotios| et < cL@)isl,

whence

A(f) < CA2(f).

The following lemma extends a similar lemma in [11] (cf.[12]).

LEMMA 7.2. If f € Hyo(T) and ¢ € L} then

o 10 10 db
l 5 1(e9)g(I1og f(e*)) | < 4VB| 11
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PROOF: By approximating a triangular function we can find for § > 0 a C*°-function

of compact support p: R — R with p >0

/w p(t)dt =1

— 00

/ |p'(t)|dt <4+ 6

— 00

/w tp(t)dt < % +6
For a > 0, let
=1 [ s E)ble)ds.

Then ¢ € L% and

(o]

(6= 5)p(*=2)ds < (5 +6)a

W) - sl <3 [

— 00

and

(o)

- )
P04 (o)as] < 212

wo1=1% |

— 00

Now consider the function zy(log |z|) on C. For z # 0

32

T
(32

82 " '
+ a—y‘g)(zfﬁ(los ll) = W(tﬁ (log [2]) + 2¢' (log |2[)).

Thus if we set A = 1(4 + §) + 2a then A|z| — z(log |2]) is subharmonic on C. (We
define zy(log |z|) = 0 at the origin).
Now
2n db
o(f) = [ MfI- (Ref)blog )3
0 ™
is plurisubharmonic and continuous on H;. If f € H; o then F : A — H, is defined
by

F(2)(e%) = F(ze*)
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is analytic on A and so ®o F is subharmonic. Since ®o F is constant on circles |z| = r

we have
QOF(I):rli_IJ}QOF(r)
> ‘DOF(O) =0.
ie.
2 df
R([ " relioelrDg0) < Alflh

Arguing with af in place of f with |a| = 1 we obtain

[ retosing < 3l

and so
2m df 2
| fellog|f)o—| < (A + (3 +6)a)ll fllx
0

As 6 > 0 is arbitrary and taking a = % we obtain the lemma.

Alternative proof of Theorem 6.3. By Lemma 7.2 if f € Hj o then Ax(f) <
4/6|/f||; and so by Proposition 7.1, Ay (f) < C||f|ls i-e. f € HI".
Let X be a separable r.i. function space on T. Define Hx to be the subspace of

f € X such that f(n) = 0 for n < 0 where

1 2r

flr)= o= [ f(e%)e a8,

:27r0

THEOREM 7.3. Let X be a separable r.i. function space on T and suppose () is
a symmetric homogeneous centralizer on X. Then there is a constant C so that if

f € Hx and Q(f) € X then

d(Q(f), Hx) < CAT(Q)[|flx-
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PROOF: By the Hahn-Banach theorem there exists ¢ € X* such that |g||x« =

1, §(n) =0 for n < 0 and

[ 2o = aa(n), 5.

Then fg € Hy 0N D(Q!!) and so by Theorem 6.5

2 db
[ a9 31 < oo @) sl

which implies, by Theorem 6.3, that

2w do
[ a3 < oa@lifle

i.e.

d(Q(f), Hx) < CA*(Q)]| f]x-

Remark 1. If €1 is not assumed homogeneous we obtain

d(Q(f), Hx) < 6(|| fllx)

for some function § : R, — R,.
Remark 2. If X is super-reflexive the Riesz projection R is bounded on X and
we obtain that R commutes with () very easily from Theorem 7.3 (cf.[11]). In fact, if

f€Xand f€ L,

f=hH+Ff

where fi € Hx, f, € Hx, with ||filx < C|Iflx. Also Q(f1), Q(fz) € X. Then

Q(Rf) = Q(f,) while

19(f) = (f1) - a(f2)llx < Cliflx
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and
|RQ(f2)|| < Cd(Q(f2), Hx,o0)
<Clflx
Thus
IRQ(f) — RQ(f1)llx < C| fllx
and

IRQ(f1) — Q(fi)lx < Cd(Q(f1), Hx)

< Cllfllx-

We conclude

IRQ(f) — Q(Rf)lx < C[fllx-
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8. Final remarks

Let us start by proving the promised converse for Theorem 5.1.

THEOREM 8.1. Let X be a separable Kothe function space on (E, u) and suppose
X satisfies a g-concavity condition for some q¢ < oo (or X has finite cotype). Suppose
() is a homogeneous centralizer on L1(u). Then there is a homogeneous centralizer (1x

on X such that Q[}? is equivalent to ).

PROOF: We first prove this under the additional hypothesis that X has non-trivial
type (or is super-reflexive). In this case X is a B-convex space and it follows from [9)
that there is a constant K so that if Z is a dense subspace of X* and ®: Zy — C is

a quasilinear map satisfying

(8.1) [@(g1 + 92) — (1) — (92} < (llgnflx~ + llg2ll x~)

then there is a linear map ¢ : Zy — C with

(8-2) 12(g) — ¥(9)| < Kallgllx fez

Now suppose f € X. Pick u = uy > 0 a.e. so that |u| < 1 a.e. and uQd(f) € L;.

Then Q(uf) € Ly. Let Z; = {g € X* : |g| £ m|u| for some m € N}. For g € Zj, set

8,() = /E (fg)du

and @, satisfies (8.1) with o < 3A[| f||x, so that there exists a linear map ¢y : Zy — C
with

[®1(9) — ¥s(9)] < 3KA|fllx llgllx-

77
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for g € Z;. It may be supposed in the above argument that if A € C\ {0} then
Zxs = Zy and g = Ay,
Note that if |g| < |u]
127 (9) < 19(£9)lx
and
19(f9) — gu™ " Q(fu)llr < Allfllx

Thus

sup |®/(g)| < o0
|gl<|u]

Also if |gn| < |u| and g, — O a.e. then

Jim (74} = 0

and so

lim |®/(g,)| = 0.

n— oo

It follows that

sup [y (9)| < o0
lol<lul

and if |g,| < |u|, with g, — 0 a.e.

Jim_ [ (ga)] = 0.

Hence there exists h € Ly (u.u) such that

We shall define Qx(f) = h. We then have

| /E (fg)du - /E o0 (f)dul < 3K ]x llgllx-
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for f € X, g € Z;. By our method of selection {2x is homogeneous.

Now suppose |v] < 1 a.e. Then for g € Z; N Zyy

[ atgdu— [ oot (£)dul < 3K AN Slx ol
E E

and
| / Q(fgv)dp - / oQx (vf)dul < KA fllx llgllx-
E E

Thus

| /; 9(v0x(f) — Ox (vf))du| < KA fllx llglx--

As Z; N Zyy is a dense subspace of X* we conclude

lv0x (f) — Qx (vf)lx < 6KA|fllx

so that {x is a centralizer.

Finally if |v| <1 a.e.

| /E Q(f gv)du - /E 9ol (f)du| < KA fllx llgllx-
and so
| fE Q(fg)vdp /E 9000 (f)dul < AKA| flx 19llx-

so that

19(f9) — 9.0x (f)ll < 4KA[ flIx llgllx-

so that Q[}}] is equivalent to 2.

79

Now let us relax the type assumption. Suppose merely that X verifies a g-

concavity condition. Let us denote the 2-convexification of X (cf. [18]) by

Y={feL:|fI?e X}
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We norm Y by

17l = NP1
Then Y is a 2-convex and 2¢-concave lattice and is therefore of non-trivial type ([18]).
Then by the first part there is a homogeneous centralizer 0y on Y so that Q[}fl is

equivalent to (1.

Let us define for f € X
x(f) = (sgn 1)If1'/20y (I£1'/%)
If |[uf < 1ae.
Qx (uf) = sgn u.sgn fluf|*2Qy (Ju]*/?|£]*/?)
and so

Qx (uf) — uldx (f) = sgn (wf)|uf |2 (Qy (ju]/2)5 /%) — Jul*/20y (| £]*/2)

If we let
wy = |uf]
wy = (Qy (Jul*/?£12) - |u[/20y (1£]/2))?
Then
10 (u) — (9 = ut’? wil?x
< Jlwal¥? wall3¢?
<AL Nwall 2.
However

”wzui{/? - ]]Qy(lul1/21f|1/2) _ |u|l/2nY(|f|1/2|IY
< a@y)lIf172 ]y

= Ay FI1Y2
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 81

Thus 2x is a centralizer and A(Qx) < A(Qy).

Next suppose g € X* and f € X. Then if h€ Y, |f|'/2 h € X and
ARl < A2 1A%

=171 IAlly-

Hence
gl F1*2R)1 < 7152 Nallxee [1Blly

so that g|f|*/? € Y* and

gl 7120+ < IAIX? Nollx-
Now
9.0x(f) = (sgnf)gl f1*?Qy (| £]*/?)
and so

19(£9) - 90 (1)l < CUIF2glly- NIy

< ClIflix lgllx-

and the result is proved.
If X is super-reflexive and {) is a homogeneous centralizer, then X &g X is iso-
morphic to a Banach space (cf.[9]). Now applying Theorem 8.1 to 0 and X* yields

a dual centralizer * : X* — Lo with
(8.3) [£.0%9 — Qf.glly < C||fllx llgllx~
Now for (f1, f2) € X2, (91,92) € (X*)? define

(8.4) ((f1, f2), (91, 92)) = /E(flg2 —g2f1)du
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Then (8.3) yields that

]((flyfz): (glag2)>l S C”(fl;f2)”0”(91)92)]

O*

provided (f1, f2) € X ®q X, (g1, 92) € X* &+ X*. It is then not difficult to identify
(X ®a X)* with X* @q« X* via the duality (8.4). We omit the details. Special cases
of this calculation are established in [10] and [14].

Let us use the idea of the dual centralizer to show that if X is super-reflexive the

conclusion of Theorem 6.10 can be improved to read in place of (6.19).

(8.5) ITQ(f) = T (H)llx < &(1Ifllx) fex

It suffices to consider the case when (1 is homogeneous. In this case if g € L,,NL,,
then by Proposition 6.9, g € D(Q*) and hence if f € X, Q(f).g € L,. Thus Q(f) €
Ly, + Ly, whenever f € X and in particular TQ(f) is well-defined.

Now let f,, be a sequence in G so that || f, —f||x < 27", and hence ||T'f,—T f||x <

27". We may find h € X with ||h||x < C| f|lx and

k| > |fal n€N
k| > |Tfs]  neN
Now
ITQ(fn) — AT (fa)llx < ClIfllx
so that

IT(fah="Q(h)) = (T fa) R~ Q(R)]|

x S Cllflx.

Letting n — oo and using the fact that the X-unit ball is closed in L,, + L,, we

obtain

IT(fA7'(R) = (THHRT'Q(R)]Ix < Clfllx
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NONLINEAR COMMUTATORS IN INTERPOLATION THEORY 83

and it follows that

T, Q](f)llx < Clifllx

We state this conclusion formally:

THEOREM 8.2. Under the hypotheses of Theorem 6.10, if X is super-reflexive then

we may replace (6.19) by

(8.6) T, 2 (Hllx < 8(11 fllx) fex

Let us conclude with the observation that Theorems 5.1 and 8.1 together indicate
a correspondence between centralizers on X and centralizers on L; at least when X
has finite cotype. If X is not locally convex (e.g. X = L, for 0 < p < 1) it is unclear
whether such a correspondence can in general be established. To make this precise
we ask whether if  : L, — L; is a homogeneous centralizer one can always find a

homogeneous centralizer Q! : L; — Ly so that ( is equivalent to

Q'(f) = (sgn f)If1*PQl(|£IP).
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