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1. INTRODUCTION

The present paper is a sequel to our paper [2] on differential games of
survival and is also related to the work of Fleming [4] on Cauchy problems
for degenerate parabolic equations. Our notation and terminology, again
outlined in Section 2, is that of [2].

In our recent paper [3], using a related stochastic game, we proved that
for fixed time differential games our value U is the same as the upper value V+
of Friedman [5] (sec also [1, Sect. 4]). In Section 3 of this paper we extend
this result to games of survival and prove that if the boundary dF of the
terminal set F is regular then U = V = O+, where O+ is the upper value
introduced in [2].

We next prove that if there are upper and lower solutions of the related
Isaacs—Bellman equation then U is Lipschitz continuous and so, almost
everywhere, a solution of the equation.

We then consider a nonlinear equation of the form

Lw=%+0(t,x,w):0

together with the boundary condition @ | F = g. Under certain hypotheses
on G we show by constructing a related differential game that if there are C*
functions 6, and 0, such that L6, >> 0 > L0, and 6, = 8, = g on OF then the
value of the differential is a generalized solution of the above boundary value
problem. Finally we prove that the solution thus obtained is independent of
how a differential game is associated with the problem, that is, the *“differential
game solution” is unique.
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2. GAMES OF SURVIVAL

We consider a differential game of survival with control sets ¥ and Z
which are compact metric spaces. The dynamics of the game are given by

dx/dt = 2(t) = f(¢, x, 9, ) (n

where x € R™ and t€[t,, o). f: R X R"1 X Y x Z— R™ is continuous
and satisfies a constant Lipschitz condition in x:

”f(taxl ’.y’z)—f(t)xz ’y,Z)H<KHx1—x2H (2)
We suppose the trajectory satisfies the initial condition
©(ty) = % - ©)

A closed terminal set FC R x R™ such that F'D [T, o0) X R™ for some
fixed T is considered and the game ends the first time #, that the trajectory
enters F. The payoff computed is then

P(3,2) = gtr o(ts) + [ bt (), 300, 30) de 4

where g: R X R" — R and 5: R X R™ X Y X Z are continuous. Player [,
controlling y € Y is trying to maximize P whilst player ], controlling z€ Z
is trying to minimize P. We denote by G(¢, , %,) the differential game with
dynamics (1), initial condition (3) and payoff (4).

M,(t,) denotes the space of measurable functions on [t,, c0) with values
in Y. (A function y € #,(%,) is measurable if for every continuous real valued
function ¢ on Y i oy is Lebesgue measurable, and functions equal almost
everywhere are identified.) .#,(t,) denotes the space of measurable functions
[2,, 00) — Z. For s == 0 an s-delay strategy o for [, is a map a: My(ty) — (1)
such that wherever

2,(t) = 24(2) a.e. b, <t <<ty
then
(x2y) () = (azy) (2) ae. ty <<t <t + 5.
The set of s-delay strategies for [, is denoted by I’ ,O(s). s-delay strategies

for J, are defined similarly and the set denoted by 4, (s). For a € I', (0) its
value is defined as

w(«) = inf[Plaz, 2); 2 € Mo(ty)]-
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Then
U(ty , %) = sup[u(e); a € I', (0)). (5)

For Be 4, (0) we define

o(B) = sup[P(y, By); y € M\(to)]
and

V(ty, xo) = inf[0(B); B € 4,(0)]- (6)

We also define upper and lower values

V4, x0) = inf [o(); Be U 4n(9)] (7)
V=(ty , %) = sup [u(a); ae UOFto(S)] . (8)

For B, B € 4, (0) we say that §' € 45 (8) if for any y € .#,(t,)
BNO =N ae  f+s<t<oo
The s-delay value of § € 4, (0) is defined as
v(B) = sup[v(B'); B’ € 4;(B)].

Write #,%(t,) for the space of measurable functions z: [#,, ¢, + §] — Z and
also define 4, [s | 2] as the set of strategies B € 4, (s) such that By() = 2(f)
a.e ty <t <ty + s, where z € M 1,] is fixed. We define the value

Qs*(ty, %) = sup  inf o(B). ©)

ze€M %[ tg] ﬂedto[.ﬂz]
Clearly we have the relation

Ost(ty , %) <

inf _o(8).

1
Bed to(S)

Finally
Q+(t0 ’ xo) = ISI_IB Qs+(t0 y xo)

= inf 0,"(t0 . x0).

(10)

There are similar definitions (see [2]) for the s-delay value #(«) of « € T (0),

Oy (20 5 %) and O (2, , x,)-
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From [1, 2, and 3] we collect the following results.

TaEOREM 2.1.

O~(ty, %) < V{2, %) < Vi, %), Ulty, %) (1)
< VA(ty, x0) <O (2, xo)-
For fixed time games (i.e., F = [T, 00) X R™)
O~(ty, x0) = V(ty, %) = V(ty, %) (12)
and
Oty , %) = V¥(ta, %) = Ulty, x)- (13)

Consider a map 7: #,(t,) X At} = [t,, ) which prescribes a stopping
time corresponding to any pair of control functions. 7 is said to be nonanti-
cipating if whenever

Y@=yt ae fst<7(y,2),
2'(t) = %(t) a.e. ty <t <

then 7(y’, 2') = 7(», 2). Consider a nonanticipating map = with
7(y, 2) < tg(y, 2) for all y, 2 and a real-valued function 8 defined on R x R™,
We define a game G.(t, , %y; §) as the game with initial condition (3), dyna-
mics (1) and payoff:

Pos3,2) = e ) s ) + [ Mo x(0,30,50)de (1)

The various upper and lower values for G (2, , x,; 0) are defined in analo-
gous ways in [2, Section 3] but the particularly important cases are when 8 is
itself a value of the game G(7(y, 2), ¥(7(y, 2))). The following dynamic
programming results are then obtained in [2].

THEOREM 2.2. Suppose 7 is non-anticipating and v < tp. Then

Ulty , %) = Ulty , 243 U), (15)
VH(ty, %) = V(g s %05 V), (16)

and
O5"(ty , x0) < O3ty %03 Os), an

Qs+(t0 ’ xO) 2 Q::‘r(to » X3 U) (18)
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Similar results hold for the various lower values. Further, if
lim O,4(t, x) = 0*(t, )
uniformly on compacta then

O(to » %) <O, (ty, 203 O7). (19)

3. EqQuaLiTIES FOR VALUE FUNCTIONS

In this section we extend the identity (13) of Theorem 2.1 to games of

survival.
For each (, x) e R**! — int F' define

Q,(t, ) = lim sup Q,*(¢, x).
(7,6)-(2,%)

DerinITION 3.1. A point (¢, ) of OF is Qt-regular if it satisfies
lsln(} O,H(t, x) = g(t, x) (20)

and U is continuous at (¢, x). ¢F is Qt-regular if every point of oF is Q-
regular.
We can now prove the following result.

THEOREM 3.2. Suppose [ satisfies a Lipschitz condition in both t and x
1f(t, x,9,2) —flta, %, 0, M < K( 8, — 6| +lx — %) 2D
and OF is Q+t-regular. Then
Uty , xp) = VH(ty , %) = QH(tg » %) for all (¢, , x,) € R™1 — intF. (22)
Proof. Theorem 6.4 of [2] states that under these hypotheses
VAt » %) = O (2o » %)

so only the identity involving U remains to be proved; the present proof,
by contradiction, is similar. As quoted in Theorem 2.1, for fixed time games
we know

Uty , xp) = VH{ty , x9) = Q™ (to , %)
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Suppose (4, , %,) € OF. Theorem 6.3 of [2] states that if 6F is Q*-regular then
O is continuous on R™! — int F and lim,,, O, *(t, x) = OQ*(t, x) uniformly
on compacta. Therefore, from the definitons, for (¢, , x,) € OF

Uty , x0) == VF(ty, x9) = Oty , o).
Suppose now (¢, , x,) € R™* — F is a point where
Oty , xp) — Ulty, %) = € > 0.
Then every trajectory with initial point (#,, xp) is contained in a sphere
By ={(t,x): [ t| +ilx]| <R}
for some R > 0. Let

sup [ (4, %, 3, 2)l| = M.
BpxYxZ

Determine inductively a sequence (¢, , x,,) in By forn = | with p(¢,, , x,) > 0
for all n. Here p(t, x) denotes the distance from (¢, x) to F. Suppose (¢, x;)
has been determined. Write

m = (M + D) plty, %) + 1, (23)

and consider G, (# , x4; O%).
Then by (19)

Q+(tk » %) < Q:rk(tk + ¥r> Q+)
G, is a fixed duration game so O¥(#;, ;) < U, (#;, %5 Q). But by (15)
U(tk ’ xk) = Urk(tk y X5 U)
S0
Q+(tlc ’ xk) - U(tk > xk) < U’Tk(tk » Xgs Q+) - UTk(tk » Xk> U)
Therefore, there is a trajectory £(t) in G, (%, ;) such that
Ot(tisr s #p1a) — Ultinn, %p2) 2 OH(te s 32) — Ulty, 2) — €/2742,

where
b = Ty and E(typr) = Xpyq -
Also
P(tisr s Xipa) = p(te, %) — (M + 1) (e — 1) >0
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and certainly (¢, , x,) is a sequence in By because each (¢, , x,,) is reached
from (¢, , x,) by a trajectory. By construction

n

O¥(tn %) — Ulty, 3,) > e (1 =) 2) > 2. (24)

k=1

For each n (¢, , x,) ¢ F so t, < T for all n. Thus

Liglc I, =1ty + Z (tea — ) =1
k=1

exists and we have
}aifg(tlﬂ—l — 1) =0.

As | wpyq — % | << M(2.; — 1) the sequence x;, converges to ¥ say and
by (23) limy,q p(t; , x;) = 0. Therefore (£, ¥) e F so by the continuity of
Ot and U:

i{{g(Q*(tk ya) — Ul %)) = 0.

However, this contradicts (24) so we must have

O*(ty » x0) = Ulty, x9) = V¥{(to, %o)-

4. Lipscaitz CONTINUITY

In this section we prove under certain hypotheses that the value functions
are Lipschitz continuous and so almost everywhere they are solutions of the
Isaac’s-Bellman equation. A consequence of Section 3 is that we can confine
our attention to the value U, which because it satisfies, for example, identity
(15), has several advantages.

THEOREM 4.1.  Suppose [ satisfies the Lipschitz condition (21) in (2, x),
suppose h is Lipschitz in (t, x) and suppose U is uniformly Lipschitz in (2, x)
on OF in any bounded region of R™*\. Then U is uniformly Lipschitz in any region
of the form

(Rm+! — int YN ((Ty <t < T) X R™).

Proof. The initial part of the proof is similar to that of Theorem 6.3
of [2]. Consider the set C = B, N (R™! — int F) for some > 0. Then any
trajectory of (1) with initial point in C is contained for r <{ T'in some set By .
Suppose (t, , ;) and (¢, , x,) € C and write:

o =1y — Iy (25)
8= [ty —ty| +lx—x]. (26)
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For y = y(t) € A(t;) and z = 2(¢) € H,(t,) we associate controls
Y =yt edft)  and = x¥(t) e Milty)
by
yHO) =yt — o),  2Ht) =3t — o)

The map (y, 2) — (¥y*, 2*) is a nonanticipating bijection and it induces a
map between the spaces of strategies in G(¢; , x;) and G(t, , x,). Suppose £,(?)
and £,(2) are trajectories corresponding to (¥, 2) and (y*, 2%), respectively,
in G(t, , %;) and G(¢,, x;). Then

% (&(8) — &t + 0)) = f(1, &4(1), ¥(8), 2(1) — f(2 + 0, &,(t + ), ¥(2), (1))

from which we deduce

&) — &t + o)l <8 — o] <85 — 0| forn <t<T.
(27)

A stopping time 7: () X My(t,) — R is defined by = = 7(y, 2) where

min{p(r, &(7)); p(7 + 0, &7 +- )} =0
but
min{p(, &(1)); p(t + o, &t + 0))} >0 fory; <t <.

Then 7 is non-anticipating and = < T.
Suppose, without loss of generality, that (r, §(r)) € dF. Then by (27)

p(t + o, &7 + 0)) < 8e'T” — | o |
By hypothesis there is a constant K’ such that
[ty 20,9, 8) — Atz 22,9, 3) < K'(1 4y — | + 0 — %) (28)
and a constant L such that
| UG, &(7)) — Ulr + 0, &(7 + o))l <Ll o | + 1| &4(7) — &lr + o)),
that is:

[ g(r, £1(7)) — Ulr + 0, &(7 + o)) < LoeKTH. (29)
Therefore,

| [, 640,30 20) — [ hte, 640, 350 270y o
<K [ (o] +8exmn — | o))t
< K'(r l_fa T) 8eK(T+7
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So,

| P-r,u(tl ) xl; y) 2’) - P7+t7,u(t2 ’ .702; y*) Z*)| < 86K(T+r)(L + K/(T + T))
(30)

The same inequality is true if (7 -+ o, £(0 + o)) € &F so by the remarks
above on strategies in G(¢, , %;) and G(, , %,):

l U—r,u(tl ’ xl) - U7+o,u(t2 > x2)1 g M3 (31)

where
M = KT+ (L - K'(r + T).

By (15)
| Uty %) — Ulty, x5)| < Ms

and so U is uniformly Lipschitz continuous in regions of the form
(Rt — it YN\ ((Ty <t < T) X R™).

TueoREM 4.2. Suppose f and h are Lipschitz in (t, x) and suppose that
there exist functions 0, , 6, , both C' on R™*\ — intF, such that 6, — 0, = g
on oF and L+0;, < 0 < L0, on R — int F, where

L6 = %z— 4+ min max(VOf + h).
Y

Then the value U of the game is almost everywhere a solution of the equation
L+U = 0 satisfying the boundary condition U |5r = g.

Remark. 1tis proved in Theorem 7.1 of [2] that the existence of functions
6, and 6, as above implies oF is Q*-regular. Therefore, by Theorem 3.2 of the
present paper U = V+ = O, so that V'* and Q" also satisfy the equation and
boundary condition.

Proof of 4.2. By Theorems 5.3 and 5.4 of [2], for (¢, x) € R — int F:
0y(2, x) < U(t, x) < 04(8, x).
Certainly
Oy(r, §) = Ulr, &) = Oy(7, §) = g(r, &) for (v, §) e IF.
and so

By(2, x) — Oy(7, &) < U2, x) — Ulx, &) < 0y(t, x) — Oy(7, £).
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By the mean value theorem for 6, and 6, there is a constant L such that
| U@ %) — U Ol <Lt —r[+lx—£l)  for(r, §) e dF

L is just a bound for the derivative of #; and 6, , and so is bounded in compact
sets of R+, U 1s, therefore, uniformly Lipschitz in (¢, x) on OF in any
bounded region of R™+! and so by Theorem 4.1, U is uniformly Lipschitz in
bounded regions of R™+! — int F.

By Rademacher’s Theorem (see Section 4.1 of [5]) U(, x) is thus dif-
ferentiable at almost all points (¢, x) and so by Theorem 4.4 of [2] L+U =0
almost everywhere.

We state without proof the analogous theorem for lower values:

THEOREM 4.3. Suppose f and h are Lipschitz in (t, x) and suppose there
exist functions 0, , 0, both C' on R™! — int F, such that 0, = 0, = g on OF
and L-0, > 0 = L0, on R"*' — int F where

L0 = 0/6t - max min(V6 - f + h).
% z

Then the value V of the game is almost everywhere a solution of the equation
L~V = 0 satisfying the boundary condition V' |5, = g.

5. NONLINEAR ParTIAL DIFFERENTIAL EQUATIONS

We now apply Theorem 4.3 to obtain results for boundary value problems
for certain non-linear partial differential equations. This extends work of
Fleming [4] on the Cauchy problem for such equations. We construct a
generalized solution, that is a function differentiable almost everywhere which
at points of differentiability satisfies the equation.

AsinSection | F C R x R™denotes a closed set such that /' D [T, c0) X R™
for some fixed T'. Also t € [t,, c0) and ¥ X R™. Consider the nonlinear partial
differential operator

Ly = dvjor + G(t, x, Vo). (32)

and G{(¢, x, p) is uniformly Lipschitz in all variables. Further, we suppose
there is a constant B, such that

[ G, %,0)| < B, (33)

For suitable bounds «, 8 we introduce the control sets
Y={yeR"|y|<« (34)
Z={zcR" || <B) (35)
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and the functions

G ;
flt%, 3,3 = GEEDL (36)
h(t, x,y, 8) = —?%}—J;)T —y-a (37

Writing
Go(y) =Gt %, 31 + 1y ?
and, for ¢ = 1,...,m,

Gyy) =Gt %, ») 31 + 1y

it is proved in Fleming [4, p. 998] that there is a constant B, such that
Go(y) — Golp) + ) (Gy) — Gip) pi | < B |y —pl. (38)
i=1

From this Fleming deduces that if | p | < « and B, = § then
max mZin(p -fh)
— maxmin(G(t, ,3) (1 +p-) (1 + |y +2-(—3) (9
= G(2, x, p).
THeorREM 5.1.  Consider the nonlinear partial differential equation
Lo = évjot + G(t, x, Vo) =0 (40)

together with the boundary condition v |5r = g.

Here G is uniformly Lipschiltz in (¢, x, p) and satisfies inequality (33). Suppose
there are functions 6, and 0, both C* on R™*' — int F such that the derivatives of
0, and 0, are uniformly bounded on R™' — intF, 6, = 0, = g on OF and

L(6)>=>0>=L(6,) on R —inth.

Then there is a generalized solution V(t, x) of the boundary value problem (40)
in any region of the form

(R — int FYn ((Ty <t << T) x R™).
Proof. Consider the differential game with dynamics

x(t) = f(tv Xy Vs z)' (40)
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initial condition x(7) = ¢ and payoff
tr
P(y, 3) = gltr, (te) + | h(t, x(2), p(1), 3(1)) dt (41)

where f and £ are the functions defined in (36) and (37). The control sets ¥
and Z are subsets of Euclidean space as in (34) and (35). The bound 8 is
taken to be the constant B, given by inequality (38). Because the derivatives of
6, and 8, are bounded on R™+! — int F by L’ say, we see as in Theorem 4.2
that the value V(¢, x) of this game is uniformly Lipschitz continuous on oF
and so on all R™+1 — int F. This Lipschitz constant L” for V(z, x) is, there-
fore, a bound for the derivatives of I at points of differentiability. Taking
o == max(L’, L") we see from (39) that

max mZin(VHi f + k) = G(¢, %, V8)), i=1,2
and at points of differentiability:
max rnZin(VV f+h) =Gt xVV).

Therefore, for the differential game (40), (41) we have that

L8, = ¢8,/et + G(t, x, Vb))

=18, >0,

L-6,=16,<0
and so by Theorem 4.3 the value V of this game is a generalized solution of
L~V =LV = 0 satisfying V' |5r = g.

Remark 5.2. If the complement £ of the terminal set F is bounded then
we need only require that G(¢, x, 0) and the derivatives of #; and 6, are
bounded in 2.

In Equations (36) and (37) we have, following Fleming, given one way of
constructing a differential game associated with a nonlinear equation. How-
ever, the solution obtained is independent of how the differential game is
constructed.

TraEOREM 5.3.  The differential game solution of the boundary value problem
of Theorem 5.1 is unique.

Progf. We first prove that for a nonlinear equation of the form (40) with
a fixed final time Cauchy condition

o(T, x) = g(x) (42)

409/46/1-16
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the differential game solution is unique. Suppose /1, and 4, are two differen-
tial games of fixed duration associated with this equation. That is, if A,
has dynamics #,(?) = f(¢, x;, ¥, , 2;), initial condition x,(7) = £ € R™ and
payoff _fTT h{t, x; , v, , 2;} dt then for p,

xeR™ max n;in(p -f+ k) = G(¢, x, p)

for i =1 and 2.

The value functions V(7, £), Vy(r, £) obtained from 4, and /4, respectively
are then generalized solutions of the Equation (40) satisfying V(T x) = g(x),
i = 1, 2. However, as proved in [3] or [4], each V, is equal almost everywhere
to lim ¢, where ¢, is the unique solution of the non-linear parabolic
equation V% -+ L, =0 with boundary condition (42). By continuity
V, = V, everywhere.

Consider now the situation of Theorem 5.1. Suppose again that /1, and /4,
are differential games associated with (40), with value functions V(t, x),
Vo(t, x), respectively, both satisfying the boundary value problem. Suppose
there is some point (2, , x)) € R™*! — F where

Vilty, %) — Vlty , %) =€ > 0.

Now suppose 7 is a constant such that = <C ¢, for any trajectory from (2, , x,)
in both 4, and /4, . Consider fixed time games with the same dynamics and
integral payoff as 4, and 4, , starting at (¢,, %) and ending at time r. By
the identity for I” corresponding to (15) we have:

Vito s x9) = Vy.:(to » %03 V), 43)
Vilty , %) = Va,o(ty , %5 V) (44)

However. we could consider /; with a terminal payoff I, at time 7, so
by uniqueness for fixed time games we have:

Valty %) = Vi1t » %03 V)- (45)
Therefore
Vi(to > x0) — Vallty » %0) = Vi to, xg5 Vi) — Vito, %5 V)

and we can apply the inductive construction of Theorem 3.2 to deduce a
contradiction. Therefore, V(¢,, x,) = Vy(ty, %,) for all (#,, %) € R+ — intF
and the differential game solution is unique.

THEOREM 5.4. Under the hypotheses of Theorem 5.1 a unique differential
game solution of the boundary value problem (40) exists in R™*1 — int F.
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Proof. We proved that a differential game solution exists in
(R —mtF) N (T, <t < T) X Rm).
If Ty’ < T, a differential game solution also exists in
(Rt —intF) x (T, <t << T) X R™).

By Theorem 5.3 the two solutions are equal on the intersection of their
domains.
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