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Hermitian operators on complex Banach lattices
and a problem of Garth Dales

N. J. Kalton†

Abstract

Let E ⊕ F be a direct sum decomposition of a complex Banach lattice X. Garth Dales asked
recently whether the equation ‖x + y‖ = ‖ |x| ∨ |y| ‖ for all x ∈ E and y ∈ F implies that E and F
are bands. We show that this is the case by using the theory of hermitian operators. We then show
that the same result holds if we replace Dales’s condition by ‖x + y‖ = ‖(|x|p + |y|p)1/p‖ for any
p �= 2. To do this, we develop a general theory of hermitian operators on a complex Banach lattice,
showing in particular that the operators of the form S + iT with S and T hermitian always form
a subalgebra of L(X), and that this subalgebra is (by the Vidav–Palmer theorem) isometrically a
C∗-algebra. A particular conclusion is that, if E ⊕ F satisfies ‖x + y‖ = ‖x + eiθy‖ for all x ∈ E,
all y ∈ F , and all θ ∈ [0, 2π), then it also satisfies the equation ‖x + y‖ = ‖(|x|2 + |y|2)1/2‖ for
all x ∈ E and y ∈ F .

1. Introduction

Let us suppose that X is a complex Banach lattice and that E ⊕ F is a direct sum
decomposition of X. Garth Dales [7] asked whether the condition

‖x+ y‖ = ‖ |x| ∨ |y| ‖, x ∈ E, y ∈ F, (1.1)

implies that E ⊕ F is a band decomposition of X, that is,

|x| ∧ |y| = 0, x ∈ E, y ∈ F. (1.2)

He was motivated to raise this query by the theory of multi-normed spaces, which was first
discussed in [13] (under a different name) and developed in [8]. In this paper, we shall answer
Dales’s question affirmatively, using the theory of hermitian operators and numerical ranges
(for which, see [4, 5]).

The background for Dales’s problem is the following. In [8, Chapter 7], there is an extensive
theory of ‘orthogonality in multi-normed spaces’ related to decompositions of Banach spaces
with respect to certain multi-norms. This is applied to the example of a ‘lattice multi-norm
(‖ · ‖L

n : n ∈ N) based on a (complex) Banach lattice’. It is easy to see that a band decompo-
sition of a Banach lattice is ‘orthogonal with respect to the lattice multi-norm’; it was hoped
in [7] that the converse of this result would be true. Our result shows that this is indeed the
case.

Notice that, for real Banach lattices, the question of Dales has a negative answer, as pointed
out in [8]. Indeed, let X = �21 and suppose that {e1, e2} is the canonical basis of X. We set
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E = [e1 + e2] and F = [e1 − e2]. Then, for each a, b ∈ R, we have

‖a(e1 + e2) + b(e1 − e2)‖ = |a+ b| + |a− b| = max(2|a|, 2|b|)
= ‖ |a| |e1 + e2| ∨ |b| |e1 − e2| ‖.

Thus (1.1) holds, but (1.2) fails.
Let X be a complex Banach space, and suppose that E ⊕ F is a direct sum decomposition

of X. Then E ⊕ F is an hermitian decomposition if

‖x+ eiθy‖ = ‖x+ y‖, x ∈ E, y ∈ F, θ ∈ R. (1.3)

This is equivalent to the requirement that the induced projection P : X → E be an hermi-
tian operator (see below for definitions). These hermitian decompositions are discussed in
[8, Chapter 7]. Now suppose that X is a complex Banach lattice, then of course (1.1)
implies (1.3).

The solution that we shall give of Dales’s problem also yields the result that (1.1) can be
replaced by the related condition that

‖x+ y‖ = ‖(|x|p + |y|p)1/p‖, x ∈ E, y ∈ F, (1.4)

for some p � 4: if (1.4) holds for some p � 4, then E ⊕ F is a band decomposition. (For the
definition of (|x|p + |y|p)1/p in a Banach lattice, see [12, pp. 40–42] or § 3.)

This leads us to consider whether (1.4) for some p ∈ [1,∞) with p 	= 2 is already sufficient
for E ⊕ F to be a band decomposition. We shall also prove this more general result, but this
requires a lot more work. We shall in fact show that, if E ⊕ F is an hermitian decomposition
of X, then we have

‖x+ y‖ = ‖(|x|2 + |y|2)1/2‖, x ∈ E, y ∈ F, (1.5)

and from this the conclusion follows quickly.
To establish (1.5), we shall prove some very general results about hermitian operators on

Banach lattices. IfX is a complex Banach space, then let us denote by L(X) the Banach algebra
of all bounded linear operators on X and by J (X) the closed subspace of L(X) consisting of all
operators of the form T = H + iK, where H and K are hermitian operators. Then the space
J (X) admits a natural involution �, specified by

(H + iK)� = H − iK.

If J (X) is an algebra, then the Vidav–Palmer theorem [4, 15] implies that, with this involution,
J (X) is (isometrically) a C∗-algebra. However, in general, J (X) need not be an algebra; in
particular, if T is hermitian, it does not follow that T 2 is hermitian (see [4, § 6, Example 1]).
For recent progress on the properties of T 2 when T is hermitian, see, for example, [6].

We shall show that, ifX is a complex Banach lattice, then the square of an hermitian operator
is always hermitian, and hence that J (X) is always an algebra. These results supplement
earlier work of the author with Wood [11] for the special case in which the space X has a
1-unconditional basis.

2. Hermitian operators

To discuss our problem, we shall use heavily the theory of hermitian operators on a Banach
space. We refer to [4, 5] for a full discussion of this elegant theory; see also [16, § 2.6].

Suppose that X is a Banach space. Then we denote the closed unit ball of X by BX and its
surface by ∂BX ; if X is a Banach lattice, then X+ = {x ∈ X : x � 0}.

Now suppose that X is a complex Banach space. The dual space to X is denoted by X∗, and
the dual (or adjoint) operator of T ∈ L(X) is T ∗ ∈ L(X∗). A state on L(X) is a continuous
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linear functional ϕ on L(X) such that ϕ(IX) = 1 = ‖ϕ‖, where IX is the identity operator on
X. We shall say that ϕ is a primary state if there exist x ∈ ∂BX and x∗ ∈ ∂BX∗ such that
x∗(x) = 1 and ϕ(T ) = x∗(Tx) for all T ∈ L(X); under these circumstances, we refer to (x, x∗)
as a primary state on X. (The set of primary states on X is denoted by Π(X) in [4].)

We recall that a bounded linear operator T : X → X, where X is a complex Banach space,
is hermitian if ϕ(T ) is real for all states ϕ on L(X). This is the requirement that V (T ) ⊆ R,
where V (T ) is the spatial numerical range of T . The hermitian operators form a real-linear
subspace of L(X). It turns out that T is hermitian if and only if ϕ(T ) is real for all primary
states ϕ.

Note that it follows from [4, § 9, Corollary 6(iii)] that T ∗ ∈ L(X∗) is hermitian if and only
if T ∈ L(X) is hermitian.

Proposition 2.1. Suppose that X is a complex Banach space and that T : X → X is a
bounded linear operator. Then the following are equivalent:

(i) T is hermitian;
(ii) exp(itT ) is an isometry for each t ∈ R;
(iii) there is a dense subset D of ∂BX such that, for every x ∈ D, there exists x∗ ∈ ∂BX∗

with (x, x∗) a primary state and x∗(Tx) ∈ R.

Now suppose that T : X∗ → X∗ is a bounded linear operator. Then:

(iv) T is hermitian if and only if, for every primary state (x, x∗) on X, we have (Tx∗)(x) ∈ R.

Proof. We refer to [4, § 5, Lemma 2, and § 9, Theorem 3] for the equivalence of (i)–(iii);
(iv) follows from (iii) by the Bishop–Phelps theorem [3].

For the following basic facts, we also refer to [4, § 5, Lemma 4] or [16, Theorem 2.6.7]. Here
R(P ) is the range of P .

Proposition 2.2. Suppose that X is a complex Banach space, that S, T : X → X are
hermitian operators, and that P : X → X is a contractive projection. Then:

(i) i[S, T ] = i(ST − TS) is an hermitian operator;
(ii) PT : R(P ) → R(P ) is an hermitian operator on the Banach space R(P ).

Lemma 2.3. Suppose that X is a complex Banach space and that T : X → X is an
hermitian operator. Then:

(i) if for some x ∈ X, we have T 2x = 0, then Tx = 0;
(ii) if T 2 = 0, then T = 0.

Proof. Proposition 2.1(ii) implies that ‖x+ it(Tx)‖ = ‖x‖ for all t ∈ R, and so Tx = 0,
giving (i); clause (ii) is then immediate.

Lemma 2.4. Suppose that X is a complex Banach space, that T : X → X is an hermitian
operator, and that P : X → X is an hermitian projection. Then:

(i) T commutes with P if and only if (IX − P )TP = 0;
(ii) if TP is hermitian, then T commutes with P .
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Proof. (i) If T commutes with P , then (IX − P )TP = 0.
Conversely, if (IX − P )TP = 0, then [P, T ] = PT (IX − P ). By Proposition 2.2(i), i[P, T ] is

hermitian. Since (PT (IX − P ))2 = 0, we have [P, T ]2 = 0, and so [P, T ] = 0 by Lemma 2.3(ii).
(ii) If TP is hermitian, then so is i[P, TP ] = i(PTP − TP ) = −i(IX − P )TP . Since we have

((IX − P )TP )2 = 0, this implies that (IX − P )TP = 0, as before. Now, by (i), T commutes
with P .

Let X be a complex Banach space. To conclude this section, we remark that, as in the
introduction, we define J (X) to be the (complex) linear span of the hermitian operators on
X. Then J (X) is a norm-closed subspace of L(X), and J (X) has an involution specified
by (H + iK)� = H − iK when H and K are hermitian. The space J (X) is a subalgebra of
L(X) if and only T hermitian implies that T 2 is hermitian, and then J (X) is isometrically
∗-isomorphic to a C∗-algebra.

3. Banach lattices

For background on Banach lattices we refer to [1, 2, 12, 14, 17]. (The original 1985 version of
[2] was reprinted in 2006 with changed numbering; we shall give references to the numbers in
both versions.) For a systematic and detailed exposition of complex Banach lattices, see [22].

Let us recall (for example, see [1, § 3.2; 12, p. 43], or [17, pp. 134ff.]) that X is a complex
Banach lattice if and only if it is the complexification of a real Banach lattice XR ⊂ X. Indeed,
each x ∈ X may be uniquely written as x = u+ iv, where u, v ∈ XR, and then

‖x‖ = ‖ |x| ‖ = ‖(|u|2 + |v|2)1/2‖;

we write u = Re x and v = Im x, and then set x̄ = u− iv. If T : X → X is any operator, then
we denote by T̄ the linear operator

T̄ : x 
→ T (x̄), X −→ X.

We shall make free use of the functional or Krivine calculus as explained in [12, pp. 40–42],
for example. Thus, if x1, . . . , xn are elements in a (real) Banach lattice X and f : R

n → R is
continuous and homogeneous, we can define f(x1, . . . , xn) ∈ X. The map f 
→ f(x1, . . . , xn)
is linear and preserves the lattice operations whenever x1, . . . , xn ∈ X+; in particular, if
f(t1, . . . , tn) � 0 when t1, . . . , tn � 0, then f(x1, . . . , xn) � 0 whenever x1, . . . , xn ∈ X+.

We can extend the Krivine calculus to complex Banach lattices X. Indeed, take f : C
n → R

and regard f as a function from R
2n to R. Suppose that f is now continuous and homogeneous,

and take z1, . . . , zn ∈ X, say, uj = Re zj and vj = Im zj for j = 1, . . . , n. Then we define

f(z1, . . . , zn) = f(u1, v1, . . . , un, vn).

In particular, we can use the function given by f : (s, t) 
→ (|s|p + |t|p)1/p on C
2 to define the

element (|x|p + |y|p)1/p for each x and y in X. Furthermore, [12, Proposition 1.d.2(i)] states
that, for every θ ∈ (0, 1) and x, y ∈ X, we have∥∥∥ |x|θ |y|1−θ

∥∥∥ � ‖x‖θ ‖y‖1−θ
. (3.1)

Let X be a complex Banach lattice. An operator T : XR → XR is positive if Tx � 0 in XR

whenever x ∈ X+, and T is regular if T = T1 − T2, where T1 and T2 are positive operators;
an operator T : X → X is regular if T = T1 + iT2, where T1, T2 : XR → XR are regular. Each
regular operator is continuous. The space of regular operators on X is denoted by Lr(X). The
book [2] is devoted to a study of positive operators.
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Further, we shall say that an operator M ∈ L(X) is a multiplier or a central operator (see
[1, p. 112]) or [14, § 3.1]) if, for some C > 0, it obeys an estimate

|Mx| � C|x|, x ∈ X.

We shall use the fact [1, Theorem 3.29] that M ∈ L(X) is a multiplier if and only if M is
an orthomorphism, in the sense that |x| ∧ |My| = 0 whenever x, y ∈ X with |x| ∧ |y| = 0. The
collection of all multipliers is called the centre of X and denoted by Z(X) (see [1, p. 112]).
We shall say that a multiplier M is real if, additionally, M(XR) ⊂ XR; the real multipliers
form the real-linear space ZR(X). Every multiplier is a regular operator, and indeed, if M is
a multiplier, then we can define the modulus |M | of M ; by [1, Theorem 3.30], |M | is also a
(real) multiplier and

|M |(|x|) = |M(|x|)| = |Mx|, x ∈ X.

The centre Z(X) of X is a commutative, unital subalgebra of L(X), and ZR(X) is a real
lattice, where, for example, (M1 ∨M2)(x) = M1x ∨M2x for M1,M2 ∈ ZR(X) and x ∈ X+;
Z(X) is isometrically algebra- and lattice-isomorphic to the space C(Ω) of all complex-valued,
continuous functions on some compact Hausdorff space Ω (which is uniquely determined and
which we call the carrier space of X). Furthermore,

‖M‖ = ‖ |M | ‖ = inf{C > 0 : |Mx| � C|x|, x ∈ X} (3.2)

for all M ∈ Z(X).
Note that, if M is a real multiplier, then M is an hermitian operator, and so Z(X) ⊂ J (X);

the involution restricted to Z(X) is given by M� = M̄ for M ∈ Z(X).
A complex Banach lattice X is order-complete, or Dedekind complete, if every non-empty

subset ofXR which is bounded above has a supremum. In the case whereX is an order-complete
Banach lattice, Lr(X) is also an order-complete Banach lattice, and Z(X) is a band in Lr(X)
(see [1, Theorem 3.31], taken from [19]), and so Z(X) is also order-complete. In particular,
the dual space X∗ is the dual Banach lattice; this lattice is always order-complete. Finally, we
recall that a Banach lattice of the form C(Ω) for a compact space Ω is order-complete if and
only if Ω is extremally disconnected. These facts are contained in [1, 2, 19].

The order-ideal generated by an element x of a Banach lattice X is

Xx = {y ∈ X : |y| � C|x| for some C � 0}.

A real Banach lattice X has a quasi-interior point e if e ∈ X+ and the order-ideal Xe is norm-
dense in X. In particular, notice that, if X is separable, then it always has a quasi-interior
point. For this definition and result, see [1, § 4.2; 2, p. 259/266].

Let X be a real Banach lattice with a quasi-interior point e. Then, using the Kakutani
representation theorem, there is a compact Hausdorff space Ω such thatXe is lattice-isomorphic
to the space CR(Ω) of all real-valued continuous functions on Ω in such a way that e corresponds
to the constant function 1 on Ω. For complex Banach lattices, one obtains a similar statement
for the complex space C(Ω). Thus X is the completion of C(Ω) under a lattice norm, and then
C(Ω) is a lattice-ideal in X. In this case, the multipliers can be identified with (the extensions
of) multiplication operators of the form

Mf : x 
→ fx, C(Ω) −→ C(Ω),

for some f ∈ C(Ω). Hence Z(X) can be identified with C(Ω) and Ω can be identified with
the carrier space of X. It is clear that, if |Mfx| � C|x|, then ‖Mf‖ � C, and indeed that
‖Mf‖ = ‖f‖C(Ω). For details of the above discussion, see [1, §§ 3.3, 4.2].

The above considerations lead to the following proposition.
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Proposition 3.1. Let X be a complex Banach lattice with a quasi-interior point, e.
Suppose that x ∈ X with |x| � e. Then there is a unique multiplier M ∈ Z(X) such that
Me = x. Furthermore, ‖M‖ � 1, and, in the case where x ∈ X+, the operator M is positive.

In general, however, Z(X) can reduce to the set {λI : λ ∈ C} (see [10] or [20]), so that the
carrier space can reduce to one point. However, if X is order-complete, we must have plenty of
multipliers.

Proposition 3.2. Let X be an order-complete, complex Banach lattice. Suppose that
x ∈ X and y ∈ X+ with |x| � y. Then there is a multiplier M : X → X with My = x and such
that |Mw| � |w| for all w ∈ X.

Proof. This is basically proved in [2, Theorem 8.15/2.49], but for real scalars. Let Y = X̄y

be the closed order-ideal generated by y. We use Proposition 3.1 to produce a multiplier
M0 : Y → Y with ‖M0‖ � 1 and M0y = x. Consider the real-linear map w 
→ Re (M0w) from
Y to XR. Then

|Re (M0w)| � |w|, w ∈ Y,

and, using the order-completeness of X and a Hahn–Banach argument, we can find a real-linear
extension L : X → XR of this map such that |Lw| � |w| for w ∈ X.

Finally, define Mw = Lw − iL(iw) for w ∈ X, so that M is complex-linear and

|M(w)| = (L(w)2 + L(iw)2)1/2

= sup
−π�θ�π

|(cos θ)L(w) + (sin θ)L(iw)|

= sup
−π�θ�π

|L((cos θ)w + i(sin θ)w)| � |w|,

as required.

Corollary 3.3. Let X be an order-complete, complex Banach lattice. For each x ∈ X,
there exists M ∈ Z(X) with M(|x|) = x and |M | = IX .

Proof. Take x ∈ X. By Proposition 3.2, there exists M ∈ Z(X) with M(|x|) = x. Since
|M | (|x|) = |M(|x|)| = |x|, it follows that |M | is the identity operator on X|x|. Now re-define
M to be the identity on the disjoint complement of X|x| for the result.

The following proposition will be required later. An account of essentially this result is given
in [21].

Proposition 3.4. Let X be a complex Banach lattice.

(i) Suppose that X has a quasi-interior point and that T : X → X is a bounded operator
which commutes with every multiplier. Then T is a multiplier.

(ii) Suppose that X is order-complete and that T : X → X is a bounded operator which
commutes with every band projection on X. Then T is a multiplier.

Proof. (i) We may suppose that ‖T‖ � 1. Let the quasi-interior point of X be e.



HERMITIAN OPERATORS ON BANACH LATTICES 647

We argue first that, if |Te| � λe for some λ > 0, then T is a multiplier. Indeed in this case,
if |x| � e, we can find a multiplier Mx : X → X with Mxe = x. Then

|Tx| = |TMxe| = |MxTe| = |Mx|(|Te|) � |Mx|(λe) = λ|Mxe| = λ|x|.
By scaling and the density of Xe, this estimate extends to all x ∈ X.

Now suppose that we do not have an estimate |Te| � λ|e|. For each ε > 0, let v = |Te| + εe.
Then v is also a quasi-interior point, and so, by Proposition 3.1, there is a positive multiplier
M : X → X such that Mv = |Te| ∧ ε−1e and ‖M‖ � 1. Since |Te| � v, we see that

|MTe| = M(|Te|) � Mv � ε−1e,

so that, by the earlier reasoning, MT is a multiplier. Certainly, ‖M‖ � 1 and ‖MT‖ � 1 and
so Me � e and |MTe| � e by (3.2). Thus

|Te| ∧ ε−1e = Mv = M(|Te| + εe) = |MTe| + εMe � (1 + ε)e.

Since e is a quasi-interior point, we know that limn→∞ ‖x− x ∧ ne‖ = 0 for each x ∈ X+ (see
[2, Theorem 15.13/4.85]), and so this implies that |Te| � |e|. Thus, T is a multiplier.

The above result also follows from [2, Theorems 8.3/2.37 and 15.4/4.76].
(ii) Since X is order-complete, there is a band projection onto each band [2,

Theorem 3.8/1.42]. Since T commutes with every band projection, T is order-bounded
[2, Theorem 15.4/4.76], and so T is an orthomorphism [2, Definition 8.7/2.41], and hence
a multiplier [2, Theorem 15.5/4.77].

We shall say that X is a dual Banach lattice if X is the dual of some Banach lattice. Note
that every dual Banach lattice is order-complete. Let X be a dual Banach lattice. We shall
need the existence of a projection from X∗∗ to X which respects multipliers; this is given in
the following result.

Proposition 3.5. Let X be an order-complete, real or complex Banach lattice, and
suppose that there is a positive, contractive projection from X∗∗ onto X. Then there is a
positive, contractive projection Π : X∗∗ → X such that ΠM∗∗ = MΠ for every M ∈ Z(X).

In particular, in the case where X is a dual Banach lattice, there is a positive, contractive
projection Π : X∗∗ → X such that ΠM∗∗ = MΠ for every M ∈ Z(X).

Proof. Consider the non-empty set P of positive, contractive projections R : X∗∗ → X. We
order this set by the canonical ordering: R1 � R2 if R1x

∗∗ � R2x
∗∗ for every x∗∗ � 0 in X∗∗.

Using the order-completeness of X, we see that there is a minimal projection Π ∈ P.
Now let P be a band projection in X, and set Q = IX − P . We consider the map Π′ defined

by Π′ = PΠP ∗∗ +QΠQ∗∗. Then Π′ is a projection of X∗∗ onto X, and

Π′ = 1
2 (Π + (P −Q)Π(P −Q)∗∗),

so that ‖Π′‖ = 1. Further, we have

(P −Q)Π(P −Q)∗∗x∗∗ � |Π(P −Q)∗∗x∗∗| � Πx∗∗

for each x∗∗ � 0 because Π � 0, so that Π′ ∈ P and Π′ � Π. Hence, Π′ = Π and so

ΠP ∗∗ = Π′P ∗∗ = PΠ′P ∗∗ = PΠ.

Since the carrier space of X is extremally disconnected, this implies a similar result for all
multipliers.

Suppose that X = Y ∗ is a dual Banach lattice. Then X is order-complete and the canonical
projection of X∗∗ = Y ∗∗∗ onto X = Y ∗ is contractive and positive.
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We next prove a simple technical lemma which we shall need later.

Lemma 3.6. Let X be an order-complete, real or complex Banach lattice, and suppose
that T : X → X is a bounded operator. Then the set

{x ∈ X : |Tx| � c|x| for some c � 0}

is dense in X.

Proof. We may suppose that ‖T‖ � 1. It will suffice to show that, for each x0 ∈ X with
‖x0‖ = 1 and for each ε ∈ (0, 1), there exists x ∈ X with ‖x− x0‖ < ε and |Tx| � (2/ε)|x|.

By Corollary 3.3, there existsM ∈ Z(X) withM(|x0|) = x0 and |M | = IX . Define a sequence
(xn) in X inductively by setting xn = M(|Txn−1|) for n ∈ N (with x0 as specified). Now take
n ∈ N. Then we see that ‖xn‖ � 1 and

|xn| = |M(|Txn−1|)| = IX(|Txn−1|) = |Txn−1|,

and hence that M(|xn|) = M(|Txn−1|) = xn.
We now define

x =
∞∑

n=0

(ε
2

)n

xn ∈ X,

so that ‖x− x0‖ � ε/(2 − ε) < ε and

x =
∞∑

n=0

(ε
2

)n

M(|xn|) = M

( ∞∑
n=0

(ε
2

)n

|xn|
)
.

Again using the fact that |M | = IX , we see that

|x| =
∞∑

n=0

(ε
2

)n

|xn|.

Now

|Tx| �
∞∑

n=0

(ε
2

)n

|Txn| =
∞∑

n=0

(ε
2

)n

|xn+1| � 2
ε

∞∑
n=0

(ε
2

)n

|xn| =
2
ε
|x|,

giving the result.

The following example shows that Lemma 3.6 cannot hold for general Banach lattices.
Let Ω be a compact space of topological dimension at least 2 (see [18]), and set X = C(Ω).

Then there exists f0 ∈ X and ε > 0 such that, for every f ∈ X with ‖f0 − f‖ < ε, there exists
t ∈ Ω such that f(t) = 0 (or otherwise the topological dimension of Ω is at most 1). Since
f0 	= 0, we may suppose that there exists t0 ∈ Ω with f0(t0) = 1. Define

T : f 
→ f(t0)1 − f, X −→ X,

where 1 is the constant 1 function.
We claim that, for every f ∈ X such that ‖f0 − f‖ < ε < 1, there is no constant c with

|Tf | � c|f |. Indeed, suppose that f ∈ X is such an element. Then there exists t ∈ Ω with
f(t) = 0. We have |f0(t)| < ε, and so t 	= t0. We also see that |1 − f(t0)| = |f0(t0) − f(t0)| < ε,
and this implies that

|(Tf)(t)| = |f(t0) − f(t)| = |f(t0)| > 1 − ε > 0,

whereas f(t) = 0. So there is no constant c > 0 such that |Tf | � c|f |.
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4. The problem of Dales

We first consider a specific function defined as follows:

ψ(z, w) =
∫2π

0

∣∣z + eiθw
∣∣ dθ

2π
, z, w ∈ C.

We note that, in fact ψ(z, w) = ψ(|z|, |w|) for z, w ∈ C, and that the function ψ is continuous
and homogeneous on C

2, identified with R
4.

We also note that ψ(1, t) > 1 for t ∈ (0, 1], and this inequality is all that is required for our
first main result, Theorem 4.2. In fact, we shall show for later use that

ψ(1, t) � 1 +
t2

5
for 0 � t � 1. (4.1)

Indeed, first suppose that t ∈ [0, 1), and set s = 2t/(1 + t2), so that s ∈ [0, 1). Then

|1 + t eiθ| =
√

1 + t2
√

1 + s cos θ =
√

1 + t2
∞∑

n=0

( 1
2

n

)
sn cosn θ,

where the series is uniformly convergent on [0, k] for each k < 1. Thus

ψ(1, t) =
1
2π

√
1 + t2

∞∑
n=0

( 1
2

n

)
sn

∫2π

0

cosn θ dθ.

The integral takes the value 2π when n = 0, is 0 when n is odd, and belongs to [0, π] when n
is even. Also, for k ∈ N, we have

∞∑
k=0

( 1
2

2k

)
s2k =

1
2

( ∞∑
n=0

( 1
2

n

)
sn +

∞∑
n=0

( 1
2

n

)
(−s)n

)

=
1
2
(√

1 + s+
√

1 − s
)

=
1√

1 + t2
.

Since each coefficient
( 1

2
2k

)
is negative for k ∈ N, we have

ψ(1, t) � 1
2π

√
1 + t2

(
2π + π

(
1√

1 + t2
− 1
))

=
1
2
(1 +

√
1 + t2).

Since
√

1 + t2 � 1 + 2t2/5, inequality (4.1) for t ∈ [0, 1) follows; the inequality also holds for
t = 1 by continuity.

In fact, ψ(1, t) � 1 + t2/4 for 0 � t � 1; this is proved in [9], where it is attributed to Peter
Goddard.

We make further remarks about the function ψ. First, it is clear that ψ(s, t) � s ∨ t when
s, t � 0. Also, for each ε > 0, we have

s+ t � (1 + ε)(s ∨ t) +
5
ε
(ψ(s, t) − s ∨ t), s, t � 0. (4.2)

To see this, we may suppose that s � t, so that ψ(s, t) � s(1 + t2/5s2) by (4.1), and so it
suffices to show that t � εs+ t2/εs. But this is immediate by considering separately the cases
where 0 � t � εs and εs � t � s.

Throughout the remainder of this section, we take X to be a complex Banach lattice.
We now extend the definition of ψ to have domain X2, rather than C

2. Indeed, we set

ψ(u, v) =
∫2π

0

|u+ eiθv|dθ
2π
, u, v ∈ X. (4.3)
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In fact, ψ(u, v) = ψ(|u|, |v|) for all u, v ∈ X by the uniqueness of the Krivine calculus. Thus,
by the Krivine calculus, ψ(|u|, |v|) � |u| ∨ |v| and

|u| + |v| � (1 + ε)(|u| ∨ |v|) +
5
ε
(ψ(|u|, |v|) − |u| ∨ |v|), u, v ∈ X. (4.4)

Lemma 4.1. Let X be a complex Banach lattice, and take x ∈ X with ‖x‖ = 1. Suppose
that x = u+ v, where u, v ∈ X and, for every −π � θ � π, we have

‖u+ eiθv‖ = ‖ |u| ∨ |v| ‖ = 1.

Then there exists x∗ ∈ X∗ such that (x, x∗) is a primary state on X and x∗(Mu) is real for
every M ∈ ZR(X).

Proof. We may suppose that e = |u| + |v| is a quasi-interior point of X.
Since ‖ |u| ∨ |v| ‖ = 1, there exists a positive linear functional w∗ on X such that ‖w∗‖ = 1

and w∗(|u| ∨ |v|) = 1. It now follows from (4.3) that

‖ψ(|u|, |v|)‖ = ‖ψ(u, v)‖ =
∥∥∥∥
∫2π

0

|u+ eiθv|dθ
2π

∥∥∥∥ �
∫2π

0

‖u+ eiθv‖ dθ
2π

� 1,

and so w∗(ψ(|u|, |v|)) � 1. However, ψ(|u|, |v|) � |u| ∨ |v| and w∗ is positive, and so
w∗(ψ(|u|, |v|)) � w∗(|u| ∨ |v|) = 1. Thus w∗(ψ(|u|, |v|)) = 1. We now have

w∗(ψ(|u|, |v|) − |u| ∨ |v|) = 0.

Note that, for each ε > 0, it follows from (4.4) that

e � (1 + ε)(|u| ∨ |v|) +
5
ε
(ψ(|u|, |v|) − |u| ∨ |v|).

Since e = |u| ∨ |v| + |u| ∧ |v|, we have

1 = w∗(|u| ∨ |v|) � w∗(e) � (1 + ε)w∗(|u| ∨ |v|) = 1 + ε

for each ε > 0, and so w∗(e) = 1. From this, we have w∗(|u| ∧ |v|) = 0.
Now let Lu and Lv be the unique multipliers given by Proposition 3.1 such that Lue = u

and Lve = v. Note that |Lu| + |Lv| = IX . We define x∗ = (L̄∗
u + L̄∗

v)w∗. Then ‖x∗‖ � 1 and

x∗(x) = w∗((|Lu|2 + |Lv|2 + L̄uLv + L̄vLu)(e)).

We have |w∗(L̄uLve)| � w∗(|Lu| |Lv|e) � w∗(|u| ∧ |v|) = 0, and so w∗(L̄uLve) = 0. Similarly,
w∗(L̄vLue) = 0, and so

x∗(x) = w∗(|Lu|2e+ |Lv|2e) = w∗(e) − 2w∗(|Lu| |Lv|e) = 1

because w∗(|Lu| |Lv|e) = 0. This shows that (x, x∗) is a primary state on X.
Suppose that M ∈ ZR(X). Then

x∗(Mu) = x∗(MLue) = w∗(M |Lu|2e) + w∗(ML̄vLue).

Here the first term is real and the second term can be estimated by

|w∗(ML̄vLue)| � w∗(|M | |Lv| |Lu|e) � ‖M‖w∗(|u| ∧ |v|) = 0.

The result follows.

The following theorem answers the original question of Dales.
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Theorem 4.2. Let X be a complex Banach lattice, and suppose that X = E ⊕ F is a
decomposition such that

‖x+ y‖ = ‖ |x| ∨ |y| ‖, x ∈ E, y ∈ F.

Then E ⊕ F is a band decomposition, that is,

|x| ∧ |y| = 0, x ∈ E, y ∈ F.

Proof. We denote by P the projection of X onto E with kernel F . Then

‖x‖ = ‖max(|Px|, |x− Px|)‖ , x ∈ X,

so that P is hermitian.
Let M ∈ ZR(X). By Lemma 4.1 we have that, for every x ∈ X with ‖x‖ = 1, we can find x∗

such that (x, x∗) is a primary state on X and x∗(MPx) is real. Thus, using Proposition 2.1,
MP is hermitian. By Lemma 2.4(ii), M and P commute.

Now, in the case where X has a quasi-interior point, we can conclude from Proposition 3.4(i)
that P ∈ Z(X), and hence that P is a band projection.

For X, a general Banach lattice, choose u ∈ E and v ∈ F , and let X0 be the smallest closed
sublattice containing u and v and invariant under P . ThenX0 is a separable Banach lattice, and
so has a quasi-interior point. Thus, P | X0 : X0 → X0 is a band projection and |u| ∧ |v| = 0.
This implies that P is a band projection on X.

Remark. In fact, the above argument can be easily modified to show that it is also true
that E ⊕ F is a band decomposition whenever

‖x+ y‖ = ‖(|x|p + |y|p)1/p‖, x ∈ E, y ∈ F,

for some p � 4. This follows from the fact that

ψ(1, t) > 1 +
t2

5
> (1 + t4)1/4, 0 < t � 1.

We are therefore naturally led to the problem of whether a similar statement is true whenever
2 < p < 4 or 1 � p < 2. It is fairly easy to see that it is enough to show that

‖x+ y‖ = ‖(|x|2 + |y|2)1/2‖, x ∈ E, y ∈ F,

whenever E ⊕ F is an hermitian decomposition of X. We shall prove this below.

5. Hermitian operators on Banach lattices

In this section, we shall first show that J (X) is a C∗-algebra for each Banach lattice X, and
then deduce the above result.

Theorem 5.1. Let X be a dual Banach lattice. Suppose that T : X → X is an hermitian
operator and that M is a real multiplier on X. Then MTM is also hermitian.

Proof. First, we recall from Proposition 3.5 that there is a positive, contractive projec-
tion Π : X∗∗ → X such that ΠM∗∗ = MΠ for every multiplier M on X.

We shall refer to (P1, . . . , Pn) as a band decomposition of X if each Pj is a band projection, if∑n
j=1 Pj = IX , and if PjPk = 0 for j 	= k. We start with the observation that, since the carrier

space of the order-complete Banach lattice X is extremally disconnected, we can suppose that
M =

∑m
j=1 ajQj , where (Q1, . . . , Qm) a fixed band decomposition of X and −1 � aj � 1 for
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j = 1, . . . ,m. We then choose (bj)m
j=1 such that bj � 0 and a2

j + b2j = 1 for j = 1, . . . ,m, and
we define M ′ =

∑m
j=1 bjQj .

Let P be the collection of all band decompositions of X. We say that (P1, . . . , Pn) refines
(R1, . . . , Rl) in P if PjRk = 0 or PjRk = Pj for every 1 � j � n and 1 � k � l. Let U be
an ultrafilter on P containing, for each (R1, . . . , Rl), the set of all (P1, . . . , Pn) which refine
(R1, . . . , Rl).

Given a band decomposition (P1, . . . , Pn) of X, we define an hermitian operator
V (P1, . . . , Pn) ∈ L(X) by

V (P1, . . . , Pn)x =
n∑

j=1

PjTPjx, x ∈ X. (5.1)

Let us first check that V (P1, . . . , Pn) is hermitian and that ‖V (P1, . . . , Pn)‖ � ‖T‖. This
follows because we can express V (P1, . . . , Pn) as an average over choices of signs, namely

V (P1, . . . , Pn) = Ave
εj=±1

⎛
⎝ n∑

j=1

εjPj

⎞
⎠T

⎛
⎝ n∑

j=1

εjPj

⎞
⎠ ,

and each term is hermitian since
∑n

j=1 εjPj is an isometry whose square is the identity.
It follows that we can define V : X → X by

V x = Π
(
lim
U
V (P1, . . . , Pn)x

)
, x ∈ X, (5.2)

where the limit is taken in X∗∗ with respect to the weak-∗ topology. Clearly, ‖V ‖ � ‖T‖.
We claim that V is also hermitian. Indeed, V is the compression via Π of the operator

Ṽ : X∗∗ → X∗∗ given by

Ṽ x∗∗ = lim
U
V (P1, . . . , Pn)∗∗x∗∗, x∗∗ ∈ X∗∗,

with the limit again in the weak-∗ topology. We shall show that Ṽ is hermitian on X∗∗. By
Proposition 2.1(iv), we need to check only that (Ṽ x∗∗)(x∗) is real when (x∗, x∗∗) is a primary
state on X∗. But this is clear since

(Ṽ x∗∗)(x∗) = lim
U
V (P1, . . . , Pn)∗∗x∗∗(x∗)

and each V (P1, . . . , Pn)∗∗ is hermitian.
Now suppose that R is any band projection on X. Then

V Rx = Π
(
lim
U
V (P1, . . . , Pn)Rx

)
= Π

(
lim
U
RV (P1, . . . , Pn)x

)
= ΠR∗∗ lim

U
V (P1, . . . , Pn)x = RV x, x ∈ X.

It now follows from Proposition 3.4(ii) that V ∈ Z(X), and hence that V ∈ ZR(X). It follows
that M ′VM ′ is also a real multiplier, and thus M ′VM ′ is hermitian.

Let us consider the operator H = MTM +M ′VM ′. Clearly, we have

Hx = MTMx+ Π lim
U
V (P1, . . . , Pn)(M ′)2x, x ∈ X.

If (P1, . . . , Pn) refines the fixed band decomposition (Q1, . . . , Qm), then we can write

M =
n∑

j=1

αjPj and M ′ =
n∑

j=1

βjPj ,

where αj and βj are real and α2
j + β2

j = 1 for j = 1, . . . , n. Then

MTM + V (P1, . . . , Pn)(M ′)2 = Ave
εj=±1

⎛
⎝ n∑

j=1

(αj − iεjβj)Pj

⎞
⎠T

⎛
⎝ n∑

j=1

(αj + iεjβj)Pj

⎞
⎠ .
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Each term on the right-hand side is hermitian since it is of the form U−1TU , with U an
invertible isometry. Thus, MTM + V (P1, . . . , Pn)(M ′)2 is hermitian whenever (P1, . . . , Pn)
refines (Q1, . . . , Qm). Arguing as above, we see easily that H is hermitian. Thus the operator
H −M ′VM ′ = MTM is also hermitian.

Theorem 5.2. Let X be a complex Banach lattice. If T is an hermitian operator on X,
then T 2 is also hermitian. Hence J (X) is isometrically ∗-isomorphic to a C∗-algebra.

Proof. It will suffice to consider the case where X is a dual Banach lattice (for otherwise
consider T ∗ ∈ L(X∗), and note that, if (T ∗)2 is hermitian, then so is T 2 because (T ∗)2 = (T 2)∗).
Then, for all real multipliers M on X, we see that

1
2 ((M + IX)T (M + IX) − (M − IX)T (M − IX)) = MT + TM

is hermitian by Theorem 5.1. On the other hand, i(MT − TM) is hermitian by Proposition 2.2.
It now follows that, if ϕ is any state on L(X), then we have

ϕ(TM) = ϕ(MT ). (5.3)

If M is possibly complex-valued, we can use (5.3) on both the real and imaginary parts to
obtain

ϕ(M̄T ) = ϕ(TM). (5.4)

Since X is a dual Banach lattice, it is order-complete, and so Proposition 3.2 and Lemma 3.6
apply to X.

Now let us show that T 2 is hermitian. By Proposition 2.1(iv) and Lemma 3.6, we need
to consider only a primary state (x, x∗) such that |Tx| � c|x| for some constant c. By
Proposition 3.2, there is a multiplier M such that Tx = Mx. Then, using (5.4), we see that

x∗(T 2x) = x∗(TMx) = x∗(M̄Tx) = x∗(|M |2x),
which is real since |M |2 is hermitian. Thus T 2 is hermitian.

Theorem 5.3. Let X be a complex Banach lattice, and suppose that S1, . . . , Sn ∈ J (X).
Then, for each x1, . . . , xn ∈ X, we have∥∥∥∥∥∥∥

⎛
⎝ n∑

j=1

|Sjxj |2
⎞
⎠

1/2
∥∥∥∥∥∥∥ �

(
max

1�j�n
‖Sj‖

)∥∥∥∥∥∥∥
⎛
⎝ n∑

j=1

|xj |2
⎞
⎠

1/2
∥∥∥∥∥∥∥ .

Proof. We consider the Banach lattice Y = Xn with the norm ‖ · ‖Y given by

‖(x1, . . . , xn)‖Y =

∥∥∥∥∥∥∥
⎛
⎝ n∑

j=1

|xj |2
⎞
⎠

1/2
∥∥∥∥∥∥∥ , x1, . . . , xn ∈ X.

We shall show that, if T1, . . . , Tn are hermitian on X, then

T (x1, . . . , xn) = (T1x1, . . . , Tnxn), x1, . . . , xn ∈ X,

defines an hermitian operator T on Y .
To do this, it suffices to consider the case where X is separable (since, given x ∈ X, we

can pass to a separable sublattice X0 containing x and invariant for each Tj). Hence, we may
assume the existence of a quasi-interior point e with ‖e‖ = 1.
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Let us suppose that y = (x1, . . . , xn) ∈ Xn with ‖y‖Y = 1; set

x =

⎛
⎝ n∑

j=1

|xj |2
⎞
⎠

1/2

.

Now, for each δ > 0, we define

wδ = (δ2e2 + x2)1/2 ∈ X.

Then, for each j = 1, . . . , n, we can find unique multipliers Mj = Mj(δ) such that Mjwδ = xj .
Let L = Lδ be the positive multiplier such that Lwδ = δe. Using a concrete representation, it
is clear that

n∑
j=1

|Mj |2 + L2 = IX

and that, for any v1, . . . , vn ∈ X, we have

n∑
j=1

|Mj | |vj | �

⎛
⎝ n∑

j=1

|vj |2
⎞
⎠

1/2

.

Let w∗
δ be a positive, norm-one functional on X such that w∗

δ (wδ) = ‖wδ‖. We consider the
functional y∗δ ∈ Y ∗ given by

y∗δ (v1, . . . , vn) =
n∑

j=1

w∗
δ (M̄jvj), v1, . . . , vn ∈ X.

It follows from the remarks stated above that ‖y∗δ‖ � 1.
Now

1 � y∗δ (y) = w∗
δ

⎛
⎝ n∑

j=1

M̄jMjwδ

⎞
⎠ = w∗

δ (wδ) − w∗
δ (L2wδ)

� ‖wδ‖ − w∗
δ (Lwδ)

� 1 − δw∗
δ (e) � 1 − δ.

It follows that, if y∗ is any weak-∗ cluster point of the net (y∗δ ) as δ ↘ 0, then y∗(y) = 1 and
so (y, y∗) is a primary state on Y .

We see that

y∗δ (T y) =
n∑

j=1

w∗
δ (M̄jTjMjwδ).

Thus, since J (X) is a C∗-algebra, the operators M̄jTjMj = M�
j TjMj are all hermitian. Hence,

since (wδ/‖wδ‖, w∗
δ ) is a primary state, each term in the sum is real and so y∗δ (T y) is real. Thus,

T is an hermitian element of a C∗-algebra, and so ‖T ‖ coincides with its spectral radius, which
again coincides with max1�j�n ‖Tj‖.

Returning to the general case, let

S(x1, . . . , xn) = (S1x1, . . . , Snxn), x1, . . . , xn ∈ X,

where S1, . . . , Sn ∈ J (X). Then S ∈ J (Y ) and

‖S‖2 = ‖S�S‖ = max
1�j�n

‖S�
j Sj‖ = max

1�j�n
‖Sj‖2.

This completes the proof.
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Theorem 5.4. LetX be a complex Banach lattice, and suppose that E ⊕ F is an hermitian
decomposition of X. Then

‖x+ y‖ = ‖(|x|2 + |y|2)1/2‖, x ∈ E, y ∈ F.

Proof. Suppose that P is the induced projection onto E, and set Q = IX − P . Then the
operator P −Q is an hermitian operator whose square is the identity. We apply Theorem 5.3
with S1 = P +Q = IX and S2 = P −Q, so that S1, S2 ∈ J (X) and ‖S1‖ = ‖S2‖ = 1. Take
x ∈ E and y ∈ F . With x1 = x2 = x+ y, we obtain

‖(|x+ y|2 + |x− y|2)1/2‖ �
√

2‖x+ y‖.

With x1 = x+ y and x2 = x− y, we obtain
√

2‖x+ y‖ � ‖(|x+ y|2 + |x− y|2)1/2‖.

Since ‖(|x+ y|2 + |x− y|2)1/2‖ =
√

2‖(|x|2 + |y|2)1/2‖ by the Krivine calculus, the result
follows.

Theorem 5.5. Let X be a complex Banach lattice. Suppose that E ⊕ F is a decomposition
of X such that, for some 1 � p <∞ with p 	= 2, we have

‖x+ y‖ = ‖(|x|p + |y|p)1/p‖, x ∈ E, y ∈ F.

Then E ⊕ F is a band decomposition.

Proof. The cases where 1 � p < 2 and 2 < p <∞ are distinct, but the proofs are very
similar, and so we shall prove only the case where p > 2. Thus we suppose that 2 < p <∞.

Since tp � t2 for t ∈ [0, 1], we have (|x|p + |y|p)1/p � (|x|2 + |y|2)1/p |x|1−2/p for each x, y ∈ R

with |x| � |y|, and so

(|x|p + |y|p)1/p � ((|x|2 + |y|2)1/2)2/p(|x| ∨ |y|)1−2/p, x, y ∈ R.

By the Krivine calculus, this inequality also holds for x, y ∈ X. It now follows from (3.1)
(applied with θ = 2/p ∈ (0, 1)) that

‖(|x|p + |y|p)1/p‖ � ‖(|x|2 + |y|2)1/2‖2/p‖ |x| ∨ |y| ‖1−2/p, x, y ∈ X.

Now take x ∈ E and y ∈ F with ‖x+ y‖ = 1. Since E ⊕ F is an hermitian decomposition of
X, it follows from Theorem 5.4 that ‖x+ y‖ = ‖(|x|2 + |y|2)1/2‖, and so

‖x+ y‖ = ‖(|x|p + |y|p)1/p‖ � ‖(|x|2 + |y|2)1/2‖2/p‖ |x| ∨ |y| ‖1−2/p = ‖ |x| ∨ |y| ‖1−2/p.

This shows that ‖ |x| ∨ |y| ‖ � 1. However, we know that |x| ∨ |y| � (|x|2 + |y|2)1/2, and so

‖ |x| ∨ |y| ‖ �
∥∥∥(|x|2 + |y|2)1/2

∥∥∥ = 1.

Hence ‖ |x| ∨ |y| ‖ = ‖x+ y‖ = 1.
We can now use Theorem 4.2 to show that E ⊕ F is a band decomposition.

Of course the constraint that p 	= 2 in the above theorem is necessary. For let X = �22, and
set E = {(z, z) : z ∈ C} and F = {(w,−w) : w ∈ C}, so that X = E ⊕ F . For x = (z, z) ∈ E
and y = (w,−w) ∈ F , we have∥∥x+ eiθy

∥∥2
= 2(|z|2 + |w|2), θ ∈ [0, 2π),

and so the decomposition is hermitian. However it is not a band decomposition.
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