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1. INTRODUCTION

A two-person zero-sum differential game can be considered as a control
problem in which these are present two controllers or players, J; and J,,
with directly conflicting interests. The dynamics of the game are described
by a system of differential equations and at the end of the game a (real-valued)
quantity, called the payofl, is computed; this represents the cost of the game
to J;, or the amount received by [, . During the course of the game the
players can affect the outcome of the game, that is the final payoff, by choosing
certain control variables. The greatest payoff that J; can force is called the
lower value of the game whilst the least value the minimizing player [, can
force is called the upper value. Our objective is to study when these values
are the same, that is, when the game “has value.”

In earlier papers [2, 3] we have studied differential games of fixed duration,
that is the game ends after a predetermined length of time. We have shown
that if the Isaacs condition [see (9) below] is satisfied then the game has value.
In the present paper we consider the more complicated situation where the
game ends when the trajectory enters a certain set F, called the terminal set.
The time at which this occurs is called the capture time. In a pursuit-evasion
game the payoff is just the length of time elapsed up to the capture time. This
includes the case of a pursuer P chasing an evader E in some finite-dimensional
space R?. Considering the dynamics of the two players as one system of
equations, the trajectory of the game lies in R??, In terms of the trajectory
variables the terminal set F, that is, the set of points where capture occurs,
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GAMES OF PURSUIT AND EVASION 505

is the diagonal subspace of R?? described by the coordinates of the two
players being the same.

In a generalized pursuit—evasion game, the same again ends when capture
occurs, but the payoff is now the integral up to the capture time of some
nonnegative function &, representing the energy used by the pursuer. A game
of survival is even more complicated in that the payoff is now the integral up
to capture time of a function /# which may be positive or negative, possibly
together with a terminal payoff. Mention should be made here of the work
of Friedman [6-8] and Varaiya and Lin [12], on pursuit—evasion and survival
games. However, our approach is an extension of ideas of our earlier papers
{2, 3].

We study generalized pursuit-evasion games by considering certain
approximating fixed-time games. The main result is that, if a slightly modified
Isaacs condition is satisfied all the approximating games have value and the
limit of their values is shown to be a certain “extended value” of the original
game. Our definition of extended value is slightly similar to one of Friedman
[5, 8], but the details are quite different.

Finally in Section 6 relaxed controls are introduced for survival games and,
in terms of the related relaxed game, the upper and lower extended values are
related to the upper and lower values.

2. NOTATION

A differential game G played by two players [, and J, for the time interval
I =Tt,, Ty] is considered. Many of the concepts defined below, and the
related results, exist if the time interval is allowed to be infinite. As, however,
some of the quantities might then be infinite the situation where 7 < o
will be discussed.

Let Y and Z be two compact metric spaces. A map ¢ : I — Y (resp., Z)
is measurable if for every continuous map ¥ :Y — R (resp., $: Z—R,
the real numbers) the map i o ¢ is measurable in the usual Lebesgue sense
on I. At each time €1, J; picks an element y(f) from ¥ and J, picks an
element 2(f) from Z in such a way that the resulting functions, y: 1 — ¥
and z : ] — Z, are measurable. When selecting y(¢) J, is aware only of the
history of the game up to time #, and a similar restriction applies to J,.
The set of all measurable functions y : I — Y is denoted by .#; the elements
of #, are called control functions for J, . .#,, the set of control functions
for f,, is similarly defined with Z replacing Y.

The dynamics of the differential game are given by the family of ordinary
differential equations:

X = f(ta X,y y(t)s 2(t))’ (1)
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together with an initial condition
x(Lg) = %, .

Here x e R™ and ¢ e l. f is a continuous function from I x R” X ¥ X Z to
R™ satisfying a Lipschitz condition

“f(t> %1%, 2’) _'f(t’ X35 Ys 2’)” < k(t) “ X — Xy ”7 (2)

whenever ¥, %, €R"™, tel, yeY and 2 Z. k is a Lebesgue measurable
function on [ satisfying

[ : K)dt = 4 < co. 3)

Throughout the game the player [, chooses y(t) so that the final payoff,
defined below, is as large as possible, whilst the player J, tries to make the
final payoff as small as possible. We distinguish three types of differential
game according to the form of the payoff P. First we have games of fixed
duration where

P = u(s() + [ Bt 3, 5(2), 2(0) dr @)

Here #:1 X R® X Y x Z— R is continuous and p is a (nonlinear)
real-valued continuous functional on the Banach space C(I)™ of trajectories
in R™. These games are treated in our paper [3].

Secondly, suppose F is a closed subset of R™t! such that

[T,, ©) X RmCF. )

F is called the terminal set. Given a control function y(¢) for J; and a control
function 2(t) for J, the conditions (2) and (3) imply there is a trajectory x(z)
which satisfies (1) almost everywhere, and the condition (5) implies there is
a smallest value of ¢, #z(x), such that (¢, x(¢)) € F. tz(x) will be called the capture
time of the trajectory x(z). Suppose now that P is of the form

tple)
P = glir, o(te)) + | bt 5(0), 3(0), 2(2) db, ©)

where as before 4 is continuous and g : R™ — R is continuous. Such a game
is called a game of survival (Friedman [7]).

A particular case of a game of survival is obtained if we take g = 0 and
k= 11in (6). The payoff P is then just the capture time Zz(x) so the player [, ,
called the evader, is trying to avoid capture and make #,(x) as large as possible
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whilst J,, the pursuer, is trying to make t;(x) as small as possible. Under
these conditions G is called a pursuit—evasion game.

Finally, if g = 0 and % > 0 then G is called a generalized pursuit—evasion
game.

3. STRATEGIES AND VALUES

The problem of assigning a value to a differential game has been approached
in at least three different ways [3-5]. We shall follow a method first suggested
by Roxin [11] and adopted in our previous paper [3]. However, the reader
should also be referred to the alternative definition given by Friedman [5].
It is not certain, except in the special case of fixed-duration games, that
Friedman’s concept of value coincides with the one used here.

A map o : M, — M, 1s a strategy for [, if whenever

2i(t) = z,(t) ae t<t<hy
then
azyt) = azy(t) ae L <E< Y.
The set of strategies for ], is denoted by I'. We say « € I is a delay strategy
if there exists s > 0 such that whenever
24(1) = 24(t) ae L <t<th
then
az(t) = azy(t)  ae 1ty <t < min(Ty, ¢ 4+ 9).

The set of delay strategies is denoted by I, . The value for « € I' is defined as
u(w) = inf(P(az, 2); 3 € M ,).
We then define
U = sup(u(x); a € I),
V= = sup(u(e); a € I).

Note that I~ as defined here corresponds to ¥=(0) or U+(0) in [3, Section 2].
It is not clear that Theorem 3.4 applies to survival games so it is not obvious
that V™~ coincides with the V'~ defined by Friedman [5, 6, 8].

Similar definitions are made for the set of strategies 4 and delay strategies
Ag for J, . For B € 4 we define

o(B) = sup(P(y, By); ¥ € M),
V' = inf(v(B); B € 4),
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and

V+ = inf(v(B); B € 4).

From the definitions it is clear that V- < U; it also follows that U < V+.
For if « € I'and 8 € 4, then by an inductive construction one can find controls
»(t) and () such that

ag =7, ﬁy:z.

[As B is a delay strategy one can initially construct 2(2) for 2, <t < ¢, + s,
for some s. From this y(2) for #, < ¢t < #, -+ s can be determined. This
process is then repeated.]

Thus
P(oz, 2) = P(y, By)
S0
u() < o(B).
Thus
U<,

A more detailed argument is given in [3, Section 2] for fixed-time games. It
follows that V- << U, V < V*+. G is said to have value if V— = V+ and
weak value if U = V.

Finally we quote the principal result from our paper [3] on games of fixed
duration. (See also [2] and Friedman [8].) We assume, therefore that the
payofl is given by (4).

Define

Fé(t, %, p) = minmax (Y. p.filt, %, 2) + h(t, 2,3, %))
i=1

zeZ yeY
— min max (p - f + 4) )

forpeR™, xeR™and tel.
Similarly

F(t, x, p) = max min (p - f + k), @)
forpeR™ xe R and tel.

DermnitioN 3.1.  The game is said to satisfy the Isaacs condition if

Fi(t, %, p) = F~(, %, p). ®
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TueoreM 3.2. If the Isaacs condition is satisfied the game G, defined by (1),
(2), and (4) has value, i.e.,

Vt=V- (= Vsay).

This is the main result, Theorem 10.1, of [3].

4. EXTENDED VALUES
In this section we discuss an alternative concept of value convenient for
games of survival. Our approach is slightly related to that of Friedman [5];
however, the details differ considerably from those of Friedman.
Consider a game G defined by (1), (2), and (6). Define the real-valued
function = on I by

o(t) = [ e, (9, 500, (9 de (10)

and consider the map t — (x(2), 2(t)) from I into R™1, Lemma 3.3 of [3]
tells us that the set of all possible trajectories in R™+! is relatively compact in
the Banach space of continuous R™+1-valued functions on I.

An approximate strategy 4 for player J; is a sequence (w,,) of delay strategies,
i.e., a, € I'; for all #. Similarly, an approximate strategy B for J, is a sequence
of delay strategies. Corresponding to a pair (4, B) we may determine a payoff
as follows, Since «, and B, are each delay-strategies there exist unique
By €My, V,EMy With a2, =, and B8,y, = 2, (see [3, Section 11]).
The controls (y,(t), 2,(f)) induce a trajectory (x,(z), z,(t)) in R™1, By the
relative compactness of the set of possible trajectories the sequence (x,(2), z,(t)
has at least one accumulation point (%(£), z(t)). For each such accumulation
point we determine the payoff

P = () + 2= (D),

where £ is the first time £ > £, with &(f) € F; the set of such payoffs is called
the payoff set P(A, B) of the pair 4, B. Now define

V,+ = inf sup (sup P(4, B)), (11)
B 4

V,~ = sup inf (inf P(4, B)). (12)
4 B

G is said to have extended value if V,* = V,~ (= V). Further, a pair of

approximate strategies (A *, B*) is an approximate saddle point if for any other
pair (4, B)

P(4, B¥) < P(4*, B¥) < P(4*, B)
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(where we say S; < S, for two subsets Sy, S; of R if §; < 5, whenever
5, €5y and s, € S,).

We now restrict attention to generalized pursuit-evasion games with a
payof given by

P = [ e, (0) (0), 5(0) dt,

where 2 > 0. We shall relate the extended value to properties of the ordinary
value when the terminal set F is varied. For ¢ > 0 let F, denote the set of
(¢, x) € R™*1 with p(t, x) = distance of (¢, ) from F < e. F, is then a closed
subset of R™*, Consider the generalized pursuit-evasion game G, with
terminal set F, replacing F. The upper and lower values of G, will be denoted
by V+(F,) and V—(F,).

THEOREM 4.1.
lei_r,r(} VHF,) = V,*

and

lim V~(F,) = V,~.

Proof. Clearly, as e — 0, VH(F,) and V—(F,) increase to some limits /; and
I, , respectively. It is, therefore, sufficient to consider the sequence V*(Fy,,)
and V-(Fy,,). For each n there exists a delay strategy §8,* for the pursuer J,
such that

a(Bn™*) < VH(Fypm) + 1

(where ©v,, denotes the value in the game G,,,). Consider the approximate
strategy B* = (B8,*) and suppose A = (a,) is an approximate strategy for
the evader. Then there is a2 unique sequence y,, € #, with

oﬁnlgn*_‘yfm =Yn

and (v, , B.*y,) induces a trajectory (x,(2), z,(¢)) in R**L. Let ¢, be the time
at which x,,(2) first enters F, ,,, so that we have

@, (t,) < VH(EFL,) + 1/n.

Suppose (x,,(£), 2n(t)) is a convergent subsequence of the trajectories
(x%n(2), z,()) converging to the trajectory (%(2), z(2)); we may suppose,
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selecting a further subsequence, that ¢, — I for some #. Then we clearly
have #(2) € F so that the payoff P of (%, Z) satisfies

P < (%)
= }i_ﬁg zﬂk(t’l'lq;,)
< lim VH(Fyn) = L.
Thus
P (A, B *) < l1
and so
Vi<, (13)

However, if B = (8,,) is any approximate strategy then for a fixed ¢ we may
select control functions y,, € .4 with

Pe(yn ’ B'nyn) = V+(FE) - € (14)

Define A then to be the approximate strategy («,) where o,z = y, for any
2EM,.

Let (x, , z,) be the sequence of trajectories of (4, B) and suppose some
subsequence (x,, , xnk) converges to the trajectory (&, ). If £ is the first time
at which (g, x(t)) is in F' then P = 2(f). For large enough %, (f, «, (D) eF,
so that

Pd Yy » BryIn) < @ (E)-
So by (14)
@(f) = VHEF) — ¢
and taking limits
VHEF) — e < 2(2).
Thus
P(A,B) = VH(F) —«
S0
Ve > lim (VH(E) — <
=1.
Combining this with (14) we obtain

Vi =1.

505/12(3-7
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Consider now V,~. First observe that there exists a sequence (a,*) = A*
of delay strategies for the evader (J;) with

un(o‘n*) = V—(Flln) - 1/”

Consider, for a fixed &, the “constant” approximate strategy A = (o;*),
ie., Ay = (o) where oy, = o * for all z.

For any B = (B,) let (x, ,=,) be the trajectories induced by 4, and B,
and suppose for some subsequence (x,, , =, )— (¥, z). Let # be the first time
that (#, #(f)) e F. For large enough p we have

(% xn,,(i)) el
so that u(o.*) < y, (£). As p — o0 we obtain

ui(oy*) < Z(0).
Therefore
VAFip) — 1/k < P(4, B)
so that

LK<V, (15)

Conversely, given any approximate strategy 4 = (a,) we may determine
2, € M, with

Pl/n(anzfn s zn) < V‘(Flln) + 1/"

Defining B,y = 2, we obtain an approximate strategy B = (8,) for the
pursuer. Then we may show as above that

P(4, B) < lim Py, » %)

<l
so that
Vo <h. (16)
Combining with (15)
Vi =1,

COROLLARY 4.2.

lim V,+(F) = V.,
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and
lin(} Va(F) =V, .
Proof.
VAR = lim VH(E,)

by the theorem so the result is immediate; similarly for V.

In the special case of an ordinary pursuit-evasion game, where ;= [,
we can interpret these results as follows. The game has upper value T if
the pursuer can in any time T+ + ¢, € > 0, guarantee to force the evader
into the terminal set. However, for the extended upper value T',* the pursuer
can in any time T,* + ¢ only guarantee to force the evader arbitrarily close
to the terminal set.

5. ExTENDED VALUES IN GENERALIZED Pursurr-EvasioNn GamEs

In a generalized pursuit—evasion game the pursuer’s problem is to minimize
the amount of “energy”

a(t) = Jz h(s, x(s), y(s), 2(s)) ds

consumed in forcing x(¢) into the terminal set F. Let us now consider a
related fixed-time game in which the pursuer is “given” a fixed quantity of
energy to drive as close as possible to the terminal set. That is, we consider
the game Gy, defined by

dx/dt = f(t, x, , %),

(17)
dz/dt = h(t, %, y, %),
with initial conditions
(o) = % #(t)) =0
and payoff
pelx("), 2()} = inf{p(t, 2(1)) 1 2(t) < B, < t < T, (18)

where E > 0 is fixed.
We make two assumptions on h: first we assume that / satisfies a Lipschitz
condition in x, i.e.,

| A2, %y, 3, B) — A(t, 25, 3, 2)] < Ky(2) || % — %5, (19)
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where, as in (2)
T
f Ky(t) dt < oo.
§

0

We also assume that % is bounded away from zero, i.e.,
h(t, %, 9,2) = ky >0 (20)

for all (¢, %,9,2)el X R™ X ¥ X Z. These two assumptions enable us
to use results from the theory of fixed-time games on Gy . Assumption (19)
guarantees that the equation (17) satisfies a Lipschitz condition of type (2).
From assumption (20) we obtain

LemMa 5.1.  pg is uniformly continuous on the set of possible trajectories in
Gy, [considered as a subset of C(I)™+].

Proogf. Let X denote the set of all possible trajectories; i.e., all solutions
of (17) for measurable functions y(f) e .#,, 2(t)e.#,. As observed in
Section 4, X is relatively compact, so in particular the set of all attainable
points in R™! is bounded. Therefore, there is a uniform bound for f, i.e.,
for (x,#z)e Xandye Y, zeZ

17, (2), 3, 2)| < M. (21)
Also we have a lower bound for 4, so that
da|dt > h, . (22)
We now show that uz is uniformly continuous on X. For ¢ > 0 take
8 = hyef(hy + M + 1). (23)

Suppose (%, , 2,) and (%, , 2,) € X are such that

sup [l3() — m@ + sup [ent) — 2l <5 (24)
ty<E<T, o <ET,
Then
pE(®y , 21) = p(ty 5 2(21)) Hh <H KT,
where
z(t) < E.
By (24)

aot) SE+3
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and by (22) it follows that there exists #," with

<t <ty

and
zo(t) < E 25)
t, —t' < k.
Combining (25) and (21) we have
I 2e,(2,) — (2, < Mhg's. (26)
However,
[l 2(21) — 2,2l < 8,
and so
(8, 2,(,")) < ppla, , 2,) + B8 + Mh;'8 + 8
< pe(®, 21) + e
Hence
pE(Xs s 2g) — pp(¥%1,21) <6
and by symmetry
| ps(ey , 2) — pp(® )| < e 27)
We now introduce the “reverse Isaacs condition™:
DerinttioN 5.2. G satisfies the reverse Isaacs condition if for p e R™
min max (p:f—h)=maxmin (p - f — k). (28)

2€7 yeY yeY zeZ

If G satisfies (9) (the Isaacs condition) and (28) we shall say that G satisfies
the extended Isaacs condition.

LemmMa 5.3. G satisfies the extended Isaacs condition if and only if for all
peR™ geR

min max (p - f + ¢h) = max min (p - f + gh). (29)

2eZ yeY
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Proof. For g 7 0 (29) follows from (28) or (9) by multiplication by | ¢ |.
For fixed p € R™ the functions

g — mmn max (p - f + gh),
q — max min (p - f 4+ gh),
v
are continuous, so that (29) follows also for ¢ = 0.

TaeoreM 5.4. If G is a generalized pursuit—evasion game satisfying (19),
(20), and the extended Isaacs condition, then for each E >0, Gy has value,
denoted by V(E).

Proof. By Lemma 5.1 and the Tietze extension theorem we may suitably
define py off the space of possible trajectories in Gy, so that  is continuous
on C(Iy™+1. Thus Gy is a game of the type described by (1), (2), and (4). Also,
the Isaacs condition for G takes the form (29) so that, by Lemma 5.3, we can
quote Theorem 3.2 to assert that G has value, V(E).

The function % is bounded on the set of possible trajectories, and so for
large enough E

sl @) = inf(p(t, 2(0); (t) < B, 1 < 1 < T)
=0.

That is, V(E) = 0 for large enough E. Clearly V(E) decreases in E, so we
make the following definition.

DEFINITION 3.5.
E* = inf(E : I7(E) =0). (30)

Tueorem 5.6. If G is a generalized pursuit—evasion game satisfying (19)
and (20) and the extended Isaacs condition, then G has extended value E*, i.e.,

V. =V,~ = E*%
Proof. Suppose € > 0. Then there is an E, with E; << E* + € and
V(E) = 0.

Hence, there exists a delay strategy g for the pursuer whose value 2 (8) in
GE]. satisfies

vEl(ﬂ) <e
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For any control function y(t) € #, for the evader let (x(2), «()) be the trajec-
tory corresponding to (y, By). Then pp ((2), 2(f)) < € and so for some 7,
with 2, < 1. < Ty,
x(ts) < El

and

p(t., %(t)) < e (31)
Now consider the delay strategy 8 in G, (see Section 4 above). By (31) the
payoff P, corresponding to (y, By) satisfies

7

p<| : K, =(5), ¥(s), 2(s)) ds

= (t,)
< E,
so that
v(B) < E; .
Hence

VHF) < E
< E* + e
Letting ¢ — 0 we obtain by Theorem 4.1
V< E*. (32)
Conversely, if 0 << E < E* then
(E) >0
and so there exists a delay strategy « for the evader with
() = 29 > 0. (33)

If 2(2) e #, is a control for the pursuer then (az, 2) induces a trajectory
(%(2), =(t)) satisfying
B, 5(2)) = 21
whenever
z(t) < E.
Consider o as a delay strategy in G,; then #,(a) > E so that
V-(F,) > E.
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Letting n — 0
V> B (34)
by Theorem 4.1. Hence, combining (32) and (34)
V,-= V4 = E*,

Turorem 5.7. If G is a gencralized pursuit—evasion game satisfying (19)
and the extended Isaacs condition, then G has extended value, 1.e.,

Vit =V, .

Proof. For each n consider the game G with the same dynamics and
initial conditions as G, but with payoff

iF
P — [ H)(s, x(5), 3(s), 3(6)) 5, (33)
ty
where
h™(t, %, v, 3) = h(t, x, y, 2) + 1/n.

Then G™ satisfies (19), (20), and the generalized Isaacs condition, so that
by Theorem 5.6

VHG™) = VG,

For € > 0 we consider the game G!™ with terminal set F, and payoff

P = [[7 B 519, 509, 59 . (36)
For fixed controls y(s), 2(s)
| P — P, | < (1n(To — to),
where P, is the payoff in G, . Hence it follows that
| VHG™; F) — VHE) < (1/n)(T, — o),
| VAG™; F) — VA(F)| < (1n)(To — 1)

and so as n — o0
VH(G®; ) — VHE),
V~(G"™; F)— V~F.)
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uniformly in € > 0. In particular

lim lim VHG"™; F,) = V,*

n->0 €0
and

lino‘JL0 leing V(G F) =V,
Therefore

V= lim V+(F,)

= lim lim VH(G™; F)

>0 n->w

= lim lim V+(G™; F,)

n-wo >0
= lim V,5(G™)
1>

= lim V,7(G™) by Theorem 5.6.

n->0

= lim lm V~(G"™; F,)

n>0 >0

= lim V~(F) = V.

Remarks. In the special case of a pursuit-evasion game, that is, 2 = 1,
Theorem 5.6 has the following interpretation. For each fixed T < T the
fixed-time game Gy over the interval [,, T] is considered, with dynamics
given by (1) and payoff

P = ,U'T(x) = tuér%ngp(t, ac(t))
For such a game the Isaacs condition takes the form

min max p f = max min - f. 37)
If (37) is satisfied the game Gy has a value V(T) and for large enough T

(T) = 0.
Write

T* = inf(T : V(T) = 0).
An immediate consequence of Theorem 5.6 is the following result:

CoroLLARY 5.8. If the Isaacs condition (37) is satisfied then in a pursuit-
evasion game

Vit =V, =T
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The conditions imposed on G in Theorem 5.7 do not seem the best possible.
Condition (19), a Lipschitz condition on &, is only necessary to ensure that
G is of the same type of game as that studied in [3]. It would seem likely that
this condition may be removed altogether. Another, apparently superfluous,
condition is the reverse Isaacs condition (28). This condition is intuitively
unnecessary for the existence of value, although its removal seems to present
severe technical difficulties. However, the extended Isaacs condition is not
too restrictive. Two main practical cases are covered by this condition: the
case of separated variables studied by Friedman [5, 6, 8] when

ft %y, 3) = filt, x, y) + folt, %, 2),
h(t, %, 5, 3) = by(2, x, ¥) + ho(2, x, 2),

and the case of relaxed controls studied by the authors and Markus [1, 3]
(see Section 6 below). In both these cases Theorem 5.7 is valid.

6. APPLICATIONS OF RELAXED CONTROLS

In [1] the authors in collaboration with Markus applied the ideas of
relaxed controls, already studied in control theory by Warga [15], to differential
games. Essentially, one idealizes the possible controls available to each player
by extending them to include probability measures on Y and Z. At any time ¢
J1 may choose an element from the space A(Y) of regular probability
measures on Y similarly [, may choose from A(Z). The spaces A(Y ) and A(Z)
are topologized in a natural way so that they become compact metric spaces
(see [1, 15] for details); the functions f and % are extended thus

ftwo ) =[ [ ft,5y,2)dr(s) dofy), (38)

h(t, %, 0, 7) = J'Y J'z h(t, x, 9, ) dr(z) do( y), (39)
so that
[:I xR™ x AY) x A(Z)— R™,
h:IXR™ X AY) X AZ)y—R

are continuous, and both satisfy a Lipschitz condition in x of the same type
as satisfied by the original f and A. We shall refer to a game in which both
players may use relaxed controls as a relaxed game.

LemMa 6.1. In a relaxed game the extended Isaacs condition holds.
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Proof. For peR™, the equations (9) and (28) follow from the fundamental
theorem of two-person games over compact convex sets due to Wald [14]
(see also von Neumann [13]).

In the relaxed game the spaces .4, and .#, of available control functions
are replaced by the spaces #,* and .#,* of measurable maps ¢ : I — A(Y)
and 7 : I — AZ(). We may identify .#,* as a compact subset of the dual of
the Banach space LY(C(Y)) of integrable functions ¢ : I — C(Y) with the
weak* topology; we similarly topologize .#,*.

Lemma 6.2. For fixed «(t)eMy* the map Z,:. % — (CI)" is
continuous, where C(I)™t' is the Buanach space of comtinuous R™1-valued
Junctions on I and Z (a(t)) is the solution of

dx|dt = f(2, %, o(t), 7(t)),
dz|dt = h(t, x, o(t), 7(t)),

subject to x(t,) = x, and z(ty) = 0.

Proof. See [1] or [15]. Note that .4, * is metrizable.

Next we topologize the space of possible maps « : M#y* — #,* by the
product topology (#,*)*2"; the set of strategies for J, is then a subset of this
space.

Lemma 6.3.  The set of strategies is closed and, therefore, compact.

Proof. See [3, Theorem 11.2].
We now consider the effect of relaxed controls on extended values for
games of survival.

TueoreM 6.4. Let G be a relaxed game of survival: then we have
U=V,
Vv
Proof. By the definition of V,~ [Eq. (12)] there exists an approximate
strategy A* = («,,*) such that: inf, inf P(4*, B) > V,~ — ¢. Let o* be any
cluster point of A* in (#,*)*1". Then o* is a strategy. Let 7 = 7(t) be any
fixed control function in .#,*. Then X («*7) is a cluster point of X («,*7) in

C(Iy=tt. Define B = (B,) by B,(c) = 7 for all n. Then B is an approximate
strategy and P(a*r, 7) € P(4%, B). Therefore

u(«*¥) > inf inf P(4*, B)
Ve‘ — €

3

\Y%
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s0
U=supule) =V,

The other inequality is similarly proved.

CoROLLARY 6.5. In arelaxed game of survival V,- < V¥and V,*t = V.
If G has value and G has extended value, then they are equal.

THEOREM 6.6. Let G be a relaxed generalized pursuit—evasion game satis-
Jying (19). Then G has extended value V, and

V,=V-"=V <UL+

Proof. By Theorem 5.7 and Lemma 6.1 G has extended value, i.e.,
V.t =V, =7V,, say. Then by Theorem 6.4 V- < V < V,. For any
€ >0 V~(F) < V- and so by Theorem 4.1,

lim V~(F) =V, =V, < V-

Hence
V,=V-=V

and the remaining inequalities follow.
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