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ABSTRACT. We provide an unified approach of results of
L. Dor on the complementation of the range, and of D.
Alspach on the nearness from isometries, of small into-
isomorphisms of L!'. We introduce the notion of small
subspace of L!, and show lifting theorems for operators
between quotients of L! by small subspaces. We construct
a subspace of L' which shows that extension of isometries
from subspaces of L! to the whole space are no longer true
for isomorphisms, and that nearly isometric isomorphisms
from subspaces of L' into L' need not be near from any
isometry.
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I. Introduction. The Banach space L! is of fundamental importance
for Fourier analysis, probability theory, and many other fields of pure and
applied analysis. However, its Banach space structure is not yet fully un-
derstood. In particular, the study of operators from L! to L' lead to simply
stated but apparently very hard problems: for instance, it is not known
whether a complemented subspace of L! is necessarily isomorphic to L! or
0! (see [35]). A major tool for handling operators on L!(Q) is their rep-
resentation through a “matrix” whose “rows” are indexed by the points of
Q and consist of measures on Q ([18]; see also [9]). This representation
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will play a major role in the present work, together with duality arguments,
which will allow us to use methods and results from the isometric theory of
Banach spaces. We will focus on several natural aspects of operator theory
on L': perturbation of operators which are close to isometries, lifting of op-
erators between quotient spaces, extensions of operators defined on linear
subspaces. Such questions have of course been considered before and im-
portant theorems have been obtained (see e.g. [1], [7], [8], [15], [19], [21],
[32], and references therein). Our work provides on one hand alternative
simpler proofs to some known theorems, which are subsequently improved,
and on the other hand new statements. We now turn to a detailed descrip-
tion of our results.

Section II begins with a simple inequality, whose proof relies on Gaus-
sian randomization, which provides a control of the atomic part of norm-
increasing operators (Lemma II.1). This inequality leads to a unified ap-
proach to Dor’s complementation theorem (Theorem I1.3) and to Alspach’s
perturbation theorem (Theorem II.7). These two results follow from a
Hahn-Banach argument applied to the atomic part of the relevant oper-
ator, considered as taking values in a vector-valued L'. Let us mention
that our approach provides a quantitative improvement of Alspach’s theo-
rem, but do not improves the constant v2 in the statement of Dor’s result.
The new notion of “small subspace” is introduced in Section III (Defini-
tion III.1). Roughly speaking, a “small subspace” is a subspace of L! which
is nowhere “locally equal” to L'. Operators which have a non trivial “di-
agonal” in their “matrix” representation are denoted strong Enflo operators
(Definition II1.3). The link between these two notions is that operators
which take their values in a small subspace are not strong Enflo; in fact,
more is true (Proposition I11.6). Small subspaces are studied within the class
of translation invariant subspaces; it is also shown that a closed direct sum
of two small subspaces is small (Proposition II1.9). Smallness of spaces is a
crucial concept in Section IV, which is devoted to the lifting of operators
between quotient spaces: the main result of this section is that, if X and Y
are small subspaces, and the quotient spaces L'/ X and L!/Y are close to each
other in Banach-Mazur distance, then there is an isomorphism of L! which
maps X close to Y with respect to the Hausdorff distance (Theorem IV.3).
When one of the spaces X or Y has the lifting property (e.g. if one of these
spaces is complemented in its bidual), it follows that there is an invertible
operator of L' which maps X onto Y (Corollary IV.8). This result can be
seen as a substitute in L' of a theorem of Lindenstrauss and Rosenthal on
01 ([24]; see [25], Th.2.£.8). Note, however, that the quantitative behaviour

of the liftings is actually better in the L! case (see Remark IV.9). Finally,
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Section V provides a counterexample, showing the “sensibility over €” of the
positive results obtained so far about isometries: there is a subspace X of L!
such that, although isometries from this space into L' extend to isometries
of the whole space L!, there are linear maps T from X into L', which are
arbitrarily close to isometries, and such that no small perturbation of T is
actually an isometry from X into L'; in particular, these “near isometries”
do not extend to near isometries defined on L! (Theorem V.1). This space
X is arbitrarily close in the Banach-Mazur sense to weak-star closed sub-
spaces of ¢!, though it is far in the Hausdorff distance of any subspace of
L' spanned by disjoint functions; hence, although it has a strong “¢'” be-
haviour (for instance, its unit ball is compact locally convex in measure, see
[12]), it cannot be decomposed into essentially disjoint finite dimensional
parts (compare with [7], [33]). The construction of X makes a crucial use
of p-stable random variables with p close to 1.

Our notation is classical. All the Banach spaces we consider are indiffer-
ently real or complex, except in Section V, where we work only in real case.
All the measure spaces are separable and purely non-atomic, and the mea-
sures are (unless other stated) probability measures; hence the corresponding
L'-spaces are isometric to L'(0,1), but for convenience we use sometimes a
more general probability space. When writing L'([0,1],m), we understand
that m is a Lebesgue measure. The following representation of operators on
L' ([18], Theorem 3.1) will be very useful: for every operator T : L! — L!
there are measures py, with x — p, weak*-measurable, such that, for almost
every x,

1 +oo 1
R)  Tflx) = L F© dpe(s) = S an(x) f(on(x)) + JO F($)dve(s),
n=1

where 3% an(x) 8, (x) and vy are the atomic and continuous part of piy.
Section III and IV are essentially independent of Section II.
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IL. Projections and small into-isomorphisms of L'. In this section,
we provide a unified approach to results of D. Alspach and L. Dor on iso-
morphisms from L! into L' with small bounds. A short proof of the special
case of convolutors, which points towards the main lemma, will be given at
the end of the section (see Remark I1.8). The key result of this approach is
the following lemma:

LemmalIll. Let T :L'([0,1],m) — LY([0,1],m), and write
o 1
TF(s) = Y an(s)f(onls)) + | FOdvs(t),
n=1
Suppose that | Tfly = || £y for all f € L. Then, for all f € L',

1fll < H(émk(sw |f<ok<s>>|2)”2Hl.

Proof. Let (yi) be a sequence of i.i.d. Gaussian (real or complex) ran-
dom variables on a probability space (Q,P), normalized in L!. For any [ > 0,
we let

k-1 k
[ _ l
Dk—[izl ’721[’ 1<k<?2,

be the dyadic intervals of level L.
Fact. Let v be a diffuse measure on [0,1]. Defining

ol

Q1= > [v(DpI%
k=1

one has lim; @; = 0.

Indeed, @; < IV, - maxy (|v(DY)1), since (3 [Ak]?) < (3 |Ak]) - (max|Ag])
for every sequence (Ag) of scalars. Since v is diffuse, this maxy tends to 0
when [ goes to infinity, and the conclusion follows. O

Let now p be an arbitrary measure on [0, 1]. Let us write

[ee]

p=> anbx, +v=0+v,
n=1
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where « is atomic and v is diffuse. For any I and N = 2!, one has

N N
D lpDPI1? =D (DY) +v(DY)I?,
k=1 k=1

and from the Fact, it follows easily that

N 0
(1) lim > 1p(DH12 = > lanl®
N k=1 n=1

We now denote D! = Dy, and for a given N = 2L, any w € Q, and any
f € L', we define

N
fw = z Yk(w)lef-
k=1

With this notation, one has
J I foolls dP(cw) = ” | foo (8)] d AP ()
Q [0,1]xQ2

N
], Sy (0 (0] dtae ()
N
- (kzl |yk(w>|jDk F®Oldt)dP() = £
and it follows from the assumption on T that, for any f, one has
1l < | 1Tl dP(co).
Q
We now use the representation (R) of T
1 00 1
Ry Tf(s) = L F®) dus(t) = > an(s)f(on(s)) + L f(E)dvs(t),
n=1

and for any given f € L! we define, for all 5, a measure ps by dp;s = f - dus.
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With this notation, one has

N

T(fw)(s) = > yr(w)ps(Dy),

k=1

and thus, by Fubini’s Theorem,
1 N
[ iromare = | | | S vu(@)p(Du)| apiw)ds

N
- jl(z os(Dp ) " ds.
0 k=1

It follows that
1 N
1l < | (X lpsoor) " ds.
0 k=1

On the other hand, by applying (1) to p = ps, we have for almost every s:

1/2

N )
lim (3 1p(D01)" = (3 lan(s) f(on(sHI)
k=1 n=1

Since (R) implies that
losll < ITICLFD(s),

we may apply the dominated convergence theorem, and it follows then that

B

1 = |[( S law) P 1 oesni?)
k=1

which is Lemma 1. g

LemmaIl2. Let T :L'([0,1],m) — L'([0,1],m) and « = 1 be such that
Il flli = ITf1lh = Ifllh for all f € L'. Write

00 1
TF(s) = S an(s)f(on(s)) + L FO)dvs(t).
n=1
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Then, for all f € L,
(%) | > 1an)1 £ (@], = «llfh,
n=1
(k) o« HIflh < ||mélx|an(5)| |f (an(s)I .
Proof- It follows e.g. from (R) that || |T| || = ITl, hence || ITI(/) <

|l f 1, which shows (x). For (%) we observe that, for any s € [0, 1],
(ki ()2 1f (or(sn2)
=
< (ki ax() 1 (o)1) (maxlax(s)] [F(on(sND'2,
-
hence by the Cauchy-Schwarz inequality

H(killak(mz o) |

1
1

< i lax(s)] [f(ok(s))] . ||max|ax(s)| |f(or(s)I ]}
k
k=1

It follows now from (*) and Lemma 1 that
£ = V&ALl maxlar ()| Lf (oesnIL,

which shows (x). O

Lemma I1.2 allows us to show the following theorem due to L. Dor ([7],
Corollary 3.3) through a Hahn-Banach argument, distinct however from
the original argument ([7]). Note that we do not have the better constant
1.6 obtained by L. Dor in the real case.

Theorem I1.3. Let T : L' — L' be an isomorphism into L' such that ||T|| -
1T < V2, with T™' : T(L') — LY. Then T(L") is a complemented subspace

of L'.
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Proof. We may and do assume that T satisfies the assumptions of Lemma
1.2, with & < v2. Define ¥ : L' — L'(¢co) by

Y(f) = (lan(s)] f(on(S)))n=1.

Note that, by (), ¥ actually takes its values in L!(#1). By (%), we have
IV ()i =« HIfll forall feLl.

Hence, there exists F € L' (co)* = L®(¥;), with F = 0, |F|| < «, such that
1
J f(s)ds = F[Y(f)] forall feL'.
0
That means there exists a sequence (by)n>1 of positive functions such that
15 bt <
n=1
and
1 1 o
{ f(s)ds = J > bu(s)an(s)|f(on(s))ds forall felL'.
0 0 n=1
Choose disjoint measurable subsets E,,, n > 1, of [0,1] x [0, 1] such that

by (s)
X

m{x | (s,x) € E,}) = forall s €[0,1], n = 1.

We define U : L'([0,1]) — L'([0,11?) by
Uf(s,x) = > an(s)f(on(s))1g,(s,x).
n=1

For any f € L', one has

1 [e)
10l = [ 3 22 lan (o)l 1 on(s)lds = i
n=1

X
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Hence U(L') is isometric to L!, and it follows (see [22], Chap. 6, Section
17, Theorem 3) that U(L!) is 1-complemented in L'([0,1]?).
Define T : L'([0,1]) — L'([0,1]%) by

00 1
Tf(5,%) = TF(s) = 3 an(s) flon(s) + | fandvsu.
n=1

If we denote

1
Uf(s,x) = JO Fandul ),

1 _
Tf(s,%) = | fadul o ),

then clearly
s ) = Ak($)gy(s)

for the unique k > 1 such that (s,x) € E, and

Me

U(j;,x) = an($)0g,(s) + Vs,

n

1

for all (s,x). Hence, we have

H(J;‘_XU) = Z an(s)éa'n(s) + Vs,
n#k

and it easily follows that
IT|-|U|=|T-U|=0.
Note that for all f € L':
1UIA L = 1UFIL = %nfnl.

On the other hand,

T = LTI < «dlf
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Hence, for any f = 0,

[T =UIO I = ITI) = 1O =[] ITHO N =] U I
< (x—a HIfll = (e =DIUSLI:.
Observe now that U maps disjoint functions to disjoint functions, hence if
f=rt-r
UL =101+ 10U
and thus for any g € L%:

(2) I(T -WU)glh < (o = D)IUgll = BlIUGI-

Since « < /2, we have B = «* =1 < 1. Let IT : L'([0,1]%3) — U(L!) be a
projection with [[IT|| = 1. It follows from (2) that ITj7;1) is an isomorphism
from T(L') onto U(L!).

Let S ="' : U(L') — T(LY). It is easily seen that STI defines a projec-
tion from L!([0,1]?) onto T(L'). Restricting SII to the functions which are
independent of x, gives a projection from L! to T(L!). O

Our goal is now to provide a similar approach to Alspach’s result on
near isometries ([1]). We first prove:

Theorem IL4. Let T : L' — L be such that
olflly = T = 1fll - forall feL.
Then for each € > 0, there exists an operator S : L' — L' of the form
N
Sef(s) = gle(S)f(o'k(S)),

and such that
IT -S|l < (x—1) +&.

Proof. We consider again

Y(f) = Uan($)| f(on($)))pn=1,

but this time as an operator from L! to L' (¢,). By Lemma 1, we have for all

f
If 1 < YO L ey
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Since L' (£)* = L® (), there is (by)n>1 With b,, = 0 such that

[(Ze) ™. =1
L D bu(s)|an(s)|f(on(s))ds = Jolfds,

for all f. We may and do redefine the an, by, oy’s in such a way that
b, = by > ---;hence 0 < by,(s) <1/yn forall s and n. Then

J:‘ i b"(s)“n(s)f((fn(s)))ds

n=N+1

— lan(s)| | f(on(s))lds < NI - 1SN,
= w2 f !

thus
1 N 1
JO n;bn(S)lan(S)l |f(on(s)lds = [Ifl; - \/—NHTH NSl
We let
N
SNS(S) = D an(s)bn(s) f(on(s)).
n=1
For any s

pl=sn = Z an($)(1=bn($)8g,(5) T Vs + 2. an(s)80,05)

n=1 n=N+1
therefore |T — Sn| = |T| — |Sx/|, and for any f > 0, one has

T =SnICH I =TI = IS IO = ] ITICE I =] IS8T

Since

HTIHO I < «llfll and | |SN|(f)||1ZHf”l_%”T”'Hf”l,
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one has, forall f =0,

1

—ION 1 = (x— 1+ : 1
[ 1T =SNI(NIl < (= DS mllTll LA
and thus
T
1T~ Swll = || 1T = Swl || = (&t~ 1)+%-
The conclusion follows, since N is arbitrary. O

Proposition IL5. Let S : L' — L' be an operator such that

Sf(s) =X ax(s)f(ok(s)) and  «&llflly = ISFIh = I£Ih

k=1
for every f € L. Then there exists an operator U : L' — L, of the form

Uf(s)=c(s)f(o(s)),
such that

IS—Ul 52<a—l).
X

Proof. We consider, as before, Y (f) = (|an(s)| f(0n(5))) =, as an op-
erator into L'(cg). Since by (%)

Y () ey < 1L,

there exists (bg)x with by > 0, >, by < 1, and
] o ) 4 1 1 .
J, Staxtoneis) fionisnas = [ esras

We may and do assume that by > b, > - - -. Therefore, forall k > 2,

1—bk21—b12bk.
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Since «llf1l; = || ISI(f)l;, one has, for all f > 0,
(a—lﬂnfnlzjlfnakun<1—bus»fumaw>ds
& 0 k=1
1 o0
> [ Y laws) b)) ds.
0 k=2

Hence if we define

VF(s) = > ar(s)br(s)f(ok(s))
k=2
and

Wf(s) = > ax(s)bi(s)f(ox(s))
k=1

= ai($)bi(s) f(o1(s)) +V f(5),

one has, forall f >0,

1
IHS—Wﬁfm1=Hwuf»4WMfmls(a—&)mﬂm

and also

1
|HVHfW1s<a—&)Wﬂh

thus
1 1
IS — Wil < (a——) and V]| < ((x——).
(x (x
We let now U = W — V. We have:

1
||S—U||=||5—W+V||S||5—W||+||V||52<0(—&)- O
Proposition IL6. Let U : L' — L' be of the form

Uf(s) =c(s)f(o(s)),

and assume that for some « = 1 we have, for all f € L',

Il fll =TT = 1L -
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Then there exists an isometry J, from L' to L', such that |U - J|| < («—1).

Proof. By the Radon-Nikodym theorem, there exists w such that, for
all felLl,

1 1
J \UICF) (s) ds =J w(s)F(s)ds.
0 0
For all f = 0, one has

1 1 1
chO f(s)ds = JO w(s)f(s)ds = L f(s)ds.

It follows that 1 < w(s) < « for all s. We define

c(s)
w(o(s))

Jf(s) =

flo(s)),

and compute

1 1
HJfH1=‘L|Jf(ﬂIdS=‘[ ““5”»|f<a(s»|ds

o w(o(s

o (£) oones

= [ as= [ we (1) was = 11,

Hence J is an isometry. Moreover, for any s, we have

1
[U-J| _ - -
Hs |C(S)|<1 w(a(s)))éa(”’
and since
0<1-— - Ll_a«1
w(s) l0'¢ 104
we have
x—1
Nlw-Jl=|1U-Jl| < 0( IUIl < (x—1). 0

From Theorem I1.4, Proposition 1.5, and Proposition I1.6 we deduce
the following quantitative improvement of Alspach’s theorem ([1]).
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Theorem I11.7.  There is a function @ (x), with limu_,, @ (&) = 0 and such
that, if T : L' — L' satisfies for some x = 1

«llfllv = 1Tl = If Il forall felLl,
then there is an isometry J : L' — L' such that, for all f € L',
IT-JI < @(c).

Moreover, for 1 < & < 1.08 we can choose (x) = 13(x—1).

Proof. The first part clearly follows from Theorem II.4, Proposition
I1.5, and Proposition II.6. For the second part, apply Theorem II.4 to find
an S so that ||T -S|l < Z(ax—1) = §; < 1. Then §' = S/(1-6,) verifies
£ < IS £l < eqll fll1, with

o _61+0(
T 1-4

<128 and (T-S'| < 1515 1+ o) <25(—1).
— U]

Now, Proposition II.5 gives an operator U so that [|S" - Ull < 2(c; — ;') =
8, < 1; the operator U’ = U/(1 - 8,) verifies || fll; < U’ fll1 < el fll1, with
& = (62 + 1)/ (1 —6,), and we have

IS"-U'll <

0,
1_52(1 + o) <3.4(x—1).

Finally, Proposition I1.6 gives a J so that |[U - J| < ¢, -1 < 6.8(x-1). O

Remark 11.8. We give a proof of Theorem I1.7 in the special case where
T = Cy is the convolution by a measure y on L'(T). Suppose that [|ull = 1
and that ||f % ull; = (1 - &)l fIl;. Write the atomic part of i as X% a0, -
We have

3) S laxl < lull = 1.

k=1

On the other hand, Wiener’s theorem ([20], p. 42; [13], p. 415):

N
Jim o 2N z lam)|* = Z |ax|?
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says that
+ o0

(4) (1-e < > laxl?
k=1

since

la(m)] = Il *enll = (1-e),
where e, (t) = 2™t It follows from (3) and (4) that there exists an index
K such that |ag| > (1 -2¢); thus the distance between C, and translation
by xx is less than 4¢, and this concludes the proof.

There is an interesting link between Wiener’s theorem and the equation
(1) in the proof of Lemma II.1. Indeed, let 4 be a measure on the Cantor
group G = {-1,1}", and let (Wx) and (D) be the Walsh functions and the
elementary open sets with index k € {—1,1}IN. With this notation one has,
by Parseval’s formula,

27ty <JWkdU)2 = > u(Dp)?

keal keal

for any Il > 1, and thus equation (1) appears, through the natural measure
preserving isomorphism between G and the unit interval, as the exact ana-
logue for the Cantor group of Wiener’s theorem. It would be nice to state a
generalization of Wiener’s theorem to arbitrary compact abelian groups.

III. Small subspaces of L. In this section, we introduce and study the
notion of small subspace of L', which will be essential in the next section. In
the sequel the notation A ¢ D will be used to say that there is a real number

k > 0 such that kA = D. If X is a subspace of L', we denote by Cx = Bx'™ the
closure of its unit ball for the topology T of convergence in measure. Recall
that Bukhvalov and Lozanovski ([4]) showed that P(Bx..) = Cx, where P is
the natural projection from L'** to L!. We also denote, for A < Q,

LI(A) ={fe L! | 1o\a - f=0ae.l.

Definition IIL.1. A subspace X of L'(Q,m) is said to be small if there is no
A = Q of positive measure such that Bria) C 14 - Bx.

In other words, the projection f — f - 14 never maps X onto L'(A). It
is easy to see (by lifting finite trees for instance) that reflexive subspaces of



Operators Between Subspaces and Quotients of L' 261

L' are small. However, smallness is not an intrinsic notion, but is related
to the position of X in L'. Indeed, let Q : ¢; — L' be a quotient map,

and J : #; — L! be an isometric embedding. Then the range of (J,Q) :
f; — L'xL! is isomorphic to ¢;, but is not small. On the other hand, in
L'([0,11x[0,11), the subspace of the functions which do not depend of the
second coordinate is small, although it is isometric to L!. We are now going
to give some examples and properties of small subspaces.

It will be useful to know that small subspaces actually satisfy a formally
stronger property.

Proposition II1.2.  If X is a small subspace of L', there is no E < Q of positive
measure such that Bp () C 1g - Cx.

Proof. Assume that Bri(g) < 1 - (kCx), and let {x,,} be dense in By ().
There are f,, € kBx, and E, < E, with m(E,) < 4 "m(E), such that
|Xn — ful< 1/n on (E\E,). If now A = E\ (UnzlEn>a we have Bria) <
14 - (kBx), and so X is not small. 0

The following notion is closely related to smallness. It should be how-
ever noted that, except in the proof of Proposition II1.9, only the property
stated in Proposition III.4 will actually be used.

Definition II1.3. Let T be an operator on L!, written as

1
Tf(x) = L S(s)dpx(s).

T will be called a strong Enflo operator if there exists a set of positive measure

on which ps({s}) # 0.

In other words, T has a “diagonal part”. Such operators necessarily have
an atomic part, and so are isomorphisms on some subspace L'(A) ([18],
Theorem 5.5); this means that they are Enflo operators ([8], Theorem 4.1).
Translations are Enflo operators but not strong. The proof of Theorem 5.4
in [18] essentially shows:

Proposition IIL4.  If T is a strong Enflo operator, there exists a set A of
positive measure such that

Bria) C 1a- T(Bpia)).
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Indeed, if T is a strong Enflo operator and T £ (s) = 3% an(s) f ((on(s))
represents the atomic part of T, there exist an n and a set C of positive mea-
sure on which a,(s) # 0 and 0,,(s) = s. It follows that, with the notation
used in the proof of Theorem 5.4 of [18], 07 (Bm,i N B) S Cm,i, and this set
A = Bp,i N B gives the conclusion.

Lemma IIL.5.  Let X be a subspace of L'(Q), and T : L'(A) — L' (Q) an
operator, where A < Q. Then T (Bpi(a)) C1a-Cx if and only if there exists an

operator T:L'(A) — X** such that T = 1,PT.

Proof. The sufficiency comes directly from Bukhvalov-Lozanovski’s the-
orem P(Bx..) = Cx. To see the other direction, write L' (A) = U,;»; Ln with
Lyn < Lpst and Ly, isometric to £5™5. Since T (Byi(a)) C 14 - Cx, there ex-
ist operators Ty, : L, — X, such that |T,ll < M and dp (14T f, Tf) < 27"
for f € By,, where d,, is a distance generating the topology T,,,. Taking a
w*-limit of the T,,’s along an ultrafilter, gives T : L'(A) — XL such that

14PT = T. Indeed, if F € L'** is the w*-limit of a bounded filter (fx)& of

functions in L', there exists a sequence (cx)x of convex combinations of the

f«’s, such that dm(ck,P(F))k—» 0 (see [16], Lemma IV.3.1). O
—+0o

We can now state the following characterization of small subspaces.

Proposition IIL.6. A subspace X of L' is small if and only if no strong Enflo
operator T verifies T (Br1) C Cx.

Proof. Suppose that T is a strong Enflo operator such that T(Br1) ¢ Cx.
Since, by Proposition II1.4, we have By (a) C 1a-T(Bpia)) for some set A
of positive measure, we obtain Byi(a) C 14-Cy, in contradiction with the
smallness of X. Suppose now that X is not small, and let A be of positive
measure and such that Bria) ¢ 14+ Cx. By applying Lemma IIL5 to the
natural injection ja : L'(A) — L', we obtain JN'A : L'(A) — X*4, such that
ja = lAPfA. Deﬁning Tf = PfA(lAf) for f € L', we get a strong Enflo
operator T : L' — L!, since, by uniqueness of the representation of T, we
have ul = &, for almost every s € A, and we have also T(Byi(a)) cCx. O

Subspaces X for which Cx = By, i.e., nicely placed subspaces (see [10],
Definition 2), are of particular interest: if X is nicely placed and no operator
from L' to X is strongly Enflo, then X is small. Since, by Proposition I11.4,
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the range of every strong Enflo operator contains an isomorphic copy of L!,
we get:

Proposition II.7.  Every nicely placed subspace of L' which contains no
subspace isomorphic to L' is small.

Note that the above condition is not necessary. For instance, the sub-
space of L'([0,1]?) consisting of the functions which do not depend on the
second variable is isometric to L! and nicely placed, but it is small. A special
case of Proposition III.7 is:

Proposition I11.8.  For every nicely placed Riesz subset A of Z, L) (T) is small.

Recall that A is a Riesz set if every measure whose Fourier transform is
carried by A is absolutely continuous, and it is nicely placed if L) is nicely
placed in L' (see [11], Definition 1.4 or [16], Definition IV.4.2). Proposi-
tion II1.8 follows from the fact that A is a Riesz set if and only if L) (T) has
the Radon-Nikodym Property ([27]). A stronger result will be shown below
(Proposition II1.10).

Proposition II1.6 gives also a stability result.

Proposition IIL9.  Let X and Y be two small subspaces such that X n'Y = {0}
and X @'Y is closed. Then X @Y is small.

Proof. Let T : L' — L' be such that T(Bp1) C Cxey. Lemma IIL5 with

A=QgvesT: L' - (XeY)'t = X**@Y*" such that T = PT. Let
m: Xt @Yt — X+ be the projection. Writing U = nTandV =01-mT,
we have T = PU + PV, and PU(Bp) c Cx and PV (Bp) c Cy. By Proposi-
tion III1.6, PU and PV cannot be strong Enflo operators, so pufU({s}) =

ulV({s}) = 0 for almost all s. Hence ul({s}) = 0 for almost all s, and T

is not a strong Enflo operator. By Proposition II1.6 again, we can conclude
that X @ Y is small. O

We now examine the translation invariant case. A subset A of 7 is said
to be semi-Riesz ([37]) if every measure o whose Fourier transform is carried

by A has no atomic part. Every Riesz set is semi-Riesz, and Wiener’s theorem

([20], p. 42; [13], p. 415):

N

lim Z 6(m)1> = > lo({t}?

N—+o0 2N teT
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shows that every set A with density zero, that is

#(An{-N,...,N})

A = Jim = 0T =0,
is semi-Riesz. The set A = {3}7_ &4* | & = —1,0,1, n = 1} is therefore

semi-Riesz and not Riesz ([37], p. 126). We have:

Proposition II1.10.  Let A be a nicely placed subset of 7. Then L) (T) is small
if and only if A is a semi-Riesz set.

Proof. Suppose that L) (T) is not small, and let T : L'(T) — L'(T) be the
operator constructed in the proof of Proposition III.6. We have readily

{uf({s}) =0 ifsé¢A,
ul({shy =1 ifs e A.

Let T : L'(T) — L'(T) be the translation given by

Tef () = f(t+u).
Since for every operator U we have

-1
T UTe

Us ({sh =ul  ({s—1t}),
if we define T : L'(T) — L'(T) by
T= J T ' TTedm(t),
T
we have, for all s,

uF(is)) = Luﬁtc{s —thydm(b),

and so uf({s}) = m(A)~L. Since ;T = T1; for every t € T, there exists a

measure o such that T(f) = o % f. We have then ¢ ({0}) = m(A)~!, so the
atomic part of ¢ is non zero, although o € M. Conversely, suppose that
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L) is small. Let o be a measure with spectrum in A, and with atomic part

+ o0
Oa =D anbx,.
n=1

The convolution operator defined by Tf = o * f maps L'(T) into L}, so
that T(Bpi (1)) C By. On the other hand, its representing measure has the

atomic part

+ 00
T,
U = Z anas—xn-

n=1
Since L} is small and nicely placed, T cannot be a strong Enflo operator, so
pul'({s}) = 0 almost everywhere. This is possible only if x, # 0 or a, = 0.
Considering now, for each p > 1, the translated measure o * §_x, (which
still have its spectrum in A) instead of o, gives that a, = 0, since its atomic
partis X% dndx,-x,. Hence 04 = 0, and we are done. O

Example. Y. Meyer ([28], Theorem 6) showed that, if (1x)i=1 grows
fastly enough:

Nk

+ 00
N1 > 6y +---+ng) and >
k=1 Pk+1

< 400,

then the set

K
A={Yan | &=-101K=1}
k=1
is closed for the Bohr topology; hence it is nicely placed. Since it has density
zero, L) (T) is small, but A is not a Riesz set, as the spectrum of a Riesz
product. E Parreau pointed out to us that the same conclusion holds for

M=

A={Y ad* | &=-1,01K=1}.

k

1

We do not know whether L} contains a subspace isomorphic to L' whenever
A is the spectrum of a Riesz product.

For every subset A of Z, denote by [A] the smallest nicely placed subset
of Z containing A (see [11], p. 306). [A] is contained in the Bohr-closure of
A ([11], Corollary 2.6).
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Corollary IIL11.  If L\(T) is not small, [A] contains a translate of the
spectrum of a Riesz product.

Proof. 1f L)\ (T) is not small, L{,(T) is a fortiori not small. Hence there
is a measure o with spectrum in [A] which has an atomic part, and Wiener’s
theorem shows that 6 (n) —— 0. Host-Parreau’s theorem ([17]) ends the

[n]—+o0

proof. O

IV. Lifting of operators between quotients by small subspaces of
L', In this section, we show that operators between quotients of L! by small
subspaces lift to operators on L'. We begin with a special case, which is
much easier than the general one. The following notion will be used:

Definition IV.1. The operator T : L' — L! is said to be a Daugaver operator
if the Daugavet equation [[I+AT|| = 1+ ||T|l is fulfilled for every A with
Al = 1.

A. Plichko and M. Popov showed ([30], Section 9, Theorem 8) that
every non-Enflo operator is Daugavet. In fact, more is true: T is a Daugavet
operator whenever it is not strongly Enflo. Indeed, denoting the represent-
ing measures of T by s, s € [0,1], we have

1 1
ITI = sup s L \us| () dm(s),
and
1 1 O+ A E)d
|I+?\T||—Stépm(E)J0| o+ sl (B) dm(s).

Since T is not strongly Enflo, we have pg({s}) = 0 for almost all s, and the
measures 8 and p; are disjoint for these values. Hence, if for every € > 0 we
choose a measurable set E such that

1 1
1T < WJO s | (E) dm(s) + e,
we get, since we may assume that s € E,
1 1
1+||T] < 7J [0s + Aus|(E)dm(s) + & < [T+ AT + ¢,
m(E) Jo

which gives the result. D. Werner used a similar argument in ([36]).
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Proposition IV.2. Let X and Y be nicely placed subspaces of L'. Assume that
X and'Y are small, and that

dist(L'/X,L'/Y) < 2.

Then there exists an invertible operator V : L' — L' such that V(X) = Y.
Moreover, for 0 < x < 1, if

dist(L'/X,L'/Y) = 1+«
there is such a V satisfying |V - [V < (1+ ) /(1 - o).

Proof. Let S be an isomorphism from L!'/X onto L'/Y such that [|S] -
IS~ < 2. By the lifting property of nicely placed subspaces (see [23],
Theorem 1, [16], Proposition IV.2.12, or [19], Proposition 2.1), there exist
U and V such that

QxU = S7'Qy,
QyV =S5Qx,

and such that |U|| = [IS7!|| and [|V|| = |IS|l. Hence the following diagram is
commutative:
\4
L! - @@ L!
U

Qx Qy

s
L''Yx —— LYY
571
For every f € L', we have

QyVUSf =SQxUf =SS7'Qyf = Qv f,

hence

(I-VU)(LY) ¢,
and similarly (I -UV)(L") < X. Since X and Y are nicely placed and small,
the operators I — UV and I — VU are not strongly Enflo, and so are Daugavet
operators. Therefore, we have

II-UV|=|UVI-1 and [I-VU|=[VU|-1.
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Since UV < Ul - IVl = IISII- IS~ < 2, it follows that U and V are
invertible. Consequently V(X) =Y since, for f, g € L' such that V(f) = g,

we have

JgeEY = Qy(@) =0 = QyV(f) =0
= SQx(f) =0 = Qx(f) =0 = feX

To conclude the proof, we observe that ||Vl = |IS|| and

vl = [g(l— UV)k]U.

Hence
, ISl
VI < 5—c——oi,
2—ISI- 1S
since ||U|| = IS~ and [T-=UV| < |IS|| - IS~ !, and so V works. O

Remark. Note that Proposition IV.2 applies in particular to nicely placed
subspaces which do not contain L! (by Proposition II1.7). If L'/X and L'/Y
are isometric, we have o = 0 and, by the above, V is actually an invertible
isometry of L.

We now give the general statement.

Theorem IV.3. Let X and 'Y be small subspaces of L', and suppose that there
is an isomorphism S : L'|X — LYY such that ||S|| and |S7'|| are less than
146, with§ < % Then, there exists an invertible operator U : L' — L' such

that |U|| - U < (1+68)/(1 —=258), and dsr(U(Bx),By) <715/(1 —256),
where d s denotes the Hausdorff distance.

Proof. Denote by Qx and Qy the projections onto the respective quo-
tient spaces. We first construct a bidual diagram

Wi
Ll** ‘W— Ll**
2

ko k%
X Y

S**
L7 Xt e L7yt
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Write L' = Uyy» Ln, where (Ly,) is an increasing sequence of finite-dimensional
spaces isometric to £3m@n) Eor all m > 1, there exists Ty : Ln — L! such that

QyTn = SQxL,»
and [ITxll < (1+1/n) IS]].

Lemma IV4. Let U be a free ultrafilter on the integers. There exists a
(w* -w*)-continuous operator W : LY — LY such that

IWhll < IIS1l,
Q5 W = QR
Wl(f) = F’

for any f € Upsi Ly and F = w*-limy Tn (f).
Proof. Define wy : Uy Ln — L' by

wi(f) = w*—li,lrlnTn(f).

Clearly [lw1 |l < IISIl, and w; can be extended to an operator w; : L! —
LV Ifnow IT: (LY)® — L1** denotes the canonical (w*-w*)-continuous
projection (“restriction to L'*”), then W, = ITw;* works. Indeed, for any
g € L', one has

Q' wWi(g) = SQx(g),
and the equation Q§*W; = S**Q%* follows by w*-continuity of all relevant
operators. U

We get of course, by the same token, an operator W, with Q% *wW, =
o g y p X
ST QF* and similar properties.

Lemma IV5. Let P : L' — L' be the natural projection. Then
[P(I-WiW,)](Byi++) S [T — Wi W,|| By ™.
Proof. Forany h € L'** we have

T/*Wlwzh — S**Q;';*th — S**S—l** ;k/*h — Q;k/*h



270 G. GODEFROY, N. J. KALTON ¢ D. LI
Hence Q§* (I - W W;) = 0 and
(I —WiWy) (Bpi#x) € |II — WiW,||By...
The result follows by Bukhvalov-Lozanovski’s theorem P(By..) = By™. O
Then, writing T = P(I - W;W,) 11, it follows from Lemma IV.5, the
smallness of Y, and Proposition III.6 that T is not a strong Enflo operator;

hence —T satisfies the Daugavet equation, and we have

L+ IPA=WiWp) il = 1+ ITI = 1T =TIl = |(PW,Wy) 2|
< IS 1S~ < 1+36.

Therefore
(D) IP(I-WiW2) il <6,
and hence, for any f € L', one has
IP(I—=WiW2) ()l = (1=8)ISflh.
On the other hand, one also has
IWiWaflly < ISI-ISTHE AN < (T +8) I1Lf 1.
Since P is an L-projection, we have then
IWiWo f = PW WL flli = IWiWoflli = IIPWiWof Il < 2611 f11:.
It follows from this and (1) that
(I =WiWa) i < 36.

Since W, and W, are w*-continuous, this gives
(2) |1 - W W, < 36.
An identical argument shows that

(3) 1T —WLoWq|l < 36.
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Since § < %, (2) and (3) show that W, W, and W,W; are invertible. Hence
W, and W, are themselves invertible.

Lemma IV.6. In the notation of Lemma IV.4, one has
I Il -diam(Ly) < 66 [[W5 Il 1I.£11,
where Ly is the set of all w*-cluster points of the Tn f 5.
Proof. Since || f —WoWi flli < 3611f1l1 by (2), one has
W f =Wifll < 38IW5 I ILE L.

By Lemma IV.4, any F € Ly can be written F = W, (f) for an appropriate
Wi, and the conclusion follows. O

Note that it follows, from (2) and (3), that

1+6

-1 _ i
W= 9(8) = 755

Lemma IV.7. Let Z be a Banach space such that Z** = Z &, Zs. Let (zn)n
be a sequence in Z and L be the set of all its w*-cluster points. If

| I-diam(L) = &,
we have dist(1,Z) < € forall l € L.

Proof. Letl € L. By translating if necessary, we may and do assume that
l e Zs. Let K = (Bz+,w*). By ([6], Lemma II1.2.4), we have

Il = dise(1,2) = 1= —1,

where I and [ are respectively the w.s.c. and the Ls.c. hulls of 1. Thus
w*-Osc(Lix) (v) = 21l

Pick « > 0. Forany n > 1, let

Fp={yeK:lzx(y) - zj(¥)| < e+« forall k,j > n}.
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It follows from the assumption, that

K = | Fa.

nx1

Hence, by Baire’s lemma, there is a non-void w*-open set U < K and an
N > 1 such that U < Fy. It follows that, for all y € U, we have

IL(y) —zn(Y)] < £+ «,
and since zy is w*-continuous, this implies that for all ¥ € U we have
Osc(lig)(v) < 2(e+ ).

Hence dist(l,Z) =< &+ «, which concludes the proof, since « > 0 was
arbitrary. p

By Lemmas IV.6 and IV.7, we have
IPF - F|| = dist(F,L') < 65y (8)lfIly
for every F € L¢. Once we know this, it follows that one has
(4) [(PW; = Wil < 65y (d), i=1,2.
We define now U, V : L! — L' by
U=PW)i, V=FW)u.
It follows from (1), (2), (3), and (4) that

226
1-36

226

and [[I-VU| < 1-35

II-UVI =

so UV and VU, and thus U and V as well, are invertible for § < 21—5 Moreover,
IU-Y) and ||V~ are less than 1/(1 —258). We now observe that, since

SQxf=QF*wif forall felLl,

one has W;(X) c Y*+. It follows that dist(Uf,Y*4) < [[((PW; — W) 11l, so
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by (4)
135
1-35°

dist(Uf,Y) < 2dist(Uf,Y*+) <

for any f € Bx. It follows that

276

U(BX)EBY‘I‘W

Bp:.

Since the same inclusion holds when we exchange X and Y and replace U
by V, we can find, for every g € By, an f € X such that Vg - fli <
13/(1—-36). Letting h = f/|fll1, we obtain

lg=Uhll <llg =V fl + IV T =UVIEILAL + 1AL =1,

SO
716
By < U(Bx) + 71 — 255BL‘;
and this finishes the proof of Theorem IV.3. O

Let us say that Y < L' has the A-/ifting property if forany T : L' — L'}Y,
there exists T : L' — L' such that T = QyT and Tl < AIT|I. IfY is
complemented in Y**, it has the lifting property (see [19], Lemma 2.1).

Corollary IV.8. Let X and Y be small subspaces of L' such that there is an
isomorphism S : LY/ X — L']Y, such that |S|| - |S7 | < 1+ 6, and assume that
Y has the A-lifting property. Then for 6 < 5(A), there is T : L' — L', invertible,
such that T(X) =Y, and

ITI-IT7 M < 1+K(A)8,
where K(A) only depends on A.
Proof. Since SQx = Q3*Wy 11, by (4) one has, for 6 < 6,

ISQx —QyUllpi-pyy < C6.

By assumption, there is E : L' — L! with

IEIl < CAS,
QyE=SQx—-QyU.
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Now, if T = U +E, one has SQx = QyT, and the conclusion follows, since
this implies, when T is invertible, that T(X) =Y. 0

Remark IV.9. There exist subspaces X and Y of infinite codimension in
co whose duals are isometric, but for which there is no invertible isometry
of ¢; which maps X* onto Y*. Indeed, every isometry from ¢; onto itself
is w*-continuous; hence there should exist an isometry of ¢, mapping X

onto Y. Therefore, it suffices to construct infinite codimensional isometric
subspaces X and Y of ¢y, in such a way that X contains an element supported

by a single integer, and that the elements of Y are all supported by an even
number of integers. Since invertible isometries of ¢, leave the size of the
supports invariant, such X and Y cannot be mapped into each other by an
isometry of all ¢o. So Proposition IV.2 with ¢, instead of L! is false in full
generality. That shows that it is essential that the measure space be purely
non-atomic, at least for defining a proper notion of “small” subspace.

Remark IV10. Tt is asked in [19] whether, for two infinite Sidon sets
S1 and S,, the spaces L;N and Lé are isomorphic. It would be true if one

could lift isomorphisms from L'/ Lé onto L!/ L;N . But Lé and L;N are “large”
1 2 1 2

subspaces of L', and the present techniques are apparently not applicable to
this question.

V. Construction of a peculiar subspace of L'. In Part II, we have seen
a unified approach for Alspach’s and Dor’s theorems. In this section, we
will see that the results of Part II have limitations. More precisely, we will
construct a subspace X of L' which will show that the nearness to isome-
tries of the small into-isomorphisms from L' into L' (and of the small into-
isomorphisms from finite dimensional subspaces of L' to L' ([21])) does not
keep on to take place for general subspaces of L!. Moreover, the same space
will show that extension of isometries from a subspace of L! to the whole
space L! (see [15], [26], [31]) is no longer true if we replace isometries by
almost isometries. It shows also that Dor’s Theorem B ([7]), which says
that sequences of functions f; in L! which are equivalent to the canonical
basis of ¢, are essentially supported by disjoint measurable sets, cannot be
improved by replacing the f,’s by finite dimensional subspaces: our space
X is, for every € > 0, (1 + ¢)-isomorphic to a ¢;-sum of finite dimensional
spaces, but || ES —Id | s(x,r1) = 1 for every o-algebra S generated by a measur-
able partition. Note also that in our terminology, the space X we construct
is small and nicely placed. We work in this section with real Banach spaces.

Theorem V1. There exists a subspace X of L' = LY (Q, %, P) such that
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(a) For every isometry T : X — L there is a unique isometry T:L' - L' with
T—]X = T,'

(b) Forevery e > 0, there exists an isomorphism Te : X — LY, with | Te|l IT 1 <
1 + ¢, but for which | Te — J || = %for every isometry J : X — L.

Before producing the proof, we note that (b) and Alspach’s theorem
(Theorem II.7) show that the operators T; do not extend to L! with a proper
control on the norm of the extension.

Proof. The subspace X is constructed in a very similar way as the one
given in [12], Example 4.1.1, but we work with the stable variables them-
selves instead of working with their absolute value.

The following lemma will be used.

Lemma V.2. Letp =1, >0, andk, | = 1. There exists an N = 1 such
that, for every subspace F of X = #g with dimF > N —k, there exist | norm
one vectors Y1, ..., Y1 of Y, with disjoint support, such that dist(y;,F) < €
(I<j=<l.

Proof. Take H bigger than (1 +2/¢)k and N = HI. Since dim(X/Z) =
k, indices ij (Hh < in+1 < ians2 < H(h+1), 0 < h < 1) can be found

such that dist(esns2 — €2n+1,F) < &, where (en)1<n<n is the canonical basis
of £I). O

Recall first some probabilistic facts (see [3], pp. 60-61). A random

variable Z is called p-stable if its characteristic function is Z (t) ©F E (eit2) =
e~ ItV "where ¢, is the normalization constant (| Z]l; = 1). Now, if (Z;)n=1
is a sequence of independent p-stable variables, its linear span X, is isometric
to ¥y, and Zy, ..., Zn, ... correspond to the usual vector basis of £;,. Since
Cp ;10, for every € > 0, there is an « > 0 such that, if 1 <p < «:

dp(f,0) <€ forall f e Bx,,

where dp defines the convergence in probability. By the strong law of large
numbers, we also have lim;_ ;. (1/1) Z§:1 |Z;] = 1 almost surely.

Now the space X will be the closed linear span of the constant function
1 and a sequence of independent py-stable variables with Pk, 1. More

oo
precisely, we choose inductively:
(1) a sequence (Pi)=1 converging tolanda sequence (&x)k=1 converging
to 0 such that
dp(f,0) <& forall fe Bx,, »
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where X, is the linear span of independent pj-stable variables; these se-
quences are chosen so that the subspaces Xi, X, ... constructed in the third
step nearly create a £; sum. More explicitly, €x+; is chosen so that the con-
dition

dp(f,0) < &y forall fe Bx,, ..

implies that, for g € Xy+1 and f € X; + - - - + Xi, we have

1+l = (1= 50 ) UFIL + gl

(2) asequence of integers (Ix)k>1 such that |(1/lk)Z Yl =1 < 1/k al-
most surely for every independent py-stable varlables Yi, oo Yo

(3) a sequence of integers (Ni)r>1 such that, if X is the linear span of
the independent py-stable variables Zj, j € Ix (Ix = N, |Ik] = Ni),
we can find, by Lemma V.2, for every finite dimensional subspace F
of Xk, lx independent py-stable variables Yy, ..., Y, in Xi such that
I I —dist(Yj,F) < 1/2k for 1 < j < L.

The sets I, I, ... are chosen as successive intervals of N, so we have N =
Uks1Ik. All the py-stable variables for the different values of k are indepen-

dently chosen. Finally, we may and do suppose that the o-algebra o (X) gen-
erated by X is all =, since if not we replace L'(Q,X,P) by L'(Q, 0 (X),Ps(x)).
Since 1 € X, Hardin’s theorem ([15], Corollary 4.3) now gives part () of

the Theorem.
For the part (), we state two facts. The first one follows directly from

the construction and the almost isometric embedding of finite dimensional
subspaces of L! into ¢;.

Fact 1. The Banach-Mazur distance from X to the set of subspaces of ¢,
s 1.

It follows that for every € > 0, there exist an operator T¢ : X — L' such
that || Tell - IT7 'l < 1+ ¢ and a o-algebra S, generated by disjoint measur-
able parts of Q such that E%: T, = Ts.

Fact 2. For every sub-o-algebra S of = generated by disjoint measurable
sets of Q, one has

sup |ES f = fll; = 1.

feBx
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Proof. Denote by Si, S, ... a measurable partition of Q generating S,
with P(S;) > 0 for all i. For every k > 1, let

Fk={fexk | Lfd[f»:O forallisk}.

Let € > 0. By the third step of the construction, since dim (Xi/Fx) < k, and
since infj<x P(S;) > 0, there is an integer ko such that we can find, for every
k > ko, lx independent py-stable variables Y, ..., Y;, in X so that

()

' 1 <& forall j<Iy alli <k

— Y. dP
P(S;) Jsi J

Let Uy = S1 U -+ - USk. By (%), one has

IES(Y) 1yl <€ forall j < L.

But, by the step 2) of the construction, there is an integer k; such that

>1-¢

1 &
[ v
j=1
for k > ky, and then there is a ji < Ik such that

|| |ij|1Uk||1 >1-e

Hence
”ij - IES YJk||1 = ”ijlUk - ([ES ij)lUk”l =1 _251
and this proves the Fact 2. g

More generally, one has the following result:

Lemma V.3.  For every isometry J : X — L' and every o -algebra generated
by a measurable partition, one has

sup |ESJf —Jflli = 1.

f€EBx

Proof. From (a), one has an isometry J : L' — L' which extends J.
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There are measurable functions a, o on Q (see Section II) such that

Tf(s) = a(s)f(o(s)).
Since ||lall; = IIJ1]l; = 1, the measure
dqQ = |la|ldP

is a probability measure. Moreover,

j 11+ £()dP(t) =j 11+ £(0r ()] dQ(5);
Q Q

hence f and f (o) have the same distribution ([15], Theorem 1.1); so f (o)
is p-stable in L'(Q) whenever f is p-stable in L' (P). Let S be the o-algebra
generated by a measurable partition (S;) of Q, and let §’ be a refinement of
this partition, so that the sign of a is constant on each S; (> 0, < 0, or = 0).
In particular, supp(a) = U{S; | a # 0 onS}}.

Let ¢ > 0. Reproducing the proof of the above Fact 2 in L'(Q), we
obtain that, if S; (i < k) is disjoint from supp(a), there exist, for every
k > ko, Y1, ..., i, € Xi such that

1 , . ,
'Q(—S{) Lz Y;(0)dQ| <& foralli, all j < I,

that is

Q(S)j Yi(0)laldP| <& forall i, all j < L.

But a has a constant sign on S}, so this writes
1 , ' ‘

'Q(—S{)L; Yi(o)adP| <& forall i, all j <.

Therefore

Qi) o forall i, all j < Iy

J Yi(o)adP| < PS))

1

'u»(S)

Consequently, for every € > 0, there is kj such that, for k > k;, there exist
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Y1, ..., Y5, € Xg such that

L, Yi(o)adP| <& foralli, all j <I.

1
P(S;)

Now, since indices i < k for which S/ is disjoint from supp(a) do not matter,
one has, as in the proof of Fact 2, for k with Uy = S{u--- U S} € S:

IESJ(Y) 1yl < IES J(Y) 1y Il <& forall j < L.

On the other hand,

1 &
— Yi(o)] — 1 P-a.s.,
2O

Lk
1
hence EJ; IJ(YJ-)qu—Jr»oo lal Q-a.s..
Since ||allzipy = 1, it follows that

1 &
lim HEZU(YJ-nlUkH1 > 1.
j=1

k—+oo
There is therefore a k; such that, for every k > k;, there is a jk < I such that
1T (Yj) 1yl = 1=,
and so
1T (Y3) = ES T (Y0l = 1T (Yj) Ly, — B3 T (Vi) 1y Il = 1= 2,
and this ends the proof of the lemma. 0
We can now finish the proof of Theorem V.1.

Let e >0, Tr : X — L' with |ITell - IT,']| < 1+¢, and S such that
ES¢ Ty = T, as previously defined. For every isometry J : X — L', we have

“ NESeJ = Tell = NESe J — ES< Tell < 11 — Tell,
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NESe = JIl < NS J = Tell + 1 Te = J Il < 211 Te = J.

But from Lemma V.3, |[ESsJ - J|| = 1, and so || Te = J|| = 1/2. O

Remarks.

(1) There is a gap in the proof of the implication (iii)=(iv) of Corollary 3.5
in [12], and we do not know whether one has (i)= (iv) in that Corollary
3.5. Anyway, Theorem V.1 shows that one cannot replace the distance
dm in [12], Corollary 3.5 (iv), by the || ||; distance.

(2) We mention here that it follows from L. Schwartz’s thesis ([34]; see [2],
Theorem 4.2.5), that Miintz spaces M; ({t"}) (with > n;' < +o0) are
examples of subspaces of L! almost isometric to subspaces of ¢;. The
case p > 1 has been noticed in [5] (see comments after Corollary 1.8).

The derivation of Lemma V.3 from Lemma V.2 can actually be put in
a more general frame. This is the content of the next proposition.

Proposition V4. Let Xy and X, be isometric subspaces of L' (Q1,31, 1) and
LY (Q,3,,12) respectively. Suppose that X, contains the constant functions, and
that, for some € > 0, there is a o -algebra A, generated by a measurable partition

of Qu, for which
If —E2Fll < ellfll; forall fe X.

Then, for € > ¢, there is a (3, ® Bor)—measurable partition of Q, % [0,1],
generating a o -algebra B, for which one has

lg-—E2gll; < €llgll; forall g € X,.

In this statement, we identify L' (Q,,3, 1) to a subspace of

L'(Q, x[0,11,%, ® Bor,u, ® dt) = Ll(ﬁz,iz,ﬁz),

by letting §(w,t) = g(w) for w € Oy, t € [0,1], and g € L1 (1,3, 1)

Proof. Denote by A;, A,, ... the partition generating A, and by oy and
0 the sub-o-algebras of 3, and =, generated by X; and X; respectively. Let
U be an isometry from X; onto X,. Since 1 € X;, Hardin’s theorem ([15],
Corollary 4.3) ensures the existence of an into-isometry

T=U:LY0y) — L'(Z,)
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which extends U, and whose range is L' (0,). T can be written as Tf = a(f o
T), with T an isomorphism between (Q,,0,) and (Qy,07). Write Jf = f o T.
J is positive, and so, since @, = E% (14,) verifies

Pn=20 and > @n=1,

nx1

we have ¢, = Jo,n > 0 and 3,o, yn = 1. Note that v = |aly, is a proba-
bility measure and J is an isometry from L'(Qy,07,11) to L'(Qy,0%,v). We
have:

Lemma V.5, If Wy, are positive oy-measurable functions with Y o1 Yn = 1,
there is a measurable partition in sets By, By, ... € 0, ® Bor, such that {y =
[E‘Tz(lgn),forn > 1.

Proof. Set
n-1 n
Ba = f(@,0) | Y grle) <t < Y gt |.
k=1 k=1

We have for every B € o»:

ﬁ[E"z 1p, = JNan = (vedt)(B,nB)
B B
= J m[By(w)]dv(w) = J Yn(w)dv(w),
B B

SO PJp = £ 1p,. O

We may suppose now that d@ has a constant sign on each B,. In-
deed, since d is 0,-measurable and T is an isomorphism from (Q,,0,) onto
(Q,071), we have, if B, = B,n{d > 0} and B;, = B, n {d < 0},

E%(1p;) = Lig=o) E(15,) = Ligz=0;Un
= 1igaoy (PnoT) = E ' (Lgor-12011a,) © T,

so we may cut each A, with the sets {aoT™! = 0} and {ac7! < 0}, and
the B};’s and the B,;’s will correspond to the A};’s and the A;’s. Now, letting

1

) = LA

JA,,fdul'
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one has
(i) i (Ay) = JQ Ly, dyty = jQ @ndpts = 1@l = 1 Wnllzv)
I R J 15, d¥ = ¥(Bn),
Q, Q)
and

(ii) Lnfdul - JQ, Fla,din = L)I Fondu = ngﬂfcpn)dv
since Jf = foT, and u; = T*(v),
- | upymav-| Jras.
Q, Bn

Hence

R
V(By)
and then, denoting by B the o -algebra generated by By, B, ...,

an(f) = jB ifav,

ITf =2 Al

> | If-anpriav = 3| (For-anpiniay

n=1 nx=1

s JQ foT—an(f)1yndy

nx1

=S| T anD1i@omiay

nx1

-y jQ I —an(Ol@udp = S jA f - an(P)1ldu

n=1 nx=1

= If —E* flh < el £l

Now, going back to T, we refine B in such a way that |d — E2 4|1, <
x = & —¢&. We keep the inequality \JTf-E3(Jf) o) < €llfll. Moreover,
this refinement can be made by taking the intersection with 0,-measurable
sets, so, as above, the new B,’s will correspond to an appropriate refinement
of the A,’s. Set e, =1ifa=0o0n By, and €, = —1 if a < 0 on By,. One has

JB adp, = fnJQ lalyndu, = Enj lal(@noT)du; = fnJQ I T@nldu,
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= SnHT(pn”Ll(uz) = En”(pn”Ll(m) = en1(An),

and so

Now

(1)

ITF-E2T fllp,

=L~b afor- 3 (=

n=>1 “2 (B‘Vl) Bn
<)
o}

ﬁ(fo‘r) - Z (
+L~zz

&(fo T)) 1, | dii

~

dii>

1@1(F o) dﬁ2>13n

n=1 i (Ay) Bn

7;(#1(6171) Bn|&|(f0T)dﬁ2)13n
_— (

n>1 Uz (Bn) Bn

A(fo T)dﬁz> 1p, | dii

av

[ |

-2 (msn) (f”)‘”)lB"

nx1

|a|<for>dﬁz)(~—sn’;l~’;‘(3;‘)’) s, djis

/Jl(An)
" Ny (Bn)

J;2n>1

< 1T —E% T fllue +j TAE

Q>

<H1(An) By

1, dfi,

UI(An)
Z(Bn)

<elfl +1FINIE - E2 Al g,y < e+l f I = € 1F L U

< el flh+ I ZJ dfi,

nx1

Remarks.

A slight variation in Proposition V.4 is: set C, = T 1(An). The Gy’
are in general not in 3,, but if C is the o-algebra generated by them,
the map T : Q; — Qi is (02 v C-01 v A)-bi-measurable (see in [14] a
description of these o-algebras), and [1>(B) = pi[T(B)] defines a mea-
sure on (0,07 v C), whose restriction to 0, is equal to the restric-
tion of u, to 0. One has then an isometry J : L'(Q),01 v A,u;) —
L' (Qa,02 v C, 1), defined by J(f) = fo, such that JX; = JX;. It
follows that [IJf = ECJfIl; < €llflli. It would be interesting to find an
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intrinsic characterization of these spaces. This problem may be con-
nected to the fact that, though there are sufficient conditions to have
uniform convergence of martingales (see [29]), it seems there is at the
present time no available necessary condition.

Since the space X and T (X) are small nicely placed subspaces (by Propo-
sition II1.7), it follows from Theorem V.1 and Proposition IV.2 that
there is &« > 0 such that the quotient spaces L'/X and L'/T:(X) have
Banach-Mazur distance greater than (1 + «) for all € > 0. This implies
of course that the operators T do not extend to isomorphisms U of L!
such that the norms of U and its inverse are small.
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