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ABSTRACT
We prove some general results on the uniqueness of unconditional bases in quasi-
Banach spaces. We show in particular that certain Lorentz spaces have unique un-
conditional bases answering a question of Nawrocki and Ortynski. We then give
applications of these results to Hardy spaces by showing the spaces H,(T") are
mutually non-isomorphic for differing values of n when 0 < p < 1.

1. Introduction

The objective of this paper is to give a general result on uniqueness up to per-
mutative equivalence for unconditional bases and then apply this result to show
that, when 0 < p < 1, the Hardy spaces H,(T™) are mutually non-isomorphic for
mz=1.

It is well-known result due to Lindenstrauss, Pelczynski and Zippin ([10],[12])
that precisely three Banach spaces (/;, /; and ¢;) have normalized unconditional
bases which are unique up to equivalence. For quasi-Banach spaces it was shown
in [6] that a wide class of non-locally convex Orlicz sequence spaces including /,
for 0 < p < 1 share this property. See also [16] and [17]. We significantly extend
these results here and, in particular, settle a problem on the uniqueness of uncon-
ditional bases in Lorentz sequences spaces raised by Nawrocki and Ortynski [16].

Our techniques enable us to show that in certain quasi-Banach spaces an uncon-
ditional basis is close to being unique up to a permutation (cf. [4]). In particular
our results apply to the spaces H,(T™) for p < 1 which are known to have uncon-
ditional bases ([19]). Analysis of these bases shows that the spaces are mutually
non-isomorphic; the corresponding result for p = 1 is due to Bourgain ([2], [3]) by
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quite different techniques. We might also mention the analogous problem for the
Smirnov class has been resolved by Nawrocki [15]. Both the results of Bourgain
and Nawrocki depend in some sense on duality arguments, which are not available
here since for all m, H”(T™)* is isomorphic to /.

We recall ([7]) that a quasi-Banach lattice X is said to be L-convex if there ex-
ists e >0 sothatif u =0, Ju| =1 then for any x;,, 1 <i<nwith 0 < x; <u and
such that

1
;(x1+---+x,,)2(1—e)u

we have max; ;<. | X;| = e. X is said to be p-convex where 0 < p < oo if for some
C and all x,...,x, € X we have:

()"

Here the element (X |x;|?)'” of X is defined via the procedure outlined in [11]
pp. 40-41. It is shown in [7] that X is L-convex if and only if there exists p > 0 so
that X is p-convex. A quasi-Banach space Y is called natural if it is isomorphic to

< C@ ||x,.||P>Vp.

a subspace of an L-convex quasi-Banach lattice. Every natural quasi-Banach lat-
tice is L-convex ([7]).

Our results apply to natural spaces. In such spaces any unconditional basis in-
duces an L-convex lattice structure; then ([7]) many of the standard techniques of
Banach lattice theory can be employed in this more general setting. For most ap-
plications it is easy to verify that the spaces of interest are natural either by iden-
tifying them as subspaces of L-convex lattices or by showing that some given
unconditional basis is already p-convex for some p > 0. However it should be
pointed out that there are non-natural spaces with unconditional bases ([7]).

Let T denote the unit circle equipped with its standard normalized Haar mea-
sure (27)"1d8. T™ denotes the m-fold product with the canonical product mea-
sure. The space H,(T™) is defined as the closed linear subspace of L,(T™)
generated by the functions z{" ...z for ny,...,n, = 0. These spaces are, of
course, natural being subspaces of L,.

Some of the results of this paper form part of the thesis of the second author,
currently under preparation at the University of Missouri-Columbia [9].

2. Uniqueness of unconditional bases

Our first result is a simple extension of a result of Maurey [13] (Lindenstrauss-
Tzafriri [11], p. 49). Notice, however, that the proof in [11] uses duality and there-
fore does not extend to the non-locally convex case.
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ProrosiTiON 2.1. Let X be an L-convex quasi-Banach lattice with an uncon-
ditional basis (x,). Then there is a constant D (depending on X and (x,)) such

that for ail scalars a,,. . .,a,,
m 1/2
=D (Zfaixilz) .
i=1

Proor. Let Y be the sequence space of all sequences (a,) such that > a,x,
converges. Then Y is a quasi-Banach lattice under the quasi-norm |a|y =
sup,g; <1 2 0;4;x;| x. Then there is an isomorphism 7': Y — X such that Te; = x;
where ¢; is the canonical basis of Y. By Theorem 4.2 of [7], Y is L-convex, and so
by Theorem 3.3. of [7], there is a constant K so that for all a,,...,a,,

m 1/2 m 12
_1“<Z|aixi|2) = 5K"<Z|aixi|2)
=1 X Y =1

This quickly gives the result.
ProposiTiON 2.2. Let X be a p-convex quasi-Banach lattice where 0 < p < 1.
Then there is a constant C depending only on X so that if (x;)};_, is an X-valued

matrix then
sc[|

n n 172
[
where r; denote the standard Rademacher functions on [0,1].

m

E lai|e;

X

dsdt

Z Z ri(s)rj(t)xij
= A

i=1 j=1

Proor. By Bonami’s extension of Khintchine’s inequality [1], there is a con-
stant C, such that for every matrix (x;;)

(B5wr) =a(L]

Now by p-convexity, for a suitable constant M,
n n
I ri(s)ri(¢)x;

P p
“ (ff dsdt)
i=1 j=1
1 14 p
< M<ff dsdt)
04J0

n

> D rils)ri(t)x;

i=1 j=1

/B

D i
ds a’t)

> Zri(s)rj(t)xij

=1 j=1

and the result follows.

We now introduce the following definition which will facilitate the statement of
our main results. We shall say that an unconditional basis (x,) in a quasi-Banach
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space X is strongly absolute if, for every e > 0, there is a constant C, such that for
any scalars ay,...,a, we have

m
Z a;X;
i=1

m
2ilail =C. sup |a;| +e
i=1 1<i=m

If (x,) is a normalized strongly absolute basis of X then it is equivalent to the ca-
nonical basis of /, in the Banach envelope X.

THEOREM 2.3. Let X be a natural quasi-Banach space with a normalized
strongly absolute unconditional basis (x,)-,. Then, if (u,)r, is any other nor-
malized unconditional basis of X, there exists a map ¢:N — N and a partition
Si,...,Sn of N such that ¢ is injective on each Sy and (u,),cs, is equivalent to
(Xo(nyInes, Jor k =1,...,N.

Proor. The hypotheses on (x,) force X to be isomorphic to /;. Then since
(u,,) must also be an unconditional basis of X, it follows from the theorem of
Lindenstrauss and Pelczyriski [10] that it is equivalent in X to the canonical basis
of /,. In particular there is a constant D so that if a,,...,a,, are scalars then

m
Z a;u;

i=1

2 lal =D
i=1

Let (x;) and (u, ) be the biorthogonal functions for the bases (x,) and (u,).
Let a{” = xj(u,) and let b{™ = u;(x;). Since both Jx;|| and |u;| are nec-
essarily bounded there is a constant C, such that for every n,k |ai”’ | < C, and
|6 | < C,.

Now let K be the unconditional basis constant of (x,) and suppose € <
(2KCy)~'. Then we have:

©o
1= u,’,*(u,,) = u,f( Z a,ﬁ")xk>
k=1
— (n) 3, (n) (n) g, (n
=2 &b = 23 | b |
k=1 k=1

=<C, sgp|a,§")b,ﬁ")| + €

(=]
5, af" ("%
k=1

<C. Sl’ipIa,ﬁ”)b,ﬁ"H + eKC,

[« <)
> aMx
k=1

1

< C,sup|a{”b{| + <.
k 2



Vol. 72, 1990 UNCONDITIONAL BASES 303

Thus there exists a constant v > 0 so that for every n, supi|ai” b | = v.
For each k let A, be the set of n such that |a{”b{™| = . Then, if (u,) is
K’-unconditional,

vl Akl = 25 1a 07
n=1

o]
> a6y,

n=1

oo
Y 5"u,

n=1

<DK'C,

= DK'C,.

Thus |A| < v 'DK’C, for every k. It follows now that if we define a map
0:N - N so that |a{f),b{),| = v then we can partition N into N sets §y,. .., Sy,
with N <y ~'DK’C, and so that ¢ is injective on each S;. We also have that for
alneN, |aip)], 165 z8=Co'y.

Now fix 1 < j < N and suppose «, is a finitely non-zero sequence of scalars.
Then we observe that the unconditional basis (#,) induces an L-convex lattice
structure on X (since X is natural), and so by Proposition 2.1, for a suitable con-
stant C; we have

ZS anxa(n) = KIB_I ZS anaé?g)xo(n)
ne j ne Y
172
(EES 2l P )
n

(2 e 3 e it |

nes; 1ES;

Now we can apply Proposition 2.2 to deduce that, for a suitable constant C,

25 QnXo(n) ff

nes;
< Ksz
0

1
usczf
0

=KK'C,

Z Z aﬂa;?}) rl(s)rn(t)xo(!)

1€Sj nes;

dsdt

2 2 a, a;f’/)) ra(8) X501

1€S; nes;

2 Ol (uy, ) dt

nes;

Z anun

nESj
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We may now apply similar reasoning, interchanging the roles of the two bases,
to deduce that there is a constant C; so that for all such («,,)

> anlty

nESj

<G

2 O‘nxcr(n)

nEsSs;

This completes the proof.

CoROLLARY 2.4. Under the hypotheses of the Theorem, there is also a map
7:N — N and a partition R,, . ..,R of N so that 7 is injective on each Ry and
(Xn)ner, is equivalent 10 (U, (n))ner, fOr each 1 <= k < M.

Proor. It suffices to observe that Theorem 2.3 also implies that (u,) is
strongly absolute.

CoOROLLARY 2.5. If X is a natural quasi-Banach space with a symmetric strongly
absolute basis then all normalized unconditional bases of X are equivalent.

This is immediate.

There are several immediate applications of Corollary 2.5. In all the applications
the fact that X is natural follows quickly from verifying that the given uncondi-
tional basis is p-convex for a suitable p > 0. The simplest example is the space /,
for 0 < p < 1. The uniqueness of the unconditional basis for these spaces was first
established in [6]; an alternative proof was given in [17], but this appears to be in-
correct. In [6] the uniqueness of the unconditional basis of an Orlicz sequence
space /g is considered and Corollary 2.5 above can be used to prove Theorem 7.6
of [6], although it does not imply the stronger Theorem 7.5. Lorentz sequence
spaces were similarly investigated by Nawrocki and Ortynski [16] and Corollary
2.5 allows us to answer a question raised in [16]. We recall that if w = (w,) €
l,\1; is a monotone decreasing nonnegative sequence, then the Lorentz sequence
space d(w, p) is defined to be the space of all sequences £ = (£,) such that

[ 1/p
1Ebw,, = SuP( 2 |€7r(n)|pwn> < oo,
7€l n=1
where II is the group of all permutations of N.

THEOREM 2.6. If0 < p <1 and lim,_ . (1/n)(w, + - -+ w,)'"? = oo then all
normalized unconditional bases of d(w,p) are equivalent.

Proor. It suffices to note that Theorem 1 and Lemma 4 of [16] together im-
ply that the canonical basis of d(w, p) is strongly absolute.
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Our final application of this section is to spaces of the form /,(/,) where 0 <
D,q < 1. Such a space has a canonical unconditional basis e, such that

"= B B fowete]

Z UpiCri
nk n=1

THEOREM 2.7. If0 < p,q <1 then any normalized unconditional basis is per-
mutatively equivalent to the canonical basis of 1,(1;).

Proor. First observe that Theorem 2.3 implies that any normalized uncondi-
tional basis (u,) is (permutatively) equivalent to a subset of the canonical basis.
It is also easy to see that it will suffice to show that (u,) contains a subset equiv-
alent to the canonical basis. To do this we use Corollary 2.4 to partition N X N into
finitely many sets Sy, . .., Sy 50 that () (n x)e s; is equivalent to a subset of (u,)
for each j. By standard Ramsey arguments there is an infinite subset of A of N and
a fixed j so that (a,b) € S; as long as a # b and a,b € A. Write A = By U B,
where By, B, are infinite and disjoint. Then (ex)ncp,, ks, IS equivalent to a sub-
set of (u,) and this will complete the proof.

The argument above can be easily extended to a large class of “matrix” spaces.
For the Banach space analogues of this theorem see [4].

3. Applications to Hardy spaces

We now use the ideas of Section 2 to show the non-isomorphism of certain
Hardy spaces. Let X be a quasi-Banach space with an unconditional basis (x,).
We denote by /,(x,) the unconditional basis of /,(X) obtained by repeating (x,)
in each co-ordinate.

ProposiTioN 3.1. Let X be a natural quasi-Banach space with a strongly ab-
solute normalized unconditional basis (x,) and suppose 0 < p < 1. Then if (y,)
is any other normalized unconditional basis of X, the unconditional bases l,(x,)
and 1,(y,) of 1,(X) are permutatively equivalent.

Proor. Clearly Theorem 2.3 implies that (y,) is equivalent to a subset of
I,(x,), and hence that /,(y,) is equivalent to a subset of /,(x,). Conversely Corol-
lary 2.4 allows us to show that /,(x,) is equivalent to a subset of /,(y,). It now
follows from a version of the Pelczyniski decomposition argument that /,(x,) is
permutatively equivalent to /,(y,). Thus

Ip(xn) -~ lp(lp(xn)) -~ Ip(lp(yn) @ (fn)) ~ lp(yn) @ lp(xn)s
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etc., where we use ~ for permutative equivalence and (f,,) is some suitable sub-
sequence of /,(x,).

THEOREM 3.2. Suppose X is a p-normed natural quasi-Banach space, where
0 < p < 1, and has a strongly absolute normalized unconditional basis (x,). Sup-
pose (u,) is any other normalized unconditional basis and define by and b}, to be
the greatest constants such that

i/p
Z OpXp| = bN( Z |an|p>

neA neA
and

1/p
z oplUy | = b/v( Z |°‘n|p>

neA n€A

whenever |A| < N. Then there is a constant C so that C~'by < by < Cby for
all N.

Proor. Clearly the quantities by and b, are unchanged if the bases /,(x,) and
I,(y,) are used in place of (x,) and (y,). The result then follows from Proposi-
tion 3.1.

Thus the asymptotic behavior of the sequence by = by (X) is an isomorphic in-
variant of X.

We now turn to considering the space H,(T). This space has an unconditional
basis, described in [19], which we denote by (Y, 4), 1 = k<2, 1 <= m < o,
Denote by E,, ;, 1 < k = 2™, 1 < m < o the dyadic interval in [0,1], E,, =
[(k — 1)27™ k27™) and let x,, x be the corresponding characteristic function.
Then, there is a constant C so that for any finitely nonzero family of complex num-
bers (ot i)

1 p/2 1/p
C-l(f (2 'am,kiZXm,k(t)) dt) = E am,k‘l’m,k
0 m,k m,k P

1 2 \lp
= C(f (Z |am,k|2Xm,k(t)) dt) .
0 m,k

Let us denote by (¢,) an enumeration of the corresponding normalized uncondi-
tional basis | Y |~ ¥ k-

We remark that the g-Banach envelope of H,, is isomorphic to /[, forp<g =<1
(see [5],[8],[19]). Thus, ([6]), the unconditional basis ¢, is equivalent in the
g-Banach envelope to the canonical /,-basis. In particular in H, we have the lower
estimate:

oo
Z an¢n
n=1

o 1/q
= 'Yq( 2 Ian|q>
D n=1
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for a suitable constant -, > 0. This implies that (¢,) is strongly absolute. We thus
turn to estimating the invariants by for this basis.

ProrosiTioN 3.3. For the space H,, where 0 < p < 1, we have by(H,) ~
(log N)V2=V? (j.e. for a suitable constant C we have C~'(log N)/*~'7 < by <
C(log N)2=1VP for N = 2).

Proor. We first prove that there is a constant § > 0 so that for any finite sub-
set A of N, we have:

25 %n

neA

= 8]A|'”.

To see this we can consider a finite subset B of {(m,k):1 <k <2",1<m < o}
of cardinality N and estimate:

1 p/2 i/p
cor([(5. momstn"a)”
P 0 (m,k)EB

Now, for 0 =t < 1, let M(¢) = max{m:t € E,, , (m,k) € B}. We let M(t) =
—oo if this set is empty. Then we have

1 (p/2) 1
f ( 2 22m/1’xm,k(t)) dt = f 2MO gt
0 0

(m,k)EB

2 2"k

(m,k)EB

1
zlf > 2™Xm (1) dt
0

2 (m,k)EB

v

1
~ N,
2

and our first claim follows easily.

Now suppose «,, is a sequence with at most N = 2" nonzero terms. Let 3, be de-
creasing rearrangement of |a,|. Then since H, has cotype 2 we have the estimate
that for suitable constants ¢y, ¢ > 0, a suitable injection ¢ of {1,2,...,N} into N,
and some 7, with |9,| =1,

o N
Z anén = z ﬂnsn(ﬁa(n)
n=1 p n=1 p
r 2k 2 \172
= CO( 2 Z 77n6n¢a(n) )
k=1 || p=2k-1 P

v

r 172
C( Z Q2k/p 322") .
k=0
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However, by Holder’s inequality, we have:

o N
Z |anlp=
n=1 k

BE
=1

< 3 2k8%
k=0

r

p/2
< rl—p/2< Z 22k/p622k) .

k=0
Thus we deduce that for a suitable ¢’ > 0,

oo Vp
= c’(logN)'/Z“/”( > |a,,|”)
n=l1

o

Z ad,

n=1

D

so that by = ¢’ (log N)/2- 1P,
To complete the proof we observe that

ro2m

Z E ll’m,k

m=1 k=1

< Kr\?
p

for a suitable constant K. However,
r 2" 1/p
(% 5 tvmats) 2 ere
m=1 k=1

for a suitable ¢ > 0. This implies an upper estimate by < C(log N)*~17 for some
C < oo,

ProrosiTion 3.4.  Suppose (f,), (g,) are normalized unconditional basic se-
quences in L,[0,1]. Then the double sequence (f,, @ g.)m,n is an unconditional
basic sequence in L,[0, 112, and we have for every N € N,

bn2(fn) bn2(8n) < ba2(fin @ 8r) < b (S2) On(8n)-
(Here frn @ 81(5,t) = fin(5)gn(1).)
Proor. The fact that £, ® g, is an unconditional basic sequence is essentially

proved in [18]. We sketch the argument. Suppose «,, , is finitely nonzero. Then

)
dsdt

r 101
Eam,nfm®gn "'ff l] Zrm(s)rn(t)am,nfm®gn
m,n 0o m,n

-JII

~ ” (; |€>tm,n|2|fm(u)|2lg,,(v)|2)p/2 du dv

4
dsdtdudv

3 o n e () (8) (1) £ (V)
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using again Bonami’s extension of the Khintchine inequality {1]. This quickly
shows unconditionality of (f,, ® g,).

Now suppose «, and 3, are two sequences with at most N nonzero entries.
Then

Z 0‘mBmfm ® 8n

Zamfm zﬂngn

I4 p p

from which we deduce that
sz(fm ® gf:) = bN(fn)bN(gn)‘
Conversely suppose «,, , has at most N 2 nonzero terms. Then

N}

p
ds

y4 1
2 mnSm(5)&n(8) | dsdl =z b;CZ(gn)f 2 | 2 nSm(S)
m,n 0 n m

= bﬁz(fn)bll\)lz(gn) 2 |am,nlp

and the proposition follows.

THEOREM 3.5. For each m € N the space H,(T™) has a strongly absolute un-
conditional basis for which by = by(H,(T™)) ~ (log Ny™(/2=1/p),

Proor. It follows by induction from Proposition 3.4 that if (¢,) is the ba-
sis of H, considered above, then (¢; ® ---&® ¢, ) for ij,...,i,, € Nis an
unconditional basis of H,(T™). Further, for this basis we clearly have by ~
(log N)"(V2=1/p) Byt this also implies the basis is strongly absolute. In fact if
(g,) denotes this basis, «,, is finitely nonzero, and 3, is the decreasing rearrange-
ment of |a,| we quickly deduce that |8x| < ChN'N~'P| X a,ng,|, for all N
whence we get an estimate

|Ses

<o ie]”

I
for some ¢, > 0 whenever p<g =< L.
THEOREM 3.6.  The spaces H,(T™) are mutually non-isomorphic when p < 1.

Proor. This is now immediate.

For p = 1, the result analogous to Theorem 3.6 is due to Bourgain [2] and [3].
For p > 1, it is false.
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CoroOLLARY 3.7. For 0 < p <1 and m < n, the space H,(T") is not iso-
morphic to a complemented subspace of H,(T™).

Proor. In fact H,(T™) is isomorphic to a complemented subspace of
H,(T"). This is well-known, and can be observed as a consequence of tensoring
of unconditional bases. Since each space is isomorphic to its own square, it follows
from standard Pelczynski decomposition arguments that if H,(T") is comple-
mented in H,(T™) then the two spaces are isomorphic.

REMARK 1. In fact H,(T™) is isomorphic to a subspace of H,(T). More gen-
erally any subspace of L, with an unconditional basis can be embedded in H,,.
This fact, for p = 1, is due to Maurey [14], but easily extends to p < 1.

ReMARK 2. The argument for Proposition 3.3 works for the Haar basis in
L,[0,1] for 1 < p <2 and this and a duality argument show that if 1 < p < o0
then the tensored Haar bases of L,([0,1]") are not permutatively equivalent for
differing choices of n.
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