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ABSTRACT. We study certain twisted sums of Orlicz spaces with non-trivial
type which can be viewed as Fenchel-Orlicz spaces on R2. We then show that
a large class of Fenchel-Orlicz spaces on R™ can be renormed to have property
(M). In particular this gives a new construction of the twisted Hilbert space
Z3 and shows it has property (M), after an appropriate renorming.

1. INTRODUCTION

A twisted sum Z of two Banach spaces X and Y is defined (see [11]) through
a short exact sequence: 0 — X — Z — Y — 0. These short exact se-
quences in the category of (quasi-)Banach spaces are considered naturally in the
investigation of three space properties (a property P in the category of quasi-
Banach spaces is called a three space property if for every short exact sequence
as above, Z has property P whenever X and Y have it). The roots of this the-
ory go to Enflo, Lindenstrauss and Pisier’s solution [3] to Palais’ problem: the
property of being isomorphic to a Hilbert space is not a three space property.
The first systematic study of twisted sums of quasi-Banach spaces appears in
[11]. In that paper twisted sums of quasi-Banach spaces X and Y are associ-
ated to quasi- linear maps from Y to X and the Banach spaces Z,,1 < p < oo,
are studied as examples of twisted sums of £,’s. In particular, Z; is a reflexive
Banach space with a basis which has a closed subspace X isometric to £y with
Z5/ X also isometric to £3. Z5 is isomorphic to its dual, yet Z, is not isomorphic
to £3. Furthermore, Z; has no complemented subspace with an unconditional
basis: in particular it has no complemented subspace isomorphic to £;. Zs has
an unconditional finite dimensional Schauder decomposition into two dimensional
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spaces (2-UFDD), yet Johnson, Lindenstrauss and Schechtman [6] showed that
it fails to have local unconditional structure (lL.u.st.). Twisted sums appear also
in a natural way in complex interpolation [9]. There are several open problems
on twisted sums and in particular on Z,, (see [8]), which make the study of these
spaces very interesting.

We will use the class of Fenchel-Orlicz spaces. These spaces were introduced
by Turett [16] and they form a natural generalization of Orlicz spaces. A main
difference between Orlicz spaces and Fenchel-Orlicz spaces is the replacement
of the Orlicz function defined on R, by a Young’s function defined on a given
normed linear space. The elements of a Fenchel-Orlicz sequence space will then
be sequences in the given normed linear space.

Property (M) was introduced in [10] as a tool in the study of M-ideals of
compact operators. In that paper it is proved that for a separable Banach space
X, the compact operators form an M-ideal in the space of bounded operators if
and only if X has property (M) and there is a sequence of compact operators K,
such that K, — I strongly, K} — I strongly and lim,, , ||/ — 2K,| = 1. For a
detailed study of M-ideals we refer to [5].

We now give a brief overview of the paper. In Section 2 we introduce quasi-
convex functions. A function on R is quasi-convex if and only if it is equivalent
to a convex function (Proposition 2.1). We construct a large class of examples of
quasi-convex maps on R2(Theorem 2.3). In Section 3 we show how quasi-convex
maps can replace Young’s functions in generating Fenchel-Orlicz spaces on R™.
The main result of the section is that a twisted sum of an Orlicz space with type
p > 1 with itself can be represented as a Fenchel-Orlicz space over R? (Theorem
3.1). This includes the case of the spaces Z,,1 < p < co. In Section 4 we use
a method of [10] to prove that if ¢ is a Young’s function on R™ which is 0 only
at 0, then the Fenchel-Orlicz space hy can be renormed to have property (M)
(Theorem 4.1). Combining results of the last two sections we see that the spaces
Zp,1 < p < 00, have property (M) after renorming.

2. QUASI-CONVEX MAPS

Let R, ( respectively R,) denote the set of non-negative (respectively ex-
tended) real numbers.

Definition 1. A function ¢ : R® = R, is quasi-convez if there exists L > 0 such
that for every z1,z2 € R™ and for every A, A2 € [0,1] with Ay + A2 = 1 we have

d(A1z1 + A2x2) < L(A1d(T1) + A2gp(z2)).
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Note that quasi-convex maps can be defined on a vector space and that quasi-
norms are quasi-convex. The reader should also note that the name quasiconvez is
used in the literature with different meanings. In order to give a characterization
of quasi-convex maps on R™ we introduce an equivalence relation, standard in
the study of Orlicz spaces (cf. [12]).

Definition 2. Two functions ¢ and ¥ : R® — R are equivalent (¢ ~ 1) if there
exists M > 0 such that 7r¢(z) < ¢(z) < M¢(z) for all z € R™.

We shall say that two functions are equivalent on a set B if the above in-
equalities hold for all x € B. We recall that the convex envelope of a function
¢ :R™ = R, is defined by:

def .

cop(t) = mf{z aid(t) : t = Zaiti, where t; € R“,Zai =1, > 0}.

It is easy to see that

o co¢(t) < ¢(t) for all £t € R™ and
e if ¢ : R" — Ry is a convex function with ¥(t) < ¢(¢) for all t € R™, then
P(t) <co¢(t) for all t € R".

Proposition 2.1. Let ¢ : R" — Ry. The following are equivalent:

1. ¢ s quasi-convez.
2. ¢ ~cod.
3. There erists ¢ : R® — Ry convez such that ¢ ~ 1.

PRrOOF. 1=2. Suppose ¢ is quasi-convex. It suffices to show that there exists
M > 0 such that ¢ < Mco¢. Note that the quasi-convexity of ¢ gives that for
every N > 2 there exists Ly > 0 such that for every {t;}}; in R® and for every
{XHY in [0,1] with Z;’il A; = 1 we have:

N N
(1) ¢ (Z /\iti> <Ly Y Ng(t).
i=1

i=1
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The proof goes by induction upon N. For example, for N = 3:

¢ (g A,-t,-) ¢ (Altl + (A2 + A3) ((/\212/\3 (/\21 W ))

L (/\1¢(t1) + (A2 + A3)d (()‘2)_;_2/\3)152 + ()‘zf/\a)ta))
L(M¢(t1) + L(Xa¢(t2) + A3¢(ts)))

3
Ls (Z ,\,»¢(t,-)> , where L3 = L2.
=1

Note that co(M¢) = Mco¢. We will show ¢ < co{M¢) with M = L, ;1. Let
teR"andleta; >0,i=1,...,msuchthat} .~ a; =1land } .- a;t; =t. The
point (¢, ir, a,-(L,,+1¢(t,-))) Sy i(ti, Lny19(t;)) is contained inside the
convex hull of {(t;, Lp+16(t;))|2 = 1,...,m}. Therefore, by Caratheodory’s Theo-

IA

IA

IA

rem (see for example [15]), there exist n+1 indices i1,...,in41 and Aq,..., Any1 >
0 with °"7+! A, = 1 such that:
n+1
t= Z Ajti; and
j=1
n+1l m
(2) Z AjLnya1o(ti;) Z Lpy19(t:).
j=1 i=1
By applying (1) for N = n+ 1 we see that
n+1
$(t) < Lota (Y Njo(t:,))
j=1

Hence, by (2) we get

¢(t) <Y 0iLn1(t:).
i=1

By taking the infimum over all convex combinations t = Y. o;t; we get ¢(t) <

co (Ln419)(t).
2=3 is trivial, just let ¥ = co¢.

3=>1. Suppose ¢ is convex and let M > 0 such that 79(z) < ¢(z) < My(z) for
all z € R™. Then:
d(Mz1 + Aoza) < Mz + Aaza) < M(A9h(z1) + Aotp(z2))
< M2(A1g(z1) + Xogp(z2)).
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Thus ¢ is quasi-convex. O

The next theorem will give examples of quasi-convex functions on R? (which
are not convex). These examples will play an important role in the next section.
We recall that ¢ is an Orlicz function if it is a convex, non-decreasing function
on [0,00) such that ¢(0) = 0 and lim;_,, ¢(t) = co. For more information on
Orlicz spaces see [12]. The functions we shall consider will be finite valued and
non-degenerate, that is 0 only at 0. We say ¢ satisfies the Ay condition at zero if
limsup,_,q %((%2 < oo and, respectively, ¢ satisfies the Ag condition if there exists
C > 0 such that for all £ > 0, ¢(2z) < Cé(z). We will extend an Orlicz function
on the whole real line by ¢(z) = ¢(—z) if £ < 0 and, abusing the language, we
will still call the extension an Orlicz function. We start with the following simple

Observation 2.2. Let ¢ be an Orlicz function such that

$(As)
<M.
(3) 3Ip > 1, IM > 0 such that VA € (0,1], Vs > 0, s = M
Then
(4) 3M' > 0 such that VA € (0, 1], Vy > 0 we have %ﬁ;’)\“y) <M.
Indeed, suppose (3) holds. Note that for A € [0,1], A|log A| € [0, 1]. Therefore
if A € (0,1] and y > 0 we have:
9(MlogAly) _ ¢(Allog Aly)
Ad(y) AP|log AP (y)

where S = sup, (g 1) A?"!|log A|P. We are now ready to state the main result of
this section.

AP Hlog AP € MS <

Theorem 2.3. Let ¢ be an Orlicz function satisfying (3) and the A, condition.
Let 6 : R — R be a Lipschitz map. Then ® : R? - R, defined by

_ ) ¢@y) + ¢z —yb(log 7)), ify#0
q’(x’y)“{m) " iy

18 qUasi-conves.

PROOF. By Observation 2.2 the hypothesis (3) gives (4). Using the Ay condition
and the increasingness of ¢ one can easily prove that there exists C > 0 such that
for all z,y € R we have

() ¢z +y) < C(g(z) + 6())
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and that for all B > 0 there exists Cg > 0 such that for all z >0
(6) ¢(Bz) < Cpo(z).

Let t; = (zi,4:;) € R? and \; € [0,1], i = 1,2 with A; + Ay = 1. Without loss of
generality we may assume that A;y; # 0 and Ayy2 # 0. Then

2 2 2 2
P (Z ’\iti) = 45 (Z /\iyi) + ¢ (Z /\il',' - Z /\,-y,-G (10g —21_))
i=1 i=1 i=1 i=1 |Zi=1 Aiy;|
2 2 2
= ¢ (Z )\iyi) +¢ (Z Aizi — Z/\iyie (IOg ey |>
2 1
’\1 ) /\1 1 Te—2 .
+; 00 (18 ) - 2 (k’g |z?=1Aiyi|))
b (Z Aiyi) 104 (Z Nai - Zx—yl <1og e |))
i=1 i : iYi
2 1
+C PN (1 ) P (1 7))
’ (Z P ] Z YOI A

using (5). For the last term in the sum we apply the inequality

IN

1 1

m) + s6(log m) —~ (t + 5)6(log
where K is the Lipschitz constant of #. This inequality shows that the map
t — t(log ﬁ) is quasi-additive (see [11], Theorem 3.7). Since ¢ is increasing on
the positive axis, we obtain:

t8(1og )] < Ksl+ 1)

2

Z <¢Z/\,y, +C¢(Zz\zz Z*yl <1°g I))

+C¢(KZ/\i|yi|)

i=1

[

< 1+CCKZ y,+C¢(Z)\z1 Z/\gh (log|/\ l))
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by using the convexity of ¢ and (6). Thus,

(Zu) 1+CCK)Y‘A1¢(y, )+ Co (V,\zl

i=1 i=1

2
- Ay 6 (log > + Aiyif (log ) - Aiyif <1og )
Z mAR> wl) & vl

i=1

2
(1+CCK)ZA,¢(y,->+CZ¢(ZAn ZAyl (106 |)>

(o) on o)
= 2
(1+ch)2&¢(%)+022%¢ (“‘y* (“’gv |))

1=1 i=1

2 |
c? Ailys 9(1 ) 9(1 : )
' ¢<Z o (s ) =@ (e i)

2

(1+CCk) Z—: (vi) +02Y/\¢’( ~ il <log|11|>)
)

136 (A K
(1 +ch)ZAi¢(yi) + CQLA ¢ (zt <1°g l1 I))

IA

IA

IA

1

]
€ 1yl |Aayi ]

— log ——

IA

i=1

2
+C*Cx Y d(Nilyilllog Mi])-

i=1

By applying (4) to the last term we obtain

2 2 Ja 1
Y Nti| < (14CCk)) Xid() +C* D _\is (fi ~ 40 (10% m))
=1 =1 !

=1

A

2
+C3Cx M’ Z i@ (lys))

i=1

[

< max(1+CCk + C*CxM’,C?) Y \id(t:)
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which ends the proof. O

Remark. If £4 is an Orlicz space with type greater than 1 then there exists an
Orlicz function ¢ satisfying (3) and the A, condition such that ¢ coincides with
¢ on [0,1].

Indeed, it is well-known that the space ¢4 has non-trivial type if and only if
ay > 1 and B4 < 00, where ay and [, are the lower and the upper indices:

A
o =, 2 S <o)
p(Mt)

B = inflg; 0<1>\I{tf§1 d(A)ta ;

(cf. [13] p.140 and [12] p.143). Moreover, 3, < oc is equivalent to ¢ satisfying
the A, condition at zero (see [12]). Note that ay > 1 means:

(7) 3p > 1, IM > 0 such that VX € (0,1], Vs € (0, 1], ;‘zi(;\(s) <M.
s

~—

Define

o(z) yifz <1
{ o()z? ,ifzr>1

where g = max{%%l, p} and ¢'(1) denotes the left derivative of ¢ at 1. Clearly ¢
is Orlicz. Since ¢ satisfies the A, condition at zero, d~> satisfies the A, condition
(note that we don’t use the full assumption of the existence of type for this part
of the argument). Let us check that ¢ satisfies (3). Let A € (0,1) and s € (0, c0).
If s <1 the inequality in (3) is given by (7). If s > 1 we consider two cases: if
As < 1 then

$(As) _ _¢(rs) (As)PMp(1) M
APG(s)  APp(1)s? < APH(1)s? s <M

and if As > 1 then

Bs) _ 80T _ 4y,

APg(s) APp(1)s9 -
Clearly if an Orlicz function ¢ satisfies (3) and the A, condition, then £4 has
non-trivial type. Finally, we note that Theorem 2.3 implies that for an Orlicz
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space {4 with non-trivial type, there exists an Orlicz function é generating £y
such that ® : R? - R, defined by

oy = | 9w Tz —ybllog i) ify #0
(z,9) quz ,ify=0

is quasi-convex.

3. TWISTED SUMS AND FENCHEL-ORLICZ SPACES

Let cgg denote the space of real sequences with finite support. Let § : R - R
be a Lipschitz map. Let ¢ be an Orlicz function satisfying the A, condition such
that £, has non-trivial type. Let || - ||, denote the norm of the Orlicz space £4:

. In
[(zn)nlle = inf{p >0: E ¢ (7) <1}
Let F : cgg — cgo be defined by:

yn8 (log Lpdalle) iy, 0

(F(ym)m)n = { 0 ify, =0

is proved in [11] t+hat K g 9 anagi_linear man 1o or all X € and far all
18 proved i1 |11} nat 1S a quasi-iiniéar map, 1.€. i0r all A © iv and Ior ail

F(Ay) = AF(y) and
I1F(z +y) — F(z) - Fy)l| < c(ll<]l +lyl)

where ¢ is a constant independent of £ and y. We define a quasi-norm on cgyg X ¢gg
by

1(Zns yn)nll = (yn)nlls + I(zn)n — F((ym)m)n”¢~

The twisted sum £y @ £y is defined as the completion of cog X cgg With respect to
the quasi-norm || - ||. In other words, £4 € ¢, consists of all sequences (z,,, yn)n
such that [|(z,,yn)nll < 00. The fact that £, @y £y is a Banach space follows
from Theorem 2.6 in [7] which implies that a twisted sum of two B-convex Banach
spaces is (after renorming) a B-convex Banach space and Pisier’s result [14] that
a Banach space X has type greater than 1 if and only if it is B-convex.

D ([18]). A Young’s function on R
R" - R, with ®(0) = 0 and lim;_, », ®(tz) = oo for
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We set (cf. [12])
(8) £y = {(z},...,2})k;3p > 0 such that Z@ (%(z}c,,xf)) < oo}
k
and for (z},...,7})x € £p we define
I(zk, .- 2R)ells =inf{p>0:) & (%(z}c,...,z;‘)) <1}.
k

Then €4 is a vector space and (¢s,]| - [|) is called a Fenchel-Orlicz space. If
® is finite on R", £ is complete in || - ||¢ (see Corollary 2.23 in [16]). For a
detailed study of (more general) Fenchel-Orlicz spaces and their completeness we
refer to Turett [16]. Note that for n = 1 we retrieve the Orlicz spaces. We also

define hg to be the vector subspace of £s consisting of all sequences (z},...,z})k
such that >, @(%(z}c,...,xz)) < oo for every p > 0. With a slight abuse of

notation we will use (8) to define £3 for any quasi-convex function ® : R" —» Ry;
similarly for hg. We will say that a quasi-convex map ® : R™ — R satisfies the
Ay condition if there exists M > 0 such that ®(2z) < M®(z) for all z € R".

Note that if ® : R® — R, is a quasi-convex even function with &(0) = 0 and

Lilav Ea TVOiL Luilil wilin (v — U aul

limy o0 ®(tz) = co for all z € R™\ {0} then Proposition 2.1 implies that, as sets,
(9) €y = Llyog and hg = heoo-
The main result of this section is:

Theorem 3.1. If ¢, is an Orlicz space with non-trivial type then the twisted sum
£y @®r £y is a Fenchel-Orlicz space on R%. More precisely,there exists a Young’s
function ¥ on R? such thai £y @p £y = £y (as seis) and the identity map is an
isomorphism.

The rest of this section will be devoted to the proof of this result. By Theorem
2.3 and the remarks following it we see that, without loss of generality, we may

assume that ¢ satisfies the A condition and that the map ® : R? — R defined
by

1 .
(z,y) =4 ‘W T ¢z —yblogry)) ,ify #0
#(x) ,ify=0
is quasi-convex. We shall show that the function ¥ = co ® is a Young’s function

on R? with the property mentioned in the theorem.
We first prove the set equality between the two spaces. We start with a

Remark. ® satisfies the A5 condition.
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Indeed, for y # 0 we have:

(o)) 20 e
= 0o (a0 (on ) +00 (o0 ) -0 (on 577))

< C?% (:c —yb (log ﬁ)) + Cp(yK log 2)

< C% (z — 48 <1og ﬁ)) + C*Ck 10520(y)

where K is the Lipschitz constant of § while C and Ck 1442 are given by (5) and
(6) respectively. Note that if a quasi-convex function 3 : R®* — R satisfies the
Ag condition then £y = hy (cf.[12] Proposition 4.a.4). Therefore,

(10) ls = ha.

The following notation will simplify further computations. For a given sequence
(zj,y5); let

K=Y o)+ ¢ (171' - y;0 (10g |“l‘c—>>
j j il
for k > 0. It is easy to see that
£y = {(zj,y;);| there exists p > 0, S(p) < oo}
and

he = {(z;,y;);| for all p > 0,S(p) < co}.
Indeed, if (z;,y;); € €3 there exists p > 0 such that

o 1) e (222 .

p

But then, since ¢ satisfies the Ay condition,

So (o) + £ 22
C, (ijqﬁ(%) +Zj:d> (zj _yjolglog Tﬁ))) < co.

S(p)

IA
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Conversely, if (z;,y;); is such that S(p) < oo then

$o(2)+ xo (222w
7 PS5

p
and thus (z;,y;); € £s. Moreover, note that for ||(y;);/l¢ > 0 we have

< C1S(p) <0

(1) I(z5,95)5ll < oo if and only if (||(y;);ll4 < oo and) S(]|(y;);ll) < oo

We now show that £, @y = Ly as sets. Let (z;,y;); € €5 p Ly. Then
I(zj,y;)]l < oo, which implies (y;); € £s. If ||(¥;);lle > O then by (11) we get
S(ll(y;);lle) < oo. This shows that (z;,y;); € £s. If [|(y;);]l4 = O then (z;); € £y
and again (z;,y;); € €s. Hence, by (9), (z;,y;); € €y. Conversely if (z;,y;); €
¢y, by (9) and (10), (z;,y;); € hs, which implies (y;); € €4. If (y;); # O then
S(I(ys);5lls) < oo. Therefore ||(z;,y;)|| < oo and (z;,y;); € £y D €s. I (y;); =0
then (zj)j € fd, and again (x,-,yj)j € Z¢ ®F f,».

Note that ¥ is a finite Young’s function and thus £y is a Banach space. Indeed,
we only need to show that

tl_i’m ®(t(z,y)) = oo, for all (z,y) € R?\ {(0,0)}

since then Proposition 2.1 will give the same result for ¥. Let (z,y) # (0,0). If
y # 0 then ®(¢(z,y)) > ¢(ty) — oo as t = oo since ¢ is an Orlicz function. If
y = 0 then z # 0 and ®(t(z,y)) = ¢(tz) — oo as t — oo since ¢ is an Orlicz
function.

The next two propositions will show that the identity mapping is an isomor-
phism between £4 @ ¢4 and fy.

Proposition 3.2. Let X be a sequence space, complete in || - ||1 and || - ||2, such
that the coordinate functionals are continuous. Then the identity 1 : (X,] - |l1) =
(X, - ll2) is an isomorphism.

PROOF. It is easy to see that (X, ||-|[1+||- ||2) is complete. Therefore the identity
maps

u (X[ 1 1l2) = (X0 1) and g < (X0l + 11 l2) = (X0 1l2)

are continuous and, hence, by the Inverse Mapping Theorem, isomorphisms.
Therefore 1 = 25 037! is an isomorphism. O

Proposition 3.3. The coordinate functionals on €y @y €y and €y are continu-
ous.
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PROOF. In both cases we will show that projections P;((z;,y;);) = (zi,y:) are
continuous for all . The result will follow immediately since the coordinate
functionals on 2-dimensional Banach spaces are continuous.

For £y note that if ||(zj,y;)jlle = 1 then by the continuity of ¥ we get
>; ¥(zj,y;) <1 and hence ¥(z;,y;) < 1 for all i. Therefore, for all 4, (z;,y:) €
{(z,y) € R%¥(x,y) < 1} which is a bounded set and thus the projection P; is
continuous since all norm-topologies on a 2-dimensional Banach space are equiv-
alent.

For £4 @ €4 we show that there exists M such that if ||(z;,;);]| < 1 then
®(z;,y;) < M. The boundedness of the set {(z,y) € R%; &(x,y) < M} finishes
the proof as before. Indeed, note that if ||(z;,y;);|| < 1 then S(||(y;);ll¢) < 1.
Moreover, if C is given by (5) and K is the Lipschitz constant of 6 then

®(zi,y:) < S(1) = Z¢(yj) " Z¢ (xj _y;8 (bg ||(3/|ZTII¢)

K (i 1)
+y.:0 (lo — lo
;6 {log =, 1 wif \loB

o o)
+CZ¢ [y 106 [|(3n)n )

S (OIS waInla) + O 6 5K log [(wa)nllo)

< 0400V 0 (oK e (an)le )

< 1+C+M'CZ¢<”( il )”(yn)n”¢

where M’ is given by (4). Thus, if Ck is given by (6), we have:

O(zi,ys) < 1+C+M/CCKZ¢<H(yy—;”¢)51+C+MICCK.
j nn

The proof of the proposition is complete. O

This concludes the proof of Theorem 3.1. In particular, by choosing ¢(z) = |z|?
for 1 < p < co and 6 to be the identity map, we see that the spaces Z, introduced
in [11] can be viewed as Fenchel-Orlicz spaces.
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We end this section with two questions which arise naturally, in view of The-
orem 3.1: For what Banach spaces X can a twisted sum of X with itself be
represented as a Fenchel-Orlicz space? Note that this can not be done for X = ¢;
as 1 P r 1 1s not a Banach space. If £4 is an Orlicz space with non-trivial type for
which quasi-linear maps G is the twisted sum £4 @ €4 a Fenchel-Orlicz space?

4. FENCHEL-ORLICZ SPACES WITH PROPERTY (M)

Recall the definition of property (M) [10] (see also [5]):

Definition 4. A Banach space X has property (M) if whenever u,v € X with
llull = ||lv|]| and (z,)n is a weakly null sequence in X then

limsup ||u + z,|| = limsup ||v + z,||
n— oo n—o00

A large class of spaces with property (M) can be generated as follows: Let
{n&)x be a sequence of natural numbers. For every k let N be a norm on R™x*
such that

0 <z < x5 = Ni(z0, 1, -+, Tn,) < Ne(T, T1, -\ Tny)
and
Ni(1,0,...,0) = 1.
Define inductively a sequence of norms on R® with s = Zle n; by:
N1 % Na(Z1,Z2,- .., Tnitng) = Na(N1(0,Z1,. .., Tn, ), Ty 41y« - » Trybng)
and once Ny *--- % Ni_; is defined,

N1*--~*Nk(zl,...,12:¢=lni) =

Nk(Nl - Nk—l(ml, e, T kol ni),zzfz—lx ni410 .,Ileni)

It can be easily checked that each N *---% Ny is a norm. For a sequence of finite

sequences é = ((gl):l:ll: (gi)?:znl—i-la Ty (gi)?zk;;lﬁ-l’ o ) let

1€l &en,) = SL;p(Nl £k Ne) 6y, €5r )

and let A(Ny) be the space of all sequences of finite sequences ¢ such that
1€ (n,y < o0- Then |- lA(n,) is a norm and A(Ny) is a Banach space. De-
fine A(N;) to be the closed linear span of the basis vectors (ex)x in A(Ny). A
simple gliding hump argument shows that A(N) has property (M) (see [10]). The
above technique is used in [10] to show that the closed linear span of the basis of
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modular spaces can be renormed to have property (M). If N, = N for all k we
write A(N) for A(Ni) and A(N) for A(N).

For the rest of the section n € N will be fixed and for Fenchel-Orlicz spaces
£5 on R™ we shall assume that the Young’s function ® is finite and 0 only at 0.
Our main result in this section is the following

Theorem 4.1. Every Fenchel-Orlicz space hg on R™ can be equivalently renormed
to have property (M).

The theorem will be proved once we show that if & : R®™ —» R, is a Young’s
function there exists a norm N on R™! such that £5 = A(N) (and thus he =
A(N) ). Sufficient conditions for this last claim are given in the following

Lemma 4.2. If ® is a Young’s function on R® and N is a norm on R**! such
that

0< zo <z = N(z0,Z1,..-,%n) < N(z4,T1,.--,Zn)
and
N(Lz1,...,2,) =1+ ®(zq,...,2,)
then £y = A(N).

PROOF. Let (z,...,z3)x € A(N) with ||(1711c’---’1’2)k||[\(1v) < 1. Let h be the
first index such that (z},...,z7) #0. For k > h + 1 we have
Nx-o-x N(zh ... 2t ... 2}, .., z})
k
N N(a! o i
= R 1
* * (Ila azk—l)( + (N*"'*N(l'%,...,flfz__l)’ )

Ty )
"’N*"'*N(I%$""$z—1)
2 N*.--*N(z%,...,I:_l)(1+¢(zllg1"'71:2))'

The inequality holds as ® is increasing on each ray starting from 0 and
Ik, - 28kl 3 vy < 1. Thus,

H(d)(z,lc,...,z;c’) +1) < o0
k=1

and, hence, Y 7, ®(z},...,2}) < co. In particular (z},...,2})k € lo.
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Conversely, if (z},...,z})x & A(N) then there exists h such that
N#---%N(zl ..., z}') > 1. By a similar argument we see that
N e’

h

oo
Il (@@=, ..., sp)+1) =
k=h+1
which concludes the proof. a
The next Proposition 4.3 and Lemmas 4.7 and 4.8 show how the conditions of

Lemma 4.2 can be satisfied. Let B(z,r) denote the ball in R" (with the Euclidean
norm | - ||z ) centered at z with radius 7.

Proposition 4.3. If ¢ : R®* —» R, is a Young’s function there erists & :
B(0,1) = R convez, even, C* on B(0,1) \ {0} with & ~ ¢ on B(0,1).

We begin the proof of the proposition with

Observation 4.4. If ¢ : R™ —» R is a Young’s function there exists ¢:R" >R,
continuous, equal to ¢ on B(0,1) such that

) L)

llzlla—oo flzllz

Indeed, just let

2 ) (@) i ||z]]2 < 1
O(E=) + (lzlls = 1D L if [lzfle > 1

The proof of the proposition will follow from the next two lemmas.

Lemma 4.5. If ¢ : R® — R, is continuous and ¢(z) = 0 & z = 0 then there
exists ¢ : R® = Ry, which is C1 on R™\ {0} with ;¢ < ¢ < 2¢.

PROOF. As ¢ is continuous
1

|B(z,7)| JB(sr)

Hence Vz € R\ {0}, there exists r(z) > 0 such that

e for 0 < r < r(z) we have 3¢ < m fB(I,T) ¢ < 2¢, and
e the map z — r(z) is continuous.

¢ — d(z)asr = 0.
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Moreover there exists a function 7, which is C! on R\ {0}, such that 0 < #(z) <
r(z). Indeed, if

f(2) = min{r(y),y € B(O, 2ln) \ B(O, 2n+1 )} for = € B(0, ) \ B(0, qnlﬂ)
then f;, the restriction of f to the positive z; axis, is a positlve step function and
we can easily choose a C! function g on the positive r; axis such that 0 < g < f;.
Then the radial extension of g gives such an 7.

Define
1 .
3(z) = { BN By dW)dy 240
0 ifr=0
Clearly ¢ satisfies the properties required in the conclusion of the lemma. O

Note also that if in the previous lemma ¢ is even, so is é. Moreover ¢ satisfies
the growth condition (12), if ¢ does.

The next lemma follows the idea of Corollary 3.1 in [4] (for a similar result in
the infinite dimensional case see [2]).

Lemma 4.6. Let p € R®. Let f : R* — R be differentiable on R® \ {p},

continuous at p, with limyg, 0o L5 = co. Then cof is C! on R™\ {p
ll=ll2 zlz —

PRrROOF. Let z € R*\{p}. By Theorem 2.1 in [4] there exist ¢ < n+1, A1,..., A, >
0 and zy,...,z, € R" such that:

cof(x Z/\fxl ) with ZAxl_xand Z/\"‘].

As = # p we may assume, without loss of generality, that x1 # p. Let U; be a
small neighborhood of z;. For 9:'1 € Uy consider =’ = Mz + Z;le Xiz;. Then
U = {2'|z} € U} is a neighborhood of z. We can choose U; small enough such
that p€ U and p € U;. Let h: U — Uy by h(z') = z}. Clearly h is C*.

a q
cof(x') < Mf(x)) + Y Aif(xi) = Mf(h(x) + ) Aif(xi)

i=2 i=2
The right hand side is a C! function of z’ on U, call it s(z’). Note that s(z) =
cof(x). Hence:
(13) s(y) — s(z) > cof(y) — cof(x), forally € U

Recall that for a convex function ¥ on R" the subdifferential of ¢ is a map
Oy : R™ = P(R™) given by z* € Oy(z) if ¢(z) > ¢(z) + (z*,2 — z) for all 2. As
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z is in the interior of the domain of cof we have that dcof(x) is nonempty (see
[15], Theorem 23.4). Note that if z* € dcof(x) then (13) shows that z* = Vs(z).
Hence dco f(x) is a singleton and therefore cof(x) is differentiable at z (see [15],
Theorem 25.1). Hence cof is differentiable on R™ \ {p}. The conclusion of the
lemma follows once we notice that if a finite convex function on R" is differentiable
on a set then its gradient is continuous on that set (see [15], Theorem 25.5). O

PROOF OF PROPOSITION 4.3. Let ® = (co $)|B(0,1) be the restriction of co$ on
B(0,1), with ¢ given by Lemma 4.5 satisfying growth condition (12): smoothness
of ® is provided by Lemma (4.6) and equivalence to ¢ on the unit ball is obvious.

O

Lemma 4.7. Let ¢ : B(0,1) —» R, be convez, even and C* on B(0,1) \ {0}
such that ¢(z) = 0 if and only if £ = 0. Then there ezists a Young’s function
¢ : R™ > R, which coincides with ¢ on a neighborhood of 0, such that

e Vr € R the map t — w is decreasing on (0,00) and

. 146 .
o > limy +—¢t(t—zl s a norm on R".

PROOF. For all @ > 0 small enough ¢~ !({a}) is an n — 1 dimensional closed
submanifold of B(0,1). Such an a will be chosen later on. Let |- |, be the
Minkowski norm of the set ¢=*([0,]). Then |- |, is C* on R™\ {0} since ¢ is.
An easy calculation shows that
1

\ZOE)
where (-, -} denotes the Euclidean inner product on R". Indeed, for z € R" \ {0},
|Z]a = ﬁ where ¢(A(z)z) = . Thus,

V1 1a(e) = ~ 53755 VA @) = ~[e29A(z).
By differentiating ¢(A(z)z) = a with respect to z; we obtain

0 = 3P0 = X0 (g e 005 )

(14) V|- |o(z) = Vo(z), for all z € R™ with |x|, =1

- @) + Y G (M) (o),

L) z 1 T o
= o (o) o+ oo () g, )
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Thus

which gives (14) for |z|o = 1. Let M = supyy —1(V¢(z),). Then for every z
with |z|, = 1 and for every u € R" such that (V|- |,(z),u) > 0 we have

(Vo(z),u) < M(V| - |a(z), u)
Thus, for all such z and u we have
(15) Dy¢(z) < Du(M] - |a)(z)

where D,, is the directional derivative in the direction of u.
Define ¢ on R" by:

~ _ ¢(1§) 3 if |‘T|a S 1
o(z) = { a+ M(|z|a — 1) , otherwise

Condition (15) provides the convexity of é. Clearly ¢ is a Young’s function and
coincides with ¢ in a neighborhood of 0.
Fix z € R\ {0}. We want to show that the mapping

, {ﬁﬂt_zl Jif0<t<
H

¢ £
1+a+M(t|t:c|a-1) it > L

[z]a

is decreasing. As the map is continuous, it suffices to show it is decreasing on
(0, ﬁ) and on (ﬁ, 00). Since ¢ is convex and ¢(0) = 0 there exists T = 7(z)
such that t — %t—ml is decreasing on (0,7(z)) with 0 < 7(z) < m and
T(pz) = T—(“ﬂ By compactness of B(0,1) and the continuity of 7 and ¢ we have
inf =1 #(7(y)y) > 0. If

(16) a< inf ¢(7(y)y)

lyli2=3
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xr xr
¢ ( (2||z||2) 2||z||2) >

hence ¢(7(x)z) > « and thus |7(z)z|, > 1. Therefore (77— < 7(z) and £ — +—¢Gil
is decreasing on (0, lzla)

Note that H‘”’M?'I‘“_l) = Lka=M 4 M|z|, is decreasing as a function of ¢
exactly when 1+ a — M > 0. Thus it suffices to have M < 1. But

M = sup <V¢(I),(E) = sup <V¢(I) “ H )HIHZ

|z|a=1 |z]a=1

then

IN

<sup D = ¢( ))(sup lz|]]2) 2 0asa—0

|z)a=1 Iz|a=1

since sup|,|, =1 Dﬂ,zzﬂ;qb(:c) is an increasing function of a and sup, —, [|z{2 = 0
as a — 0. In particular o can be chosen such that (16) holds and M < 1. Then
t— ﬁ%ﬂ is decreasing Vz € R".

Finally, note that

t—o00

= M|13la
is a norm on R". 0O

Lemma 4.8. Let ¢: R® = Ry be a Young’s function such that

o Vz € R" the map t — —l—t‘;ﬁ—q is decreasing on (0,00) and
o z— limg itt:) is a norm on R".

Then

Jaol(1+ 6 (222 )) if 20 # 0
N(zo,_fcl,_,_’zn): ) ( IOII) . .
lim,_o |t[(1+¢(1—’i‘t'ﬁ>) if 5o =0
is a norm on R such that
0 <zo <z = N(z0,21,...,Tn) < N(4, T1, ..., Tn)

and

NLz1,...,z0) =1+ (21, .., Z0).
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PROOF. We only need to check the triangle inequality for N. Let z = (x9,Z1,...,%n)
and y = (yo,91,--.,¥a) € R**.
Ifzg>0and yg >0

$1+y1 zn+yn
Nz +y)=(x 1+ ey
(@4 9) = G an) (10 (220, 2t )

To 1131,-..,13"+ Yo yl,”-ayn)
Zo + Yo Zo Zo + Yo Yo

< $O+y0+$0¢ (xlv-z'(;1xn) +y0¢ (yl,':l}(;’yn)
= N(@)+NG)

= xo+yo+(xo+yo)¢(

by the convexity of ¢.
Ifzo>0and yo =0
N(z+y) < N(zo —€,z1,...,Tn) + N(6,y1,. .. ,Yn), for all € € (0, z0)

by the previous case. Letting € — 0, by the continuity of N we obtain the desired
inequality.
Finally, if zo > 0 and yo < 0 we may assume 0 < g + yo < zp. Then, by the
properties of ¢ and the previous case we have
N(z+y) < N(zo,Zi+ %, . 1Tn+Yn)
N(E)+NO,y1,-.-,¥n)
N(z) + N(lyol, 41, - -, y) = N(z) + N(y)

which concludes the proof. 0

<
<

The proof of theorem 4.1 is now complete. Theorems 3.1 and 4.1 give imme-
diately the following

Corollary 4.9. Let £y be an Orlicz space with non-trivial type. Then the twisted
sum €y @ Ly can be equivalently renormed to have property (M).

In particular, the spaces Z,,1 < p < oo, have property (M) after renorming.

We end this section with an application of the previous corollary and Theorem
2.4 in [10]. Recall that if X is a Banach space and F is a subspace of X then
E is called an M-ideal in X (see [1]) if X* can be decomposed as an f;-sum
X* = EL @, V for some closed subspace V of X*. For a Banach space X let
L(X) denote the algebra of all bounded operators on X and K(X) the ideal of
compact operators.
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Corollary 4.10. Let {4 be an Orlicz space with non-trivial type. Then £y @D Ly
can be renormed so that K(£y @ £y) is an M-ideal in L(£y D £s).
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