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FACTORIZATION THEOREMS
FOR QUASI-NORMED SPACES

N.J. KALTON AND Sik-CHUNG TAM¥*

ABSTRACT. We extend Pisier’s abstract version of Grothendieck’s theorem
to general non-locally convex quasi-Banach spaces. We also prove a related
result on factoring operators through a Banach space and apply our results
to the study of vector-valued inequalities for Sidon sets. We also develop
the local theory of (non-locally convex) spaces with duals of weak cotype2.

1. Introduction.

In [16] (see also [18]) Pisier showed that if X and Y are Banach spaces
so that X* and Y have cotype 2 then any approximable operatoru : X — Y
factors through a Hilbert space. This result (referred to as the abstract
version of Grothendieck’s theorem in [18]) implies the usual Grothendieck
theorem by taking the special case X = C(Q2) and Y = L; as explained in
[18].

Our main result is that the abstract form of Grothendieck’s theorem
is valid for quasi-Banach spaces. To make this precise let us say that an
operator u : X — Y between two quasi-Banach spaces is strongly approz-
imable if it is in the smallest subspace A(X,Y’) of the space L(X,Y) of all
bounded operators which contains the finite-rank operators and is closed
for pointwise convergence of bounded nets. We define the dual X* of a
quasi-Banach space as the space under all bounded linear functionals; this
is always a Banach space. Then suppose X,Y are quasi-Banach spaces so
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that X* and Y have cotype 2; we prove that if u : X — Y is strongly
approximable then u factors through a Hilbert space.

Some approximability assumption is necessary even for Banach spaces
(cf. [17]). However, in our situation, such an assumption is transparently
required because X* could have cotype 2 for the trivial reason that X* =
{0}; then the only strongly approximable operator on X is identically zero.
We remark that there are many known examples of nonlocally convex spaces
X with cotype 2 (e.g. Lp,L,/Hp and the Schatten ideals S, when p < 1
([20],[23]). Examples of nonlocally convex spaces whose dual have cotype 2
are less visible in nature, but in [7] there is an example of such a space X
with an unconditional basis so that X™* ~ £;.

We also give a similar result for factorization through a Banach space;
in this case we require that X* embeds into an L;—space and that Y has
nontrivial cotype. These results are then applied to the study of Sidon sets.
We say a quasi-Banach space X is Sidon-regular if for every compact abelian
group G and every Sidon subset E = {v,}32, of the dual group I' and for
every 0 < p < oo we have || 3p_; ZrvellL,(e.x) ~ || Zoke1 €kZk|| L,(x) Where
(ex) are the Rademacher functions on [0,1]. It is a well-known result of
Pisier [15] that Banach spaces are Sidon-regular but in [9] it is shown that
not every quasi-Banach space is Sidon-regular. We show as a consequence
of the above factorization theorems that any space with nontrivial cotype
is Sidon-regular; this includes such spaces as the Schatten ideals S, and the
quotient spaces L,/H, when 0 < p < 1.

Our final section is motivated by the fact that the main factorization
theorem suggests that quasi-Banach spaces whose duals have cotype 2 have
special properties. On an intuitive level there is no reason to suspect that
properties of the dual space will influence the original space very strongly in
the absence of local convexity. However we show that quasi-Banach spaces
whose duals have weak cotype 2 can be characterized internally by condi-
tions dual to the standard characterizations of weak cotype 2 spaces. We
show that, for example, that X has a dual of weak cotype 2 if and only if its
finite-dimensional quotients have uniformly bounded outer-volume ratios.

We refer to [11] for the essential background on quasi-Banach spaces.
We will need the fact that every quasi-normed space can be equivalently
normed with an r-norm where 0 < r < 1 (the Aoki-Rolewicz theorem) i.e.
a quasi-norm satistying ||z + y|I” < [l2]” + ly]"

Let us recall that the Banach envelope X ofa quasi-Banach space X
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is defined to be the closure of j(X) where j : X — X™** is the canonical
map (which is not necessarily injective). If j is injective (i.e. X has a
separating dual) we regard X as the completion of X with respect to the
norm induced by the convex hull of the closed unit ball Bx. If X is locally
convex then d(X,X) = ||Ix| %_ x is equal to the minimal Banach-Mazur
distance between X and a Banach space.

2. The main factorization theorems.

Let us suppose that X and Y are r-Banach spaces where 0 < r < 1.
Suppose u : X — Y is a bounded linear operator. We will define y(u) to
be the infimum of ||v||||w|| over all factorizations u = vw where w : X — H
and v: H — Y for some Hilbert space H. We define 6(u) to be the infimum
of ||v||||w]|| where v = vw and w : X — B and v : B — Y for some Banach
space B. In the special case when u = Ix is the identity operator then
v2(Ix) = dx is the Euclidean distance of X and 6(Ix) = 6x = d(X, X) (cf.
[5], [14]) is the distance of X to its Banach envelope.

Let Dy = {-1,+1}" be equipped with normalized counting measure
A and define the Rademacher functions €;(¢) = ¢; on Dy for 1 <7 < N. We
define Tz(N)(u) to be the least constant such that

N 1/2 N
( i _Ze,-um)u%u) <1V () (_Z ||m,-||2)

for z1,... ,2n € X. We define CEN)(u) to be the least constant so that

N 1/2 N
(g ||u<m,-)||2) <) ( / IIZEmM?dA)

for z1,...,2n € X. We let To(u) = supy TéN)(u) be the type 2 constant of
u and Ca(u) = supy Cz(,N)(u) be the cotype two constant of u. In the case
when u = Ix we let To(Ix) = To(X) and Cy(Ix) = C2(X) the type two
and cotype two constants of X.

Finally we let K(")(u) be the least constant so that if f € Ly(Dy, X)
then

1/2

1/2

N
1 / €t 0 fdNeil|L,(py,v) S K@) fllLap x)-
i=1
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We then let K(u) = supy KV (u). If u = Ix then K(Ix) = K(X) is the
K-convexity constant of X.
We will need the following estimate.

Lemma 1. If 0 < r < 1 then there is a constant C = C(r) so that for
any r-normed space X, we have K(X) < Cdf{(l + logdx), where ¢ =
(7 =D/ - 3).

Proof. 1t is clear that K(X) < 6xK(X). Now we have §x < Cd?( where
C = C(r) by Lemma 3 of [5]. We also have, by a result of Pisier ([16],
[18]) that K(X) < C(1+logdy). It remains to observe that d ; < dx since
any operator u : X — H where H is a Hilbert space factorizes through the
Banach envelope of X with preservation of norm.s

We next discuss some aspects of Lions-Peetre interpolation (see [1] or
[2] ). We will only need to interpolate between pairs of equivalent quasi-
norms on a fixed quasi-Banach space. Let us suppose that X is an r-Banach
space for quasi-norm || || and that || ||, is an equivalent r-norm on X; we
write X; = (X, ||||;) for  =0,1. Let
Ki(t,2) = inf{(lzolls + #llea )Y : @ = 20+ 21}
where 7 < s < 00. Then K, is an r-norm on X. We define

* Ky(t,z)? 1/2
lelloz = 61 - 042 ([~ 22 )

for 0 < 6 < 1. We write Xg2 = (X, || [lo,2) = (Xo, X1)o,2-
We will need some well-known observations.

Lemma 2. There exists a C = C(r) so that if || ||o = || |1 then for any
z € X we have C7Y|z||o < ||z]lo,2 < C||z]|o-

Proof. This follows from the simple observation that K (¢, z) = min(1, t)||z||o
and that 2!/2-1/"K, < K, < K,m

Lemma 3. There exists C = C(r) so that if N € N then (¢ (Xo), €Y (X1))s.2
is isometrically isomorphic to £3 (Xg.2).

Proof. This follows from the routine estimate

Kg(t, (231, ey .’BN)) = (Z Kg(t, x;)2)1/2-

=1
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The following lemma is standard.

Lemma 4. Suppose (Xo, X)) are as above and that (Yy,Y1) is a similar
pair of r-normings of a quasi-Banach spaceY. Let u: X — Y be a bounded
linear operator. Then

"u"Xa 3—Yo,2 < ”u"Xo—»Yo” ”?X:—le'

We now combine these results to give a criterion for convexity of the
interpolated space. For convenience we will drop the subscript 2 and write
Xp. We also recall the definition of equal norms type p for p < 2. We let

T,,(X) be the least constant so that for any NV and any z;,...,zxy € X we
have

“ ;‘EixillL,,(DN,X) S TP(X)NI/I’ l1'_<I11%XN “fl?z”
Lemma 5. Suppose (Xo,X:) are as above. Suppose 1 < a < oo and
0< 8 <r/(2—r). There is a constant C = C(a,8,r) so that if To(X,) < a,
then 6x, < C.

Proof. Consider the map u : £} (X) — Ly(Qn, X) defined by u((z;)Y,) =
Zilil €;z;. Then ||u||x, < a. Since || ||, is an r-norm it follows from Holder’s
inequality that [lu||x, < N'/™=1/2. Hence ||lu||x, < a'~9N®(1/m=1/2) Now
0(1/r —1/2) =1/2 — ¢ where ¢ > 0. Assume z1,... ,zy € X. Then

1/2

N
0
(/Il;emllgd/\) <@ TINTT? max fleillo.
1=

This means that 7,(Xp) < a'~¢ where p = (1-¢)~! > 1. Applying Lemma
2 of [5] we get the lemma.m

We are now in position to prove the generalization of Pisier’s abstract
Grothendieck theorem.

Theorem 6. Let X,Y be quasi-Banach spaces so that X* and Y have
cotype 2. Then there is a constant C so that ifu : X — Y is a strongly
approximable operator, then y,(u) < Cl|ul|.

Proof. We may suppose that both X and Y are r-normed. Counsider first
an operator u : X — Y such that ||u]| = 1 and ¥2(u) < oco. Then there
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is a Hilbert space Z and a factorization u = vw where w : X — Z and
v:Z — Y satisfy ||v|| € 272(u) and ||w|| < 1.

We will let Z = Zj and define Z; by the quasi-norm ||z|[; = max(||z|o,
[lv(2)|ly)- Then T2(Zo) = 1; so we pick 0 < § < r/(2 — r) depending on r
and deduce an estimate 6z, < C = C(r).

Now consider the map @y : Lo(Dy,X) — £0(Z) defined by

an(r) = [ we feidx); .

Clearly for the Euclidean norm || ||o we have ||[Wy|lo < 1.

We now consider || ||;. It is routine to see that Cy(Z;) < 1+ C2(Y) <
2C5(Y). We also clearly have the estimate [|z|lo < |[z]i < 272(u)||2]lo
so that dz, < 2v2. From this and Lemma 1 we can obtain an estimate
K(Z;) < C(y2(u))?(1+logy2(u)) where C = C(r) and ¢ = 2(1—r)/(2—7).
To simplify our estimate we replace this by K(Z;) < C(v2(u))” where 7
depends only on r and ¢ < T < 1. These estimates combine to give

[@n]l < Clr2(u)"Ca(Y).
Interpolation now yields
lonlle < Clya(u)™®Ca(Y)’.

Now consider w* : Z; — X*. By taking adjoints of @y and observing
that Ly(Dy,X)* can be identified with Ly(Dy,X*) in the standard way
we see that we have an estimate

To(w* : Zj — X*) < C(712(u)™0Cy(Y)°.

It follows immediately from Maurey’s extension of Kwapien’s theorem [12],
[18] Theorem 3.4 that

Yo(w* : Z5 — X*) < C(ra(w)) " Co(Y)° Co(X™).

By duality this gives the same estimate for yo(w : X - Zo). Our previous
estimate on 6z, gives that the norm of the identity map I : Zy — Zp is
bounded by some C = C(r). Since Ix : X — X has norm one, we have:

T2(w : X — Zg) < C(72(w)) " Ca(Y)?Ca(X ™).
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Now ||v|loe € 2v2(u) and ||v]|; < 1 by construction. By interpolation
we have ||v||¢ < Cy2(u)'~?. Now by factoring through Zs we obtain

72(u) < Cly2(w))! ="+ TCo(Y)° Co(X™)

and so
12(1) < C(Co (V)= (Cy(X*))H/ A=,

Thus we conclude that if y2(u) < oo then v5(u) < C|lu|| where C
is a constant depending only on X,Y. The remainder of the argument is
standard. Let J be the subspace of £(X,Y) of all operators for which
v2(u) < 0o. Then J contains all finite-rank operators. We show it is closed
under pointwise convergence of bounded nets. Let (u,) be a bounded net
in J converging pointwise to u. Then supy2(us) = B < oo. For each o
there is a Euclidean seminorm (i.e. a seminorm obeying the parallelogram
law) || |lay on X satisfying ||ua(z)| < ||z]la £ Bl|z|| for z € X. By a
straightforward compactness argument there is a Euclidean seminorm || || g
on X satistying [[u(@)]| < |2z < Bllel| for = € X, ice. ue J.»

We will next prove a similar result for factorization through a Banach
space. We recall that a quasi-Banach space has cotype g where g > 2 if
there is a constant C so that for every N and all z;,...,z5 € X we have:

N N
Ozl < Y zill oy owx)-
=1 i=1

Lemma 7. Let X be a Banach space so that X* is isomorphic to a subspace
of an L, —space, and suppose Y is a quasi-Banach space of cotype q < oo.
Then there is a constant C = C(X,Y’) so that ifu: X — Y is a bounded
operator then there is a Banach space Z withT>(Z) < C and a factorization
u=vw wherew : X —» Z andv: Z — Y satisfy ||v|||w] < C||u]-

Proof. By assumption, there is a compact Hausdorff space 2 and an open
mapping q : C(Q) — X**. It follows that there is a constant Cy so that
if E is a finite-dimensional subspace of X there is a finite rank operator
tg : C(2) —» X** with ||tg|| < Co and if z € E with ||z|]| = 1 there exists
f € C(2) with || f|| < 2 and tgf = z. It follows from the Principle of Local
Reflexivity (cf. [22] p.76) that we can suppose that tg has range in X.
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We now form an ultraproduct of X and Y. Let I be the the collection
of all finite-dimensional subspaces E of X and let &/ be an ultrafilter on
I containing all sets of the form {E : E D F} where F is a fixed finite-
dimensional subspace. Consider the space X;; defined to be the quotient of
£ (I; X) by the subspace cy o(I; X) of all (zg) such that limy zg = 0; Xy
is thus the space of (equivalence classes of) (zg) normed by limy ||z g||. We
regard X as a subspace of X;; by identifying z with the constant function
zg = z for all E. We similarly introduce Y;; and note that Y;, has cotype
q with the same constant as Y. We extend u : X — Y to u; : Xy — Yy
by setting u1((zg)Eer) = (u(zg)Eer). Let us also introduce the operator
t: C(R) — Xy by putting t(f) = (tg(f))Eer- Consider u;t : C() — Yu.
By Theorem 4.1 of [10] there is a regular probability measure p on 2 so
that if p = ¢+ 1 then [Just(f)|| < C||u||([ |f|Pdr)'/P. Here C depends on
X,Y but not on u. This implies that u;¢ = v,j where j : C(Q) — Lp(p)
is the canonical injection and ||v;|| < C||u||. Let N = v;}(0) and form the
quotient Z; = L,/N; let m be the quotient map. For each z € X there
exists f € C(Q) with ¢(f) = z; this follows from the choice of ultrafilter.
Then w(z) = mj(f) is uniquely determined independent of f. Furthermore
f can be chosen so that || f|| < 2||z|| so that |w| < 2. Let Z be the closure
of the range of w. Then clearly v;(7~1(Z)) C Y so that we can define
v:Z — Y with ||v|| £ C and vw = u. Finally T5(Z) < T5(Z;) < To(L,) is
bounded by a constant depending only on ¢.m

Theorem 8. Suppose X is a quasi-Banach space such that X* is isomor-
phic to a subspace of an L; —space, and Y is a quasi-Banach space of cotype
g < co. There is a constant C so that if u : X — Y is a strongly approx-
imable operator then 6(u) < C||u|.

Proof. Let us assume that X,Y are both r-normed. Suppose first that
u: X — Y satisfies ||u|| = 1 and 6(u) < co. We show that §(u) < C where
C depends only on X,Y. Since §(u) < co we can factor u through X and
apply Lemma 7 to the induced operator X — Y. Thus u can be factored
through a Banach space Z satisfying T5(Z) < C where C = C(X,Y) so that
u = vw where w: X — Z with ||w||=1and v: Z — Y with |[v]| < C6(u).
Let Z = Zy and introduce Z; by setting ||z||; = max(||z||, [[v(2)]]). If we
pick 8 < /(2 — r) then 6z, < C where again C depends only on X,Y.
Hence

6(w) < Cllol| zo—y llwll x - z-
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By interpolation this yields
8(u) < C(8(u)*~%,

and hence 6(u) < C. The remainder of the proof is similar to that of Theo-
rem 6.m

3. Applications to Banach envelopes and Sidon sets.

It is proved in [7] that if X is a natural quasi-Banach space (i.e. a
space isomorphic to a subspace of a space {oo(I; Lp(pi))) with the strong
approximation property (i.e. the identity on X is strongly approximable)
and if Y is any subspace of X such that Y* has cotype ¢ < co then Y is
locally convex. We present now two variations on this theme.

Let us say that a quasi-Banach space X is (isometrically) subordinate
to a quasi-Banach space Y if X is (isometrically) isomorphic to a closed
subspace of a space £ (I;Y") for some index set I. Thus a separable space
X is natural if it is subordinate to L,[0, 1] for some 0 < p < 1.

Theorem 9. Let Z be a quasi-Banach space and let X be subordinate to
Z. Assume that either X or Z has the strong approximation property. Let
Y be any subspace of X. Then

(1) If Z has cotype 2 and if Y* has cotype 2 then Y is locally convex.

(2) If Z has cotype ¢ < oo and Y* is isomorphic to a subspace of an
L,—space, then Y is locally convex.

Proof. The proofs are essentially identical. We therefore prove only (2).
Let j : Y — £5(Z) be the inclusion map. Then since j factors through X
it is strongly approximable, under either hypothesis. Let 7; : £oo(Z) — Z
be the co-ordinate map. Then by Theorem 8, we have §(7;5) < C for some
constant C' depending only on Y. Thus for y € Y, |y|| = sup; ||mijy|| <
Cliylly =

Let us now give an application. Suppose G is a compact abelian group
with normalized Haar measure pg, and suppose I' is the dual group. We
recall that a subset E C T is a Sidon set if for every e, = %1 there exists
v € M(G) whose Fourier transform satisfies 7(7) = €,.

In [9] the first author introduced the property Cp(X) for a subset E
of I' where 0 < p < co. We say that E has C,(X) if there is a constant M
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so that for any 7;,...,7n € E and any z;,...,z, € X we have

n n n

M| Z zrerll,(Da.x) < || Z Ykl z,e,x) < M| Z Trek| L, (D., %)
k=1 k=1 k=1
where €;,...,€, are the Rademacher functions on D,. Let us say that a
quasi-Banach space X is Sidon-regular if every Sidon set E has property
Cp(X) for every 0 < p < oo. It is a well-known result of Pisier [15] that
every Banach space is Sidon-regular. By way of contrast, in [9] an example
of a quasi-Banach space which is not Sidon-regular is constructed. However,
every natural space is Sidon-regular. The above results enable us to extend
this to a wider class of spaces.

Theorem 10. Let X be a quasi-Banach space of cotype q < oco. Then
every quasi-Banach space which is subordinate to X, (and, in particular, X
itself) is Sidon-regular.

Proof. This is very similar to the proof of Theorem 4 in [9]. Suppose G is
a compact Abelian group and E is a Sidon subset of I'. Let s = min(p, 2).
Let Z = L,(G,X). Then Z also has cotype g. To see this we need first to
observe that the Kahane-Khintchine inequality holds in an arbitrary quasi-
Banach space (Theorem 2.1 of [6]) so that there is a constant C' depending
only on X so that if 2;,...,2, € X then

n 1/q n 1/s
(/ ||Ze,,zk||qu) <C (/ ||Zekxk||3d/\) .
k=1 k=1

Now if f1,..., fn € Z then, for constants C;,C5,Cs depending only on X,

n 1/q n 1/s
(i) < S o)
k=1 G k=1

n s/q
<C (/G (-/D.. ||iz=;€kfk(t)||§cd)\) d#G(t))

n 1/s
<y ( /D , /G ||k§ekfk(t)||§dua(t)dx)

< G| kafk"Lq(DmZ)'
k=1

1/s
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Now let E, be any sequence of finite subsets of E. Let Pg,(Y) be
the space of Y-valued polynomials 3 .z y,7 equipped with the L,(G,Y’)
quasi-norm. Then Pg, (Y) is isometrically subordinate to Z. Next equip
the finite-dimensional space £o(E,) of all bounded functions h : E,;, — C
with the quasi-norm of the operator T}, : Pg, — PE, given by Th(3_y,7) =
3" h(7)y47- Let us denote this space M,. Then M, is isometrically subor-
dinate to Z. Thus the product co(M,) is isometrically subordinate to Z and
has the strong approximation property. However, as in Theorem 4 of [9] the
assumption that E is a Sidon set shows that we have a constant C' depend-
ing only the Sidon constant of F so that the envelope norm on M, satisfies
lAlloo < IRl 41, < CllAlloo- Thus the envelope of co(M.) is isomorphic to
co and Theorem 9(ii) applies to give that this space is locally convex so that
for some uniform constant C’' we have for every n, ||h|la, < C'||h]looc- As
in [9] Theorem 4 this implies that E has property C,(Y).n

Remarks. The above theorem applies to L,/H, when p < 1 and to the
Schatten ideals S, when p < 1, since these spaces have cotype 2 by recent
results of Pisier [20] and Xu [23]. These spaces are known not to be natural;
Sp is A-convex (i.e. has an equivalent plurisubharmonic quasi-norm) while
L,/H, is not A-convex (see [8]).

Let us also remark that if 0 < p < 1 and F is a symimetric p-convex
sequence space with the Fatou property then we can define an associated
Schatten class Sg (see Gohberg-Krein [4] for the Banach space versions).
Precisely if H is a separable Hilbert space and A is a compact operator with
singular values (s,(A)) we say A € Sg if (s,(A)) € F and we set ||4||g =
[(sn(A))||E- It can then be shown that Sg is subordinate to S,. In fact we
define a sequence space F by ||(ta)]|r = sup{ll(sata)l, : [(sa)ll2 < 1} and
it can then be shown that ||A||g = sup{||AB||, : ||B||r < 1}. This result
follows quickly from an inequality of Horn (cf. [4] pp. 48-9) that

k k
Z%‘(AB)” < ZSJ'(A)”SJ(B)"

for every k.

4. Quasi-Banach spaces with duals of weak cotype 2.

Let X be a finite-dimensional continuously quasi-normed quasi-Banach
space with unit ball Bx. We recall that the volume-ratio of X is de-
fined by vr(X) = (Vol Bx/Vol £)}/™ where £ is an ellipsoid of maximal
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volume contained in Bx and n = dim X. We define the outer volume-
ratio of X by vr*(X) = (Vol F/Vol Bx)'/™ where F is an ellipsoid of
minimal volume containing Bx. The Santalo inequality ([19], [21]) shows
that vr*(X) > (Vol Bx./Vol F%)!/» = vr(X*). The reverse Santalo in-
equality of Bourgain and Milman ([3],[19]) shows that, if X is normed,
vr*(X) < Cvr(X*) so that vr*(X) is then equivalent to vr(X*). For gen-
eral quasi-normed spaces the reverse Santalo inequality is not available.

We recall that a Banach space X is of weak cotype 2 if there exists C so
that whenever H is a finite-dimensional Hilbert space with orthonormal ba-
sis (e1,... ,en) and u : H — X is a linear operator then ax(u) < Ck~1/24(u)
for 1 < k < n. Here

€(w) = (B( Y gruler)]®)*?

(for g1, ..., gn asequence of independent normalized Gaussian random vari-
ables) and ax(u) = inf{||lu — v|| : v : H — X, rank v < k}. The least such
constant C' is denoted by wC5(X). It is known that X is of weak cotype 2
if and only if there exists C so that vr(E) < C for every finite-dimensional
subspace of X. See Pisier [19] for details. It follows quickly that X* is of
weak cotype 2 if and only if vr*(E) is bounded for all finite-dimensional
quotients of X. We prove in this section that the same characterization
extends to quasi-Banach spaces.

We will require a preparatory lemma:

Lemma 11. Let E be an N-dimensional Euclidean space and suppose B
is the unit ball of an r-norm on E. Let S be a subspace of F of dimension
k. Suppose 1/r = 3 € N. Then

Vol (BN S)Vol Psx(B) _ (NB
Vol B = (w)

where Pg.1 is the orthogonal projection of E onto S*.

Proof. We duplicate the argument of Lemma 8.8 of [19] (p. 132). One finds
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that Vol B > aVol (B N S)Vol Ps. B where

1
a=(N- k)ﬁ (1 — tr)k/mgN—k=1gy

-(3)-

Lemma 12. There is a constant C depending only r so that if E is a
finite-dimensional r-normed space then dg < Cd2E/T"1, and 6 < Cdi.;/r_g.

1
— N-k / (1 _ s)k:/rsN/r—k/r—lds
0

Proof. By Lemma 3 of [5] we have dg < 6pdj, < Cd%dE where ¢ = (1/r —
1)/(1/r — 1/2). This proves the first part and the second part follows on
reapplying Lemma 3 of [5]. =

Theorem 13. Let X be a quasi-Banach space and suppose 0 < o < 1.
Then X* has weak cotype 2 if and only if there is a constant C so that
whenever F' is a finite-dimensional quotient of X, there exists a quotient E
of F with dim E > adim F and dg < C.

Proof. Suppose X* has weak cotype 2. Then if F is a finite-dimensional
quotient, wC(F™*) < wCs(X™*) and so F™* has a subspace G with dim G >
adim F and dg < C (where C depends only on X and o). Let E = F/G*.
Then dj; = dg and so the preceding Lemma gives an estimate dg < C’
where C' = C'(a, X).

For the converse note that if F' is a finite-dimensional subspace of X*
then X/FL can be identified with the Banach envelope of X/(X N F1).
From this it follows that if X has the given property then so must X and
this leads quickly to the fact that X ™ has weak cotype 2 by the results of
[13].m

Proposition 14. Suppose 0 < r < 1 and a > 1; then there is a con-
stant C = C(a,r) so that if E is an N-dimensional r-normed space and
wCe(E*) < a then vi*(E) < C.

Proof. In the argument which follows we use C for a constant which depends
only a,r but may vary from line to line. It suffices to establish the result
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when 1/r = 8 € N. Let £ be the ellipsoid of minimal volume containing BE.
Using this ellipsoid to introduce an inner-product we can define ||z||g» =
supye g, |(z,b)|. Then £ is the ellipsoid of minimal volume containing B, =
co Bg and the ellipsoid of maximal volume contained in Bg-.

Now, by imitating the argument of Theorem 8 of [5] we can construct
an increasing sequence of subspaces (W)52, of E with dim Wy = N—oy >
(1 -27F)N and Bg- N W}, C C23%€ for k > 1. We let 7}, = o}, — Op41.

It follows from the Hahn-Banach theorem that £ D Pw, B D C~1273k¢n
Wi. Now, identifying Hy = E/W with W) under the quasinorm with
unit ball Py, (Bg) this implies that dj < C23k. Now from Lemma 12
8, < C2°F for suitable s > 0 depending on 7. We conclude that £ N W C
C2* Py, (Bg), where t depends only on r, and C = C(a,r).

Let Zy is the orthogonal complement of W) in Wj4;. Notice that
dim Zj = 7. Now by Lemma 11, if we set Ay = Pw,,,(Bg) N Zx,

(N —ok41)8
T

Let | be the first index for which W; = F and so o; = 0. We first
estimate

Vol Pw, (BEg)Vol A < ( )VOI Pwk+1 (BE)-

H ((N—ak+1)ﬂ) (NB)!

03 T (N =a)B (B (1-18)!

_(NB\ T (okﬂ)
B (015) ,]';‘[1 T+
< 9B(N+3X o%)

S 22ﬂN.

k=1

Now £€N Z, ¢ C2M*+D 4, and so log, Vol Pz, (Bg) > —Ckt +
log, Vol ENZj. (If 7, = 0 we interpret the relative volume as one). Summing
we obtain since 7, < 27*N,

-1 -1

Y log, Vol A > =CN + Y log, Vol £ Z.

k=1 k=1
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Thus

log, Vol Bg = log, Vol Pw,(BE)
-1
> log, Vol Pw,(Bg) —=CN + ) Vol £NZ;
k=1
> —CN + log, Vol £ENW; + log, Vol £ENWt
> —CN +log, Vol £.

This completes the proof of the Proposition.

Remark. This Proposition can be interpreted as follows. Suppose X is a
finite-dimensional normed space so that wCy(X*) < a. Consider the set
OBx of extreme points of Bx and form the r-convex hull A, = co,.0Bx.
Then although A, is smaller than Bx it is not too much smaller, for
Vol Bx /Vol A, < Cd4im E,

Theorem 15. Let X be a quasi-Banach space. Then X* has weak cotype
2 if and only if there is a constant C so that vr*(E) < C for every finite-
dimensional quotient E of X.

Proof. First suppose vr*(E) < C for every finite-dimensional quotient E of
X. Let F be a finite-dimensional subspace of X* and consider £ = X/F*.
It is easy to see that the envelope norm on E is the quotient norm from the
envelope norm on X. Clearly from the definition, vr*(E) < vr*(E) < C.
Hence by the Santalo inequality vr(F') < C. This shows that X* has weak
cotype 2.

The converse is immediate from Proposition 14.»
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