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Abstract

We present a general method to extend results on Hilbert space operators to
the Banach space setting by representing certain sets of Banach space operators I"
on a Hilbert space. Our assumption on I' is expressed in terms of a-boundedness
for a Euclidean structure a on the underlying Banach space X. This notion is
originally motivated by R- or v-boundedness of sets of operators, but for example
any operator ideal from the Euclidean space /2 to X defines such a structure.
Therefore, our method is quite flexible. Conversely we show that I" has to be
a-bounded for some Euclidean structure a to be representable on a Hilbert space.

By choosing the Euclidean structure a accordingly, we get a unified and more
general approach to the Kwapieri-Maurey factorization theorem and the factoriza-
tion theory of Maurey, Nikisin and Rubio de Francia. This leads to an improved
version of the Banach function space-valued extension theorem of Rubio de Fran-
cia and a quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal operator. Furthermore, we use these Euclidean structures to build vector-
valued function spaces. These enjoy the nice property that any bounded operator
on L? extends to a bounded operator on these vector-valued function spaces, which
is in stark contrast to the extension problem for Bochner spaces. With these spaces
we define an interpolation method, which has formulations modelled after both the
real and the complex interpolation method.

Using our representation theorem, we prove a transference principle for sectorial
operators on a Banach space, enabling us to extend Hilbert space results for sectorial
operators to the Banach space setting. We for example extend and refine the known
theory based on R-boundedness for the joint and operator-valued H °-calculus.
Moreover, we extend the classical characterization of the boundedness of the H°-
calculus on Hilbert spaces in terms of BIP, square functions and dilations to the
Banach space setting. Furthermore we establish, via the H°-calculus, a version
of Littlewood—Paley theory and associated spaces of fractional smoothness for a
rather large class of sectorial operators. Our abstract setup allows us to reduce
assumptions on the geometry of X, such as (co)type and UMD. We conclude with
some sophisticated counterexamples for sectorial operators, with as a highlight
the construction of a sectorial operator of angle 0 on a closed subspace of L? for
1 < p < oo with a bounded H*°-calculus with optimal angle wge (A) > 0.
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Introduction

Hilbert spaces, with their inner product and orthogonal decompositions, are the
natural framework for operator and spectral theory and many Hilbert space results
fail in more general Banach spaces, even LP-spaces for p # 2. However, one may
be able to recover versions of Hilbert space results for Banach space operators that
are in some sense “close” to Hilbert space operators. For example, for operators on
an LP-scale the Calderon-Zygmund theory, the A,-extrapolation method of Rubio
de Francia and Gaussian kernel estimates are well-known and successful techniques
to extrapolate L2-results to the LP-scale.

A further approach to extend Hilbert space results to the Banach space setting
is to replace uniform boundedness assumptions on certain families of operators
by stronger boundedness assumptions such as y-boundedness or R-boundedness.
Recall that a set I' of bounded operators on a Banach space X is y-bounded if

there is a constant such that for all (x1,--- ,z,) € X", T1,---, T, €T and n € N
we have
(1) H(Tlxla"' 7Tn$n)H,\/SCH($17 ’xn)H'y’

where |[(zx)_1lly = (B>, i) )2 with (k)7 a sequence of independent
standard Gaussian random variables. If X has finite cotype, then -boundedness is
equivalent to the better known R-boundedness and in an LP-space with 1 < p < oo
~v-boundedness is equivalent to the discrete square function estimate

2) (T, Toza) e < C (1, @)l o

where |[(zx)P_;llez == [[(Cr_ilzx]?)/?||». Examples of the extension of Hilbert
space results to the Banach space setting under y-boundedness assumptions include:

(i) Om a Hilbert space the generator of a bounded analytic semigroup (7%).ex,
has LP-maximal regularity, whereas on a UMD Banach space this holds if
and only if (T}),cx, is y-bounded (see [WeiO1b]).

(ii) If A and B are commuting sectorial operators on a Hilbert space H with
w(A) + w(B) < 7, then A+ B is closed on D(A) N D(B) and

|Az||g + |Bz|lg < || Az + Bz|| g, x € D(A)N D(B).

On a UMD Banach space this is still true if A is y-sectorial and B has a
bounded H*°-calculus (see [KWO01]).

(iii) A sectorial operator A on a Hilbert space H has a bounded H°°-calculus
if and only if it has bounded imaginary powers (A®);cg. On a Ba-
nach space X with Pisier’s contraction property, one can characterize the
boundedness of the H>-calculus of a sectorial operator A on X by the
y-boundedness of the set {A% : ¢ € [~1,1]} (see [KW16a]).
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2 INTRODUCTION

These results follow an active line of research, which lift Hilbert space results to
the Banach space setting. Typically one has to find the “right” proof in the Hilbert
space setting and combine it with y-boundedness and Banach space geometry as-
sumptions in a nontrivial way.

In this memoir we will vastly extend these approaches by introducing Euclidean
structures as a more flexible way to check the enhanced boundedness assumptions
such as (1) and (2) and as a tool to transfer Hilbert space results to the Banach space
setting without reworking the proof in the Hilbert space case. Our methods reduce
the need for assumptions on the geometry of the underlying Banach space X such
as (co)type and the UMD property and we also reach out to further applications
of the method such as factorization and extension theorems.

We start from the observation that the family of norms ||-||, (and ||-||¢2) on X™
for n € N has the following basic properties:

(3) @)l = llzllx, reX
(4) [Ax|ly < [[A[llIx]]-, xe X",
where the matrix A: C" — C™ acts on the vector x = (x1, -+ ,x,) € X™ in the

canonical way and ||A]| is the operator norm of A with respect to the Euclidean
norm. A Fuclidean structure o on X is now any family of norms ||-||, on X" for
n € N, satisfying (3) and (4) for ||-||o. A family of bounded operators T on X is
called a-bounded if an estimate similar to (1) and (2) holds for ||-||o. This notion of
a-boundedness captures the essence of what is needed to represent I' on a Hilbert
space. Indeed, denote by I'g the absolute convex hull of the closure of I' in the
strong operator topology and let £r(X) be the linear span of I'g normed by the
Minkowski functional

|T|lr =inf{A >0:A"'T € Ty}.

Then T' is a-bounded for some Euclidean structure « if and only if we have the
following “representation” of I': there is a Hilbert space H, a closed subalgebra B
of L(H), bounded algebra homomorphisms 7: Lr(X) — B and p : B — L£(X) such
that pr(T) =T for all T € Lp(X), i.e.

r € Lp(X) —— £L(X)
TP

B C L(H)

This theorem (see Theorems 1.3.2 and 1.4.6) is one of our main results. It reveals
the deeper reason why results for bounded sets of operators on a Hilbert space
extend to results for a-bounded sets of operators on a Banach space.

On the one hand a-boundedness is a strong notion, since it allows one to
represent a-bounded sets of Banach space operators as Hilbert space operators,
but on the other hand it is a minor miracle that large classes of operators, which
are of interest in applications, are a-bounded. Partially this is explained by the
flexibility we have to create a Euclidean structure:

(i) The choices ||-||y and ||-]|¢2 that appeared in (1) and (2) are the “classical”
choices.
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(ii) Every operator ideal A C L(£2, X) defines a Euclidean structure ||| 4
n
||($13"'7xn)||ﬂ = ||Zek®xk||Aa X1, o € X,
k=1

where (e;)72, is an orthonormal basis for /2.

(iii) Let B be a closed unital subalgebra of a C*-algebra. If p: B — L(X) is
a bounded algebra homomorphism, then one can construct a Euclidean
structure « so that for every bounded subset I' C B the set p(I') C L(X)
is a-bounded.

The choice @ = v and the connection to R-boundedness leads to the theory pre-
sented e.g. in [DHP03, KWO04] and [HNVW17, Chapter 8]. The choice o = ¢*
connects us with square function estimates, essential in the theory of singular in-
tegral operators in harmonic analysis. With a little bit of additional work, bound-
edness theorems for such operators, e.g. Calderén—Zygmund operators or Fourier
multiplier operators, show the ¢2-boundedness of large classes of such operators.
Moreover ¢?-boundedness of a family of operators can be deduced from uniform
weighted LP-estimates using Rubio de Francia’s A,-extrapolation theory. See e.g.
[CMP11, GR85] and [HNVW17, Section 8.2].

After proving these abstract theorems in Chapter 1, we make them more con-
crete by recasting them as factorization theorems for specific choices of the Eu-
clidean structure a in Chapter 2. In particular choosing o = v we can show a
~v-bounded generalization of the classical Kwapien—-Maurey factorization theorem
(Theorem 2.1.2) and taking a the Euclidean structure induced by the 2-summing
operator ideal we can characterize a-boundedness in terms of factorization through,
rather than representability on, a Hilbert space (Theorem 2.1.3). Zooming in on
the case that X is a Banach function space on some measure space (.5, i), we show
that the ¢?-structure is the canonical structure to consider and that we can ac-
tually factor an £2-bounded family I' C £(X) through the Hilbert space L?(S, w)
for some weight w (Theorem 2.3.1). Important to observe is that this is our first
result where we actually have control over the Hilbert space H. Moreover it resem-
bles the work of Maurey, Nikisin and Rubio de Francia [Mau73, Nik70, Rub82]
on weighted versus vector-valued inequalities, but has the key advantage that no
geometric properties of the Banach function space are used. Capitalizing on these
observations we deduce a Banach function space-valued extension theorem (Theo-
rem 2.4.1) with milder assumptions than the one in the work of Rubio de Francia
[Rub86]. This extension theorem implies the following new results related to the
so-called UMD property for a Banach function space X:

e A quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal function if X has the UMD property.

e The equivalence of the dyadic UMD™ property and the UMD property.

e The necessity of the UMD property for the ¢?-sectoriality of certain dif-
ferentiation operators on LP(R%; X).

Besides the discrete a-boundedness estimates as in (1) and (2) for a sequence of
operators (T%)7_,, we also introduce continuous estimates for functions of operators
T: R — L(X) with a-bounded range, generalizing the well-known square function
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estimates for a = #2 on X = LP given by

[(frrasor )™, <c|(firora) ],

To this end we introduce “function spaces” «(R; X) and study their properties in
Chapter 3. The space a(R; X) can be thought of as the completion of the step
functions

n
f(t) = Zwk 1(ak71,ak)(t)»
k=1
for 1, -+ ,z, € X and ag < -+ < ay, with respect to the norm

1£lle = [[((ax = ax—) " 2a)i_y |l

The most striking property of these spaces is that any bounded operator T: L?(R) —
L2(R) can be extended to a bounded operator T': «l(R; X) — a(R; X)) with the same
norm as T. As the Fourier transform is bounded on L?(R) one can therefore quite
easily develop Fourier analysis for X-valued functions without assumptions on X.
For example boundedness of Fourier multiplier operators simplifies to the study of
pointwise multipliers, for which we establish boundedness in Theorem 3.2.6 under
an a-boundedness assumption. This is in stark contrast to the Bochner space case,
as the extension problem for bounded operators T: L?(R) — L?(R) to the Bochner
spaces LP(R; X) is precisely the reason for limiting assumptions such as (co)type,
Fourier type and UMD. We bypass these assumptions by working in «(R; X).

With these vector-valued function spaces we define an interpolation method
based on a Euclidean structure, the so-called a-interpolation method. A charming
feature of this a-interpolation method is that its formulations modelled after the
real and the complex interpolation method turn out to be equivalent. For the -
and ¢2-structures this new interpolation method can be related to the real and
complex interpolation methods under geometric assumptions on the interpolation
couple of Banach spaces, see Theorem 3.4.4.

In Chapter 4 and 5 we apply Euclidean structures to the H>°-calculus of a
sectorial operator A. This is feasible since a bounded H°-calculus for A defines a
bounded algebra homomorphism

pr H*(%,) — L(X)
given by f +— f(A). Therefore our theory yields the a-boundedness of
{fA) N fllae(s,) <1}

for some Euclidean structure «, which provides a wealth of a-bounded sets. Con-
versely, a-bounded variants of notions like sectoriality and BIP allow us to transfer
Hilbert space results to the Banach space setting, at the heart of which lies a trans-
ference result (Theorem 4.4.1) based on our representation theorems. With our
techniques we generalize and refine the known results on the operator-valued and
joint H*°-calculus and the “sum of operators” theorem for commuting sectorial
operators on a Banach space. We also extend the classical characterization of the
boundedness of the H°-calculus in Hilbert spaces to the Banach space setting. Re-

call that for a sectorial operator A on a Hilbert space H the following are equivalent
(see [McI86, AMN97, LM98|)

(i) A has a bounded H*°-calculus.
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(ii) A has bounded imaginary powers (A%);cg.
(iii) For one (all) 0 # ¢ € H'(X,) with w(A) < o < 7 we have

00 1/2
lell = [ (Ieawlz )" = e D@ RA)

(iv) [X,D(A))1/2 = D(AY?) with equivalence of norms, where [+, -]y denotes
the complex interpolation method. _
(v) A has a dilation to a normal operator on a larger Hilbert space H.

Now let A be a sectorial operator on a general Banach space X. If « is a Euclidean
structure on X satisfying some mild assumptions and A is almost a-sectorial, i.e.

(MR A2 eC\5,)

is a-bounded for some w(A4) < ¢ < m, then the following are equivalent (see Theo-
rems 4.5.6, 5.1.6, 5.1.8, 5.2.1 and Corollary 5.3.9)

(i) A has a bounded H*-calculus.

(ii) A has a-BIP, i.e. {A% :t € [-1,1]} is a-bounded.

(iii) For one (all) 0 # ¢ € H*(X,) with ¢ < v < m we have the generalized
square function estimates

(5) l2llx = ([t = YA z]a@, ax) = € D(A) N R(A).

(iv) (X,D(A)f), = D(A'Y/?) with equivalence of norms, where we use the
a-interpolation method from Chapter 3.

(v) A has a dilation to the “multiplication operator” M with 0 < s < 7 on
a(R; X) given by

My(t) := (it)7° - g(t), teR.

For these results we could also use the stronger notion of a-sectoriality, i.e. the
a-boundedness of

{AR(\,A): A€ C\ X,}
for some w(A) < o < 7, which is thoroughly studied for the v- and ¢2-structure
through the equivalence with R-sectoriality. However, we opt for the weaker notion
of almost a-sectoriality to avoid additional assumptions on both a and X.
We note that the generalized square function estimates as in (5) and their
discrete counterparts

lellx = sup [|0@ A werll, ) € X,
te[1,2]
provide a version of Littlewood—Paley theory, which allows us to carry ideas from
harmonic analysis to quite general situations. This idea is developed in Section
5.3, where we introduce a scale of intermediate spaces, which are close to the
homogeneous fractional domain spaces D(A?) for # € R and are defined in terms
of the generalized square functions

Izl = 1t = P(EA)A 2l o, 2¢,5)-

If A is almost a-sectorial, we show that A always has a bounded H°°-calculus
on the spaces Hg 4 and that A has a bounded H*-calculus on X if and only if
D(A?) = Hg , with equivalence of norms (Theorem 5.3.6). If A is not almost a-
bounded, then our results on the generalized square function spaces break down.
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We analyse this situation carefully in Section 5.4 as a preparation for the final
chapter.

The final chapter, Chapter 6, is devoted to some counterexamples related to
the notions studied in Chapter 4 and 5. In particular we use Schauder multiplier
operators to show that almost a-sectoriality does not come for free for a sectorial
operator A, i.e. that almost a-sectoriality is not a consequence of the sectorial-
ity of A for any reasonable Euclidean structure . This result is modelled after a
similar statement for R-sectoriality by Lancien and the first author [KL0O]. Fur-
thermore, in Section 6.3 we show that almost a-sectoriality is strictly weaker than
a-sectoriality, i.e. that there exists an almost a-sectorial operator A which is not
a-sectorial.

Throughout Chapter 4 and 5 we prove that the angles related to the var-
ious properties of a sectorial operator, like the angle of (almost) a-sectoriality,
(a-)bounded H*-calculus and (a-)BIP, are equal. Strikingly absent in that list
is the angle of sectoriality of A. By an example of Haase it is known that it is
possible to have wprp(A) > 7 and thus wpp(A) > w(A), see [Haa03, Corollary
5.3]. Moreover in [Kal03] it was shown by the first author that it is also possible
to have wye(A) > w(A). Using the generalized square function spaces and their
unruly behaviour if A is not almost a-sectorial, we provide a more natural example
of this situation, i.e. we construct a sectorial operator on a closed subspace of L?
such that wge (A) > w(A) in Section 6.4.

The history of Euclidean structures

The v-structure was first introduced by Linde and Pietsch [LP74] and dis-
covered for the theory of Banach spaces by Figiel and Tomczak-Jaegermann in
[FT79], where it was used in the context of estimates for the projection constants
of finite dimensional Euclidean subspaces of a Banach space. In [FT79] the norms
|-y were called £-norms.

Our definition of a Euclidean structure is partially inspired by the similar idea
of a lattice structure on a Banach space studied by Marcolino Nhani [Mar01],
following ideas of Pisier. In his work cg plays the role of 2. Other, related research
building upon the work of Marcolino Nhani includes:

e Lambert, Neufang and Runde introduced operator sequence spaces in
[LNRO4], which use norms satisfying the basic properties of a Euclidean
structure and an additional 2-convexity assumption. They use these op-
erator sequence spaces to study Figda—Talamanca—Herz algebras from an
operator-theoretic viewpoint.

e Dales, Laustsen, Oikhberg and Troitsky [DLOT17] introduced p-multi-
norms, building upon the work by Dales and Polyakov [DP12] on 1- and
oo-multinorms. They show that a strongly p-multinormed Banach space
which is p-convex can be represented as a closed subspace of a Banach
lattice. This representation was subsequently generalized by Oikhberg
[Oik18]. The definition of a 2-multinorm is exactly the same as our
definition of a Euclidean structure.

Further inspiration for the constructions in Section 1.4 comes from the theory of
operator spaces and completely bounded maps, see e.g. [BL04, ER00, Pau02,
Pis03].
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In the article by Giannopoulos and Milman [GMO1] the term “Euclidean
structure” is used to indicate the appearance of the Euclidean space R™ in the
Grassmannian manifold of finite dimensional subspaces of a Banach space, as
e.g. spelled out in Dvoretzky’s theorem. This article strongly emphasizes the con-
nection with convex geometry and the so-called “local theory” of Banach spaces
and does not treat operator theoretic questions. For further results in this direction
see [MS86, Pis89, Tom89].

Our project started as early as 2003 as a joint effort of N.J. Kalton and L.
Weis and since then a partial draft-manuscript called “Euclidean structures” was
circulated privately. The project suffered many delays, one of them caused by the
untimely death of N.J. Kalton. Only when E. Lorist injected new results and energy
the project was revived and finally completed. E. Lorist and L. Weis would like to
dedicate this expanded version to N.J. Kalton, in thankful memory. Some results
concerning generalized square function estimates with respect to the -structure
have in the mean time been published in [KW16a].

Structure of the memoir

This memoir is structured as follows: In Chapter 1 we give the definitions, a
few examples and prove the basic properties of a Euclidean structure . Moreover
we prove our main representation results for a-bounded families of operators, which
will play an important role in the rest of the memoir. Afterwards, Chapters 2-4
can be read (mostly) independent of each other:

e In Chapter 2 we highlight some special cases in which the representation
results of Chapter 1 can be made more explicit in the form of factorization
theorems.

e In Chapter 3 we introduce vector-valued function spaces and interpolation
with respect to a Euclidean structure.

e In Chapter 4 we study the relation between Euclidean structures and the
H*°-calculus for a sectorial operator.

Chapter 5 treats generalized square function estimates and spaces and relies heav-
ily on the theory developed in Chapter 3 and 4. Finally in Chapter 6 we treat
counterexamples related to sectorial operators, which use the theory from Chapter
4 and 5.






Notation and conventions

Throughout this memoir X will be a complex Banach space. For n € N we let
X™ be the space of n-column vectors with entries in X. For m,n € N we denote
the space m X n matrices with complex entries by M,, »,(C) and endow it with the
operator norm. We will often denote elements of X™ by x and use z for 1 < k <n
to refer to the kth-coordinate of x. We use the same convention for a matrix in
M, (C) and its entries.

The space of bounded linear operators on X will be denoted by £(X) and we
will write ||-|| for the operator norm ||-||z(x). For a Hilbert space H we will always
let its dual H* be its Banach space dual, i.e. using a bilinear pairing instead of the
usual sesquilinear pairing.

By < we mean that there is a constant C' > 0 such that inequality holds and
by ~ we mean that both < and 2 hold.






CHAPTER 1

Euclidean structures and a-bounded operator
families

In this first chapter we will start with the definition, a few examples and some
basic properties of a Euclidean structure a. Afterwards will study the boundedness
of families of bounded operators on a Banach space with respect to a Euclidean
structure in Section 1.2. The second halve of this chapter is devoted to one of
our main theorems, which characterizes which families of bounded operators on
a Banach space can be represented on a Hilbert space. In particular, in Section
1.3 we prove a representation theorem for a-bounded families of operators. Then,
given a family of operators I' that is representable on a Hilbert space, we construct
a Euclidean structure « such that I' is a-bounded in Section 1.4.

1.0.1. Random sums in Banach spaces. Before we start, let us introduce
random sums in Banach spaces. A random variable € on a probability space (€2, P)
is called a Rademacher if it is uniformly distributed in {z € C : |z| = 1}. A random
variable v on (€, P) is called a Gaussian if its distribution has density

1 2
flz) = —e 171 z €C,

s

with respect to the Lebesgue measure on C. A Rademacher sequence (respectively
Gaussian sequence) is a sequence of independent Rademachers (respectively Gaus-
sians). For all our purposes we could equivalently use real-valued Rademacher and
Gaussians, see e.g. [HNVW17, Section 6.1.c].

Two important notions in Banach space geometry are type and cotype. Let
p € [1,2] and ¢ € [2,00] and let (¢4)72, be a Rademacher sequence. The space X
has type p if there exists a constant C' > 0 such that

n n 1
EnTn §C( x p>p7 xe X"
[z, 0, <€ (ol

The space X has cotype q if there exists a constant C' > 0 such that
n 1 n
(Dllanlie)” <[ 2nzn
k=1 k=1

with the obvious modification for ¢ = co. We say X has nontrivial type if it has
type p > 1 and we say X has finite cotype if it has cotype ¢ < co. Any Banach
space has type 1 and cotype co. Moreover nontrivial type implies finite cotype (see
[HNVW17, Theorem 7.1.14]).

We can compare Rademachers sums with Gaussians sums and if X is a Banach
lattice with /2-sums.

, xe X",
La(9;X)

11



12 1. EUCLIDEAN STRUCTURES AND «a-BOUNDED OPERATOR FAMILIES

PROPOSITION 1.0.1. Let 1 < p,q < o0, let (e;)72, be a Rademacher sequence
and let (v)52, be a Gaussian sequence. Then for all x € X™ we have

< <
H (Z|xk| ) Hx ~ stkzk’ Lr(;x) ™ HZ%M‘
k=1 k=1 k=1

where the first expression is only valid if X is a Banach lattice. If X has finite
cotype, then for all x € X™ we have

n n n 1/2
gy SN 2 gy S [ (hel?) |
sz_l’yk k’LP(Q;X) ~ ; kT Lr@x) ™~ ;| k| ¥

where the last expression is only valid if X is a Banach lattice.

La(2:X)

For the proof we refer to [HNVW17, Theorem 6.2.4, Corollary 7.2.10 and
Theorem 7.2.13].

1.1. Euclidean structures

A Euclidean structure on X is a family of norms |||, on X™ for all n € N such
that

(1.1) (@) lla = llz[lx, reX
(1.2) [AX[lo < [|A]lIx[a; xe X", A€Mpyn,(C), meN.
It will be notationally convenient to define x| := ||x7|4 for a row vector x with

entries in X. Alternatively a Euclidean structure can be defined as a norm on the
space of finite rank operators from ¢ to X, which we denote by F(¢?, X). For
e € £? and v € X we write e ® x for the rank-one operator f — (f,e)x. Clearly we
have |le ® z|| = |le||¢z||z|x and any element T € F(¢?, X) can be represented as

T = Z er X Tk
k=1
with (ex)?_, an orthonormal sequence in ¢* and x € X". If a is a Euclidean
structure on X and T' € F(¢?, X) we define
ITla = [1%]la:

where x is such that T is representable in this form. This definition is independent
of the chosen orthonormal sequence by (1.2) and this norm satisfies

(1.1) If @ zlla = [lfllellz]x feel zeX,
(1.2') 1T Alla < Tl Al TeF(?X), AecL?).

Conversely a norm « on F(£2,X) satisfying (1.1') and (1.2’) induces a unique
Euclidean structure by

, xe X",

[e3%

Il = £ S e
k=1

where (eg)?_, is a orthonormal system in £2.
Conditions (1.2) and (1.2") express the right-ideal property of a Euclidean struc-
ture. We will call a Euclidean structure « ideal if it also has the left-ideal condition

(1.3) 1(Sz1,. .., Szn)lla < C|S|HIXa xe X", Se/l(X),
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which in terms of the induced norm on F(¢2, X) is given by
(1.3) 15T [a < CISIIT o TeF(*X), SeLX).

If we can take C' =1 we will call « isometrically ideal.

A global Fuclidean structure o is an assignment of a Euclidean structure ax
to any Banach space X. If it can cause no confusion we will denote the induced
structure ax by . A global Euclidean structure is called ideal if we have

(L4) Sz, Szn)llay < ISIIIxllax, — x€ X", SeL(X,Y)

for any Banach spaces X and Y. In terms of the induced norm on F(¢2, X) this
assumption is given by

(1.4) IST oy <USIHTllax T € F(€%,X), S€LXY).

Note that if « is an ideal global Euclidean structure then ax is isometrically ideal,
which can be seen by taking Y = X in the definition. Many natural examples of
Euclidean structures are in fact isometrically ideal and are inspired by the theory
of operator ideals, see [Pie80].

For two Euclidean structures o and 8 we write o < S if there is a constant
C > 0 such that ||x|l, < C|x||g for all x € X™. If C' can be taken equal to 1 we
write a < .

PROPOSITION 1.1.1. Let B be an ideal Fuclidean structure on a Banach space
X. Then there exists an ideal global Euclidean structure a such that ax ~ p.
Moreover, if B is isometrically ideal, then ax = (3.

PROOF. Define ay on a Banach space Y as
[¥llay = sup{[(Ty1, ..., Tyn)llg : T € LY, X), [T <1}, yeY¥™

Then (1.1) and (1.2) for ary follow directly from the same properties of 5 and (1.4)
is trivial, so « is an ideal global Euclidean structure. Furthermore, by the ideal
property of 8, we have

[Xllax < Clxllsp < Clxllayx,  x€X"
so ax and [ are equivalent. Moreover, they are equal if 3 is isometrically ideal. [

Although our definition of a Euclidean structure is isometric in nature, we will
mostly be interested in results stable under isomorphisms. If « is a Euclidean
structure on a Banach space X and we equip X with an equivalent norm ||-||;, then
« is not necessarily a Euclidean structure on (X, ||-||1). However, this is easily fixed.
Indeed, if C71||||x < [|]l1 < C ||| x, we define

%[l == max{[[x[lop,, C7" x[la},  x€ X",

where op; denotes the Euclidean structure on (X, ||-]|1) induced by the operator
norm on F (¢, X). Then a4 is a Euclidean structure on (X, ||-||1) such that o =~ a.

Examples of Euclidean structures. As already noted in the previous sec-
tion, the operator norm induces an ideal global Euclidean structure, as it trivially
satisfies (1.1"), (1.2') and (1.4"). For x € X™ the induced Euclidean structure is
given by

n

n n 1/2
1x|lop = sup{HZakkaX : Z|ak|2 < 1} = sup (Z‘x*(xk)F) .

k=1 k=1 lo llx= <1 .5
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Another example is induced by the nuclear norm on F(X,Y), which for T €
F(X,Y) is defined by

1T = inf{ > llewlllanllx : T = ex @ ax |
k=1 k=1

in which the infimum is taken over all finite representations of T, see e.g. [Jam87,
Chapter 1]. Again this norm satisfies (1.1’), (1.2") and (1.4") and for x € X™ the
induced Euclidean structure is given by

3 . . _ 12
el = inf{ > sl = Ay, A € Mo (©), max 31w [ < L}
< =

The operator and nuclear Euclidean structures are actually the maximal and min-
imal Euclidean structures.

ProprosITION 1.1.2. For any Fuclidean structure o on X we have
op<a<lvw.

PrOOF. Fix x € X". For the operator norm structure we have

[x[lop = sup [[Ax|x = sup [JAx[o <[x]a-
AEM; ,(C) AeM; »(C)
lAlI<1 lAl<1

For the nuclear structure take y € X™ such that x = Ay with A € M,, ,,,(C) and
Sor_1|Ak;|* <1 for 1 < j < m. Then we have

m m m
||X||a = HA}’Ha < ZH(Aljyja e 7Anjyj)||a < ZH(yj)Ha = ZH%‘HL
j=1 j=1

j=1

so taking the infimum over all such y gives ||x||o < ||x].- O

The most important Euclidean structure for our purposes is the Gaussian struc-
ture, induced by a norm on F(¢2, X) first introduced by Linde and Pietsch [LP74]
and discovered for the theory of Banach spaces by Figiel and Tomczak—Jaegermann
[FT79]. It is defined by

n 1/2
17l = sup (B> wTenlly) . TeF(Ex),
k=1

where the supremum is taken over all finite orthonormal sequences (ex)7_; in 2.
For x € X™ the induced Euclidean structure is given by

n 1
Ixly = (B> waely)”  xexm,
k=1

where (y;)7_; is Gaussian sequence (see e.g. [HNVWL17, Proposition 9.1.3]).
Properties (1.1") and (1.4") are trivial, and (1.2') is proven in [HNVW17, Theorem
9.1.10]. Therefore the Gaussian structure is an ideal global Euclidean structure.

Another structure of importance is the mo-structure induced by the 2-summing
operator ideal, which will be studied more thoroughly in Section 2.1. The me-norm
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is defined for T € F ({2, X) as

71y = sup{ (ST AexF)"7% s A € £2). 4] < 1),

k=1

where (e;)?2, is an orthonormal basis for £2. The induced Euclidean structure for
x e X"is

Ixlrs = sup{ (M llus %) 1y = Ax, A € Myua(©), Al < 1.

j=1

Properties (1.1), (1.2) and (1.4) are easily checked, so the mo-structure is an ideal
global Euclidean structure as well. If X is a Hilbert space, the my-summing norm
coincides with the Hilbert-Schmidt norm, which is given by

> 1/2
1Tl == (D ITenl?) ", Te F(,X)
k=1

for any orthonormal basis (e)52, of ¢2. For an introduction to the theory of
p-summing operators we refer to [DJT95].

If X is a Banach lattice, there is an additional important Euclidean structure,
the £2-structure. It is given by

n
Il = [|(lenl?) 2 o xexn
k=1

Again (1.1) is trivial and (1.2) follows directly from

(1.5) (Z|xk|2)1/2 = sup{|z akxk‘ : Z|ak|2 < 1},
k=1 k=1 k=1

where the supremum is taken in the lattice sense, see [LT79, Section 1.d].
By the Krivine-Grothendieck theorem [LT79, Theorem 1.f.14] we get for S €
L(X) and x € X™ that

1(Sz1, ..., Szn)llee < KISz,

where K¢ is the complex Grothendieck constant. Therefore the ¢2-structure is ideal.
The Krivine-Grothendieck theorem also implies that if X is a Banach space that
can be represented as a Banach lattice in different ways, then the corresponding
£2-structures are equivalent. This follows directly by taking T the identity operator
on X. An example of such a situation is LP?(R) for p € (1,00), for which the Haar
basis is unconditional and induces a lattice structure different from the canonical
one.

The ¢2-structure is not a global Euclidean structure, as it is only defined for
Banach lattices. However, starting from the ¢?-structure on some Banach lattice
X, Proposition 1.1.1 says that there is an ideal global Euclidean structure, which
is equivalent to the £2-structure on X. We define the ¢8-structure as the structure
obtained in this way starting from the lattice L'. So for x € X" we define

[Ix||e= == s1%p (Txy,...,Txp) ez,
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where the supremum is taken over all T: X — L'(S) with ||T|| < 1 for any measure
space (S, ). By definition this is a global, ideal Euclidean structure.
Let us compare the Euclidean structures we have introduced.

ProrosiTIiON 1.1.3. We have on X
(i) v < ma. Moreover mo < v if and only if X has cotype 2.
Suppose that X is a Banach lattice, then we have on X
(ii) 02 < ~. Moreover v < (2 if and only if X has finite cotype.
(iii) €% <08 <02
ProoF. For (i) let (yx)p_; be a Gaussian sequence on a probability space

(Q, Z,P). Let fi,..., fn € L*(Q) be simple functions of the form f;, = Do tir La,
with ¢;, € Cand A; € F for 1 <j <m and 1 <k <n. Define

A= (P(A)Pe) T
Then we have for x € X" and y := Ax

- i 1/2
= 12 < A
H;‘kak‘ L2 (;X) (;Hy]” ) — HXH 2” ”

and

jal= s (DI P4 1/2t]kbk\2) — swp HZ i

Ibllz <1257 =y bll,z <1

L2(Q)

Thus approximating (vx)?_, by such simple functions in L?(2), we deduce

= [l

L2(Q)

Il < s sup |37 bew

Ibllz, <1 i
Suppose that X has cotype 2. By [HNVW17, Corollary 7.2.11] and the right ideal
property of the «-structure, we have for all x € X", A € M,, ,(C) with [|A] <1

and y = Ax that

n 1/2 n 1/2
() ™ 5 (B wwely) ™ = Iaxlly < lixlly,
k=1 k=1

which implies that ||x||r, < ||x|,. Conversely, suppose that the 7-structure is
equivalent to mo-structure, then we have for all x € X"

n 1/2 n 1/2
(Xllanlz) " < e < lixlly = (IS weanll)
k=1 k=1

So by [HNVW17, Corollary 7.2.11] we know that X has cotype 2.

For (ii) assume that X is a Banach lattice. By Proposition 1.0.1 we have
Ix][¢2 S [|x]|y. If X has finite cotype we also have ||x||, < ||x[|¢2. Conversely, if the
£2-structure is equivalent to v-structure, then we have again by Proposition 1.0.1

that
n 1 n
(B> enmnll’e)™ 2 || (Euzmux),
k=1 k=1

where (e4)7_, is a Rademacher sequence. This implies that X has finite cotype by
[HNVW17, Corollary 7.3.10].
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For (iii) note that by the Krivine-Grothendieck theorem [LT79, Theorem 1.f.14]
we have ||x||¢z < K¢ ||x]|z. Conversely take a positive * € X* of norm one such
that

- 2 1/2 *
((Dlanl?) ™) = 1xlee-
k=1

Let L be the completion of X under the seminorm ||z||z := z*(|z|). Then L is an
abstract L!-space and is therefore order isometric to L!(S) for some measure space
(S, ), see [LT79, Theorem 1.b.2]. Let T : X — L be the natural norm one lattice
homomorphism. Then we have

- 1/2
Il = | (ZITwel®) 2| <l 0
k=1

Duality of Euclidean structures. We will now consider duality for Eu-
clidean structures. If « is a Euclidean structure on a Banach space X, then there
is a natural dual Fuclidean structure o on X* defined by

n

o= sup{ Yl (e i x € X7 o <1}, X" € (X"
k=1

%7

This is indeed a Euclidean structure, as (1.1) and (1.2) for o* follow readily from
their respective counterparts for &«. We can then also induce a structure o** on X**,
and the restriction of a** to X coincides with «. If « is ideal, then the analogue of
(1.3) holds for weak*-continuous operators, i.e. we have

[(S*xy,...,S* )|

n

ar < CS]lx7]

w XTE(XY), S e L(X)

In particular, a* is ideal if « is ideal and X is reflexive.

If we prefer to express the dual Euclidean structure in terms of a norm on
F(£?,X), we can employ trace duality. If T € F(X) and we have two representa-
tions of T, i.e.

n m
T:E xZ@xkzg T; ® 7y,
k=1 j=1

where x4,7; € X and z},7; € X*, then Y10 (wp,xf) = Y70 (%;,75) (see
[Jam87, Proposition 1.3]). Therefore we can define the trace of T as

n

(T) = 3 . af)

k=1
for any finite representation of 7. We define the norm o* on F(¢2, X*) as
| T|a+ == sup{|tx(S*T)| : S € F(£*, X),a(S) < 1}, T € F(£2,X*)

This definition coincides with the definition in terms of vectors in X™. Indeed, for
x* € (X*)" and T € F({*,X*) defined as T = Y_;'_, e ® z}, for some orthonormal
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sequence (ex)?_, in £%, we have that

%7

o = sup{ Yl ()] s x € X7, [xlo <1}
k=1

= sup{ > (Sex, Tew)| : S € F(E2,X),||S]la < 1}

= sup{|te(S*T)| : S € F(¢,X), [1S]la} = [Tl

Note that if for two Euclidean structures « and 8 on X we have a < 3, then
B* < o* on X*. Part of the reason why the 7- and the ¢2-structure work well in
practice, is the fact that they are self-dual under certain assumptions on X. This
is contained in the following proposition, along with a few other relations between
dual Euclidean structures.

ProprosITION 1.1.4. On X* we have
(i) op* = v and v* = op.
(ii) v* <. Moreover v < v* if and only if X has nontrivial type.
(iii) If X is a Banach lattice, (£2)* = (?
ProOF. Fix x* € (X*)™. For (i) let y* € (X*)™ be such that x* = Ay* with
A € M, ,m(C)and Y7 |Agi|? <1for 1< j < m. Then we have

<1 Z|bk|2 < 1}

n
I lope = sup{ Dl ) x € X7,
k=1

m n
§sup{ZZ| (Agjar)| i x € X7, < 1,Z|bk\2 < 1}
j=1k=1 k=1
m
<Y Myl
j=1
so taking the infimum over all such y shows ||x*|lop+ = ||x*||,. This also implies
that [|x**||op= = ||x**||, for all x** € (X**)". Dualizing and restricting to X* we

obtain that v* = op on X*.
For (ii) we have for a Gaussian sequence (yx)}'_; by Hoélder’s inequality that

Il = sup{ [ED " (yeaws )| x € X7, Iy < 1 < o

k=1
The converse estimate defines the notion of Gaussian K-convexity of X, which is
equivalent to K-convexity of X by [HNVW17, Corollary 7.4.20]. It is a deep result
of Pisier [Pis82] that K-convexity is equivalent to nontrivial type, see HNVW17,
Theorem 7.4.15].

For (iii) we note that since X (¢2)* = X*(¢2) by [LT79, Section 1.d], we have

2wy = swp (oo s x € x| i) <1}
= k=1

so indeed ¢ = (£2)*. O

Using a duality argument we can compare the £2 (X)-norm and the a-norm of
a vector in a finite dimensional subspace of X™.
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ProproOSITION 1.1.5. Let E be a finite dimensional subspace of X. Then for
x € E™ we have

i /
(dim(E (anknx) < lxllo < dim(E)(Pllal)
k=1

ProOF. For x € E™ we have by Proposition 1.1.2 that
) ) n 1/2
Ixlla < %]l < dim(E)|jx]op < dim(E) (Y laell)
k=1

Conversely take x* € (E*)" with [|x*|

o <1land [|x|o =Y p_; 2} (zk). Then

~ /
e < dim(B)(Yllail-)
k=1

17

and therefore

n 1/2
(Planlz) ™ < dim(B)]x]a o
k=1

Unconditionally stable Euclidean structures. We end this section with
an additional property of a Euclidean structure that will play an important role
in Chapter 4-6. We will say that a Euclidean structure o on X is unconditionally
stable if there is a C' > 0 such that

(1.6) %] o <C‘Sl‘lp HZekkaX, xe X"
ex|=

(17) I lla- <€ sup, 1> el X" e (X"
rl=1 k1

The next proposition gives some examples of unconditionally stable structures.

ProrOSITION 1.1.6.

(i) The (8-structure on X is unconditionally stable.
(i) If X has finite cotype, the vy-structure on X is unconditionally stable.
(iii) If X is a Banach lattice, the (?-structure on X is unconditionally stable.

PrOOF. Fixx € X™ and x* € (X*)". For (i) let V: X — L'(S) be a norm-one
operator. Then by Proposition 1.0.1 we have

[(Var,....Va,)|le S EHZ%VI%HU(S < lbup HZ xk| 5
k=1 erl=1"}=

where (£1)r>1 is a Rademacher sequence. So taking the supremum over all such V
yields (1.6). Now suppose that

sup ||Z€kxk||X* =
lex|=1

Define V : X — (L by Vo = (xl(x),w;(x)), for which we have |V < 1.
Suppose that ||x|[¢e < 1. Then ||(Vz1,...,Va,)|e <1, ie.

S (Sor) <

j=1 k=1
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and hence
PEHEN ST
j=1

This means that ||x||(¢s)- <1, so (1.7) follows.
For (ii), we have by Proposition 1.0.1 that

n o\ 1/2 n
Il S (BIY eranlly) < sup |30 ewl|
k=1 k=1

lex|=1

where (ex)r>1 is a Rademacher sequence. For (1.7) assume that ||x||, < 1. Then
again by Proposition 1.0.1 we have

’Z@k,x@‘ = ‘E<Z 5k$k725kxz>’
k=1 k=1 k=1
- 2\1/2 " o112
< (B eneely) " (B enailly.)
k=1 k=1

n
< sup |3 et
|5k|:1 k=1

1/2

Finally (iii) follows from (i) and the equivalence of the ¢?-structure and the
¢8-structure, see Proposition 1.1.3. O

1.2. a-bounded operator families

Having introduced Euclidean structures in the preceding section, we will now
connect Euclidean structures to operator theory.

DEFINITION 1.2.1. Let a be a Euclidean structure on X. A family of operators
I' C L(X) is called a-bounded if

T == sup{||(T1x1, corsThx)la T €Tyx € X7 ||%X|la < 1}

is finite. If « is a global Euclidean structure, this definition can analogously be
given for I' C £(X,Y), where Y is another Banach space.

We allow repetitions of the operators in the definition of a-boundedness. In
the case that o = ¢? it is known that it is equivalent to test the definition only for
distinct operators, see [KVW16, Lemma 4.3]. For a = v this is an open problem.

Closely related to v and #2-boundedness is the notion of R-boundedness. We
say that T' C £L(X) is R-bounded if there is a C > 0 such that for all x € X"

(©1 - atanl?) <o (e anl?) . mer,
k=1 k=1

where ()72, is a Rademacher sequence. Note that the involved R-norms do not
form a Euclidean structure, as they do not satisfy (1.2). However, we have the
following connections (see [KVW16]):

e R-boundedness implies y-boundedness. Moreover y-boundedness and R-
boundedness are equivalent on X if and only if X has finite cotype.

e /2-boundedness, y-boundedness and R-boundedness are equivalent on a
Banach lattice X if and only if X has finite cotype.
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Following the breakthrough papers [CPSWO00, WeiO1b], v- and ¢?- and R-bound-
edness have played a major role in the development of vector-valued analysis over
the past decades (see e.g. [HN'VW17, Chapter 8]).

We call an operator T € £(X) a-bounded if {T} is a-bounded. It is not
always the case that any T' € £(X) is a-bounded. In fact we have the following
characterization:

ProprosITION 1.2.2. Let a be a Fuclidean structure on X. Then every T €
L(X) is a-bounded with |{T}||o < C||T|| if and only if o is ideal with constant C.

PRrROOF. First assume that « is ideal with constant C. Then we have for all
T € L(X)
I{T}H|a = sup{[|(Tz1,... Tzn)lla : x € X", |x[la <1} < C|T

where C' is the ideal constant of a. Now suppose that for all T' € £(X) we have
I{T}Hla < C||T||. Then for x € X™ and T € L£(X) we have

[(T1, .. Ten) o < [{THalxlla < CIT]Ix]a;

so « is ideal with constant C. (I
Next we establish some basic properties of a-bounded families of operators.

PROPOSITION 1.2.3. Let « be a Euclidean structure on X and let T, T C L(X)
be a-bounded.
(i) ForT" ={TT' : T e, 7" € I} we have [I"]|o < ||ITlalIT’||a-
(i) For T* ={T* : T € T} we have |T*||a+ = ||IT|a-
(iii) For a-bounded Ty, C L(X) for k € N we have || Uz—; Tklla < > peq Tk la-
(iv) For the absolutely convex hull T of T we have ||T||lq = ||T]a.

(v) For the closure of T' in the strong operator topology T we have ||T||o =
Tl

PROOF. (i) is immediate from the definition, (ii) is a consequence of our defi-
nition of duality, (iii) follows from the triangle inequality and (v) is clear from the
definition of an a-bounded family of operators.

For (iv) we first note that ||Up<g<2r€T'||a = ||Tla- It remains to check that
lconv(T)|la = ||IT||a. Suppose that for 1 < j < m we have S; = >7'_, a;;Ty where
Ty,...,Tn €T, a5, > 0and Y7 aj, = 1for 1 < j <m. Let (§)72, be a sequence
of independent random variables with P(§; = k) = aj), for 1 < k <n. Then

l(Siz1, ..., Snzn)lla = |E(Te, 21, - ., Te, 2n) |0
<E||(Te, 21, ., Te, )|,
<Tla
for all x € X™ with ||x|lo <1, so ||conv(I)||o = [T a- O

As a corollary of Proposition 1.2.3(iv) and (v) we also have the a-boundedness
of L'-integral means of a-bounded sets. Moreover from the triangle inequality for
Il we obtain boundedness of L*>-integral means. If a = 7, there is a scale of
results under type and cotype assumptions (see [HV09]).

COROLLARY 1.2.4. Let a be a Euclidean structure on a Banach space X, let
(S, 1) be a measure space and let f : S — T be strongly measurable.
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(i) If T :={f(s) : s € S} is « bounded, then the set

rh = { [ e(e)s(s)ds ol <1)

is a-bounded with |T}]lo < [T

(i) If [S|fIl dp < 0o and a is ideal, then the set

Iy = /Sso<5>f<s> s llpllzecs) < 1}
is a-bounded with |T%||o S Jsllf 1 dge.

A technical lemma. We end this section with a technical lemma that will
be crucial in the representation theorems in this chapter, as well as in the more
concrete factorization theorems in Chapter 2. The proof of this lemma (in the case
I' = @) is a variation of the proof of [AK16, Theorem 7.3.4], which is the key
ingredient to prove the Maurey-Kwapien theorem on factorization of an operator
T : X — Y through a Hilbert space (see [Kwa72, Mau74|). We will make the
connection to the Maurey-Kwapien factorization theorem clear in Section 2.1, where
we will prove a generalization of that theorem.

LEMMA 1.2.5. Let a be a Euclidean structure on X andletY C X be a subspace.
Suppose that F : X — [0,00) and G :' Y — [0,00) are two positive homogeneous
functions such that

1

(1.8) (Z F(xk)2) 2 %y x € X",
k=1

1

(1.9) Ivllo < (3G, yevn,
k=1

LetT' C L(X) an be a-bounded family of operators. Then there exists a T'-invariant
subspace Y C Xog C X and a Hilbertian seminorm ||-|lo on Xo such that

(1.10) ITzllo < 2[Tlalllo ze€Xo,Tel,
(1.11) llz]lo > F(x) x € Xo,
(1.12) lz]lo < 4G(x) zeY.

PROOF. Let X be the smallest I'-invariant subspace of X containing Y, i.e.
set Yy := Y, define for N > 1

Yy i= {Tx Tel,ze YN,I}.
and take X := UNZO Yx. We will prove the lemma in three steps.

Step 1: We will first show that G can be extended to a function Gy on X,
such that 2G satisfies (1.9) for all y € X{'. For this pick a sequence of real numbers
(an)%_; such that ay > 1 and [[N_; an = 2 and define by; := H%Zl ay. For
y €Y we set Go(y) = G(y) and proceed by induction. Suppose that Gg is defined
on U%:o Yn for some M € N with

(113) Il < bar (3 o)

k=1
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for any y € (U%:o YN)n.
M
Fory € Yayy11\ U Yy pick aT € T and an « € Yy such that Tz = y and
N=0

define

1
G = || - .
o(y) anrer — 1 [Tlla - Go()

Fory € ( AN/[;FS YN)n welet T ={k:y; € U%:OYN}. For k ¢ T we let T, € T and

T € U%:o Yn be such that Tz = yx. Then by our definition of Gy we have

Iylle < [[(Lkez yi)iza ||, + (| (Lrgz v)iza

< by (Z Go(yk)2> i +bom T | (Z Go(zk)z) v

keT keI

< bar (32 Golw?) " + bs(anesr - (3 Gotw?)
k=1 k=1
_ bM+1 (Zn: GO(yk)2> 1/2
k=1

So Gy satisfies (1.13) for M + 1. Therefore, by induction we can define Gg on X,
such that 2Gg satisfies (1.9) for all y € X[

Step 2: For x € X define the function ¢, : X* — R, by ¢,(z*) := |2*(2)|?.
We will construct a sublinear functional on the space

V :=span{¢, : ¢ € Xo}.

For this note that every ¥ € V has a representation of the form

Ny

(114) P = zu: Qbuk - i¢vk + Z(¢Tkxk - ¢2|\F\|a$k)
k=1 k=1 k=1

with u, € Xo, v, 2, € X and Ty, € T. Define p : V — [—00, 00) by

p(v) = mf{mz“ Golw)? -3 F(vk)Q},

k=1 k=1

where the infimum is taken over all representations of ¢ in the form of (1.14). This
functional clearly has the following properties

(1.15) play) = ap(), YeV,a>0,
(1.16) (1 + 2) < p(¥1) + p(2), P1,h2 €V,
(1.17) P(dTe — G2|r||az) <0, re Xy, TeT,
(1.18) p(—¢z) < —F(x)?, z € Xo,

(1.19) () < 16Gy(x)?, r € Xo.

We will check that p(0) = 0. It is clear that p(0) < 0. Let

Ny N

0= z“: Puy, — Z buy, + Z(¢Tkwk — G20 aar)
k=1 k=1 k=1
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be a representation of the form of (1.14). So for any z* € X* we have

(120) D Jat(we) P+ | (Thaw) P =D la* ()2 + D[ 2T o) |-
k=1 k=1 k=1 k=1

Let

u:= (Uk)Z;l S XSL“, A — (Uk);clvzl c X"u7
x = (k)2 € XM, y = (Thzy) 2, € X"

a= (;) V= <2||FVIaX)'

Note that (1.20) implies, by the Hahn-Banach theorem, that

and define the vectors

Vi, " yUnys 1yt 3 Ty, S Span{ula"' aunu)Tlea"' 7Tn1xnz}

Therefore there exists a matrix A with ||A|| = 1 such that v = A@. Thus by
property (1.2) of a Euclidean structure we get that ||¥]o < ||T]lo. Now we have,
using the triangle inequality, that

_ _ 1 1
19l < llalla < fulla + 5207 lax]],, < [ula + 517

(o2

which means that
[vlla < ¥, < 2[ufa-

By assumption (1.8) on F' and (1.9) on 2Gy we have

D Fwe)? < IvIZ < 4ful2 <16 Goluw)?,
k=1 k=1

which means that p(0) > 0 and thus p(0) = 0. Now with property (1.16) of p we
have

p(¥) +p(=v) > p(0) =0,

so p(yp) > —oo for all ¢ € V. Combined with properties (1.15) and (1.16) this
means that p is a sublinear functional.

Step 3. To complete the prove of the lemma, we construct a semi-inner product
from our sublinear functional p using Hahn—-Banach. Indeed, by applying the Hahn-
Banach theorem [Rud91, Theorem 3.2], we obtain a linear function f on V such
that f(v) < p(¥) for all ¢ € V. By property (1.18) we know that p(—¢,) < 0 and
thus f(¢,) > 0 for all x € X. We take the complexification of V

Ve = {v1 +ivy : vy,v9 € V}

with addition and scalar multiplication defined as usual. We extend f to a complex
linear functional on this space by f(v1 +ive) = f(v1) +if(v2) and define a pseudo-
inner product on X by (z,y) = f(pz,y) With pgy : X* — C defined as p, 4 (2*) =

x*(z)x*(y) for all * € X*. This is well-defined since

1 . .
Pxy = Z(¢I+y - ¢m—y + Z¢z+z’y - Z(rbl‘—iy) S VC-
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On X, we define ||-||op as the seminorm induced by this semi-inner product, i.e.
lzllo == \/{z,2) = /f(¢z). Then for z € Xy and T € T we have by property
(1.17) of p

1T < p(dra — d2r)juz) + F(D2r)nz) < T2 2[5

By property (1.18) of p we have

2] = f(¢e) > —p(—¢e) > F(x)?, =z € Xy,

and by property (1.19) of p we have

lylls = f(éy) < p(dy) < 16Go(y)* =16G(y)*,  yeY.
So ||-|lo satisfies (1.10)-(1.12). O

1.3. The representation of a-bounded operator families on a Hilbert
space

We will now represent an a-bounded family of operators I' as a corresponding

family of operators I' C L(H) for some Hilbert space H. As a preparation we
record an important special case of Lemma 1.2.5.

LEMMA 1.3.1. Let o be a Euclidean structure on X and let ' C L(X) be a-
bounded. Then for any n = (yo,y1) € X x X there exists a T-invariant subspace
X, € X with yo € X, and a Hilbertian seminorm ||-||, on X, such that

(1.21) |72, < 20Tl reX, TeT,
(1.22) lvolla < 4llyollx
(1.23) ol = llallx ify1 € X,

PROOF. Define F; : X — [0,00) as

F () = lz|lx if € span{y1},
K 0 otherwise,

let Y = span{yo} and define G,, : ¥ — [0,00) as G,(z) = ||| x. Then F, and
G, satisty (1.8) and (1.9) by Proposition 1.1.5, so by Lemma 1.2.5 we can find a
I'-invariant subspace X, of X containing yo and a seminorm ||-||,, on X,, induced by
a semi-inner product for which (1.10)-(1.12) hold, from which (1.21)-(1.23) directly
follow. |

With Lemma 1.3.1 we can now represent a a-bounded family of Banach space
operators on a Hilbert space. Note that by Proposition 1.2.3 we know that without
loss of generality we can restrict to families of operators that are absolutely convex
and closed in the strong operator topology.

THEOREM 1.3.2. Let o be a Euclidean structure on X and let T C L(X) be
absolutely convex, closed in the strong operator topology and a-bounded. Define
|T|lr = inf{\ > 0:A"'T €'} on the linear span of I denoted by Lr(X). Then
there is a Hilbert space H, a closed subalgebra B of L(H), a bounded algebra ho-
momorphism p: B — L(X) and a bounded linear operator 7: Lr(X) — B such
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that
pr(T) =T, T € Lr(X),
lpll <4,
Il < 2[|T|a-

Furthermore, if A is the algebra generated by T', T extends to an algebra homomor-
phism of A into B such that pr(S) =S for all S € A.

PROOF. Let A be the algebra generated by I'. For any n € X x X we let
(X5, [I-ln) be as in Lemma 1.3.1 and take N, = {z € X,, : ||z||, = 0}. Let H,
be the completion of the quotient space X, /N,, which is a Hilbert space. Let
m, - A — L(H,) be the algebra homomorphism mapping elements of A to their
representation on H,, which is well-defined since X, is A invariant.

Define FE = {(z,S5z) : 2 € X,S € A} C X x X. We define the Hilbert space H
by the direct sum H = ®,cgH, with norm |-||z given by

I = (S ll2)”

nek
for h € H with h = (hy)ner. Furthermore we define the algebra homomorphism
T:A— L(H) by T = Bpepmy.
For all T € Lr(X) we then have

I = 1 sup (3 [ (= Yl [) el < 1)
nekr

< 2Tl

Therefore the restriction 7|r : Lr(X) — L(H) is a bounded linear operator with
I7Ir]l < 2||T||o- Now for S € A and « € X with ||z||x < 1 define ¢ = (x, Sz). We
have
- —1
Il = suplimy ()] 2 lIme () (@)l P> ISk - (4]l x)
7

using (1.22) and (1.23). So ||7(S)|| > z||S||, which means that 7 is injective. If
we now define B as the closure of 7(A) in L(H), we can extend p = 77! to an
algebra homomorphism p : B — £(X) with ||p|| < 4 since ||7|| > 1. This proves the
theorem. g

1
)

1.4. The equivalence of a-boundedness and C*-boundedness

There is also a converse to Theorem 1.3.2, for which we will have to make a
detour into operator theory. We will introduce matricial algebra norms in order
to connect a-boundedness of a family of operators to the theory of completely
bounded maps. For background on the theory developed in this section we refer to
[BL04, ER00, Pau02, Pis03].

Matricial algebra norms. Denote the space of m X n-matrices with entries
in a complex algebra A by M, ,(A). A matricial algebra norm on A is a norm
I||4 defined on each M,, ,,(A) such that

IST]a < [S[lAlIT.4; S € My k(A), T € Mjn(A)
[ATBIl4 < [|A[IT[alBl, A€ My;(C), T e M;i(A),B € M, (C).
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The algebra A with an associated matricial algebra norm will be called a matricial
normed algebra. In the case that A C L£(X), we call a matricial algebra norm
coherent if the norm of a 1 x l-matrix is the operator norm of its entry, i.e. if
) ||la = |IT]| for all T € A.

The following example shows that any Euclidean structure induces a matricial
algebra norm on £(X).

ExAMPLE 1.4.1. Let a be a Euclidean structure on X. For T' € M,, ,,(L(X))
we define

ITlla = sup{[[Tx|[a : x € X, [|Ix]lo <1}
Then ||-||4 is a coherent matricial algebra norm on £(X).

PrOOF. Take S € M,, ;(L(X)) and T € My, (L(X)). We have

1S5l Iyl
¥le Il

ISTa = sup{ x € X",y = Tx} < IS]la]Tlla.

Moreover for any A € M,, ;(C), T € M;,(L(X)) and B € My, ,,(C) we have by
property (1.2) of the Euclidean structure that

IATB|a < sup{[|A[[[TBx[lo : x € X", [Bx[la < |[IB[[} < [|A[TalB],

s0 ||-||a is & matricial algebra norm. Its coherence follows from
(D)l = sup{[|Tz]| : = € X, [J«f <1} = [T
for T € L(X), where we used property (1.1) of the Euclidean structure. O

Using this induced matricial algebra norm we can reformulate a-boundedness.
Indeed, for a family of operators I' C L(X) we have

(1.24) [T[la = sup{|IT||a : T = diag(T,...,T,), Ti,...,T, €T}

This reformulation allows us to characterize those Banach spaces on which a-
boundedness is equivalent to uniform boundedness, using a result of Blecher, Ruan
and Sinclair [BRS90].

PROPOSITION 1.4.2. Let o be a Fuclidean structure on X such that for any
family of operators T' C L(X) we have

ITlla = sup ||IT].
Ter
Then X is 1somorphic to a Hilbert space.
ProoOF. Take Ty,...,T, € L(X) and let I' = {T}, : 1 <k < n}. We have

sup [[Tk|| < [|diag(T1, ..., Tn)lla < [Tlla = sup [Tk,
1<k<n 1<k<n

which implies by [BRS90] that £(X) is isomorphic to an operator algebra and that
therefore X is isomorphic to a Hilbert space by [Eid40]. a
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C*-boundedness. Now let us turn to the converse of Theorem 1.3.2, for which
we need to reformulate its conclusion. By an operator algebra A we shall mean a
closed unital subalgebra of a C*-algebra. By the Gelfand-Naimark theorem we may
assume without loss of generality that A consists of bounded linear operators on
a Hilbert space H. We say that I' C £(X) is C*-bounded if there exists a C' > 0,
an operator algebra A and a bounded algebra homomorphism p : A — £(X) such
that

rc{p@):TeA T < i”}
The least admissible C' is denoted by ||T'||cx.

From Theorem 1.3.2 we can directly deduce that any a-bounded family of
operators is C*-bounded. We will show that any C*-bounded family of operators is
a-bounded for some Euclidean structure a.. As a first step we will prove a converse
to Example 1.4.1, i.e. we will show that a matricial algebra norm on a subalgebra

of L(X) gives rise to a Euclidean structure.

PROPOSITION 1.4.3. Let A be a subalgebra of L(X) and let ||-|| 4 be a matricial
algebra norm on A such that ||(T)||a > ||T|| for all T € A. Then there is a
FEuclidean structure o on X such that | T||a < ||T||.a for all T € M, »(A).

PrROOF. Define the a-norm of a column vector x € X™ by
xla = max{||x||s, | x[lop }
with
x5 = sup{[[Sx|| : 8 € M1 (A),[|S]a < 1}.

Then ||| is a Euclidean structure, since we already know op is a Euclidean struc-
ture and for 8 we have

[(@)llp < sup{|[Sz([x : 5 € A [[S] <1} = [lz]lx
for any € X, so (1.1) holds. Moreover, if A € M,, ,(C) and x € X™, we have
[Ax||s = sup{[[SAx| : S € My m(A),[[S]la <1} < [[AflIx]s,
so 3 satisfies (1.2).
Now suppose that T € M,, »,(A), x € X" with x|l <1 and y = Tx, then
Iyllg = sup{[[STx]| : 8 € My (A),[IS[l.a <1}
< sup{[|Sx|[ : S € My n(A), [Slla < IT][ 4} = [T[l.allxlls
and
[¥llop = sup{[|ATx]| : A € My, (C), |A]| <1}
< sup{[|Sx]| : S € My n(A), [[Slla < T[4} = [IT[l.allx[[5-
From this we immediately get
IT]la = sup{[lylla -y = Tx,x € X", [|Ix[lo <1} <|[IT|4,
which proves the proposition. ([l
If A and B are two matricial normed algebras, then an algebra homomorphism
p : A — B naturally induces a map p : My, n(A) = My, (B) by setting p(T) =

(p(Tjx)); 42, for T € My, n(A). The algebra homomorphism p is called completely
bounded if these maps are uniformly bounded for m,n € N.
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We will use Proposition 1.4.3 to prove that the bounded algebra homomorphism
p in the definition of C*-boundedness can be used to construct a Euclidean structure
on X such that p is completely bounded if we equip the operator algebra A with
its natural matricial algebra norm given by

1T = T cee ez, i) T € My n(A)
and we equip £(X) with the matricial algebra norm & induced by «.

PROPOSITION 1.4.4. Let H be a Hilbert space and suppose that A C L(H) is
an operator algebra. Let p: A — L(X) be a bounded algebra homomorphism. Then
there exists a Fuclidean structure o on X such that

lo(T)lla < el T ez (2),e2, ()
for all T € M, n(A), i.e. pis completely bounded.

PROOF. We induce a matricial algebra norm 8 on p(A) by setting for S €
Myn(p(A))

ISl = llpll inf{[|T||z(e2 (z1),e2, (7)) * T € M n(A), p(T) = S}.

This is indeed a matricial algebra norm since for S € M, x(p(A)) and T €
My, (p(A)) we have that

ISTls = llpl nf{[[U]| : U € My, n(A), p(U) = ST}
< lpllinf{[ UV p(U) =S, p(V) = T}
< [ISllslITls
as ||p|| = 1. Moreover for any S € p(A) we have
1(5)lls = llellnf{[[ T} : T € A, p(T) = S} = [|5]]-

Hence, by Proposition 1.4.3, there exists a Euclidean structure « such that ||S]|s <
IS||g for all S € M, ,(p(A)). This means

lo(T)lla < p(T)lls < [lolIIT]]

for all T € My, »(A), proving the proposition. O

REMARK 1.4.5. If A = C(K) for K compact and X has Pisier’s contraction
property, then one can take o = v in Proposition 1.4.4 (cf. [PRO07, KL10]). For
further results on y-bounded representations of groups, see [LM10].

We now have all the necessary preparations to turn Theorem 1.3.2 into an ‘if
and only if’ statement.

THEOREM 1.4.6. Let I' C L(X). Then T is C*-bounded if and only if there
exists a Euclidean structure oo on X such that T' is a-bounded. Moreover ||T'||qo =~
ITllc--

Proor. First suppose that « is a Euclidean structure on X such that I is
a-bounded. Let T be the closure in the strong operator topology of the absolutely
convex hull of ' U (|||l - Ix ), where Ix is the identity operator on X. By Propo-
sition 1.2.3 we know that T' is a-bounded with ||T'||o < 2||T[|a. Then, by Theorem
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1.3.2, we can find a closed subalgebra A of a C*-algebra and a bounded algebra
homomorphism p : A — L£(X) such that

I CTC{pr(T): T € La(X),|T|z <1}
16 ||T[|o
Il }

c{p(r):Te AT <

So T is C*-bounded with constant ||T']|c+ < 16 ||T|4-
Now assume that I" is C*-bounded. Let A be an operator algebra over a Hilbert
space H and let p: A — L(X) a bounded algebra homomorphism such that

re{us)seals< e

By Proposition 1.4.4 there is a Euclidean structure a such that

(T lla < NPTl e )
for all T € My, n(A). Take Ty,...,T,, € T and let Sy,...,S5, € A be such that
p(Sk) = Ty and ||S|| < Ble for 1 < k < n. Then we have, using the Hilbert

lloll
space structure of H, that

|[diag(T1, ..., Tu)lla = Hp(diag(Sl, ce Sn)) Ha
< llplllldiag(St, - -, Sn)llzeez (my)
< [Clle--
So by (1.24) we obtain that I" is a-bounded with ||T||, < ||T|

C*. l:l



CHAPTER 2

Factorization of a-bounded operator families

In Chapter 1 we have seen that the a-boundedness of a family of operators is
inherently tied up with a Hilbert space hiding in the background. However, we did
not obtain information on the structure of this Hilbert space, nor on the form of
the algebra homomorphism connecting the Hilbert and Banach space settings. In
this chapter we will highlight some special cases in which the representation can be
made more explicit.

The first special case that we will treat is the case where « is either the - or the
mo-structure. In this case Lemma 1.2.5 implies a y-bounded version of the Kwapien—
Maurey factorization theorem. Moreover we will show that mo-boundedness can be
characterized in terms of factorization through a Hilbert space, i.e. yielding control
over the algebra homomorphism.

Afterwards we turn our attention to the case in which X is a Banach function
space. In Section 2.2 we will show that, under a mild additional assumption on
the Euclidean structure «, an a-bounded family of operators on a Banach function
space is actually #2-bounded. This implies that the ¢2-structure is the canonical
structure to consider on Banach function spaces.

In Section 2.3 we prove a version of Lemma 1.3.1 for Banach function spaces,
in which the abstract Hilbert space is replaced by a weighted L2-space. This is re-
markable, since this is gives us crucial information on the Hilbert space H. This for-
mulation resembles the work of Maurey, Nikisin and Rubio de Francia on weighted
versus vector-valued inequalities, but has the key advantage that no geometric prop-
erties of the Banach function space are used. In Section 2.4 we use this version of
Lemma 1.3.1 to prove a vector-valued extension theorem with weaker assumptions
than the one in the work of Rubio de Francia. This has applications in vector-valued
harmonic analysis, of which we will give a few examples.

2.1. Factorization of - and ms-bounded operator families

In this section we will consider the special case where « is either the +- or the
mo-structure. For these Euclidean structures we will show that a-bounded families
of operators can be factorized through a Hilbert space under certain geometric
conditions on the underlying Banach spaces. All results in this section will be
based on the following lemma, which is a special case of Lemma 1.2.5.

LEMMA 2.1.1. Let X andY be Banach spaces. Let T'y C L(X,Y) and suppose
that there is a C > 0 such that for all x € X™ and S1,...,S, € I'1 we have

[(Sir, Sl < (Dlel?)

k=1
31
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Let Ty C L(Y) be a me-bounded family of operators. Then there is a Hilbert space
H, a contractive embedding U: H — Y, a S € L(X,H) for every S € Ty and a
T € L(H) for every T € T'y such that

18] < 4c, SeTy,
1T < 2Ty, T eTs.

and the following diagram commutes:
x 2y Ty

NG

H——H

PROOF. Define F : Y — [0,00) as F(y) = ||y|ly- Then we have, by the
definition of the ms-structure, for any y € Y™

(S F?)" = (Cll)” <yl
k=1 k=1

Let
?:{Sm:SEFl,xGX}QY

and define G: Y — [0, 00) by
Gly) :=C -inf{|jz|x :z € X, Sz =y, S}

Fixy e 37, then for any S1,...,95, € I'y and x € X™ such that y;, = Sz we have

n

/
19l < 0 (Yllenliz)

k=1

Thus, taking the infimum over all such Sy and x, we obtain
= 1/2
Iylee < (32 Glu)?) >
k=1

Hence by Lemma 1.2.5 there is a Hilbertian seminorm |[|-||o on a 's-invariant sub-
space Yy of Y which contains ¥ and satisfies (1.10)-(1.12). In particular, for y € Y,
we have lylly = F(y) < [lyllo, 50 o is a norm.

Let H be the completion of (Yo, ||-|lo) and let U: H — Y be the inclusion
mapping. For every S € I'y let S : X — H be the mapping = — Sz € Y C Yj.
Then we have for any x € X that

[Szllo < 4G(Sz) <4C |xf|x,

so ||S|| < 4C. Moreover we have S = US. Finally let T be the canonical extension

of T € T'y to H. Then we have ||T|| < 2||Ts||, and TU = UT, which proves the
lemma. g
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A ~-bounded Kwapien—Maurey factorization theorem. As a first ap-
plication of Lemma 2.1.1 we prove a ~-bounded version of the Kwapien-Maurey
factorization theorem (see [Kwa72, Mau74] and [AK16, Theorem 7.4.2]).

THEOREM 2.1.2. Let X be a Banach space with type 2 and Y a Banach space
with cotype 2. LetT'y C L(X,Y) and Ty C L(Y') be y-bounded families of operators.
Then there is a Hilbert space H, a contractive embedding U : H — Y, a S e
L(X,H) for every S € T'1 and a Te L(H) for every T € Ty such that

IS1 S T4l Sely
1T < 1Tl T €Ts.
and the following diagram commutes:
X Sy 1o )f

N

H—>H

Note that the Kwapien-Maurey factorization theorem follows from Theorem
2.1.2 by taking T'y = {S} for some S € L(X,Y) and taking I'; = &. In particular
the fact that any Banach space with type 2 and cotype 2 is isomorphic to a Hilbert
space follows by taking X =Y, T'; = {Ix} and T's = &

Proor oF THEOREM 2.1.2. Note that y-boundedness and 72-boundedness are
equivalent on a space with cotype 2 by Proposition 1.1.3. Thus I's is ma-bounded on
Y. Furthermore, using Proposition 1.1.3, the y-boundedness of I'; and Proposition
1.0.1, we have for x € X" and T1,...,T, € T

[(Thz1, .. Town)llr, S I(Tawe, o Tozn)|ly

< ”FH’YH(xh e »xn)Hv
n 1/2
STl (D lle1?)
k=1
Therefore the theorem follows from Lemma 2.1.1. O

Factorization of mo-bounded operator families through a Hilbert space.
If we let X be a Hilbert space in Lemma 2.1.1, we can actually characterize the
mo-boundedness of a family of operators on Y by a factorization property. In order
to prove this will need the mo-summing norm for operators T' € L(Y, Z), where Y
and Z are Banach spaces. It is defined as

n
1Ty = Sup{(Z||TkaQZ)1/2 yeY”, sup Z| Yk, Y 1/2 < 1}
k=1 ly*llv=<1 p 5
Clearly || T|| < ||IT||x, and T is called 2-summing if ||T||r, < co. For a connection
between p-summing operators and factorization through LP we refer to [Tom89,
DJT95] and the references therein. If Y = ¢? this definition coincides with the
definition given in Section 1.1, which follows from the fact that £(¢?) is isometrically
isomorphic to 2, (¢?), the space of all sequences (yy)n>1 in £2 for which

1 2
(€2) = sup Z| Yn, Y / )

lv*lle2<1 5,21

1(Yn)n>1llez

WLdk
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is finite, see e.g. [DJT95, Proposition 2.2].

THEOREM 2.1.3. Let Y be a Banach space and let T' C L(Y). Then T is ma-
bounded if and only if there is a C > 0 such that for any Hilbert space X and
S € L(X,Y), there is a Hilbert space H, a contractive embedding U : H - Y, a
SeL(X,H) and a T € L(H) for every T € T such that

15| < 4)S]
17| < c, Tel

and the following diagram commutes

X S,y T,y

NG

H——H

Moreover C > 0 can be chosen such that |||, ~ C.

PROOF. For the ‘only if’ statement let X be a Hilbert space and S € L(X,Y).
Note that by the ideal property of the mo-structure and the coincidence of the
mo-norm and the Hilbert-Schmidt norm on Hilbert spaces we have for all x € X"

n 1/2
1(S21s s Sza)les < USHI@ sl = (D laell?)
k=1

Therefore the ‘only if” statement follows directly from Lemma 2.1.1 using I'y = {S}.
For the ‘if’ statement let T1,...,T, € I'. Let y € Y with ||y|r, <1 and let
V' be the finite rank operator associated to y, i.e.

n

Vi= Z<f, €k )Yk fer?

k=1

for some orthonormal sequence (ex)?_; in £2. We will combine the given Hilbert
space factorization with Pietsch factorization theorem to factorize V and Ty, ..., T,,.
In particular we will construct operators such that the following diagram commutes:

2 v y D,y

[ = ]

As |[V|z, < 1, by the Pietsch factorization theorem [DJT95, p.48] there is a
probability space (Q,P) and operators V: 2 — L>®() and S: L2(Q) — Y, such
that |V <1, ||S|| < 1 and V = SJV, where J: L>®(2) — L%(Q) is the canonical
inclusion.

We now use the assumption with X = L?(Q) and S to construct H, U, S
and T}, for 1 < k < n with the prescribed properties. Define R € F({?, X) by
Rey, = TiVep and R e F(£2,L2(2)) by ﬁek = TkS’Jf/ek for 1 < k < n. Then
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R = UR (sce the diagram above) and therefore we have

~ ~ M e e~ 1/2
|Rllee < WOIIR], = [1B]s = (DITRSTVex]*)
k=1

< 4C<i||<]‘7€ku2>1/2.

k=1

Since |||, = 1 by [DJT95, Example 2.9(d)], we have ||JV ||, < 1 by the ideal
property of the mo-summing norm. Moreover ||(Tiy1,- .., To¥yn)|lxs = [|Rllx,, s0 we
can conclude

||(lelv .. aTnyn)HTrz S 407

i.e. T'is ma-bounded with ||T']|,, < 4C. O

In Theorem 2.1.3 it suffices to consider the case where S and S are injective,
which allows us to restate the theorem in terms of Hilbert spaces embedded in Y.

COROLLARY 2.1.4. Let Y be a Banach space and let T C L(Y). Then T is
mo-bounded if and only if there is a C' > 0 such that:
For any Hilbert space X contractively embedded in'Y there is a Hilbert space H
(%) with X C H CY such that H is contractively embedded in Y, the embedding
X <— H has norm at most 4, and such that T 1is an operator on H with
T2y < C forall T €T
Moreover C > 0 can be chosen such that |T'||z, ~ C.

PROOF. For the ‘if’ statement note that in the proof of Theorem 2.1.3 the
orthonormal sequence can be chosen such that V is injective, and thus S can be
made injective by restricting to JV (¢2) C L2(Q). For the converse note that if S is
injective in the proof of Lemma 2.1.1, then the constructed S is as well. O

Since the mo-structure is equivalent to the ~-structure if Y has cotype 2 by
Proposition 1.1.3, we also have:

COROLLARY 2.1.5. Let Y be a Banach space with cotype 2 and let T C L(Y).
Then T is v-bounded if and only if there is a C > 0 such that (x) of Corollary 2.1.}
holds. Moreover C > 0 can be chosen such that |||, ~ C.

Finally we note that we can dualize Theorem 2.1.3, Corollary 2.1.4 and 2.1.5.
For example we have:

COROLLARY 2.1.6. Let Y be a Banach space with cotype 2 and let T' C L(Y).
Then T is v-bounded if and only if there is a C > 0 such that:
For any Hilbert space X in which'Y s contractively embedded there is a Hilbert
space H with' Y C H C X such that Y is contractively embedded in H, the
(%) embedding H — X has norm at most 4, and such that T extends boundedly to
H with |T||zgy < C forallT €T.
Moreover C > 0 can be chosen such that ||T'||, ~ C.

Proor. Note that since Y has type 2, Y* has non-trivial type and cotype 2.
Therefore by Proposition 1.1.4 the «*-structure is equivalent to the y-structure on
X*. Moreover by Proposition 1.2.3 we know that I'* is v*-bounded on Y* with
[IT*]|y« < C. So the corollary follows by dualizing Corollary 2.1.5. O
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2.2. a-bounded operator families on Banach function spaces

For the remainder of this chapter, we will study Euclidean structures and fac-
torization in the case that X is a Banach function space.

DEFINITION 2.2.1. Let (S, 1) be a o-finite measure space. A subspace X of the
space of measurable functions on S, denoted by L°(S), equipped with a norm |[|-|| x
is called a Banach function space if it satisfies the following properties:

(i) If x € L°(S) and y € X with |z| < |y|, then z € X and ||z||x < ||yl x-
(ii) There is an € X with > 0 a.e.
(iii) If 0 < m,, P a for (2,)52, in X, z € L°(S) and sup,,cyl|znllx < 0o, then
z € X and ||lz|x = sup,enllznllx-
A Banach function space X is called order-continuous if additionally
(iv) If 0 < x,, T = € X with (z,)22, a sequence in X and =z € X, then
|z — z||x — 0.

Order-continuity of a Banach function space X ensures that the dual X* is
a Banach function space (see [LT79, Section 1.b]) and that the Bochner space
L?(S’; X) is a Banach function space on (S x S/, u x p') for any o-finite measure
space (S',u'). As an example we note that any Banach function space which is
reflexive or has finite cotype is order-continuous.

Since a Banach function space X is in particular a Banach lattice, it admits the
£2-structure. The main result of this section will be that the £2-structure is actually
the canonical structure to study on Banach function spaces. Indeed, we will show
that, under mild assumptions on the Euclidean structure «, a-boundedness implies
/?-boundedness. We start by noting the following property of a Hilbertian seminorm
on a space of functions.

LEMMA 2.2.2. Let (S,p) be a measure space and let X C L°(S) be a vector

space with a Hilbertian seminorm ||-||lo. Suppose that there is a C' > 0 such that for
x € L%S) andy e X

lz| < |yl =z € X and ||lzllo < Cllyllo-
Then there exists a seminorm ||-||1 on X such that
Slzllo <zl < Cllzllo ze X,
Iz +yll? = ll=lIF + Iyl r,ye X :xAy=0.

PROOF. Let I be the collection of all finite measurable partitions of S, partially
ordered by refinement. We define

) 1/2
lz]l1 = inf sup (Z [l 1EH(2J) ) reX,
WEHWIZW Een!

which is clearly a seminorm. For a m € I, write 7 = {E1,--- , E,} and let (ex)}_,
be a Rademacher sequence. Then we have for all z € X that

n n n n

2

St E=EY Y certein, olp) =EY e o 1n <02 |al?
k=1 j=1k=1 k=1

and, since (J;_, Ey = S, we deduce in the same fashion

2 n ~
RS I3 PA R e IS PA
k=1 k=1

n
loll} < C2E||> ex - w1,
k=1
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Therefore we have & ||z|lo < [|z]|1 < C ||z for all z € X, and 7 € II. Furthermore
if 2,y € X with x Ay =0, then for 7 > {suppx, S \ suppz} we have

Yolle+y)1els =Y llz1sld+ D lly1sll.

Eerm Eem Eecn

So we also get ||z 4+ y||7 = ||z||? + ||ly||?, which proves the lemma. O

Let X be a Banach function space. For m € L°(S) we define the pointwise
multiplication operator T},: X — X by T,,x = m - x and denote the collection of
pointwise multiplication operators on X by

(2.1) M= {T, :m € L¥(8), |mll = (s) < 1} € £(X).

It turns out that if « is a Euclidean structure on X such that M is a-bounded,
then a-boundedness implies #2-boundedness. This will follow from the fact that an
Me-invariant subspace of X satisfies the assumptions of Lemma 2.2.2.

THEOREM 2.2.3. Let X be a Banach function space on (S, p), let o be a Fu-
clidean structure on X and assume that M is a-bounded. IfT' C L(X) is a-bounded,

then T is £2-bounded with ||T||2 < ||T||la, where the implicit constant only depends
on [|M||a-

PrRoOOF. Let x € X™ and T1,...,T,, € I'. We will first reduce the desired
estimate to an estimate for simple functions. Define z := (37_, |z%|?)?. Then we
have 25+ € L(S), which means that we can find simple functions u € X" such
that |lur, — zp2zg | pe(s) < 2 for 1 < k < n. Defining yo := (3 ,_; [urzo[?)/?, we
have

n n
120 = yollx <D llk — urzollx <> _llzollxllur = 2xzg " | oe(s) < llz0]lx-
k=1 k=1

Define 21 := (3 "1_, Tk (ur20)|?)'/2. Then similarly, using || 7%|| < ||T'[|a, we have
- 1/2
| ITael®) ' = 2| < lzollx Il
k=1

For 1 < k < n we have T'(ugz20)2z; * € L>®(S), which means that we can find simple
functions v € X™ such that |vy| < |T(ug20)2; '] and

|20l x 1
21]lx n

llox = T(urz0)z1 lzoo(s) < ITa
It follows that
(2.2) luk21] < T (urz0)]

and, defining y; := (3_p_,|vk21|?), that

n

Iz = y1llx < DI Tw(unzo) = vizillx < lzollx Il
k=1
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Thus, combining the various estimates, we have
n 1
2
«@ § |5Ek|
b'e

1
|’
X k=1

n 1
<2 ()
loll < 2 (Yl=l?) |

< Iyl

so it suffices to prove ||y1]lx < ||IT|«llvollx, which is the announced reduction to
simple functions.
Define Cr := 4||T'||o, Cat := 4| M| and set

Lo = (2\|%Ha -T)U (2“/\14“& - M).

Then Ty is a-bounded with ||Tg||o < 1 by Proposition 1.2.3. Thus, applying Lemma
1.3.1 to T'g and 1 = (y0,¥1), we can find a I'- and M-invariant subspace X, C X
with yo € X,, and a Hilbertian seminorm ||-||,, on X,, such that (1.22) and (1.23)
hold and

(2.3) | Tz, < Crllzl,, zeX,, Tel.

(2.4) Tz, < Caallz|lys reX,, TeM.

In particular, (2.4) implies if z € L%(S), Z € X,,, and |z| < |Z|, then z € X, and
(2.5) [z]ln < CatllZ[ly-

Therefore we deduce that ugyo, Ti(uryo), vez1 € X, for 1 <k <nand y1,21 € X,,.
Moreover, by Lemma 2.2.2 there is a seminorm ||-||, on X, such that

(2.6) o llzlly < llzlly < Cadllzlly re X,
(2.7) llzy + 22| = ||lz1))? + ||lz2]?, 21,220 € X tx1 Axa = 0.

Let X' be a coarsest o-algebra such that u and v are measurable and let
Ey,...,E, € ¥’ be the atoms of this finite o-algebra. By applying (2.2)-(2.7),
we get

sl < OMZH(iw) 211,
Jl =

by (2.6) + (2.7)

= 0/2\/1 Z ZHvkzl 1g, 12 since vy, is constant on Ej
k=1 j=1
< Cu Y vzl by (2.6) + (2.7)
k=1
n
< OO T (w03 by (2.2) + (2.5)
k=1
< CRCRY llunzoll? by (2.3)
k=1
< CRCEY D llunzo 1k, |12 by (2.6) + (2.7)

k=1j=1
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—OMCFZH(ZWM) 20 1p;
Jj=1 =

i Cilwoll; by (2.6) + (2.7)

since uy, is constant on Ej

Hence, by combining this estimate with (1.22) and (1.23), we get

ly1llx < llgally < Cha Crliolly < 4C34 Crliyollx,
which concludes the proof. O

In view of Theorem 2.2.3 it would be interesting to investigate sufficient condi-
tions on a general Banach space X such that a-boundedness of a family of operators
on X implies e.g. y-boundedness.

REMARK 2.2.4.

(i) By Theorem 1.4.6 one could replace the assumption on I" and M in The-
orem 2.2.3 by the assumption that I' U M is C*-bounded.

(ii) M is y-bounded if and only if X has finite cotype. Indeed, the ‘if’ state-
ment follows from Proposition 1.1.3 and the fact that ||[M|,2 = 1. The
‘only if” part follows from a variant of [HNVW17, Example 8.1.9] and
the fact that if X does not have finite cotype, then £5° is (1 + ¢)-lattice
finitely representable in X for any n € N (see [LT'79, Theorem 1.£.12]).

(iii) The assumption that M is a-bounded is not only sufficient, but also
necessary in Theorem 2.2.3 if « = 7. Indeed, for the y-structure we know
that y-boundedness implies ¢/2-boundedness if and only if X has finite
cotype, see [KVW16, Theorem 4.7]. Therefore if v-boundedness implies
£2-boundedness on X, then X has finite cotype. This implies that M is
~v-bounded.

REMARK 2.2.5. On a Banach function space X one can also define for ¢ € [1, 00)

‘q)l/qHX7 XeXn

n
Ixlen = || (>l
k=
and study the ¢9-boundedness of operators, which was initiated in [WeiO1la] and
done systematically in [KU14]. Our representation results of Chapter 1 rely heavily
on the Hilbert structure of ¢2 and therefore a generalization of our representation
results to an “¢9-Fuclidean structure” setting seems out of reach.

2.3. Factorization of />-bounded operator families through L?(S,w)

As we have seen in the previous section, the ¢?-structure is the canonical struc-
ture to consider on a Banach function space X. In this section we prove a version of
Lemma 1.3.1 for the £2-boundedness of a family of operators on a Banach function
space, in which we have control over the the space X;, and the Hilbertian seminorm
|-ll,- Indeed, we will see that an £2.-bounded family of operators on a Banach func-
tion space X can be factorized through a weighted L2-space. In fact, this actually
characterizes £2-boundedness on X.

By a weight on a measure space (.9, ;) we mean a measurable function w : S —
[0,00). For p € [1,00) we let LP(S,w) be the space of all f € L°(S) such that

1/p
s = ([ 1170 ) ™ < o
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Our main result is as follows. For the special case X = LP(S) this result can be
found in the work of Le Merdy and Simard [LS02, Theorem 2.1]. See also Johnson
and Jones [JJ78] and Simard [Sim99).

THEOREM 2.3.1. Let X be an order-continuous Banach function space on (S, 3, u)
and let T C L(X). T is £?-bounded if and only if there exists a constant C > 0 such
that for all yo,y1 € X there exists a weight w such that yo,y1 € L?(S,w) and

(2.8) 1T r2(8,0) < Cllzllz2(s,0), @€ XNL*(S,w), T €T
(2.9) llvollz2(s,w) < ¢llyollx,
(2.10) lyall2(sw) = £ lluallx,

where ¢ is a numerical constant. Moreover C can be chosen such that |T||2 ~ C.

Proor. We will first prove the ‘if’ part. Let x € X™ and T1,...,T, € T.
Define yo = (37—, |zx[?)? and y1 = (37—, |Tezk|?)2. Then we have by applying
(2.8)-(2.10)

n n
Il <y / ToaPwdp < 202 Y / el di < A lyol%
k=175 k=175
so [|T|le= < 2C.

Now for the converse take yg,y; € X arbitrary and let o € X with @ > 0 a.e.
Assume without loss of generality that ||yolx = ||lv1]lx = ||@]|x =1 and define

1 -
u = §(|y0| Vg V).
Then |lu]|x <1, u > 0 a.e. and
(2.11) lyfu x < llyillxllysu ey <3llyllx,  5=0,1.

Let Y = {z € X : 220 € X} with norm |z]ly := |jz2u"||{>. Then Y is an
order-continuous Banach function space and for v € Y we have

- 1/2 n 1/2
[ (o) 1, = [t
k=1 k=1
" 1/2 n 1/2
< () = (Chelid)
k=1 k=1

i.e. Y is 2-convex. Moreover by Hélders inequality for Banach function spaces
([LT79, Proposition 1.d.2(i)]), we have

1/2

_ 1/2
21l = Nzl

lzllx < fla*u

so Y is contractively embedded in X. By (2.11) we have u, yo,y1 € Y.
We will now apply Lemma 1.2.5. Define F' : X — [0, 00) by

Flr) = lz|lx ifze span{yl}
0 otherwise
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and G : Y — [0,00) by G(x) = ||z[y. Then (1.8) holds by Proposition 1.1.5 and
(1.9) follows from the 2-convexity of Y. Let M be the pointwise multiplication
operators as in (2.1) and define

o 1 1
Lo = (2\|FH€2 'F) U (§ M)
Then Ty is a-bounded with ||[T'gll;z < 1 by Proposition 1.2.3. Applying Lemma 1.2.5
to 'y, we can find a I'- and M-invariant subspace Y C Xy C X and a Hilbertian
seminorm ||-||p such that

[Tzllo < 4([T[lez|z]lo, reXo Terl,
||Tl’||0 §4||$||03 J’JEX(), TGM?
[zllo < 4flzfly, rey,

lyillo > llyallx-

The second property implies that if z € L°(S) and # € X with || < |Z|, then
x € Xo and ||z|lo < 4||Z]lo- Thus we may, at the the loss of a numerical constant,
furthermore assume

(2.12) lz1 + x2||§ = ||x1||§ + ||x2||%, 21,220 € X 21 Axa =0

by Lemma 2.2.2.
Define a measure A\(E) = ||[ulgl|3 for all E € . Using (2.12), the o-additivity
of this measure follows from

for E1, Fs,... € ¥ pairwise disjoint, since ulg € Y for any £ € ¥ and Y is
order-continuous. Moreover we have for any E € ¥ with y(E) = 0 that

ME) = |ulplf < lulgli = (1] =0

0~

so A is absolutely continuous with respect to u. Thus, by the Radon-Nikodym
theorem, we can find an f € L'(S) such that

lulp|2 = A(E) = /E £ dp

for all E € ¥. Define the weight w := u=2f.
Take x € Y and let (v,)52; be a sequence functions of the form

vn:uZaylE;L, aj €C, E} €%,
i=1

such that |v,| 1 |z|. Then lim, o ||vn, — z|lo = 0 by the order-continuity of Y. So
by (2.12) and the monotone convergence theorem

My

Mn
Jolfg = Jim Y e Putey = tim > [ japPutedu= [ lofwdn
=1 j=1"E7 S
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In particular, yo,y; € L?(S,w) and, using (2.11), we have

1
2
(foPwan)” = lsollo < 16 ol <48 ollx,
S

3 1
(f1mPwdn)” =llo= 7 llnlx,
S

so we can take ¢ = 48. Take T' € ' and € Y and define m,, = min(1, nu - [Tz|™!)
forn € N. Then m,,-Tx € Y and |m,,-Tz| 1 |Tz|. So by the monotone convergence

theorem we have
1 1
(/ |Tx[*w du) * = lim (/|mn -Tz]*w d,u) ’
S n— o0 S

= lim ||m, - Tz||o
n—oo

1
<400l ( / P dyr) .
S

To conclude, note that Y is dense in X N L?(S,w) by order-continuity. Therefore,
since T is bounded on X as well, this estimate extends to all x € X N L?(S,w).
This means that (2.8)-(2.10) hold with C' < 45 ||T|=. O

REMARK 2.3.2. In the view of Theorem 1.4.6 and Theorem 2.2.3 we may replace
the assumption that I is £2>-bounded by the assumption that I'UM is C*-bounded
in Theorem 2.3.1.

The role of 2-convexity. If the Banach function space X is 2-convex, i.e. if

n 1/2 n 1/2
H (ZWF) HX = (ZHMH%() . xeX",
k=1 k=1

we do not have to construct a 2-convex Banach function space Y as we did in the
proof of Theorem 2.3.1. Instead, we can just use X in place of Y, which yields
more stringent conditions on the weight in Theorem 2.3.1.

THEOREM 2.3.3. Let X be an order-continuous, 2-convexr Banach function
space on (S,%, ) and let T C L(X). Then T is £2-bounded if and only if there
exists a constant C > 0 such that for any weight w with

225wy < ll2llx zeX,
there exists a weight v > w such that
T2l L2(50) < C 2l L2(5,0) z€X, Tel
zllz2(s,0) < cllzlx z € X,

where ¢ s a numerical constant. Moreover C > 0 can be chosen such that ||T'||p2 ~

C.

PRrROOF. The proof is similar to, but simpler than, the proof of Theorem 2.3.1.
The a priori given weight w allows us to define F' : X — [0, 00) as

Fa) = ([ oPwan)

and the 2-convexity allows us to use Y = X and define G : X — [0,00) as G(z) =
lz]|x. For more details, see [Lor16, Theorem 4.6.3] O
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REMARK 2.3.4. Theorem 2.3.3 is closely related to the work of Rubio de Fran-
cia, which was preceded by the factorization theory of Nikisin [Nik70] and Maurey
[Mau73]. In his work Rubio de Francia proved Theorem 2.3.3 with all 2’s replaced
by any ¢ € [1,00) for the following special cases:

e For X = L?(S) in [Rub82],
e For I' = {T'} with T € £L(X) in [Rub86, III Lemma 1],

see also [GR85]. These results have been combined in [ALV19, Lemma 3.4],
yielding Theorem 2.3.3 with all 2’s replaced by any g € [1,00). These results are
proven using different techniques and for g # 2, as discussed in Remark 2.2.5, seem
out of reach using our approach.

2.4. Banach function space-valued extensions of operators

In this final section on the £?-structure on Banach function spaces we will apply
Theorem 2.3.1 to obtain an extension theorem in the spirit of Rubio de Francia’s
extension theorem for Banach function space-valued functions (see [Rub86, Theo-
rem 5]). We will apply this theorem to deduce the following results related to the
UMD property for Banach function spaces:

e We will provide a quantitative proof of the boundedness of the lattice
Hardy-Littlewood maximal function on UMD Banach function spaces.

e We will show that the so-called dyadic UMD™ property is equivalent to
the UMD property for Banach function spaces.

e We will show that the UMD property is necessary for the £2-sectoriality
of certain differentiation operators on LP(R%; X), where X is a Banach
function space.

Tensor extensions and Muckenhoupt weights. Let us first introduce the
notions we need to state the main theorem of this section. Let p € [1,00), w a
weight on R? and suppose that 7" is a bounded linear operator on LP(R%, w). We
may define a linear operator T on the tensor product LP(R%, w) ® X by setting

T(foz):=Tf®z, fecLP(RYw), zecX,

and extending by linearity. For p € [1,00) the space LP(R%,w) ® X is dense in the
Bochner space LP(R? w; X) and it thus makes sense to ask whether T extends to a
bounded operator on LP(R?, w; X). If this is the case, we will denote this operator
again by T. For a family of operators I' C £(LP(R?, w)) we write

L:={T:TeTl}.

We denote the Lebesgue measure A on R? of a measurable set E C R? by |E|.
For p € (1,00) we will say that a weight w on R? is in the Muckenhoupt class Ap
and write w € A, if the weight characteristic

s, = s [ war- (g [ wmrm )"

is finite, where the supremum is taken over all cubes Q C R? with sides parallel to
the axes.
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An abstract extension theorem. We can now state the main theorem of
this section.

THEOREM 2.4.1. Let X be an order-continuous Banach function space on (S, %, u),
let p € (1,00) and w € A,. Assume that there is a family of operators I' C
L(LP(RY, w)) and an increasing function ¢: Ry — Ry such that

e For all weights v: RY — (0,00) we have
[v]a, < ¢(Sup ||T\|£(L2(Rd,v)))~
Ter

o T is 2-bounded on LP(R w; X).
Let f,g € LP(R%,w; X) and suppose that there is an increasing function ¢: Ry —
R such that for all v € Ay we have
1FCo9)ll2mawy < U([0]a)llgl 9)llrzrew), — s€S.

Then there is a numerical constant ¢ > 0 such that
||f||LP(1Rd,w;X) <c-¢o ¢(C HF”P) ||g||LP(Rd,w;X)~

One needs to take care when considering f(-, s) for f € LP(R,w; X) and s € S
in Theorem 2.4.1, as this is not necessarily a function in L?(R?, v). This technicality
can in applications be circumvented by only using e.g. simple functions or smooth
functions with compact support and a density argument.

PROOF OF THEOREM 2.4.1. Let u € LP(R? w) be such that there is a cx > 0
with u > ci 1k for every compact K C R?%. Let x € X be such that z > 0 a.e. and

HU ® xHLi"(Rd,w;X) < ||g||LP(Rd,w;X)'

Since X is order-continuous, LP(R¢, w; X) is an order-continuous Banach function
space over the measure space (R? x S,wd\du), so by Theorem 2.3.1 we can find

a weight v on R? x S and a numerical constant ¢ > 0 such that for all T € T and
h e LP(R% w; X) N L*(RY x S,v - w)

(2.13) ITh|l L2 re x S,0w) < €T Nle2 1P] 22 (R 5 5,0-w)

(2.14) gl +u® $||L2(]Rd><5’,v‘w) <cllg+ue xHLl’(Rd,w;X)’
1

(215) ||f||L2(]Rd><S,v~w) 2 E ||f||LT’(Rd7w;X)'

Note that (2.14) and the definition of x imply
(2.16) 91l L2 R x S0w) < 2¢]9] Le (R4,wix)

and u € L?(R? v(-,s) - w) for g-a.e. s € S. Therefore, by the definition of u, we
know that v(-,s) - w is locally integrable on R? for p-a.e. s € S. Let A be the
Q-linear span of indicator functions of rectangles with rational corners, which is a
countable, dense subset of both LP(R%, w) and L?(R%, v(-, s) - w) for p-a.e. s € S.
Define

B={y®(x1lg):y €A Eecx}

Then B C LP(R%, w; X) N L2(R? x S,v-w) since u® x € L?>(R? x S, v -w). Testing
(2.13) on all h € B we find that for all T € T and ¢ € A

1TV 2R 0 (-,5)-w) < €T Mez 19| 2 (R 0 5) ) 5 s€S.
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Since A is countable and dense in L2(R%,v(-, s) - w), we have by assumption that
v(+,8) - w € Ay with [v(+, 8) - w]a, < &d(c||T||e2) for p-a.e. s € S. Therefore, using
Fubini’s theorem, our assumption, (2.15) and (2.16), we obtain

1/2
Hf||Lv(Rd,w;X)§C(// |f\2v'wd)\d,u)
S JRd
~ 9 1/2
§0'¢0¢(C||FH52)(// |g|v-wd)\du)
s JRrd

< 202 : ’(/J o (b(C ||f||f2) ||g||LP(Rd,w;X)7

proving the statement. O

We say that a Banach space X has the UMD property if the martingale dif-
ference sequence of any finite martingale in LP(S; X) on a o-finite measure space
(S, 1) is unconditional for some (equivalently all) p € (1,00). That is, if for all
finite martingales (fx)}7_, in LP(S; X) and scalars |ex| = 1 we have

(2.17) H’é EkdkaLP(S;X) ¢ Hé dfk‘

The least admissible constant C' > 0 in (2.17) will be denoted by 5, x. For a detailed
account of the theory UMD Banach spaces we refer the reader to [HNVW16,
Chapter 4] and [Pis16].
Let us point out some choices of I' C £(LP(R?, w)) that satisfy the assumptions

Theorem 2.4.1 when X has UMD property:

o I' = {H}, where H is the Hilbert transform.

o I'={Ry:k=1,...,d} where Ry, is the k-th Riesz projection.

e I':={Ty : Q a cube in R4}, where Tg: LP(R?) — LP(R?) is the averag-

ing operator

Tof(t) = (Ia/Qfd)\> 19(t), teR?

We will encounter these choices of I" in the upcoming applications of Theorem 2.4.1.
For these choices of I one obtains an extension theorem for UMD Banach function
spaces in the spirit of [Rub86, Theorem 5].

LP(S:X)

COROLLARY 2.4.2. Let X be a UMD Banach function space and let T be a
bounded linear operator on LP°(R%, v) for some py € (1,00) and all v € A,,. Sup-
pose that there is an increasing function ¢: Ry — Ry such that

”T”LPO (R%,v)—LPo (R4 ,v) < ¢([U]Ap0)’ CAS Apo'

Then T extends uniquely to a bounded linear operator on LP(RY w; X) for all p €
(1,00) and w € A,.

PROOF. For k = 1,--- ,d let Ry denote the k-th Riesz projection on LP(R%, w)
and set I' = {Ry : k = 1,...,d}. Then we have for any weight v on R? that

4
[0]42 Sa (5D 1Tl 2 a0y 2 )
Tel

by [Gral4, Theorem 7.4.7]. Moreover by the triangle inequality, the ideal property
of the (2-structure, [HNVW16, Theorem 5.5.1] and [HH14, Corollary 2.11] we
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have
d
~ max{plj,l}
Tl S Dl Rkl o Rt i) = Lo (Rt i) Sx,pia [0]4
k=1

Thus I satisfies the assumptions of Theorem 2.4.1. Let f € LP(R? w) ® X. By
Rubio de Francia extrapolation (see [CMP12, Theorem 3.9]) there is an increasing
function ¥: Ry — Ry, depending on ¢, p, po, d, such that for all v € Ay we have

ITf(s9)lL2@a,ey < P(Rla)IfCs)l2@ay, s €S
Therefore by Theorem 2.4.1 we obtain

D

4-max{-1+,1}
1T fll Lo R wx) < ¢ (Cxpa - [wly, 77 )

which yields the desired result by density. O

1fllze (R, wsx)

The advantages of Theorem 2.4.1 and Corollary 2.4.2 over [Rub86, Theorem
5] are as follows

e Theorem 2.4.1 yields a quantitative estimate of the involved constants,
whereas this dependence is hard to track in [Rub86, Theorem 5.

e Theorem 2.4.1 and Corollary 2.4.2 allow weights in the conclusion, whereas
[Rub86, Theorem 5] only yields an unweighted extension.

e [Rub&6, Theorem 5] relies upon the boundedness of the lattice Hardy-
Littlewood maximal operator on LP(R%; X), whereas this is not used in
the proof of Theorem 2.4.1. Therefore, we can use Theorem 2.4.1 to give
a quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal operator on UMD Banach function spaces, see Theorem 2.4.4.

e Instead of assuming the UMD property of X, the assumptions of Theorem
2.4.1 are flexible enough to allow one to deduce the UMD property of X
from £?-boundedness of other operators, see Theorem 2.4.9.

REMARK 2.4.3. Rubio de Francia’s extension theorem for UMD Banach func-
tion spaces has also been generalized in [ALV19, LN19, LN20|:

e In [ALV19, Corollary 3.6] a rescaled version of Corollary 2.4.2 has been
obtained by adapting the original proof of Rubio de Francia.

e In [LN19] the proof of [Rub86, Theorem 5] has been generalized to allow
for a multilinear limited range variant. The proof of Theorem 2.4.1 does
not lend itself for such a generalization.

e Using the stronger assumption of sparse domination, the result in [LIN19]
has been made quantitative and has been extended to multilinear weight
and UMD classes in [LIN20].

The lattice Hardy—Littlewood maximal operator. As a first application
of Theorem 2.4.1, we will show the boundedness of the lattice Hardy-Littlewood
maximal operator on UMD Banach function spaces. Let X be an order-continuous
Banach function space and p € (1,00). For f € LP(R% X) the lattice Hardy—
Littlewood maximal operator is defined as

Mf(t) 221£<612|/Qlf|d)\)’ t € RY,

where the supremum is taken in the lattice sense over cubes @ C R? containing
t (see [GMT93] or [HL19, Section 5] for the details). The boundedness of the
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lattice Hardy-Littlewood maximal operator for UMD Banach function spaces X is
a deep result shown by Bourgain [Bou84| and Rubio de Francia [Rub86]. Using
this result, the following generalizations were subsequently shown on UMD Banach
function spaces:

e Garcia-Cuerva, Macfas and Torrea showed in [GMT93] that M is bounded
on LP(R? w; X) for all Muckenhoupt weights w € A,,. Sharp dependence
on the weight characteristic was obtained in [HL19] by Hanninen and the
second author. .

e Deleaval, Kemppainen and Kriegler showed in [DKK18] that M is bounded
on LP(S; X) for any space of homogeneous type S.

e Deleaval and Kriegler obtained dimension free estimates for a centered
version of M on LP(R%; X) in [DK19).

With Theorem 2.4.1 we can reprove the result of Bourgain and Rubio de Francia
and obtain an explicit estimate of the operator norm of M in terms of the UMD
constant of X. Tracking this dependence in the proof of Bourgain and Rubio de
Francia would be hard, as it involves the weight characteristic dependence of the
inequality [Rub86, (a.5)].

THEOREM 2.4.4. Let X be a UMD Banach function space with cotype q € (1,00)

with constant cq x. The lattice Hardy-Littlewood mazimal operator M is bounded
on LP(R% X) for all p € (1,00) with

~ 2
M|l 2prresxy) S acqxBpx) s
where the implicit constant only depends on p and d.

PROOF. Let p € (1,00) and f € LP(RY). Define for any cube @ C R? the
averaging operator

Tof(t) |Q|/fd>\ 1g(t), teR?

and set I' := {Ty : Q a cube in R}. Then we know that T is /2-bounded on
LP(R%; X) with
ITllez S v/acq,x Bp,x
by [HNVW17, Theorem 7.2.13 and Proposition 8.1.13], where the implicit con-
stant depends on p and d.
Let w: RY — (0,00) and set C' := supper | T £(22(r4,w))- Fix a cube Q C R™.
Applying Tg to the function (w +¢)~! 1 for some £ > 0 we obtain

/ IQ\/ ) ()dsgc%wél;@e)?dt

which implies
dt / Ldt) < c?
IQ\ / IQ\ )

So by letting ¢ — 0 with the monotone convergence theorem, we obtain w € A,
with [w]a, < C?. So T satisfies the assumptions of Theorem 2.4.1 with ¢(t) = 2.

By Theorem 2.4.1, using the weighted boundedness of the scalar-valued Hardy-
Littlewood maximal operator from [Gral4, Theorem 7.1.9], we know that for any
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simple function f: RY — X

V| o ety S 0(eaxBp,x) 1 o e )

where the implicit constant depends on p and d. So, by the density of the simple
functions in LP(R%; X), we obtain the desired result. O

REMARK 2.4.5.

e One could also use ' = {H} or ' = {Rg : k = 1,--- ,d} in the proof of
Theorem 2.4.4, where H is the Hilbert transform and Ry, is the k-th Riesz
projection. Then the first assumption on I' in Theorem 2.4.1 follows from
[Gral4, Theorem 7.4.7] and the second from [HNVW16, Theorem 5.1.1
and 5.5.1] and the ideal property of the ¢2-structure.

e In Theorem 2.4.4 the assumption that X has finite cotype may be omit-
ted, since the UMD property implies that there exists a constant C, > 0
such that X has cotype Cp8,, x with constant less than C), (see [HLN16,
Lemma 32]). This yields the bound \|M||£(LP(R(1;X)) S 513)’)( in the conclu-
sion of Theorem 2.4.4.

e One would be able to avoid the cotype constant in the conclusion of Theo-
rem 2.4.4 if one can find a single operator 1" that both characterizes v € A,
with ¢(t) = ¢ and is bounded on LP(R%; X) with ||T||z(zrra,x) S Bp.x-

Randomized UMD properties. As a second application of Theorem 2.4.1 we
will prove the equivalence of the UMD property and the dyadic UMD™ property.
Let us start by introducing the randomized UMD properties for a Banach space X.

We say that X has the UMD™ (respectively UMD ™) property if for some (equiv-
alently all) p € (1,00) there exists a constant ST > 0 (respectively 5~ > 0) such
that for all finite martingales (fx)}_; in LP(S; X)) on a o-finite measure space (.5, ut)
we have

1 n n n
218) g[S, g, < [ Do < 7|3 an
(2.18) = kZ:l If e (55X kZ:lﬁk If e L ($xX) B kZ:l If

where (e;)7_; is a Rademacher sequence on (2, P). The least admissible constants
in (2.18) will be denoted by B;:X and 8, . If (2.18) holds for all Paley-Walsh
martingales on a probability space (S, ) we say that X has the dyadic UMD or
UMD™ property respectively and denote the least admissible constants by ﬁpA’;
and Bﬁ -

As for the UMD property, the UMD™ and UMD~ properties are independent
of p € (1,00) (see [Gar90]). We trivially have 5?}{ < B, x and Bﬁ; < ﬁ;x.
Furthermore we know that X has the UMD property if and only if it has the
UMD™ and UMD~ properties with

Lr(5;X)’

maX{ﬂ;xz ;_,X} <Bpx < B;X ;:Xv
see e.g. [HNVW16, Proposition 4.1.16]. The relation between the norm of the
Hilbert transform on LP(T; X) and ﬂﬁ‘ ; and ,BPA’ v has recently been investigated

in [OY19] and the UMD™ property was recently shown to be equivalent to a
recoupling property for tangent martingales in [Yar20]. We refer to [HNVW16,
Ver07] for further information on these randomized UMD properties.
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Two natural questions regarding these randomized UMD properties are the
following:

e Does either the UMD~ property or the UMD™ property imply the UMD
property? For the UMD™ property it turns out that this is not the case,
as any L'-space has it, see [Gar90]. For the UMD™ property this is
an open problem. For general Banach spaces it is known that one cannot
expect a better than quadratic bound relating 5, x and 5;)( (see [Gei99,
Corollary 5]).

e The dyadic UMD property implies its non-dyadic counterpart. Does the
same hold for the dyadic UMD™ and UMD~ properties? For the UMD~
property it is known that the constants ﬁ; y and ﬁﬁ ¢ are not the same
in general, as explained in [CV11].

Using Theorem 2.4.1, we will show that on Banach function spaces the dyadic
UMD property implies the UMD property (and thus also the UMD™ property),
with a quadratic estimate of the respective constants.

The equivalence of the UMD™ property and the UMD property on Banach
function spaces has previously been shown in unpublished work of T.P. Hytonen,
using Stein’s inequality to deduce the £2-boundedness of the Poisson semigroup on
LP(R%; X), from which the boundedness of the Hilbert transform on L?(R%; X) was
concluded using Theorem 2.3.1.

THEOREM 2.4.6. Let X be a Banach function space on (S,3, u). Assume that

X has the dyadic UMD™ property and cotype q € (1,00) with constant cq,x- Then
X has the UMD property with

2

Bpx S (quX B})A,;) )

where the implicit constant only depends on p € (1,00).
PROOF. Denote the standard dyadic system on [0,1) by 2, i.e.
2= %  Z={27F0.1)+j):j=0,...,2" -1}
kEN

Then (Zk)}_, is a Paley-Walsh filtration on [0, 1) for all n € N. Let p € (1, 00) and
define

I :={E(-|%): k € N}
on LP(0,1). By a dyadic version of Stein’s inequality, which can be proven analo-
gously to [HN'VW16, Theorem 4.2.23], we have

n
A+
< ﬁp,X Hszf’f‘
k=1

Lr([0,1)xQ;X) —

harerars]
k=1

L([0,1)x QX))
where (g4)7_; is a Rademacher sequence. So by [HNVW17, Theorem 7.2.13] and
the ideal property of the ¢?-structure, we know that I' is £2-bounded with
= A,
(2.19) Tl < C Vaeax 8,5

where C' > 0 only depends on p.
Define the dyadic weight class A7 as all weights w on [0, 1) such that

1/ 1/ 1
w2 :=sup — [ wdA-— [ wd\ < 0.
Wlag =00 )N
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Let w: [0,1) — (0,00) be a weight. Arguing as in Theorem 2.4.4, we know that
2
[wlag < (?%?HTHE(Lz(w))) :

Furthermore note that, with a completely analogous proof, Theorem 2.4.1 is also
valid for the interval [0,1) instead of R? and using weights v € A instead of
weights v € Ag. Therefore we know that if f,g € LP([0,1); X) are such that for all
v € A we have

(2.20) 1FCos)zzqon),0) < C - [vagllgCs )llrzqo),0),  SES,
then it follows that
(2.21) 1l 2o o)) < ¢ C - IT11Z N9l Le(o,1):x)

for some numerical constant c.
Define for every interval I € 2 the Haar function h; by

=I]2(1; —1p,),

where I, and I_ are the left and right halve of I. For f € LP([0,1); X) define the
Haar projection D by

Drf(t) / f(s)hi(s

Let A be the set of all simple functions f € LP([0,1); X) such that D;f # 0 for
only finitely many I € 2. Then for all f € A, w € A and ¢; € {—1,1} we have

IS it
I€9

by [Wit00], so (2.20) is satisfied. Therefore, using (2.19) and (2.21), we obtain
that

(2.22) HZ eIDIf’
1€

£2([0,1),w) ™ S [wlag 17 G 8)lz20,1),w) se s

C
Lr([0,1);X) ¢ (cax B, )”fHLP([Ol X)

forall f € Aand e; € {—1,1}. Note that A is dense in LP(]0,1); X) by [HNVW 16,
Lemma 4.2.12] and we may take ey € C with |ef| = 1 by the triangle inequality. So

Bpx < Cqlcgx ﬁ}?)Q

as (2.22) characterizes the UMD property of X by [HNVW16, Theorem 4.2.13].
O

REMARK 2.4.7.

e As in Remark 2.4.5, the assumption that X has finite cotype may be
omitted in Theorem 2.4.6. This would yield the bound 3, x < C), (ﬂA; )
for all p € (1,00) in the conclusion of Theorem 2.4.6.

e A similar argument as in the proof of Theorem 2.4.6 can be used to show
Theorem 2.4.4 with the sharper estimate

. a2
IM | 2ere@axy S q(caxByx) -
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(?-sectoriality and the UMD property. For the ¢2-structure on a Banach
function space X we say that a sectorial operator A on X is ¢%-sectorial if the
resolvent set

{AR(NA): A#0, |larg\| > o}
is £2-bounded for some o € (0, 7). We will introduce a-sectorial operators properly
in Chapter 4.

It is well-known that both the differentiation operator Df := f’ with domain
WP(R; X) and the Laplacian —A with domain W?2P?(R%; X) are R-sectorial, and
thus ¢2-sectorial, if X has the UMD property (see [KWO04, Example 10.2] and
[HNVW17, Theorem 10.3.4]). Using Theorem 2.4.1 we can turn this into an ‘if
and only if” statement for order-continuous Banach function spaces.

LEMMA 2.4.8. Let 0 # ¢ € L*(RY) N L2(R?) be real-valued and let w be a weight
on R, Suppose that there is a C > 0 such that for all f € L*(R% w) and A\ € R we
have

lox * fllL2®ewy < CIfllL2®a,w)
where py(t) := |N4p(Mt) for t € R, Then w € Ay and [w]a, < C*, where the
implicit constant depends on ¢ and d
PROOF. Let ¢ = ¢_1 * . Then (—t) = (t) for all t € R? and 9(0) =
HS"”QL?(Rd) > 0. Moreover
[/l ey < lllZ2 gy,

so 1 is continuous by the density of C.(RY) in L%(R%). Therefore we can find a
d > 0 such that ¢(t) > § for all |t| < 6. Define ¥ (t) := A ¢(At) for A > 0. Then
we have for all f € L'(RY) N L?(R%,w) that

[r * fllze®a,w) = [l9—x * ox * fllz2@a,wy < C2If1L2(d w)

Now let Q be a cube in R? and let f € L'(R%) N L?(R% w) be nonnegative and
supported on ). Take A\ = ﬁ@), then for t € Q

b (1) = X /Q BNt — ) f(s)ds = O / (s

IQI
So by the same reasoning as in the proof of Theorem 2.4.4, we have w € Ay with
[w]a, < C* with an implicit constant depending on ¢, d. O

Using Lemma 2.4.8 to check the weight condition of Theorem 2.4.1, the an-
nounced theorem follows readily.

THEOREM 2.4.9. Let X be an order-continuous Banach function space and let
€ (1,00). The following are equivalent:
(i) X has the UMD property.
(ii) The differentiation operator D on LP(R; X) is {?-sectorial.
(iii) The Laplacian —A on LP(R%; X) is (2-sectorial.

PrOOF. We have already discussed the implications (i) = (ii) and (i) = (iii).
We will prove (iii) = (i), the proof of (ii) = (i) being similar. Take A € R and
define the operators

Ty = —A2A(1 — \2A) 2 = fAR(f%, —A) : %R(f%, —A).
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Since —A is 2-sectorial on LP(R%; X), we know that the family of operators I' =
{Tx : X € R} is £*-bounded on LP(R% X). Furthermore we have for f € L*(R?)
that T f = ¢ * f with ¢ € L'(R?) N L2(RY) such that

. 2m|€])?

o) = %a ¢ e R

(1+ (2¢])?)
Moreover Ty f = ¢y * f for ¢x(x) = Mp(A\z) and A € R. Using Lemma 2.4.8 this
implies that the assumptions of Theorem 2.4.1 are satisfied.
Now by Theorem 2.4.1 and the boundedness of the Riesz projections on L?(R?, w)

for all w € Ay (see [Pet08]), we find that for all f € C°(RY) ® X

IRk fl porasxy S ITNE NIl Lr @asx)s k=1,...,d

So, by the density of C°(R?)® X in LP(R?; X), the Riesz projections are bounded
on LP(R%; X), which means that X has the UMD property by [HNVW16, Theo-
rem 5.5.1]. O

The proof scheme of Theorem 2.4.9 can be adapted to various other operators.
We mention two examples:

e In [Lor19] it was shown that the UMD property is sufficient for the ¢2-
boundedness of a quite broad class of convolution operators on LP(R%; X).
Using a similar proof as the one presented in Theorem 2.4.9, one can show
that the UMD property of the Banach function space X is necessary for
the £2-boundedness of these operators.

e On general Banach spaces X we know by a result of Coulhon and Lam-
berton [CL86] (quantified by Hyténen [Hyt15]), that the maximal LP-
regularity of (—A)'/2 implies that X has the UMD property. Maximal LP-
regularity implies the R-sectoriality of (—A)Y/2 on LP(R?; X) by a result
of Clément and Priiss [CP01] and the converse holds if X has the UMD
property by [WeiO1b]. It is therefore a natural question to ask whether
the R-sectoriality of (—A)'/2 on LP(R%; X) also implies that X has the
UMD property. By the equivalence of R-sectoriality and ¢2-sectoriality
on Banach lattices with finite cotype, we can show that this is indeed
the case for Banach function spaces with finite cotype, using a similar
proof as in the proof of Theorem 2.4.9. The question for general Banach
spaces remains open. This is also the case for the question whether the
R-sectoriality of —A on LP(R%; X) implies that X has the UMD property,
see [HNVW17, Problem 7).



CHAPTER 3

Vector-valued function spaces and interpolation

In Chapter 1 we treated Euclidean structures as a norm on the space of func-
tions from {1,...,n} to X or as a norm on the space of operators from /2 to X
for each n € N. In this chapter we will extend this norm to include functions from
an arbitrary measure space (S, 1) to X and to operators from an arbitrary Hilbert
space H to X. After introducing the relevant concepts, we will study the proper-
ties of the so-defined function spaces «(S; X) and operator spaces «(H, X). Their
most important property is that every bounded operator on L?(S), e.g. the Fourier
transform or a singular integral operator on L?(R?), extends automatically to a
bounded operator on the X-valued function space «(S; X) for any Banach space
X. This is in stark contrast to the situation for the Bochner spaces L?(S; X) and
greatly simplifies analysis for vector-valued functions in these spaces.

In the second halve of this chapter we will develop an interpolation method
based on these vector-valued function spaces. A charming feature of this a-inter-
polation method is that its formulations modelled after the real and the complex
interpolation methods are equivalent. The a-interpolation method can therefore be
seen as a way to keep strong interpolation properties of Hilbert spaces in a Banach
space context.

As a standing assumption throughout this chapter and the subsequent chapters
we suppose that « is a Euclidean structure on X.

3.1. The spaces a(H, X) and «(S; X)

Our first step is to extend the definition of the a-norm to infinite vectors. For
an infinite vector x with entries in X we define

||X||Ot = sup H(xla R 7xn)Ha~
neN

We then define oy (N; X) as the space of all infinite column vectors x such that
x|l < oo and let a(N;X) be the subspace of a4 (N;X) consisting of all x €
a4 (N; X) such that

lim [|(0,...,0,Zp4+1, Tnt2s---)|]a = 0.
n—oo

Proposition 1.1.5 shows that if x € a4 (N; X) has finite dimensional range, then
x € «(N; X). This leads to following characterization of a(N; X).

PROPOSITION 3.1.1. Let x € a4 (N; X). Then x € a(N; X) if and only if there
exists an sequence (x¥)$°, with finite dimensional range such that limy_,.|/x —
k
x|l = 0.

From Proposition 3.1.1 and Property (1.2) of a Euclidean structure we obtain
directly the important fact that every bounded operator on 2 extends to a bounded
operator on «(N; X) and a4 (N; X).

53
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PROPOSITION 3.1.2. Ifx € a4 (N; X) and A is an infinite matriz representing
a bounded operator on (%, then Ax € o (N; X) with

[AX[|o < [[A[[[[x]la

If either x € a(N; X) or A represents a compact operator on ¢2, then Ax € a(N; X).

The space a(H,X). As announced we wish to extend the definition of the
a-norms to functions on a measure space different from N and to operators from a
Hilbert space H to X for H different from ¢2.

DEFINITION 3.1.3. Let H be a Hilbert space. We let a(H, X) (resp. oy (H, X))
be the space of all T' € L£(H, X) such that (Te;)?°; € a(N;X) (resp. (Ter)32, €
a4 (N; X)) for all orthonormal systems (ey)72 ; in H. We then set

1T arr:x) = TNl i) := sup [(Tew)iZ [l
where the supremum is taken over all orthonormal systems (e)3, in H.

If H is separable, then it suffices to compute ||(Tex)32 ||« for a fixed orthonor-
mal basis (ex)3>, of H by Proposition 3.1.2.

For o = ~ the spaces v, (H,X) and v(H, X) are already well-studied in lit-
erature (see for example [KW16a], [HNVW17, Chapter 9] and the references
therein). Since many of the basic properties of a(H, X) have proofs similar to the
ones for v(H, X), we can be brief here and refer to [HNVW17, Chapter 9] for
inspiration. In particular:

e Both o (H, X) and a(H, X) are Banach spaces.

e a(H,X)* can be canonically identified with o (H*, X™*) through trace
duality. Note that in this duality one should not identify H with its
Hilbert space dual, see [HNVW17, Section 9.1.b] for a discussion.

e In many cases o(H, X) and a4 (H, X) coincide. For the Gaussian struc-
ture this is the case if and only if X does not contain a closed subspace
isomorphic to ¢g.

It follows readily from Proposition 3.1.1 that «(H,X) is the closure of the finite
rank operators in a4 (H,X). This can be used to show that every T € o(H, X) is
supported on a separable closed subspace of H:

PROPOSITION 3.1.4. Let H be a Hilbert space and T € o(H, X ). Then there is
a separable closed subspace Hy of H such that T =0 for all ¢ € Hy-.

PROOF. Let T = limy_, 00 T} in a(H, X) where each T is of the form
mg
Trp = Z<%¢jk>$;‘k
j=1
with 9, € H*, 2, € X for 1 < j <my and k € N. Let Hy be the closure of the
linear span of {1 : 1 < j < my,k € N} in H. Then Hy is separable and T'p = 0
for all p € Hy . O

As we already noted, a(H,X)* can be identified with o (H*, X*) through
trace duality. In the converse direction we have the following proposition.

PRrROPOSITION 3.1.5. Let H be a Hilbert space, let Y C X* be norming for X
and let T € L(H,X). If there is a C > 0 such that for all finite rank operators
S:H* =Y we have

|tr(S*T)| < C'[|S]

a*(H*,X*)
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Then T € oy (H, X) with ||T||a, z,x) < C.

PROOF. Let (ex)7_, be an orthonormal sequence in H and € > 0. Define
xp = Tey, and let (xf)7_; be a sequence in Y with ||(z})7_;|le <1 and

n
I(@i)ioilla <Y loi(@e)] +e.
k=1
Then, for the finite rank operator S = >"7_, ex ® z}, we have

n

I(Trer)izilla < D lai(an)l +e = [te(ST)| +e < C +e.
k=1

Taking the supremum over all orthonormal sequences in H finishes the proof. [

The space a(S; X). We will mostly be using H = L?(S) for a measure space
(S, ). We abbreviate

a(S; X) = a(L3(S), X)
ai(S;X) = as (L*(S), X)

For an operator T € L(L?(S), X) we say that T is representable if there exists a
strongly measurable f: S — X with 2* o f € L?(S) for all * € X such that

(3.1) To [eran  cer¥s).

Here the integral is well defined by Pettis’ theorem [HNVW16, Theorem 1.2.37].
Equivalently T is representable if there exists a strongly measurable f: S — X
such that for all * € X* we have

(3.2) oo f = T*(z*).

Conversely, if we start from a strongly measurable function f: S — X with
z* o f € L?(9) for all z* € X, we can define the operator T} : L*(S) — X as
n (3.1), which is again well defined by Pettis’ theorem. If Ty € a(S;X) (resp.
a4 (S; X)) we can identify f and T, since f is the unique representation of T. In
this case we write f € a(S; X) (resp. f € a;(S5; X)) and assign to f the a-norm

”fHa(S’;X) = HTf”a(S;X)a
1 llarsi) 7= 1T llas (5:)-

In Proposition 3.1.9, we will see that

e (S; X) := {T € a(S; X) : T is representable by a function f: S — X}
is usually not all of «a(S,X). However it is often useful to think of the space
(e (S5 X), [|llas;x)) as a normed function space and of a(S; X) as its completion,
where the elements of a(S; X) \ ae(S; X) are interpreted as operators T : L?(S) —
X. If S = R? we have C5°(R?) C L2(R9) 2Ly X and we may also think of
a(S; X) as a space of X-valued distributions. Then (3.1) conforms with the usual
interpretation of a locally integrable function f as a distribution 7.

The following proposition tells us that «(S;X) is indeed the completion of
e (S; X).
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PROPOSITION 3.1.6. Let (S, 1) be a measure space and let A be a dense subset
of L?(S). Then
span{f @z : fe A zec X}
is dense in aS; X).

PROOF. Since the finite rank operators are dense in «(S;X), it suffices to
show that every rank one operator T' = g ® ¥ with ¢ € L?(S) and 2 € X can
be approximated by operators Ty, with f, € span{h ®  : h € A}. For this let
(hn)$2., be such that h, — g in L?(S) and define f,, = h, ® z. Then we have,
using Proposition 3.1.2,

1T =Tt lasixy = (g = hn) @ Tllags;x) = 19 — hallzz(s) |zl x O

Proposition 3.1.6 allows us to work with work with functions rather than opera-
tors in a(S; X). The following lemma sometimes allows us to reduce considerations
even further to bounded functions on sets of finite measure.

LEMMA 3.1.7. Let (S,u) be a measure space and let f: S — X be strongly
measurable. Then there exists a partition 11 = {E,}22, of S such that E, has
positive finite measure and f is bounded on E, for alln € N. Furthermore, there
exists a sequence of such partitions Il,, = {E,m 52, such that for the associated
averaging projections

- 1
P f(s): 1; 1p,, (S)M(Enm) /Em fdu,  seS,meN,

we have Py, f(s) = f(s) for p-a.e. s € S.

Proor. By [HNVW16, Proposition 1.1.15] we know that f vanishes off a o-
finite subset of S, so without loss of generality we may assume that (S, ) is o-finite.
Let (S,)52; be a sequence of disjoint measurable sets of finite measure such that

S=U,2, Sn. For n,k € N set
Apr={s€Sn:k=1<|f(9)x <k}

The sets (Ay, k)5 =1 are pairwise disjoint, have finite measure and f is bounded on
A, i, for all n, k € N. Relabelling and leaving out all sets with measure zero proves
the first part of the lemma.

For the second part note that by the first part we may assume that S has finite
measure and f is bounded. By [HNVW16, Lemma 1.2.19] there exists a sequence
of simple functions (f,,,)5°_; and a sequence of measurable sets (B;;,)55_; such that

Sup (s~ f5)lx < = and p(S\ Bp) <2

SEBm,

Upon replacing By, by (s, B; the sequence (By,);_; can be taken to be in-
creasing with p(S \ B,,) — 0 for m — oco. For each m € N let II,, = {E,,, }}m
be the partition of S consisting of the atoms of the finite o-algebra generated by
By, ..., By, and the simple functions f1,..., fi.

Take s € S, fix e > 0 and let N € N such that N > ¢£/2 and s € By, which
is possible for a.e. s € S since p(UUp_; Bm) = p(S). Then we have for all m > N
that || f — f||x < 1/m on B,,, and thus in particular on Ej,, for j € N such that

5 € Ejy,. Therefore
1P f(5) = Prfm(s)lIx < &
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and since P, f;, = fm we conclude

[P f(s) = f(s)lIx < NPnf(s) = Pufm(s)lx + [ fm(s) = f(s)llx < % <e.
Therefore P, f(s) = f(s) for u-a.e. s € S, which concludes the proof. O

Representability of operators in «(S; X). We will now study the repre-
sentability of elements of a(S; X) with the aim of characterizing when all elements
of a(S;X) are representable by a function f : S — X. If (S, u) is atomic, then it
is clear that every element of «(S; X) is representable by a function. All elements
of a(S; X) are also representable by a function if &« = w3 and X is a Hilbert space,
since the Hilbert-Schmidt norm coincides with the my-norm in this case and we have
the following, well-known lemma.

LEMMA 3.1.8. Let H be a Hilbert space, (S, 1) a measure space and suppose that
T : L?(S) — H is a Hilbert-Schmidt operator. Then there is a strongly measurable
f:S — H such that T = [¢of du for all p € L*(S).

PROOF. We can represent T in the form
(o)
To =Y arlp,ex)hr, @€ L’(S),
k=1
where (ag)32, € €2, (e)72, is an orthonormal sequence in L?(S) and (hy)52, is

an orthonormal sequence in H. Let

f(s) == Z arer(s)hi, p-a.e. s € S.
k=1

This defines a strongly measurable map f : S — H since

[e @]
[ lanlen d < o
S k=1

Moreover T = [¢pf du for all ¢ € L*(S). O

It turns out that the two discussed cases, i.e. (S, u) atomic or X a Hilbert
space and a = 7y, are in a certain sense the only occasions in which all elements of
a(S; X)) are representable by a function. This will be a consequence of the following
proposition.

PROPOSITION 3.1.9. Let (S,3, 1) be a non-atomic measure space. Every oper-
ator in «(S, X) is representable if and only if w2 < a.

PROOF. Let us first show that if T € «(S;X) C ma(S; X), then T is rep-
resentable. Note that T is 2-summing, so by the Pietsch factorization theorem
[DJT95, p.48], we know that T has a factorization T = UJV:

L2(8) — X X
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where (S, ') is a finite measure space and J is the inclusion map. Since J is
2-summing by Grothendiek’s theorem (see e.g. [DJT95, Theorem 3.7]), V' J is also
2-summing and thus a Hilbert-Schmidt operator. Therefore T is representable by
Lemma 3.1.8.

Conversely suppose that every T' € «(S; X) is representable. By restricting to
a subset of S we may assume u(S) < oo and then by rescaling we may assume
1(S) = 1. We define a map

J:a(S;X) — L°(S; X)

such that JT is a representing function for 7' € «(S; X). This map is well-defined
since the representing function is unique up to p-a.e. equality. Let us consider
the topology of convergence in measure on L°(S; X). If T,, — T in «(S; X) and
fni=JT, — fin L°(S; X), then it is clear by the dominated convergence theorem
that

Teo=/s<pfdm p €A,
where

A= {pe L3(S) / o] sup|| fullx dyz < o0}
S neN

Since A is dense in L?(S) by Lemma 3.1.7, this shows that f = JT. Hence J has
a closed graph and is therefore continuous. In particular it follows that there is a
constant C' > 0 so that if [|JT(s)||x > 1 for p-a.e. s € S, then ||T|los,x) > C ™.
Now take x € X™ such that > ,_,|lzx]|* = 1 and partition S into sets Ei, ..., E,
with measure ||z ||%, ..., ||z,||?, which is possible since (.S, i) is non-atomic. Define

er = 1p, ||zl 7",
fls) = Zﬂfkek(s), ses
k=1

for 1 <k <n. Then (ex)?_, is an orthonormal sequence in L?(S) and || f(s)||x =1
for s € S, so

Illo = |3 e ® ] gy = €
k=1

This implies that (ZZ:1||$k||2)1/2 < C||x]|o for all x € X™. Thus for any A €
My (C) with ||A|| <1 we have

m 0\ 1/2
(Dlax?) " < CllAx]a < C |xlla,
j=1

which shows that o < a. O

COROLLARY 3.1.10. Let (S, ) be a non-atomic measure space. All S € a(S; X)
and T € o*(S; X*) are representable if and only if « and o* are equivalent to the
mo-structure and X is isomorphic to a Hilbert space.

PrOOF. The ‘if’ part follows directly from Lemma 3.1.8. For the ‘only if’ part
note that, by Proposition 3.1.9, Proposition 1.1.3 and Proposition 1.1.4, we have
on X*

(3.3) m Saf Sy <A4F <y < m.
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This implies that a* is equivalent to the ma-structure on X*. A similar argument
on X** implies that a** is equivalent to the mo-structure on X**, so « is equivalent
to the ma-structure on X. By (3.3) and Propositions 1.1.3 and 1.1.4, we also have
that X* has nontrivial type and cotype 2. Therefore by [HNVW17, Proposition
7.4.10] we know that X**, and thus X, has type 2. A similar chain of inequalities
on X** shows that X**, and thus X, has cotype 2. So by Theorem 2.1.2 we know
that X is isomorphic to a Hilbert space. (I

We end this section with a representation result for the £2-structure on a Banach
function space X or a Co(K) space. Note that by ¢2(S; X) we mean the space
a(S; X) where « is the £?-structure, not the sequence space 2 indexed by S with
values in X.

PROPOSITION 3.1.11. Let (S, ) be a measure space and suppose that X is either
an order-continuous Banach function space or Co(K) for some locally compact K .
Then for any strongly measurable f: S — X we have f € €%(S; X) if and only if

(fslf2dp)'? € X with

[ flle2s:x) = H(/S‘f|2 du>1/2”X

ProoF. We will prove the ‘only if’ statement, the ‘if” statement being similar,
but simpler. Let f: S — X be strongly measurable. By [HNVW16, Proposition
1.1.15] we may assume that S is o-finite and by Proposition 3.1.4 we may assume
that L?(S) is separable. Suppose that (e;)?2; is an orthonormal basis of L?(S) such
that [glex|l|f]lx < oo for all & € N. Such a basis can for example be constructed
by partitioning S into sets of finite measure where f is bounded as in Lemma 3.1.7.
Let xy := [gerfdp and fn == >p_ e ® 2. Then f € (*(S;X) if and only if
(zx)52, € £3(N; X). This occurs if and only if

oo

. 1/2

1 )| o
k=n-+1

By order-continuity or Dini’s theorem respectively, this occurs if and only if we

have (Z;l\xkﬁ)lﬂ € X. Since

o0

(Sten?) " = ([ am) ",

k=1
the result follows. ]

If for example X = LP(R), then a measurable f : R — LP(R) belongs to
£?(R; X) if and only if

1fllee sy = (/R</R|f(t,s)|2 dt)p/2 ds)l/p < 00,

For a Banach function space with finite cotype we also have that

) 1/2
s = Wl = ([ 172 am)

which follows from Proposition 1.1.3 (see also [HNVW17, Theorem 9.3.8]). This
equation suggests to think of the norms ||-[|y(s,x) and [|-[[o(s;x) as generalizations
of the classical square functions in LP-spaces to the Banach space setting. We will
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support this heuristic in the next section by showing that c-norms have properties
quite similar to the usual function space properties of LP(S’; L?(S)). In Chapter 5
we will use this heuristic to generalize the classical LP-square functions for sectorial
operators to arbitrary Banach spaces.

3.2. Function space properties of «(S;X)

We will now take a closer look at the space a(S;X) as the completion of
a function space over the measure space (S, ). We start with some embedding
between these spaces and the more classical Bochner spaces L%(S;X). If E is
a finite-dimensional subspace of X and f: S — FE is strongly measurable, then
f € a(S, X) if and only if f € L?(S; X). In fact, by Proposition 1.1.5, we have

(3-4) (dim(E)) M| fllzz(six) < [ flaesx) < dim(E)||fllz2(s:x)-
Moreover if dim(L?(S)) = oo, it is known that for the y-structure we have

(3.5) I llysixy S N fllz2cs:x),s feL?(S;X),

if and only if X has type 2 and
(3.6) Ifllz2cs:x) S I fllvesix)s fen(s;X)

if and only if X has cotype 2, see [ HNVW17, Section 9.2.b]. Further embeddings
under smoothness conditions can be found in [HNVW17, Section 9.7]. We leave
the generalization of these embeddings to a general Euclidean structure a to the
interested reader.

Extension of bounded operators on L?(S). One of the main advantages
the spaces «(.S; X) have over the Bochner spaces LP(S; X) is the fact that any oper-
ator T € L(L2(S}), L2(S2)) can be extended to a bounded operator T: a(Sy; X) —
a(S2; X). Indeed, putting TU == UoT* for U € a(S1; X), we have that T is
bounded by Proposition 3.1.2. For functions this read as follows:

PROPOSITION 3.2.1. Let (S1, 1) and (Sa, u2) be measure spaces and let f: S1 —
X be a strongly measurable function in a(S1; X). Take T € L(L?*(S1), L*(S2)) and
suppose that there exists a strongly measurable g : So — X such that for every
x* € X* we have

¥ og=T(x"of)
or equivalently x* o g € L*(S) and

/Swgduz=/S(T*so)fdu1, ¢ € L*(Ss).

Then g € a(S2; X) and

9llacsasxy < NTIFllacsysx)-

In the setting of Proposition 3.2.1 we write Tf = g. As typical examples, we
note that multiplication by an L*°-function is a bounded operation on a(R; X) and
we show that the Fourier transform can be extended from an isometry on L?(RR)
to an isometry on a(R; X). Combining these examples we would obtain a Fourier
multiplier theorem, which we will treat more generally in Corollary 3.2.9.
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EXAMPLE 3.2.2. Let (S, u) be a measure space and suppose that f € «a(S; X).
For any m € L>*(S) we have mf € «(S; X) with

[mfllacs:x) < lImlle syl fllacs;x)-

EXAMPLE 3.2.3. Suppose that f € L}(R; X) with f € a(R; X). Define

() = / f(ye € dt, ¢eR,

)

FrE):

|
~

FUE) = Fe) = / F(E)e2m € dt £eR.
R

Then f, f € a(R; X) with || flla@x) = [ flla@x) = | Flla@x)

The a-Holder inequality. Next we will prove Holder’s inequality for a-
spaces, which is a realisation of the duality pairing between a4 (S; X) and o (S; X*)
for representable elements. Conversely, we will show that the representable elements
of a subspace of o (S; X*) are norming for oy (S; X') using Proposition 3.1.5.

PROPOSITION 3.2.4. Let (S, ) be a measure space.
(i) Suppose that f: S = X and g: S — X* are in ay(S;X) and o (S; X™)
respectively. Then (f,g) € L*(S) and

/S ()] i < [ F o s3]

(i) Let Y C X* be norming for X and let f : S — X be strongly measurable.
If there is a C > 0 such that for all g € L*(S) @ Y we have

/S|<f,g>|duscug\

then f € ay (S;X) with || fllap(s:x) < C.

af (8;X*)

a*(S;X*)

Proor. We will only prove (i), as (ii) follows directly from of Proposition
3.1.5 and the fact that any finite rank operator is representable as an element of
L3(S)® Y. Let I, = {Erm}32, be a sequence of partitions of S as in Lemma
3.1.7 and let P, be the associated averaging projections. Then

/ 10, g)ldpt < sup / (Pt g)] dp.
S meNJ S

For each m € N we define a measurable function h,, with |h,,| = 1 p-a.e. and
hon (P f59) = [(Pnf, 9)|. Define Qum, Rnm : L*(S) — L?(S) by

Qnm@ = 1U;‘=1Ekm Pm@7 Y e LQ(S)a

an‘P =hmn lezlEkm Pm$0, ZAS L2(S)

and extend these operators to bounded operators on oy (S; X ) and a4 (S; X*) using
Proposition 3.2.1. Define

—1/2
/ fdu,

Exm

LTkm ‘= (/J(Ekm))

T = (:U'(Ekm))_l/Q/ hmg dp.

Eim
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and note that

2
Qnmf Z Ekm Tkm ]-Ekma

n

Roumg = Z(M(Ekm))_lmxls;vn 1g,,,
k=1

It follows that

n
/ P, ) = S (s 250) < @) Pl (@) i e

n

k=1 Ekm k=1
Since we have
”(ka)Z:l”a = HQnmf||a+(S~X) < ”fHour(S-X)a
1@ )i=1lla = IR
the result follows by first letting n — oo and then m — oo using Fatou’s lemma. [

< (si:x7) < llgllaz (s:x4),

Convergence properties. In the function spaces LP(S; X) we have conver-
gence theorems like Fatou’s lemma and the dominated convergence theorem. In the
next proposition we summarize some convergence properties of the a-norms. For
example (i) can be seen as an a-version of Fatou’s lemma. It is important to note
that even if all f,,’s are in «(S; X), we can only deduce that f is in ay(S; X).

PROPOSITION 3.2.5. Let f : S — X be a strongly measurable function.
(i) Suppose that fn: S — X are functions in ay(S; X) such that

sup | fulla. (six) < oo
neN

If fn(s) converges weakly to f(s) p-a.e, then f € ai(S;X) with
[ llacy (s:x) < Mminf [} frfla (s:x)-
Now suppose that f € a(S;X).
(#i) Let (gn)S>, be a sequence in L*(S) with |gn| <1 and gn(s) — 0 p-a.e.
Then limy, 00 ||gn - flla(s;x) = 0.

(ii1) If v is ideal and T,,, T € L(X) with lim, o T,z = Tx for x € X, then
lim, oo T o f = To fin a(S; X).

Proor. For (i) note that for all z* € X* we have
sup |2 0 ful 12 gy < sUP [ fulla, si0ll2*]|x- < oo
neN neN

Let (e,,)%5_; be an orthonormal sequence in L*(S), set zp, = [ g €mfndp and

Ty = |, g €mfdu. Then by the dominated convergence theorem we have for all
r* e X*

lim (Zpp, %) = lim [ e (fn, ") du = / em(f, 2™y dp = (xm, z").
s

n—oo n—oo S

Thus by a-duality we have for each m € N
(@1, zm)lla < hnrg{gf”(xnlv s Tpm) [l < lggicgf”anaJr(S;X)a

so (i) follows by taking the supremum over all orthonormal sequences in L?(SS).
For (ii) let € > 0. By Proposition 3.1.6 we can find a finite dimensional subspace
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E C X and an h € L*(S; E) such that || f — g[la(s;x) < &. Then by (3.4) and the
dominated convergence theorem we have

Tim [|gn - fllagsx) < dim(E) lm [lg, - bllL2(s:x) +e = e
The proof of (iii) is similar. O

The a-multiplier theorem. We now come to one of the main theorems of
this section, which characterize a-boundedness of a family of operators in terms of
the boundedness of a pointwise multiplier on «(.S; X). This will be very useful later.
We say that a function 7': S — £(X) is strongly measurable in the strong operator
topology if Tx: S — X is strongly measurable for all z € X. For f: S — X we
define Tf: S — X by

Tf(s) :=T(s)f(s), seSs.

THEOREM 3.2.6. Let (S, ) be a measure space, let T : S — L(X) be strongly
measurable in the strong operator topology and set T' = {T'(s) : s € S}. If T is
a-bounded, then T'f € ai(S; X) with

1T fllar (s5%) < [ITllallfllacsix)
for all f € a(S; X).

ProOF. Let IT = {E,}52; be a partition of S with associated averaging pro-
jection P as in Lemma 3.1.7 for f and let II' = {E/ }°2; be a partition of S with

n=1
associated averaging projection P’ as in Lemma 3.1.7 for TPf. Then

P'TPf=> Sna,1g,

n=1

where

i .
Tn = 74y f d;“’v
/L(En) E,
1

Snxzi// Txduy, reX.

’
n

So we obtain

_ = _ 1/2\°°
||Pf||Oé(S:X) - anlxn 1En a(5;X) - H(l‘n/},(En) )n:l o’
0o
IP'TPfllasix) = HZS"““"" o] sy = [ (Snzn(E)Y?),2 | o
n=1 ’

Since S, belongs to the strong operator topology closure of the convex hull of T, it
follows from Proposition 1.2.3 and Proposition 3.2.1 that

IP'TPfllacs;x) < ITlallPfllacs:x) < ITlallfllags;x)-
Now let P,, be a sequence of such averaging projections for f as in Lemma 3.1.7
and for every m € N let P!, be a sequence of such averaging projections for T'P,, f
as in Lemma 3.1.7. Then we have
lim lim P, TP,f(s)=Tf(s), se S,

m—00 m/—o00

so the conclusion follows by applying Proposition 3.2.5(i) twice. (]
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REMARK 3.2.7. Since we use Proposition 3.2.5(i) in the proof of Theorem 3.2.6,
we do not know whether T'f € a(S; X). We refer to HNVW17, Section 9.5] for a
discussion on sufficient conditions such that one can conclude T'f € a(S; X) in the
case a = .

We also have a converse of Theorem 3.2.6, for which we need to assume that
the measure space (S, ) has more structure. A metric measure space (S,d, p) is a
complete separable metric space (S, d) with a locally finite Borel measure u. We
denote by supp(u) the smallest closed set with the property that its complement
has measure zero.

THEOREM 3.2.8. Let (S,d, 1) be a metric measure space, let T : S — L(X) be
continuous in the strong operator topology and set

I'=A{T(s) : s € supp(p)}.
If we have Tf € ay(S; X) for all f € a(S; X) with

1T fllacs (s5x) < Cllflagsix),s
then T' is a-bounded with ||T']|o < C.

PrOOF. Take Ti,...,T, € ' and x € X™. Let s1,...,8, € supp(u) be such

that T, = T'(s) for 1 <k <n and let € > 0. For 1 < k < n, using the continuity
of T and the fact that s € supp(u), we can select an open ball Oy C supp(u) with
finite positive measure such that s, € O and
(3.7 T (s)xy, — T(sp)zr| < nle, s € O,.
If O, N Ok, # @ for 1 < k1 # ko < n, then p(Ok, N Ok,) > 0. Since y is
non-atomic, there are disjoint Eq, Es with positive measure such that O, N Oy, =
E; U E,. Tteratively replacing O, by Ok, \ E1 and O, by Oy, \ Es for all pairs
1 < k1 # ko < n, we obtain pairwise disjoint sets Oy,..., O, of positive finite
measure such that (3.7) holds.

Let P be the averaging projection associated to Oi,...,0, and define f =
S (Og) ™22 10, . Then

PTf =2 u(Or) "y 1o,
k=1

for )
ykzi/ Tz dp, 1<k <n.
w(Oy) O

Note that ||yx — Trzr|| < n~'e, so we have by Proposition 3.2.1, the fact that
(11(Ox) ™2 10,)7_, is an orthonormal system in L?(S) and our assumption, that

[¥lla = I1PT fllacs;x) < C I fllas:x) = C l1x]a-
Therefore ||(Thz1,. .., Tnrn)llo < C|

X|lo + €, which proves the theorem. O

We conclude this section by combining Theorem 3.2.6 and Example 3.2.3 into
the following Fourier multiplier theorem.

COROLLARY 3.2.9. Suppose that m : R — L(X) is strongly measurable in the
strong operator topology and {m(s) : s € R} is a-bounded. For f € L*(R; X) such
that f € LY(R; X) we define

Tf(s)=F ! (m(s)f(s)), s€S.
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If f € aR; X), then Tf € ay(R; X) with

|‘Tmf||oz+(R;X) < H{m<s> HEAS R}Ha”fHa(]R;X)-

3.3. The a-interpolation method

In this section we will develop a theory of interpolation using Euclidean struc-
tures. This method seems especially well-adapted to the study of sectorial operators
and semigroups, which we will explore further in Chapter 5. Although we develop
this interpolation method in more generality, the most important example is the
Gaussian structure, which gives rise to the Gaussian method of interpolation. A dis-
crete version of the Gaussian method was already considered in [KK'WO06], where it
is used to the study the H-calculus of various differential operators. The continu-
ous version of the Gaussian method was studied in [SW06, SW09], where Gauss-
ian interpolation of Bochner spaces LP(S; X) and square function spaces v(S; X),
as well as a Gaussian version of abstract Stein interpolation, was treated. Fur-
thermore, for Banach function spaces, an £9-version of this interpolation method
was developed in [Kunl5]. An abstract framework covering these interpolation
methods, as well as the real and complex interpolation methods, is developed in
[LL21].

The results in [KKWO06, SW06, SW09| were based on a draft version of
this memoir, which explains why some of these papers omit various proofs with a
reference to this memoir, see e.g. [KKWO06, Proposition 7.3] and [SWO06, Section
2].

Throughout this section we let o be a global Euclidean structure, (Xg, X1)
a compatible pair of Banach spaces and 6 € (0,1). We will define interpolation
spaces (Xo, X1)§ and (Xo, X1)y " and refer to these methods of interpolation as the
a-method and the oy -method. Note that we will only use the Euclidean structures
ap on Xg and a; on X7 for our construction, so the assumption that « is a global
Euclidean structure is only for notational convenience.

Let us consider the space

L*(R) + L*(R,e ?'dt) = L*(R, min{1,e 2 }dt).
We call an operator
T:L*R) + L*(R, e 2dt) — Xo + X;.

admissible and write T’ € A (respectively T € A, ) if T € a(R, e~ %tdt; X ;) (respec-
tively 7' € o (R,e”2%dt; X;)) for j = 0,1. We define

T[4 := jnzl?gﬁ HTj”a(R,e*%tdt;Xj)v
T4 = jnzlzg)iHTj||a+(R,e‘2jtdt;Xj)’

where T} denotes the operator T" from L?(R,e~%/*dt) into X;. Both A and A, are
complete with respect to their norm.

Denote by ey the function ¢ — €. We define (Xo, X1)§ as the space of all
r € Xg + X1 such that

||33||(X0,X1)9 =inf{||T||a: T €A, T(ep) =2a} < 0.
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The space (Xo, X1)g , is defined similarly as the space of all z € X, + X such that
||x||(X0,X1);x+ =inf{||T(|a, : T € Ay, T(eg) = x} < o0.

Then (Xo, X1)§ and (Xo, X1)y " are quotient spaces of A and A respectively and
thus Banach spaces. For brevity we will sometimes write Xy := (X, X1)§ and
X97+ = (Xo,Xl)z“r.

PROPOSITION 3.3.1 (a-Interpolation of operators). Suppose that (X, X1) and
(Yo, Y1) are compatible pairs of Banach spaces and « is ideal. Assume that S: Xo+
X1 — Yo+ Y7 is a bounded operator such that S(Xo) C Yo and S(X1) C Yy. Then
S: Xy — Yy is bounded with

—
1511 x0vs < 1115025y, 15115, s -

A similar statement holds for S;: Xy — Yy .

PRrOOF. Suppose T' € A. Fix 7 so that ||S]|x,—>y, = €7||S|x,—y, and let U,
be the shift operator given by Up = (- — 7), which satisfies
(3.8) 1Url o2 (re-2itary < €77, j=0,1.
The ideal property of @ means that STU, is admissible and

ISTULa < 1 {1811, [Tl st e} < 1T va 1T
Now if T'(eg) = =, then €7 - STU, (eg) = Sz and therefore
-6
1811 x0—vs < €T [1S M x0—ve = 1151130 v, 1S 15, s - O

In interpolation theory it is often useful to know that Xy N X; is dense in the

intermediate spaces, which is the content of the next lemma.

PROPOSITION 3.3.2. The set of finite rank operators T € A is dense in A. In
particular, Xo N X is dense in Xy.

Proor. If T' € A, we consider the operators S, given by

1 DA
Sanp(t) = Z (X/k <P(3)d5) Ljen, (k+1)2) (1), teR

|kl <n A
for p € L?(R) + L*(R,e%'dt). As TS, has finite rank, it suffices to show that
for j =0,1
(39) lim lim ||Tj - TjS)\,nHa(R,e—%'tdt;Xj) =0.

A—0n—o0

Note that for a finite rank operator U € a(R,e~%%dt; X;) and j = 0,1

tm i U~ Uy oo =0

by the Lebesgue differentiation theorem. Moreover we have

1Sxnllcz2@®y) =1,

sinh A
HS}‘v”llL(Lz(R’e*Qtdt)) = T7

so by density we obtain (3.9) for j = 0,1. To conclude note that if T' € A has finite
rank, then necessarily

T(L*(R) + L*(R,e ?'dt)) C Xo N X7,
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since T' € a(R,efQﬁdt;Xj) for 7 =0,1. Thus Xy N X; is dense in Xy. ([

Duality. If Xy N X; is dense in both Xy and Xj, then the pair (X§, X7) is
also compatible. We can then define the classes A*, A% for the pair (X, X{) with
the global Euclidean structure a* and define the interpolation spaces (X, X7)§
and (X, X{)gj’, which we write as X and Xj , for brevity.

If T € A% we can view T* as the operator from XoNX; to L?(R)NL? (R, e~%dt)
so that for x € Xg N X,

(T*z,0) = (,Tp), v L*R)+L*R,e>dt),
using the densely defined bilinear form (-,-) on L*(R) + L?*(R,e~%!dt) given by

(3.10) @MM=A%WWFWU

for all 1 and ¢ such that ¢1(-)p2(—-) € L'(R), which holds in particular if
1 € L*(R) N LA(R, e dt),
©o € L*(R) + L*(R, e~ 2!dt).

Then T™ extends to the adjoints 77" : X; — L3(R,e2/tqdt).

LEMMA 3.3.3. Suppose that Xo N Xy is dense in Xy and X1. If S € A and
T € A%, then
tr(T5 So) = tr(T5S1).

PrROOF. Let us fix T' € A% . The equality is trivial if S has finite rank and thus
range contained in XN X7, since TS then has finite rank and range contained in
L?(R) N L*(R,e~2tdt). Since the functionals S + tr(T;Sp) and S + tr(T5S;) are
continuous, the result follows from Proposition 3.3.2 (]

By Lemma 3.3.3 we can now define the pairing
(S,T) :=tr(T§So) = tr(T751), ScATeA;
and note that
311 [(S,T)] < min|S;lam,e-2tatx;) [T
7=0,1

ot Re-2tdt; ;) < 1Sl ]|y

for S€ Aand T € A%.

THEOREM 3.3.4. Suppose that Xy N X1 is dense in Xo and X1. Then we have
(Xo)* = Xj , isomorphically.

ProOF. Let z* € X, and take T' € A with T'(ep) = z*. Fix . € XogN X,
and take an S € A with finite rank and S(eg) = x. For 7 € R let U, be the shift
operator given by U, = (- — 7). For ¢ € L?(R) N L?(R, e%/!dt) we note that

/JWWM=/&”wvﬂw=@wm
R R

as Bochner integral in L?(R) + L*(R,e?/*dt). Thus, since the range of T7*SU., is
contained in a fixed finite-dimensional subspace of L?(R) N L?(R,e%!dt) for all
7 € R, we have

/ReeT<SUT7T>dT = (S(eq), T(ep)).
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Now by (3.8) and (3.11) we have

OIS [l e-2itarx ) [T llor me-2tanx;), 720,

T(SU,, T) < {

710 [l a(r.e—2itat; x,) 1 To % (Ree=27tdE X ) T <0,

from which it follows that
[(, 2*) = [(S(eq), T(ep))| < (8(1 = 0)) (IS4l Tl a7 -

Hence, taking the infimum over all such S and T and using Proposition 3.3.2, we
have

[z, 2")| < (01 = ) |zllx, 2" [|x; , -
By the density of Xo N Xy in X this implies that X . embeds continuously into
(Xo)"

We now turn to the other embedding. Given z* € (Xp)* we must show z* €
Xg o with [lz*|x; . < Clla*|(x,)-- First note that z* induces a linear functional

¥ on A by ¥(S) = z*(S(ep)) for S € A. Moreover there is a natural isometric
embedding of A into

a(R; Xo) @oo (R, e~ 2t dt; X7)

via the map S +— (Sp, S1). Hence by the Hahn-Banach theorem we can extend z*
to a functional on this larger space, i.e. there is a

T = (To,Th) € o (R, X5) @1 o (R, e~ dt, XT)
such that ||T| = ||z*[|(x,)~ and
tr(T3So) + tr(T7S1) = 2 (S(ep)), Se A

Let us apply this to the rank one operator S = ¢ ® x for some ¢ € L2(R) N
L*(R,e~2!dt) and = € Xo N X;. Then

(z,To(p)) + (x, T1(p)) = =" (x){eq, ¥),
so we have, by the density of Xy N X7, that
(3.12) To(p) + Ti(p) = (ea, p)z*, @€ L*(R) N L*(R,e”*dt)

as functionals on Xy. Let U = €U, — I, where U, is the shift operator given by
Uiy = ¢(- — 1). Then we have

(3.13) To(Up) + Ti(Ugp) = (e, Urp) — (eq, ¢))a* = 0.
Note that
I1ToU s (2. x5) < (€7 + 1)]J2* || )
1T Ul (r2(mie-2eary,xp) < (€771 + D™l xp)--

So it follows from (3.13) that V: L?(R) + L*(R,e%!dt) — X, + X; given by

Vo= T0U§O7 p e L2(R)
[ ~TWUep, o € LA(R,e2dt)
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is a well-defined element of A% and [[V]|4x < (e? + 1)||lz*[|(x,). Let us compute
V(ep). We have, using (3.12), that

Vi(eg) = ToU(eo 1(—x0,0)) — T1U (€0 1(0,00))
= Toleg 1(0,1)) + T1(eg 1(0,1))
= <eg,eg 1(0$1)>$* = x*

Thus we have * € Xj | with [[2*|x; . < |[[V]la; < (e"+1)[[2*]|(x,)- and the proof
is complete. ([l

3.4. A comparison with real and complex interpolation

We will now compare the a-interpolation method with the more well-known
real and complex interpolation methods. We will only consider the a-interpolation
method in this section and leave the adaptations necessary to treat the a4 -interpola-
tion method to the interested reader. As in the previous section, throughout this
section « is a global Euclidean structure, (Xo, X;) is a compatible pair of Banach
spaces and 0 < 6 < 1.

Real interpolation. We will start with a formulation of the a-interpolation
method in the spirit of the real interpolation method. More precisely, we will give
a formulation of the a-interpolation method analogous to the Lions-Peetre mean
method, which is equivalent to the real interpolation method in terms of the K-
functional (see [LP64]). Let A, be the set of all strongly measurable functions
f Ry — XoN Xy such that t — 7 f(t) € a(Ry, 95 X)) for j = 0,1. Define for
feA,

£ = max 16 6 FOllace, 2.,

ProPOSITION 3.4.1. For x € Xy we have
Hw&:mwmAﬁeAwm/"ww%:ﬂ
0

where the integral converges in the Bochner sense in Xo + X7.

PROOF. Note that for f € A, we have t — f(e') € a(R, et X)) for j =0, 1.
Therefore, using the transformation ¢ — e, we may identify A, with a subset of
A. So the inequality “<” is immediate.

To obtain the converse inequality note that it suffices to prove the inequality
for x € Xy N X3\ by Proposition 3.3.2. Let ¢ > 0 and T € A with T'(ep) = x and
T4 < (14 ¢€)|x]|x,- For A > 0 we consider the convolution operator

1 A
Kyp = ) / (- —t)e’ dt, ¢ € L*(R) + L*(R,e” 2" dt).
Y

Then K (eg) = eg, hence T'K)(ep) = x. Note that for j = 0,1

1 A ) sinh(6A) i =0,
1K (p2@e-2itary < o [ e@7D0dt < {singf\(le))\) ‘
2)\ Y w J = 1

Hence for small enough A > 0

(3.14) ITKxa < (1 +¢)ll]lx,-
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Now we show that T'K is representable by a function. Let

F(t) _ T(]-(O,t) eg) t >0,
—T(].(tm 69) t <0,

then we have

Kyp = % /R (1) Lo n ey 070 dt, 0 € L*(R) + L*(R, e~ 2" dt)
as a Bochner integral in L?(R) + L?(R,e~2! dt). Hence
(3.15) TKyp = % /R pW)e " (F(t+A) — F(t—\)) dt,

so we can take
—ot

g(t) = =——(F(t+ ) — F(t— ), teR.

2
Then, for f(t) = g(In(t)), we have by (3.14) and (3.15)

max ||t 7 fOllag,.2.x;) = lglla = ITEx4 < (1 +€)ll2lx,,
which proves the inequality “>”. O

The Lions-Peetre mean method also admits a discretized version. Using Propo-
sition 3.4.1 we can also give a discretized version of the a-interpolation method in
the same spirit. On a Banach space with finite cotype this will show that the
~-interpolation method is equivalent with the Rademacher interpolation method
introduced in [KKWO06, Section 7]. Moreover, it connects the a-interpolation
method to the abstract interpolation framework developed in [LL21].

Let A4 be the set of all infinite sequences (xr)rez in Xo N X; such that
(z1)rez € a(Z; Xo) and (2%2)kez € (Z; X1), equipped with the norm

@k kezllay = max{[|(zr)rezlla@xo), | 2°Tr)rezlla@x.) }-
PROPOSITION 3.4.2. For xz € Xy we have

e, = iy lla, :y € Ay, 3 2y, = 2},
keZ

where the series converges in Xg + X1.

ProOF. Fix z € Xy. By Proposition 3.4.1 it suffices to prove

kEZ

~ inf{| f|la, : f € Ae with /0 tf(t)d = a}.

First let f € A, be such that [~ t? ()4 = 2. Define g(t) = f(2'), then we

¢
have In(2) - [ 2"9(t) dt = 2 and for j = 0,1

(3.17) It = 27" g () [lax,) S It 7 fOllaz, 2.x,)

by the boundedness of the map h — (t — h(2')) from L*(Ry, 4¢) to L?(R). For
k € Z define

(3.16)

k+1
Yp = ln(2)/ 2Rty dt € Xo N X.
k
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For j = 0,1 we have, since the functions
i (t) = 20=RE=1) Lk kt1)s teR
are orthogonal and uniformly bounded in L?(R), that
1%y kezlla@zix,) < Sup lerllLz@llt = 275 g(8)[lam;x,)-
Combined with (3.17) this yields y € A, with
[¥llay, S 1F)la,-
Since Yoy 2"y), = @ this proves “<” of (3.16).

Conversely take y € Az such that >, ., 2¥y, = = and define

f(t) = Z y 200 1 e41) (1), tcR.
kez

Then [, 2% f(t) dt = x and note that f =", ., ¥k @ yj with
or(t) =250 10 000 (1), t € R.

Since the @g’s are orthogonal and since we can compute the a(R; Xg)-norm of f
using a fixed orthonormal basis of L?(RR), this implies that

[ Flla:xo) < sup ekl ¥ lla@xo) S MY lla@z:xo)-

Combined with a similar computation for the a;(R; X;)-norm of ¢ — 2°f(¢), this
yields for

o(6) = f(ln(g(/zl)n@))

that we have

lglla, = In(2)~"/2 max||t — 2 f (Ol x,) S 1ylla,:

Since fooo t%g(t)4t = w, this proves “>” of (3.16). O

Complex interpolation. Next we will give a formulation of the a-method in
the spirit of the complex interpolation method. Denote by the strip

S={z€C:0<Re(z) <1}.

Let H(S) be the space of all bounded continuous functions f : S — Xy + X such
that

e f is a holomorphic (Xo + X;)-valued function on S.
o f;(t) := f(j+it) is a bounded, continuous, X ;-valued function for j = 0, 1.

We let As be the subspace of all f € H(S) such that f; € a(R; X;) and we define
£ 145 = max [l fllagex;)-
ProrosITION 3.4.3. For x € Xy we have
Izl x, = (2m) "2 inf{|| fllas : f € As, f(0) = z}.
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PROOF. Let hy € C°(R) and z, € XoN Xy for k=1,...,n and define
n
(3.18) TZth ® x € A.

k=1

Set e, (t) = e'* for z € C. Then we have for f(z) := T(e,) and j = 0,1 that

f (G —2mit) i/ (j_%it)g d¢ -z
k=
= }‘(Zf — hi(€)e - xk>.
k=1

Therefore, by Example 3.2.3, we have

||fj||a(R;Xj) = (QW)_1/2H£ — Z hk(f)ejf ik a(R; X;)
k=1 o

= (271')_1/2HTHOL(R,e*zJ'tdt;Xj)’

so we have f € Ag with (271)~Y2||f|l4s = [Tl 4. Since C2°(R) is dense in L?(R) N
L?(R,e2tdt), the collection of all T as in (3.18) is dense in .A by Proposition 3.3.2.
So the inequality “>” follows.

For the converse let f € As. Take ¢ € C°(R) and let ¢(z) := [pe”
be its Laplace transform. Then ¢ is entire and for any s; < so we have an estlmate

|g(2)| < C(1+|2) 72, s1 < Rez < s9.

Therefore we can define
T<p——/ $+it) f(3 +it) dt
as a Bochner integral in X + X;. An application of Cauchy’s theorem shows that

Tp= <p(s +it) f(s+it) dt

o

for 0 < s < 1. By the dominated convergence theorem, using that f is bounded
and t — (4 +it) € L' (R), we get for j = 0,1

= %/Ré(j +it) f;(t) dt

as Bochner integrals in X;. Since we have

Jist+inPae=2r [lePe 2t <o, g0,

R R

and f; € a(R, X;), it follows that T extends to bounded operators
T;: L*(R,e”#dt) — X, j=0,1.

Therefore T' can be extended to be in A and in particular we have

T = w8 T aqme-sea) = max (2) 211 llaqrex,) = (2) 7211l
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To conclude the proof of the inequality “<” we show that T'(ep) = f(6). For this
note that for any ¢ € C2°(R) we have

1 ,
T(p-eg) = %/R/Re_(“”)sgo(s)eesfw +it)dsdt

1
= — o(it) f(O + it) dt.
3 | 20+ it
Now fix ¢ such that ¢(0) =1 and for n € N set
on(t) = p(nt), teR.
Then ¢, - eg — ep in L*(R) + L*(R,e~2! dt) and therefore
1 1
T(eg) = lim T (g, -eg) = lim —/ —@(it/n) f(0 +it) dt = f(6),
RN

n—o00 n—oo 27T
where the last step follows from

|t — @it )= |t — &(t/2x =271 - p(0) =27

)HLl(R )HLl(]R)

and [HNVW16, Theorem 2.3.8]. This concludes the proof. O

A comparison of a-interpolation with real and complex interpolation.
We conclude this section by comparing the a-interpolation method with the actual
real and complex interpolation methods. Recall that if X; has Fourier type p; €
[1,2] for j = 0,1, ie. if the Fourier transform is bounded from L?i(R;Xj;) to

L (R; X;), then by a result of Peetre [Pee69] we know that we have continuous
embeddings
(3.19) (Xo, X1)op = [Xo, X1]o — (Xo, X1)o,pr

where % = 1p;09 + p%. In particular the real method (Xy, X1)g2 and the complex

method [X(, X1]p are equivalent on Hilbert spaces. Using Proposition 3.4.2 we can
prove a similar statement for the real and Gaussian interpolation method under
type and cotype assumptions. Note that Fourier type p implies type p and cotype
p’, but the converse only holds on Banach lattices (see [GKT96]).
THEOREM 3.4.4.
(i) If Xo and X1 have type po,p1 € [1,2] and cotype qo,q1 € [2,00] respec-
tively, then we have continuous embeddings
(X0, X1)o,p = (X0, X1)g = (X0, X1)o,q

1_1-6, 6 1_1-6 , 6
where = = +p1 andq 7 +

(i) If Xo and Xlo have type 2, thenowe hzzlve the continuous embedding
(X0, X1]o — (X(),X1)3~
If Xy and X1 have cotype 2, then we have the continuous embedding
(X0, X1)y = [Xo, X1lo.
(iii) If Xo and Xy are order-continuous Banach function spaces, then

2
(X0, X1)§ = [Xo, X1

isomorphically.
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(iv) If Xo and X1 are Banach lattices with finite cotype, then
(X0, X1)3 = (X0, X1)f
isomorphically.

PrOOF. For (i) we note that we have, by the discrete version of the Lions—
Peetre mean method (see [LP64, Chapitre 2]), that

Izl (x0,x1)0,, = inf{jﬂ_lgﬁ 127"y kezllers zix,y = D 2" = $}7
’ kEZ
where the infimum is taken over all sequences (yx)rez in Xo N X3 such that the
involved norms are finite. For a finitely non-zero sequence (yi)rez in Xo N X1 we
have, using type p; of X; and Proposition 1.0.1

1%y kezlly@x;) S 1@ ykezllers z:x,y,  5="0,1,
By Proposition 3.1.1 this inequality extends to any sequence in XN X7 such that
the right hand-side is finite. Therefore the first embedding in (i) follows from
Proposition 3.4.2. The proof of the second embedding in (i) is similar.
For (ii) let f € H(S). Then g(z) := e* %" f(2) has the property that g(d) =
f(0) and thus by Proposition 3.4.3 and (3.5)

176 xo,x0; < max it = g0+ i6)eex,)

S g%ﬁ”t = g( + i) L2 rsx)

IN

i1 it)2 _p2 . .
ax [ = e L sup £ + )]
teR

up || (5 +it)]|x,
€R

<.

<

« N

from which the first embedding follows by the definition of the complex interpolation
method. For the second embedding let f € As. Then we have by [HNVW16,
Corollary C.2.11] and (3.6)

||f(9)H[X07X1]9 S’ jH:laOJ)i”t = f(] + it)lle(R;Xj)
S maxlt = f(+ i)l @),

from which the second embedding follows.

For (iii) denote the measure space over which X is defined by (S, it). Note that
[Xo, X1]p is given by the Calderén-Lozanovskii space Xé_eXf , which consists of
all z € L°(S) such that |z| = |2o|*~%|21|? with z; € X, for j = 0,1. The norm is
given by

2] x1-0 yo = inf{max||z;||x, : [z = |zo|'~?|21]%, 20 € X0, 1 € X1},
0 1 7=0,1
see [Cal64, Loz69].

First suppose that 0 < z € X} X7 factors in the form z = |zo|'~%|2,|? with
x; € Xj for j =0,1 and max;—o 1 ||z;]|x;, < 2|[2/[x,,x,],- We define

f(z) = 622_92|x0|1_z|x1|z, z€S.

Then since, for j = 0,1, we have

(/RIf(j—i-it)(s)th)é - (/Re%f—tz-@“ dt) z;(s)],  s€S,

N
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we have by Proposition 3.1.11 that f; € ¢*(R; X;) and therefore f € As. By
Proposition 3.4.3 this shows that

2l 0y < maxlfillee) S max o x, < 2l x,

For the converse direction take f € As. By [HNVW16, Lemma C.2.10(2)] with
Xo = X1 = C and Hoélder’s inequality, we have for a.e. s € S

FO)(s)] < ((/R|f(z't)(s)|2dt)(l_9)/2. (/R|f(1 rinsear)’).

Therefore, by Proposition 3.1.11, we have

1/2
— nan < )2
O xooxio = 1£Olyoxg S max | ([ 176+ 0P a) |

= jnzlgﬁllfjHW(R;Xj)’

J

which implies the result by Proposition 3.4.3. Finally (iv) follows directly from
Proposition 1.1.3. (]






CHAPTER 4

Sectorial operators and H®-calculus

On a Hilbert space H, a sectorial operator A has a bounded H°°-calculus if and
only if it has BIP. In this case A has even a bounded H°°-calculus for operator-
valued analytic functions which commute with the resolvent of A. If A and B are
resolvent commuting sectorial operators with a bounded H *°-calculus, then (A, B)
has a joint H°°-calculus. Moreover if only one of the commuting operators has a
bounded H*°-calculus, then still the “sum of operators” theorem holds, i.e.

|Az||g + | Bzl|lm < |Az + Bz|u,  « <€ D(A)ND(B).

These theorems are very useful in regularity theory of partial differential operators
and in particular in the theory of evolution equations. However, none of these
important theorems hold in general Banach spaces without additional assumptions.

In this chapter we show that the missing “ingredient” in general Banach spaces
is an a-boundedness assumption, which allows one to reduce the problem via the
representation in Theorem 1.3.2 and its converse in Theorem 1.4.6 to the Hilbert
space case. Indeed, rather than designing an a-bounded version of the Hilber-
tian proof for each of the aforementioned results, we will prove a fairly general
“transference principle” (Theorem 4.4.1) adapted to this task. Our analysis will in
particular shed new light on the connection between the ~-structure and sectorial
operators, which has been extensively studied (see [HNVW17, Chapter 10] and
the references therein).

In the upcoming sections we will introduce the notions of (almost) a-sectoriality,
(a)-bounded H*°-calculus and («)-BIP for a sectorial operator A. We will prove
the following relations between these concepts:

(1) (2)
a-bounded Bounded d8: B-bounded
H*°-calculus H*°-calculus H*°-calculus
a-BIP with (6) BIP with

Wa-BIP (A) <7

(7)ﬂ (S)H a ideal
(9)

’ a-sectorial \ —

WBIP (A) <7

Almost
a-sectorial

Implications (1), (3), (5), (6) and (9) are trivial. The ‘if and only if’ statement in (2)
is proven in Theorem 4.3.2, implication (4) is one of our main results and is proven
Theorem 4.5.6, implication (7) follows from Theorem 4.5.4, and implication (8) is

7
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contained in Proposition 4.5.3 under the assumption that « is ideal. In the case
that either o = ¢? or @ = v and X has Pisier’s contraction property, implications
(1), (3) and (4) are ‘if and only if’ statements (see Theorem 4.3.5). Moreover, if
X has the so-called triangular contraction property, then a bounded H°°-calculus
implies ~y-sectoriality (see [KWO01] or [HNVW17, Theorem 10.3.4]).

Besides these connections between the a-versions of the boundedness of the
H*-calculus, BIP and sectoriality, we will study operator-valued and joint H°°-
calculus using Fuclidean structures in Section 4.4. In particular, we will use
our transference principle to deduce the boundedness of these calculi from a-
boundedness of the H-calculus. Moreover we will prove a sums of operators
theorem.

Throughout this chapter we will keep the standing assumption that « is a
Euclidean structure on X.

4.1. The Dunford calculus

In this preparatory section we will recall the definition and some well-known
properties of the so-called Dunford calculus. For a detailed treatment and proofs
of the statements in this section we refer the reader to [HNVW17, Chapter 10]
(see also [Haa06a, Chapter 2] and [KWO04, Section 9]).

If 0 < 0 < 7 we denote by X, the sector in the complex plane given by

Yo={2€C: z#0, |argz| < o}.

We let T', be the boundary of ¥, i.e. Ty = {|t|e?”%2"(®) : t € R}, which we orientate
counterclockwise. A closed injective operator A with dense domain D(A) and dense
range R(A) is called sectorial if there exists a 0 < o < 7 so that the spectrum of
A, denoted by o(A), is contained in ¥, and the resolvent R(\, A) := (A — A)~*! for
A e C\o(A) =: p(A) satisfies

sup{ AR\, A)[| : A € C\ E,} < C,.

We denote by w(A) the infimum of all o so that this inequality holds. The definition
of sectoriality varies in the literature. In particular, one could omit the dense
domain, dense range and injectivity assumptions on A. However, these assumptions
are not very restrictive, as one can always restrict to the part of A in D(A) N R(A),
which has dense domain and range and is injective. Moreover if X is reflexive, then
A automatically has dense domain and we have a direct sum decomposition

X = N(A) @ R(A).

For p € [1, 00] we define the Hardy space H?(X,,) as the space of all holomorphic
f: X5 — C such that

I flaes,) = ‘Sup 1t = ) Lo, 2

0|<o

is finite. We will mostly work with the spaces H(%,) and H*(3,). For0 < ¢’ < o
we have the continuous inclusion

(4.1) HP(S,) — H®(S,).



4.1. THE DUNFORD CALCULUS 79

The Dunford calculus. Let A be a sectorial operator on X, suppose w(A) <
v<o<mandlet f € HY(Z,). Then we can define f(A) € £(X) by the Bochner
integral

(4.2) f(A) = 2%”/1“ f(z)R(z,A)dz

with norm estimate
1F(A < Coll flla(s,) < oo

This is called the Dunford calculus of A. Let us note a few key properties of this
calculus

e The definition is independent of v by Cauchy’s integral theorem.
e The calculus is multiplicative and thus commutative, i.e. if f,g € H1(%,),

then f(A)g(A) = (fg)(A).

e For sectorial operators we have
D(A4) N R(A) = R(A(I + 4)7)
and using the Dunford calculus for ¢(z) = z(1 + 2)~2 we have p(A) =
A(I 4+ A)=2. Thus for this ¢ we have p(A4): X — D(A) N R(A).

Let f € HY(X,), z € D(A) N R(A) and fix y € X such that x = p(A)y with
©(2) = 2(1+4 2)~2. Using the multiplicativity of the calculus and Fubini’s theorem

we have
| ireani <o [ [ e S

<G la sl @ llylx < oo,

so t — f(tA)x is Bochner integrable. Since
o dt
f(t2)¢(2)7 =cp(z), z€X,
with ¢ := fo by analytlc continuation, we have the useful identity

(4.3) / F(tA) x— z, x€D(A)NRA.

The extended Dunford calculus. We extend will now extend the Dunford
calculus to include functions like e=*# and z°, for details we refer to [HaaO06a,
Chapter 3] and [KWO04, Section 15]. Define for n € N the functions

n 1
4.4 n(2) 1= - C\ (0,00).
(4.4) on(e)i= = 2€C\(0,00)
These ¢,,’s have the following properties:
(i) pn € HY(X,) forall 0 < 0 < m and n € N.
(ii) By Cauchy’s integral formula we have for n € N

on(A) = —nR(—n,A) + n 'R(-n"1, A)

and thus by the sectoriality of A we have sup,,cyllon(A)]| < 0o
(iii) The range of each ¢, (A) is D(A) N R(A).
(iv) For all z € X we have ¢,(A)z — x as n — oo.
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Now suppose that f is a holomorphic function on ¥, satisfying an estimate
[f) <O+ 1), ze%,
for some 6 > 0 and C > 0. For v € D(A™) N R(A™) with m > ¢ let y € X be such
that ¢™(A)y = x with ¢(2) = 2(1 + 2)~2. Then we can define
f(A)z = fe™ (A)y,
which is independent of m > §. For x € D(A™) N R(A™) we have, by the multi-
plicativity of the Dunford calculus, that
f(A)z = lim (fo;")(A)z.
n—oo

We extend this definition to the set the set D(f(A)) of all z € X for which this
limit exists. It can be shown that this defines f(A) as a closed operator with dense
domain for which D(A™)NR(A™) is a core. Let us note a few examples of functions
that are allows in the extended Dunford calculus.

o If w(A) < 7/2 we can take f(z) = e™"* for w € ¥, /5_,. This leads to
the bounded analytic semigroup (e_w"‘)wegﬂ/%a.

e Taking f(z) = 2" we obtain the fractional powers A¥ for w € C. For
z,w € C we have

ATH0g = A7A%z, 1z € D(ATAY) = D(A*) A D(AY)
and A*TY = AZA% if Rez - Rew > 0.

The fractional powers A® for s € R with |s| < o(A) are sectorial operators with

w(A®) = |s|w(A). For such s € R we have p;(A4) = p(A®) with
pa(z) =2"(1+29)7% () =2(1+2)7"

by the composition rule and therefore

(4.5) R(ps(A)) = R(A*(I + A*)™%) = D(A®%) N R(A®).

Related to these fractional powers we have for 0 < s < 1 and f € H'(Z,) the
representation formula

(4.6) f(4) = %/r f(2)z27°A°R(z, A) dz,

—~

This is sometimes a useful alternative to (4.2), since A°R(z,A) = ¢.(A) with

w

v, (w) = ij and ¢, is a H'(3,,)-function for w(A4) < u < |arg(z)|.

4.2. (Almost) a-sectorial operators

After the preparations in the previous section, we start our investigation by
studying the boundedness of the resolvent of a sectorial operator A on X. We say
that A is a-sectorial if there exists a w(A) < o < 7 such that

{AR(\,A): A e C\ X, }
is a-bounded and we let w,(A) be the infimum of all such o. «-sectoriality has
already been studied in the following special cases:

e R-sectoriality, which is equivalent to maximal LP-regularity (see [CPO1,
Wei01a]), has been studied thoroughly over the past decades (see e.g.
[DHP03, KKW06, KW01, KWO04]). ~-sectoriality is equivalent to
R-sectoriality if X has finite cotype by Proposition 1.0.1.
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e (%_sectoriality, or more generally ¢9-sectoriality, has previously been stud-
ied in [KU14]. We already used ¢2-sectoriality in Subsection 2.4.

We will also study a slightly weaker notion, analogous to the notion of almost
R-sectoriality and almost v-sectoriality introduced in [KKW06, KW16a]. We
will say that A is almost a-sectorial if there exists a w(A) < o < 7 such that the
family {AAR(X, A)?: X € C\ &, } is a-bounded and we let @, (A) be the infimum
of all such o. This notion will play an important role in Section 4.5 and Chapter 5.

a-sectoriality implies almost a-sectoriality by Proposition 1.2.3. The converse
is not true, as we will show in Section 6.3. If an operator is a-sectorial, then we do
have equality of the angle of a-sectoriality and almost a-sectoriality.

PRrROPOSITION 4.2.1. Let A be an almost a-sectorial operator on X. If
{tR(—t, A) : t > 0}

is a-bounded, then A is a-sectorial with wa(A) = ©a(A). In particular, if A is
a-sectorial, then wy(A) = 0q(A).

PROOF. Take @,(A) < 0 < 7 and take \ = te'’ for somet > 0 and o < |0| < 7.
Suppose that ¢ < 0 < 7, then we have

AR\, A) +tR(—t, A) =i / te'* AR(te', A)? ds.
0
A similar formula holds if 0 < —6 < 7. Now since {tR(—t, A) : t > 0} is a-bounded
and 0 > @,(A) we know by Proposition 1.2.3 and Corollary 1.2.4 that

{/ te AR(te*, A)*ds : 0 < |0] < 7r}
0

is a-bounded. Therefore {\R(\, A) : |arg()\)| > o} is a-bounded, which means that
wa(A) < 0. Combined with the trivial estimate @,(A) < wq(A), the proposition
follows. O

We can characterize almost a-sectoriality nicely using the Dunford calculus
of A, for which we will need the following consequence of the maximum modulus
principle.

LEMMA 4.2.2. Let 0 < o < 7 and let X2 be an open sector in C bounded by T',,.
Suppose that f: X UT, — L(X) is bounded, continuous, and holomorphic on X.. If
{f(2) : z € Ty} is a-bounded, then {f(z) : z € ¥} is a-bounded.

PROOF. Suppose that x € X" and z € X, then by the maximum modulus
principle we have

@1,y f(2)xk, oy zn)|la < sup ||[(z1,. .-, f(W)Xky ...y T0)]a-
wel'y
By iteration we have for z1,..., 2, € ¥ that

I(fDzy, s fz)za)la < sup ([(fwi)an, - fwn)2n)|la;

W1, Wy €N

which proves the lemma. ([

PROPOSITION 4.2.3. Let A be a sectorial operator on X and take w(A) < o < .
The following conditions are equivalent:

(i) A is almost a-sectorial with &, (A) < 0.
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(i) There is a 0 < ¢’ < o such that for some (all) 0 < s < 1 the set
{NATER(NA) A€ C\ Ty}

15 a-bounded.
(i1i) There is a 0 < o’ < o such that the set

{ftd):t>0, fe H' (S0), | flm,) <1}
s a-bounded.
(iv) There is a 0 < o’ < o such that for all f € H*(3,/) the set

{f(tA) : t >0}
18 a-bounded.

PRrROOF. We start by proving the implication (i) = (ii). Fix @4(A) < p < o
and 0 < s < 1. For p < |0] < o define

f(2) = (e72)1 751 —e )7L, z€X
n
and set
|Z| t iarg z
Py [ LD g 2E€S,.
0 teiarg z H
Let ¢:= OOO @ dt and define
G(z) ::F(z)fclj_z, z€X,.

Since there is a C' > 0 such that
() <Clzl' (1 +|2) 7, z€X,,

one can show that G € H'(2,,). Clearly G'(z) = f(2)/z — ¢(1 + 2)72, from which
we can see that 2G'(z) € H'(Z,,) as well. Since we have for @, (A4) <v < p

1
G(tA) = Tm/p G(2)R(z,tA) dz, t>0

as a Bochner integral, we may differentiate under the integral sign by the dominated
convergence theorem and obtain for ¢ > 0

tAG'(tA) = tzG'(tz)R(z, A)dz

ami
d

1 5dz

Since G € H'(X,,) and tA is almost a-sectorial, it follows from Corollary 1.2.4 that
the set

{(te) A R(te, A) : t > 0} = {f(tA) : t > 0}
= {tAG'(tA) + ctA(1 + tA) "%}
is a-bounded. Therefore by Lemma 1.2.3(iii) and Lemma 4.2.2 we deduce that
{NATER(N,A) s A e C\ S}

is a-bounded.
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Next we show that (ii) = (iii). Fix ¢/ < v < ¢” < ¢. By (4.6) we have the
following representation for f € H'(X,/)

f(tA) = %/F f(tz)zsAl_sR(z,A)%, t>0.

Since f(t-) € H'(X,~) independent of ¢ > 0, it follows by Corollary 1.2.4 that
{f(tA):t>0,f € H(Sen), | fllzrr(s,) <1}

is a-bounded. The implication (iii) = (iv) is trivial.
For (iv) = (i) take f(2) = e ®2(1 — e™"*2)~2 with ¢/ < |§] < 0. Then
f € HY(X,), so the set
{te® AR(te'?, A)? 1 t > 0}
is a-bounded. Therefore by Lemma 1.2.3(iii) and Lemma 4.2.2 we deduce that
{)\A(l + )\A)72 TAE C\iw}
is a-bounded and thus &, (A) < |0] < 0. O

When w(A) < 7, the sectorial operator A generates an analytic semigroup. In
the next proposition we connect the (almost) a-sectoriality of A to a-boundedness
of the associated semigroup.

PROPOSITION 4.2.4. Let A be a sectorial operator on X with w(A) < w/2 and
take w(A) < o < 7w/2. Then

(i) A is a-sectorial with wa(A) < o if and only if
{e*4:2e%,}

is a-bounded for all 0 <v < 7/2— 0.
(i) A is almost a-sectorial with &u(A) < o if and only if

{zAe7*4 2 €8}
is a-bounded for all0 <v < 7/2—0.

PrOOF. For the ‘if’ statement of (i) take 0 < v/ < v < w/2. The a-boundedness
of {te*™ R(te*, A) : t > 0} follows from the Laplace transform representation of
R(te*_ A) in terms of the semigroups generated by —e= (7/2=") A (see [HNVW17,
Proposition G.4.1]) and Corollary 1.2.4. The a-boundedness of

{AR(M\,A): XeC\%,}

then follows from Lemma 4.2.2.
For the only if take 0 < v < /2 — ¢ and note that by [HN'VW17, Proposition
10.2.7]

e *A =27IR(z7L A) + £.(A), z €Yy,

where f,(w) = e *% — (1+ zw)~!. Since f, € H'(X,), the a-boundedness of e~*4
on the boundary of ¥, follows from Proposition 4.2.3 and the a-boundedness in
the interior of ¥, then follows from Lemma 4.2.2.

The proof of (ii) is similar. For the ‘if’ statement one uses an appropriate
Laplace transform representation of R(te®™, A)? and the ‘only if’ statement is
simpler as zwe *" is an H'-function. [
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As noted in Section 4.1, the operator A* is sectorial as long as [s| < ;73 and

in this case w(A®) = |s|]w(A4). We end this section with a similar result for (almost)
a-sectoriality.

PROPOSITION 4.2.5. Let A be a sectorial operator on X

(i) Suppose that A is almost a-sectorial and 0 < |s| < /@ (A). Then A® is
almost a-sectorial with @,(A®) = |s| ©a(A).

(i1) Suppose that A is a-sectorial and 0 < |s| < m/wa(A). Then A® is a-
sectorial with we(A®) = |s|wa(A).

PROOF. Since A is (almost) a-sectorial if and only if A~! is (almost) a-sectorial
with equal angles by the resolvent identity, it suffices to consider the case s > 0.
(i) follows from Proposition 4.2.3 and the fact that for 0 < s < 7/@,(A) we have
f e HY(X,) if and only if g € H'(Z,), where g(z) = f(2°).

For (ii) suppose that A is a-sectorial and fix 0 < s < m/ws(A). Define

z—2°

R (e T
and note that ¢ € H1(X,) for o < w/s. By [KWO04, Lemma 15.17] we have
—tR(—t, A%) = —tV/SR(—tY*, A) + (t7V/5A),  t>0.

Therefore {—tR(—t, A®) : t > 0} is a-bounded by the a-sectoriality of A, Proposi-
tion 4.2.3 and Proposition 1.2.3. Therefore A?® is a-sectorial and by (i) and Propo-
sition 4.2.1 we have

z € X,

Wa(A%) = 00 (A%) = sW0a(A) = swa(A4),
which finishes the proof. (]

4.3. a-bounded H°-calculus

We now turn to the study of the H®-calculus of a sectorial operator A on
X, which for Hilbert spaces dates back to the ground breaking paper of McIntosh
[McI86]. For Banach spaces, in particular LP-spaces, the central paper is by Cowl-
ing, Doust, McIntosh and Yagi [CDMY96]. For examples of operators with or
without a bounded H°°-calculus important in the theory of evolution equations,
see e.g. [Haa06a, Chapter 8], HNVW17, Section 10.8], [KWO04, Section 14] and
the references therein.

We will focus on situations where the H*-calculus is a-bounded. This has
already been thoroughly studied for the y-structure, through the notion of R-
boundedness, in [KWO01]. For a general Euclidean structure we will first use The-
orem 1.4.6 to obtain an abstract result, which we afterwards make more specific
under specific assumptions on X and a.

We will briefly recall the definition of the H-calculus and refer to [Haa06a,
Chapter 2], [HNVW17, Chapter 10] or [KW04, Section 9] for a proper introduc-
tion. Note that some of these references take a slightly different, but equivalent
approach to the H*-calculus.

The H°-calculus for A is an extension of the Dunford calculus to all functions
in H*(%,) for some w(A) < o < 7. Recall that for ¢(z) = 2(1 + 2)~2 we have



4.3. -BOUNDED H*°-CALCULUS 85

R(p(A)) = D(A)N R(A) and we can thus define for f € H>*(X,) and z € D(A) N
R(A) the map

fA)z = (fe)(A)y

where y € X is such that x = p(A)y. This definition coincides with the extended
Dunford calculus and for f € H(X,) it coincides with the Dunford calculus. More-
over it it is easy to check that y = 0 implies 2 = 0, so f(A)x is well-defined.

By the properties of the ¢,’s as in (4.4) we have [|f(A)z||x < C|jz||x for all
xz € D(A)N R(A) if and only if sup,,cx||(fn)(A)|| < co. If one of these equivalent
conditions hold we can extend f(A) to a bounded operator on X by density, for
which we have

(4.7) J(A)z = lm (Fe)( Az, weX.

We say that A has a bounded H®°-calculus if there is a w(A) < o < 7 such that
f(A) extends to a bounded operator on X for all f € H*(X,) and we denote the
infimum of all such o by wpe (A). Just like the Dunford calculus, the H*°-calculus
is multiplicative. We say that A has an a-bounded H> (X, )-calculus if the set

{f(A): fe H®(Zo), [ flla=(s,) <1}

is a-bounded for some wpye(A) < o0 < w. We denote the infimum of all such ¢ by
Wa-Hee (A) .

We note that the (a-)bounded H°-calculus of A implies the (a-)bounded H°-
calculus of A°. This follows directly from the composition rule f(A) = g(A®) for
f € H®(X,) and g € H®(X,,) with f(z) = g(2°) (see e.g. [Haa06a, Theorem
2.4.2]).

PRrROPOSITION 4.3.1. Let A be a sectorial operator on X .

(i) Suppose that A has a bounded H*®-calculus and 0 < |s| < 7/wpe(A).
Then A® has a bounded H> -calculus with wge(A®) = |s|wpe (A4).

(i) Suppose that A has an a-bounded H™-calculus and 0 < |s| < 7 /wq-p1o (A).
Then A* has an a-bounded H-calculus with wa. g (A%) = |s| wa.me (4).

Our first major result with respect to an a-bounded H °°-calculus follows almost
immediately from the transference results in Chapter 1. Indeed, using Theorem
1.4.6 we can show that one can always upgrade a bounded H®°-calculus to an
a-bounded H *°-calculus.

THEOREM 4.3.2. Let A be a sectorial operator with a bounded H -calculus.
For every wg(A) < o < 7 there ezists a Fuclidean structure o on X such that A
has an a-bounded H-calculus with wq.ne(A) < 0.

PRrROOF. Fixwpge(A) < v < o. Note that H>(X,) is a closed unital subalgebra
of the C*-algebra of bounded continuous functions on ¥, and that the algebra
homomorphism p: H*(X,) — L(X) given by f — f(A) is bounded since A has a
bounded H> (X, )-calculus. Therefore the set

{f(A): f e HZ(X0), [l <1}

is C*-bounded. So by Theorem 1.4.6 we know that there is a Euclidean structure
a such that A has a bounded H*°-calculus with ws.ge (A4) < v. O
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Control over the Euclidean structure. In general we have no control over
the choice of the Euclidean structure o in Theorem 4.3.2, as we will see in Example
4.4.5. However, under certain geometric assumptions we can actually indicate a
specific Euclidean structure such that A has an a-bounded H°-calculus. The
following proposition will play a key role in this.

ProOPOSITION 4.3.3. Let o be a global ideal Fuclidean structure and assume
that

a(NxN; X) = o(N;o(N; X))

isomorphically with constant Co. Let (Ug)g>1 and (Vi)k>1 be sequences of operators
in L(X), which for all n € N satisfy

H(le,...,Unx)H < My||z|x, reX
||(V1*x*,...,V;:z:*)| < My||z*|| x s ¥ e X*

a* —

for some constants My, My > 0. If T is an a-bounded family of operators, then
the family

{ZVkaUk ‘Ty,.... T, €T,n e N}
k=1

is also a-bounded with bound at most C2 My My ||T|4-
PROOF. Fix n,m € N and define U : X — «(¢2; X) by
Ur = (Uh,...,Uyx), e X.

By assumption we have |[U]| < My. Take x € X™. Using the global ideal property
of o and the isomorphism between a(¢2,,,; X) and a(¢2,; (¢2; X)), we have

mn?

||(ka] ]k 1Ho¢(€ < C H U'rJ j= 1”0/(6727”(1 02:X)) — C MU ||X||O‘

Analogously we have for any x* € (X*)™ that

| ‘ ;nkn )

o (6, X)) =

Now let S; = ZZ=1 ViT;, Uy for 1 < j < m with T, € I'U{0}. By the duality

a(l?; X)* = a*(f2; X*), we can pick x* € (X*)™ such that ||[x*||o~ = 1 and
j=1
Using the a-boundedness of I' we obtain
1(Sj25)72]] ZZ iUk, Viewk)
j=1k=1
< H(Tkkaj)TzéLHa(ezn~ (Vi) 7ty a*(£2,,:X)
<o H(Uk%“g ;nk:an i X) H J)J k=1llax(£2,,;X")

< O3 MyMy [Tl ||X||a-

The theorem now follows by taking suitable T}y. O
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Using the fact that the y-structure is unconditionally stably, as shown in Propo-
sition 1.1.6, we notice that Proposition 4.3.3 is a generalization of a similar state-
ment for R-boundedness in [KWO01, Theorem 3.3].

We will also need a special case of the following lemma, which is a generalization
of [ HNVW17, Proposition H.2.3]. We will use the full power of this generalization
in Chapter 6.

LEMMA 4.3.4. Fiz0 <v <o < and let (A\;)}2, be a sequence in ¥,. Suppose
that there is a ¢ > 1 such that |Ag41] > ¢ || for all k € N. For

=> arf(Mz),  fEH'(S,), ael®

we have g € H®(S,_,) with lgllmcs, ) S lallellfllics, )
PrOOF. We will prove the claim on the strip
Se :={z€C:|Im(z)| < o}.
Define f: S, — C by f(2) = f(e?), §: So—, — C by g(z) = g(e?), fix z € B, _,
and set
Ak = log(A\g), z :=log(z), ¢ := log(c).
Then |A; — Ax| > ¢ > 0, thus the disks

Dk;:{weC:|w7(5\k+2)|<g/\0}, keN

are pairwise disjoint and contained in S,. Therefore we have, by the mean value
property, that

19(2)| < llal|g= Z!f Ak +2))|

H‘IHKOOZMD ‘/ f(z +iy) dz dy

1

< \Ia\lemm | Vi inidsay

5/\6

———— sup /|f x +iy)| de
™

(2 \y <o
< Hu’H@“”f”Hl(E

This proves the norm estimate, from which g € H*(3,_,) follows directly. O

< llalle=

We are now ready to prove some special cases in which we can indicate a
Euclidean structure such that A has an a-bounded H°-calculus.

THEOREM 4.3.5. Let A be a sectorial operator on X with a bounded H°-
calculus.

(i) If X has Pisier’s contraction property, then A has a ~y-bounded H-
calculus with wy.pe (A) = wge (A).

(ii) If X is a Banach lattice, then A has a (*-bounded H-calculus with
wezpoe (A) = whee (A).
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We refer to [Pis78] and [HNVW17, Section 7.5] for the definition of Pisier’s
contraction property. Theorem 4.3.5(i) was already proven in [KWO01, Theorem
5.3]. Here we will prove (i) and (ii) of Theorem 4.3.5 in a unified manner using
Euclidean structures.

PROOF OF THEOREM 4.3.5. Take v = + in case (i) and o = ¢9 (which is
equivalent to o = ¢? by Proposition 1.1.3) in case (ii). By Proposition 1.2.3 and
(4.7) it suffices to show that the family of operators

{F(A): f € H'(So) N H*(Z0), If lz7= s,y < 1}

is a-bounded. For f € H'(X,) N H*®(X,) we compute, using the representation
formula (4.6),

1 _ 1
f(A) = i Z V2 f(2)AZR(z, A) dz
Iy
(4.8)
— Z Z eu//Z/ f €’Ll/2k‘ Ceu/(t_12_kA)dt
ke€Z e=%1 2mi

with @, (w) = w'/?/(z —w).

Now fix wg=(A) < p <v,1 <t <2ande==41. Set := goi/i and note
that ¢» € H*(X,) since e ¢ %,. By Lemma 4.3.4 and the boundedness of the
H®-calculus of A, this means that there is a Cy > 0 such that for any n € N

n

sup ” Z ekqlz(t*leA)H < Cp.
lex|=1 k=—n

Note that « is unconditionally stable on X by Proposition 1.1.6. Moreover the

family of multiplication operators {x +— az : |a|] < 1} on X is a-bounded by the

right ideal property of a. Furthermore we have

a(Nx N; X) = a(N; a(N; X)),

isomorphically, either by Pisier’s contraction property if o = v (see [HNVW17,
Corollary 7.5.19]) or since « is equivalent to the ¢?-structure on Banach lattices if
a = {9. Therefore by Proposition 4.3.3 the family of operators
Ty, = { 37 a(t7128A) s fayl, . lag| < Lin e N}
k=—n

is a-bounded and there is a constant C'; > 0, independent of ¢ and €, such that
ITeella < Ch.

Let fi,..., fm € f € HY(Se)NH>(S,) with || ;]| e (s,) < 1 and take x € X™.
Then we have, using (4.8) in the first step, that

Il = ¢ sup (5 [ serrowee ot ais G

T e=41

< sup sup su H (e ROt R A) 2 )
e:ipl 1St22n€g (;nfj( )w( ) ])]:1 @

< sup sup [Ty cla [Ix[la < Chllx|a-
e=411<t<2

Hence we see that A has an a-bounded H°-calculus with w, g (4) < 0. O
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4.4. Operator-valued and joint H-calculus

In this section we will study of the operator-valued and joint functional calcu-
lus for sectorial operators by reducing the problem to the Hilbert space case via
Euclidean structures and the general representation theorem (Theorem 1.3.2). We
will also deduce a theorem on the closedness of the sum of two commuting sectorial
operators.

The idea of an operator-valued H°-calculus goes back to Albrecht, Franks and
McIntosh [AFM98] in Hilbert spaces. For the construction we take 0 < o < m,
I' C £(X) and for p € [1,00] let HP(X,;T') be the set of all holomorphic functions
f:Xs — I such that

[ fllee (s, ) = ‘Slup 1t = FE ) Loy, ae,00x)
0|<o
is finite.
Take w(A) < v < ¢ < 7 and let I be a family of bounded operators on X
which commute with the resolvent of A. Then we define f(A) for f € H'(Z,;T)
by the contour integral

(49) FA) = 5 / F(2)R(z, A) dz
We define for f € H®(Z,;T) and z € D(A) N R(A)

(
f(A)z = (fe)(A)y
)

where y € X is such that x = p(A)y with ¢(2) = 2(1 + 2)72. As for the H>-
calculus, this coincides with (4.9) for f € HY(Z,;T).

If ||f( )z x < C|lz||x for all z € D(A) N R(A) or equivalently if for ¢,, as in
(4.4) we have sup,,cy||(fon)(A)]| < 0o, we can extend f(A) to a bounded operator
on X by density. We can then approximate f(A)x as in (4.7) for the H>°-calculus.

If there is a w(A) < o < 7 such that f(A) extends to a bounded operator on X
for all f € H*®(X,;T') we say that A has a bounded H°(T")-calculus and we denote

the infimum of all such o by wge(r)(A4). If the set
{f(A): f € H®(Z,), Il s,y <1}

is a-bounded for some wg- () (A4) < 0 < 7 we say that A has a a-bounded H*(T')-
calculus and we denote the infimum of all such o by wq e (1) (A4).

We also want to study the joint functional calculus, first introduced in [Alb94]
by Albrecht. For this let (A, B) be a pair of sectorial operators which commute in
the sense that R(\, A) and R(u, B) commute for all A € p(A) and p € p(B). Under
these hypotheses

DR(A, B) := D(A) N D(B) N R(A) N R(B)

is dense in X. Indeed, DR(A, B) is the range of ¢, (A)p,(B) for each n € N and
x = limy,— 00 on(A)on(B)x.

Suppose that w(A) < va < o4 < 7mand w(B) <vp <op <7 andp € [1,x].
W let HP(X,, X ¥,,) be the set of all holomorphic f: ¥,, x X,, — C such that

e N (O L (C Nl P
10al<oa,l0B|<om e
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is finite. Then for f € H! (ZUA ) we can define the operator f(A, B) by
(4.10) f(A, / / f(z,w)R(z, A)R(w, B) dw dz.
T 4r?

If fe H®(X,, X Xs,) and € DR(A, B) we define f(A, B)x by
f(A; B)z := (f¢)(A B)y,
where y € X is such that x = ¢(A, B)y with
o(z,w) = 2(1 + 2) 2wl +w) 2, (z,w) € By, X Xop-

Again this calculus is well-defined and it coincides with (4.10) if f € HY (X, , xXs,,).
As before for f € H>®(X,, X Xy, ) we have that f(A, B) extends to a bounded
operator on X if || f(4, B)z|x < C||z|x for all x € DR(A, B) or equivalently if

sup||(f4n)(A, B)|| < oo,
neN

where 1, (z,w) = pn(2)pn(w). We say that (A, B) has a bounded joint H°-
calculus if there are w(A) < va < 04 < 7 and w(B) < vg < op < w such that
f(A, B) extends to a bounded operator for all f € H*(3,, x ¥,,) and denote the
infimum over all such (04,05) by wy (A4, B).

A general transference principle. Our main results in this and the next
section will be based on the following transference principle, which basically tells
us that the a-bounded versions of the introduced properties of sectorial operators
may be studied in the Hilbert space setting.

THEOREM 4.4.1. Suppose that A and B are resolvent commuting a-sectorial
operators on X. Take wo(A) < o4 <7 and we(B) < op < 7.

o Let 24 and Ep be subsets of H*®(3,,) and H®(X,,) such that {f(A) :
f€Za} and {f(B): f € Ep} are a-bounded.
o Let T 4 be an a-bounded subset of L(X), which commutes with the resolvent

of A.

Then there is a Hilbert space H and resolvent commuting operators Aand B on H
with w(A) < o4 and w(B) < o, so that:

(i) There is a C > 0 such that
sup{[|£(A)|| zpr) + S €Ea} £ C,
sup{[|£(B)|| ) : S €Ep} < C.
(1) There is a C > 0 such that for all f € H'(2,, x X,,) we have
(A B)lecx) < ClIFA B 10y

(iii) There is a C > 0 and a bounded subset T' 4 of L(H) commuting with the
resolvent of A such that all f € H'(X,,;T4) there is a f € H*(Z,,;T4)
with

1F (Do) < CUFD] 2o
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PROOF. Fix wa(A) <va < o4 and ws(B) < vg < op. Define
To={AR\A):AeC\I,,JU{AR(\,B): A€ C\X,,}
U{f(A): feEatU{f(B): f€Ep}UTlA
Let T be the closure in the strong operator topology of the absolutely convex hull
of
{T1T2T3 2Ty, T5, T3 €Ty U {I}}7
where I denotes the identity operator on X. Then I' is a-bounded by Proposition
1.2.3. Denote by Lr(X) the linear span of I' normed by the Minkowski functional
|T||r =inf{\ > 0: \"'T € T'}.
Then the map z — R(z, A) is continuous from C \ ¥,, to Lr(X). This follows
directly from the fact that for z,w € C\ ¥,, we have
R(z,A) — R(w,A) = (27! —w ™ H2wR(z, A)R(w, A) € (z7' —w "I,

The same holds for the map z — R(z, B) from C\ X, to Lr(X). Analogously, the
map (2, w) — R(z, A)R(w, B) is continuous from (C\%,,) x (C\3,,) to Lr(X).

By Theorem 1.3.2 there is a closed subalgebra B of L£(Hj) for some Hilbert
space Hy, a bounded algebra homomorphism p : B — £(X) and a bounded linear
operator 7 : Lr(X) — B so that p7(T) = T for all T € Lr(X). Furthermore, 7
extends to an algebra homomorphism on the algebra A generated by T'. -

Set Ra(z) = 7(R(z, A)) for z € C\X,, and Rp(z) = 7(R(z, B)) for z € C\%,,,.
Then, since 7 is an algebra homomorphism on A, we know that R4 and Rp are
commuting functions which obey the resolvent equations

Ra(z) — Ra(w) = (w — 2)Ra(z)Ra(w), z,weC\X,,,
Rp(z) — Rp(w) = (w — z)Rp(z) Rp(w), zy,w € C\X,,.

Furthermore we have

(4.11) sup  [ARAN < 71, sup [[IARp(A)[ < |[I7]-
AeC\T, , AEC\X,

Finally we note that, since z — R(z, A) is continuous from C\ %, , into Lr(X), the
map R4 is also continuous. A similar statement holds for Rg. Therefore it follows
from the resolvent equation that both R4 and Rp are holomorphic.

Now let H be the subspace of Hy of all £ € Hy such that

12) tlgg)g +tRA(—t)E = 7}1_r>r(1)t1~2,4(—t)§“ =0,

’ lim € +tRp(—t) =limtRp(—t) = 0.
t—o00 t—0

As the operators tR4(—t) and tRp(—t) are uniformly bounded for ¢t > 0, H is
closed. Moreover, since R4 and Rp commute, R4 (z)(H) C H for z € C\ X, and
Rp(2)(H) C H for z€ C\ Z,,.

For ¢, as in (4.4) we have ¢, (A), p,(B) € Lr(X) with

(4.13) sup [|on(A)llr <€, sup|len(B)|r < C.
neN neN

Moreover we claim that for all n € N we have

(4.14) 7(¢n(A)pn(B))(Ho) C H.
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To prove this claim it suffices to show that if £ = 7(¢,(A))n for some n € Hy, then
(4.15) tlgglof +tRA(—t)E = }gr(l) tRA(—t)§ =0,
and an identical statement for B. We have

T(pn(A)) =" 'Ra(-n"") = nRa(-n)
and therefore if t # n,n~! we have

tRA(—t)T(on(A)) =tn " (t = n~ )" (Ra(—t) — Ra(—n""))
—tn(t —n) ' (Ra(—t) — Ra(—n)).

Combined with the uniform boundedness of tR4(—t) one can deduce (4.15) by
taking the limits ¢ — 0 and t — oo on each of the terms in this expression.

We can now define the sectorial operator A on H using R4. For £ € H we
have by the resolvent equation that if R4(z){ = 0 for some z € C\ X,, we have
tRA(—t)¢ = 0 for all ¢ > 0. Hence Ra(z)|g is injective by (4.12). As domain we
take the range of R4(—1) and define

A(Ra(-1)¢) = ¢~ Ra(-1)¢, €€ H.

Then A is injective and has dense domain and range by (4.12) (See [EN00, Section
I1.4.a) and [HNVW17, Proposition 10.1.7(3)] for the details). Moreover by the

resolvent equation we have R(-,A) = R4|g and thus A is sectorial on H with
w(A) <vg <oy by (4.11). We make a similar definition for B.

Finally, we turn to the inequalities in (i)-(iii). For (i) take f € E4 and let

w(A) < pa < 04. For any n € N we have
1
(Fendd) = 5= [ FE)enlo)R ()

and this integral converges as a Bochner integral in Lr(X). Therefore, using the
boundedness of 7, we have

(feu)(A)E =7((fen)(A)E, €€ H.

By the multiplicativity of the H®-calculus, the boundedness of 7 and (4.13) we
obtain that there is a C' > 0 such that for any n € N

1(fen) (Dl e < Il (Fen) (Al < C.

We can prove an analogous estimate for f(B) for any f € Zp and thus (i) follows.
For (ii) take f € H'(X,, X X5,). We can express f(A, B) as a Bochner integral
in Lr(X) using (4.10). By the boundedness of 7 we conclude that

m(f(A,B))¢ = f(A,B)¢, ¢cH

Fix n € N. Using the fact that 7 extends to an algebra homomorphism on the
algebra generated by I' and (4.14), we have for n € N

7(f(A, B)pn(A)pn(B))n = [(A, B)r(¢n(A)pn(B))n, 1 € Ho.
This means, by the boundedness of 7 and (4.13), that
17 (f (A, B)pn(A)n(B))lle) < Co || £ (A, B)|| £ -
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with Cyp > 0 independent of f and n. Since p is also bounded this implies by a
limiting argument that

£ (A Bl ) < CLIIFAB) |,

with C7 > 0 again independent of f, proving (ii).

Finally for (iii) take f € H*(3,,;T4). We can express f(A) as a Bochner
integral in £r(X) using (4.9). Define 'y := {7(T) : T € T4} and f(2) := 7(f(2)).
By the boundedness of 7 we have

T(f(A)E = f(A)g, ¢em.

Arguing analogously to the proof of (ii) we can now deduce that

Hf( )HC(X <CHf H.C(H)’
proving (iii). O

The operator-valued H-calculus. On a Hilbert space, any sectorial oper-
ator with a bounded H°°-calculus has a bounded operator-valued H°°-calculus, a
result that is implicit in [LIM96] (see also [LLL98, Remark 6.5] and [AFM98]). As
a first application of the transference principle of Theorem 4.4.1 we obtain an analog
of this statement in Banach spaces under additional a-boundedness assumptions.
Similar results using R-boundedness techniques are contained in [KW01, LLL98|.

THEOREM 4.4.2. Suppose that A is a sectorial operator on X with an a-bounded
He-calculus. Let T' be an a-bounded subset of L(X) which commutes with the re-
solvent of A. Then A has a bounded H>(T')-calculus with wre ry(A) < wa.a~ (A).

PROOF. Fix wy.pge(A) < o < m. We apply the transference principle of Theo-
rem 4.4.1 to the sectorial operator A with 24 = H*(X,) and 'y = I". Then there
is a sectorial operator A on a Hilbert space H and a uniformly bounded family of
operators T on H such that for all feHY (S, F) there is a f € Hl(EU,F) with

1 f(A )HC(X) = CHf HL(H)

As stated before the theorem, any sectorial operator on a Hilbert space with a
bounded H°-calculus has a bounded operator-valued H“-calculus. So for any
fe H®(X,;T) we have

supl|(fon) ()]l < C sup{[|F(A)]| : f € H' (203 T)} < €
ne
which shows that A has a bounded H>°(I')-calculus with wge()(4) < 0. O

In Theorem 4.4.2 we cannot avoid the a-boundedness assumptions. In [LLL98]
it is shown that if the conclusion of Theorem 4.4.2 holds for all sectorial operators
with a bounded H°-calculus and for all bounded and resolvent commuting families
I' C £(X), then X is isomorphic to a Hilbert space.

We can combine Theorem 4.3.5 and Theorem 4.4.2 to improve Theorem 4.4.2
in case the Euclidean structure « is either the - or the #2-structure. A similar
result using R-boundedness can be found in [KWO01, Theorem 4.4].

COROLLARY 4.4.3. Let A be a sectorial operator on X with a bounded H-
caleulus and let T be a subset of L(X) which commutes with the resolvent of A.

(i) If X has Pisier’s contraction property and T is y-bounded, then A has a
y-bounded H>(I')-calculus with w. e (ry(A) < wpes (A).
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(ii) If X is a Banach lattice and T is (%-bounded, then A has an (?-bounded
H®(T)-calculus with w2 e (1) (A) < whes (A).

PRrOOF. Either take a = v or a = £2. By Theorem 4.3.5 we know that A has
an a-bounded H*°-calculus with w,. g (A) = wge (A). Then by Theorem 4.4.2 we
know that A has a bounded H>(I')-calculus with wgee(r)(A) < wye~(A). Finally,
by a repetition of the proof of Theorem 4.3.5 using the operator family

Ty, = { S° Tt 2R A i T, Ty €T € N}

k=—n

we can prove that A has a a-bounded H*°(I")-calculus with wq_gee () (A4) < whe(A).
O

The joint H-calculus. On a Hilbert space any pair of resolvent commuting
sectorial operators with bounded H°-calculi has a bounded joint H>-calculus (see
[AFM98, Corollary 4.2]). Moreover the converse of this statement is trivial. Again
using the transference principle of Theorem 4.4.1 we obtain a characterization of the
boundedness of the joint H*°-calculus of a pair of commuting sectorial operators
(A, B) on a Banach space X in terms of the a-boundedness of the H>-calculi of A
and B.

THEOREM 4.4.4. Suppose that A and B are resolvent commuting sectorial op-
erators on X.
(i) If A and B have an a-bounded H-calculus, then (A, B) has a bounded

joint H* -calculus with
wrree (A, B) < (wa-ne (A), wa-fe (B)).
(i) If (A, B) has a bounded joint H>-calculus, then for any
whe (A, B) < (04,08) < (7, )

there is a Fuclidean structure a such that A and B have a-bounded H -
caleuli with we.p<(A) < o4 and we.p<(B) < op.

PROOF. The first part is a typical application of Theorem 4.4.1. Let wq. e (4) <
oa < 7 and wy.p~(B) < o < 7. Using Theorem 4.4.1 we can find a pair of re-
solvent commuting sectorial operators A and B on a Hilbert space H such that

wre(A) < 04, wyg=(B) < op and such that

I£(A,B)ll2ex) < ClIF(A B)| ooy

for all f € H'(X,, X ¥,,). On a Hilbert space any pair of sectorial operators with
a bounded H°-calculus has a bounded joint H°-calculus (see [AFM98, Corollary
4.2]), so by approximation this proves the first part.

For the second part note that H>*(X,, X X,,) is a closed unital subalgebra of
the C*-algebra of bounded continuous functions on ¥, , x ¥, , and that the algebra
homomorphism p: H*®(3,, xZ,,) — L(X) given by f — f(A, B) is bounded since
(A, B) has a bounded H*°-calculus. Therefore the set

{f(AvB) : f S HOO(EUA X Eas)a ||f||H°°(ZC,A><EUB) < 1}

is C*-bounded, from which the claim follows by Theorem 1.4.6 and restricting to
functions f : ¥,, X X5, — C that are constant in one of the variables. O
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As in the operator-valued H°-calculus case, in Theorem 4.4.4 we cannot omit
the assumption of an a-bounded H*°-calculus. We illustrate this with an example,
see also [KWO01, LLL98|.

EXAMPLE 4.4.5. Consider the Schatten class SP for p € (1,00). We represent
a member z € S* by an infinite matrix, i.e. z = (xjk)szl, and define Az =
(2jxjk)§f}€:1 with as domain the set of all x € SP such that Az € SP. Analogously

we define Bx = (2kxjk)fk=1. Then A and B are both sectorial operators with
bounded H°-calculus and wy=(A4) = wy(B) = 0. However (A, B) do not have
a bounded joint H*-calculus for any choice of angles, unless p = 2 (see [LLL98,
Theorem 3.9]).

REMARK 4.4.6. In particular Example 4.4.5 shows that the Euclidean structure
a given by Theorem 4.3.2 for A must fail the ideal property. Indeed, let o be an
ideal Euclidean structure such that A has an a-bounded H*°-calculus. Then for
any f € H*®(X,) we have f(B) = T f(A)T, where T is the transpose operator on
SP. So B has an a-bounded H*°-calculus as well by the ideal property of a and
therefore Theorem 4.4.4 would imply that (A, B) has a bounded joint H°-calculus,
a contradiction with Example 4.4.5.

We can combine Theorem 4.3.5 and Theorem 4.4.4 to recover the following
result of Lancien, Lancien and Le Merdy [LLL98] (see also [AFM98, FM98,
KWo1)).

COROLLARY 4.4.7. Suppose that X has Pisier’s contraction property or is a
Banach lattice. Let A and B be resolvent commuting sectorial operators on X
with a bounded H*®-calculus. Then (A, B) has a bounded joint H*-calculus with
wh(A,B) = (wHoo (A),wHao(B)).

The sum of closed operators. We end this section with a sum of closed
operators theorem. It is well known that an operator-valued H°°-calculus implies
theorems on the closedness of the sum of commuting operators, see e.g. [AFM98,
KWo01, LLL98] and [KWO04, Theorem 12.13]. However, here we prefer to employ
the transference principle of Theorem 4.4.1 once more.

THEOREM 4.4.8. Let A and B be resolvent commuting sectorial operators on
X. Suppose that A has an «a-bounded H-calculus and B is a-sectorial with
wa-t= (A) + we(B) < w. Then A+ B is closed on D(A) N D(B) and

[Az|x + Bzl x S |Az + Bzllx, € D(A)ND(B).
Moreover A+ B is sectorial with w(A 4+ B) < max{wa.pge(A),wq(B)}.

PROOF. Take 04 > wy~(A) and o > w(B) with 04 + o < m. Choose
24 = H*(3X,,) and apply Theorem 4.4.1 to find a Hilbert space H and resolvent
commuting sectorial operators A, B on H with wy(A) < 04 and w(B) < 0. By
the sum of operators theorem on Hilbert spaces due to Dore and Venni [DV87,
Remark 2.11] (see also [AFM98]) we deduce that A+ B is a sectorial operator on

D(A) N D(B) with
(4.16) |A¢||,, + | B¢, < I1A€ + Bel|,,. € € D(A) N D(B).

Using the joint functional calculus we wish to transfer this inequality to A and B.
For this note that the function f(z,w) = z(z +w)~! belongs to H*(X,, X 3, ,)



96 4. SECTORIAL OPERATORS AND H*-CALCULUS

since o4 +op < . Set gn(2) = (2 + w)pn(2)?¢n(w)? with ¢, as in (4.4). Then
g€ HY(Z,, x ¥,,) and by the resolvent identity we have

(A, B) = (A+ B)pn(A)*on(B)*.
Therefoze bZ the multiplicgtivity 0~f the joint H~ °°—cal~culus and (4.16) we have for
n€ R(A+ B) and € € D(A) N D(B) with n = A¢ + B¢
1 (A, B)pn (AP en(B) nllm = |1/ (A, B)(AE + BE)pn(A) on(B)*¢ | n

= |If (A, B)gn(4, B)¢| 1

= 1 4pn(A)*pn(B)%€|

< llen(A)?en(B) 0l
Taking the limit n — oo and using the density of R(A + B) in H, we see that
f(A, B) is bounded on H. By part (ii) of Theorem 4.4.1 we therefore obtain

ilég\l(fwn)(A,B)ﬂ«“H < ilégII(fwn)(g’ B)|| S If(A B

with ¥, (2, w) = @, (2)en(w). It follows that f(A, B) extends to a bounded operator
on X. Therefore we have for all x € D(A) N D(B)

[Apn(A)?on(B)?z| x = [If(A, B)gn(A, B)z| x
S A+ B)pn(A)?on(B)xlx
and taking the limit n — oo this implies
[Az]|x + || Bz|lx <2[|Az|lx +[|Az + Bz|/x < [[Az + Bz|x.

The closedness of A+ B now follows from the closedness of A and B. The sectoriality
of A+ B is proven for example in [AFM98, Theorem 3.1]. O

As we have seen before in this section, Theorem 4.4.8 can be strengthened if the
Euclidean structure « is either the - or the ¢2-structure. For a similar statement
using R-sectoriality we refer to [KWO01].

COROLLARY 4.4.9. Let A and B be resolvent commuting sectorial operators on
X. Suppose that A has a bounded H™ -calculus and B is a-sectorial with wgeo (A)+
wa(B) < m. Assume one of the following conditions:

(i) X has Pisier’s contraction property and o = 7.
(ii) X is a Banach lattice and o = (2.

Then A+ B is closed on the domain D(A) N D(B) and
|Az||x + ||Bz||x < C||Az + Bz||x, z € D(A) N D(B).
Moreover A+ B is a-sectorial with wo (A + B) < max{wpe (A),ws(B)}.

PrROOF. The first part of the statement follows directly from Theorem 4.3.5 and
Theorem 4.4.8. It remains to prove the a-sectoriality of A + B. Fix wq. e (4) <
oa < mand wy(B) < op < 7 such that o4 + op < 7 and take max{o 4,05} < v <
7. Let A € C\ ¥, and define

A

gr(z) == E(O\ —2)R(\ — z, B)), z2 €%y,
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Then gy € H*(X,,;T') with
[:={\R(\,B): A\€C\X,,}.

Note that ﬁ is uniformly bounded for A € C\ ¥, and z € %,,. Therefore since
I' is a-bounded it follows from Corollary 4.4.3 that the family

{ga(4) : A€ C\ D}
is a-bounded. By an approximation argument similar to the one presented in

Theorem 4.4.8 we have g)(A4) = R(\, A+ B). Therefore it follows that A + B is
a-sectorial of angle v. ]

4.5. a-bounded imaginary powers

Before the development of the H®-calculus for a sectorial operator A, the
notion of bounded imaginary powers, i.e. A% for s € R, played an important role
in the study of sectorial operators. We refer to [Bd92, DV87, Mon97, PS90] for
a few breakthrough results in using bounded imaginary powers.

Defined by the extended Dunford calculus, A% for s € R is a possibly un-
bounded operator whose domain includes D(A) N R(A). A is said to have bounded
imaginary powers, denoted by BIP, if A* is bounded for all s € R. In this case
(A%)4er is a Cp-group and by semigroup theory we then know that there are
C,0 > 0 such that |A%|| < Ce’l for s € R. Thus we can define

wprp(A) := inf{0 : ||A”| < Ce?*l s € R}.
It is a celebrated result of Priiss and Sohr [PS90] that wpp(A) > w(A) and it is
possible to have wpp(A) > 7, see [Haa03, Corollary 5.3]. If A has a bounded
H°-calculus, then A has BIP and since
(4.17) sup 2 < et teR

ZEX,

we have wpip(A) < wye(A) < m. Furthermore Cowling, Doust, McIntosh and
Yagi [CDMY96] showed that in this case wpp(4) = wy~(A). Conversely if X
is a Hilbert space and A has BIP with wgip(A) < 7, then A has a bounded H*°-
calculus. However, the example given in [CDMY96] shows that even for X = LP
with p # 2 this result fails, i.e. it is possible for a sectorial operator A on X without
a bounded H®°-calculus to have wgip(A4) < 7.

We will try to understand this from the point of view of Euclidean structures.
For this we say that a sectorial operator A has a-BIP if the family {e=?l*l4% : s €
R} is a-bounded for some 6 > 0. In this case we set

wa-pip(4) = inf{9 : (e_e‘slAis)seR is a—bounded}.
Since (A%)" = A% for |s| < m/w(A) and t € R (see [KW04, Theorem 15.16]),
we know that A® has (a-)BIP if A has (a-)BIP with
werp(A®) = |s|wep(4)
wa-B1P(A%) = [s|wa-p1p(4).

Moreover a-BIP implies BIP with wpip(4) < wapp(A). If « is ideal, we have
equality of angles.

PROPOSITION 4.5.1. Let o be an ideal Euclidean structure and let A be a sec-
torial operator on X. Suppose that A has a-BIP, then wpip(A4) = wa.pip(4).
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PROOF. Since « is ideal, we have the estimate ||A™|, < C||A™] for n € Z.
Take 6 > wpip(A), then by Proposition 1.2.3(iii) we know that

{efIMA™ ez}

is a-bounded. Combined with the fact that {A% : s € [~1,1]} is a-bounded we
obtain by Proposition 1.2.3(i) that w,.gip(4) < 6 O

The connection between (a)-BIP and (almost) a-sectoriality. We have
an integral representation of A*A*(1 + AA)~! in terms of the imaginary powers of
A, which will allow us to connect BIP to almost a-sectoriality. The representation
is based on the Mellin transform.

LEMMA 4.5.2. Let A be a sectorial operator with BIP with wpp(A) < 7. Then
we have for A € C with |arg(\)| + wpip(A) < 7 that

1 1 Lo
ANAS(14+MNA) ! = 7/ ——\"A" e, 0<s<l
2 Jg sin(w(s — it))
PrOOF. Recall the following Mellin transform (see e.g. [Tit86])
(4.18) /OOZSld i 0 < Re(s) < 1
. z= e(s .
o 142z sin(ms)’
Using the substitution z = ¢>™¢ this becomes a Fourier transform:
627735 . 1
2/72e_2’mgd§:,7‘, 0<s<l,teR
r 1+ e2m¢ sin(m(s — it))
Thus by the Fourier inversion theorem we have
2mitE 2 27s€
/. @ =2Y . 0<s<l,fcR
r sin(m(s — it)) 1+ e27¢

Therefore using the substitution z = e2™¢ we have

Zzt 225
4.19 — = dt = ——, 0<s<l,zeRy.
(4.19) /R sin(7(s — it)) 1+z +

for z € Ry, which extends by analytic continuation to all z € C with —7 < arg(z) <
.
Take w(A4) < v < 7 —|arg()\)| and let x € D(A) N R(A). Then A%z is given by
the Bochner integral
. 1 .
Ay = 2" p(2)R(z, A)y dz,

2wt Jp,

where ¢(z) = z(1+ 2)72 and y € X is such that + = ¢(A)y. Thus, by Fubini’s
theorem, (4.19) and |arg(\)| + v < 7, we have for 0 < s < 1

1/;%#’%&— i/ /Wdt (2)R(z, A)y dz
2 Jp sin(m(s — it)) 4w Jp, Jg sin(n(s —it)) 7 Y
= NA%(1+ \A) .

As AA has BIP with wpip(AA) < 7, the lemma now follows by a density argument.
O

As announced this lemma allows us to connect BIP to almost a-sectoriality.

PRrROPOSITION 4.5.3. Let A be a sectorial operator on X .
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(i) If A has a-BIP with wa.pp < w, then A is almost a-sectorial with
Da(A) < wa-prp(A4).

(i) If A has BIP with wgip < 7 and « is ideal, then A is almost a-sectorial
with (:)a(A) S WBIP (A)

PrOOF. Either fix w,pip(A) < 6 < 7 for (i) or fix wpp(4) < 6 < « for (ii).
Suppose that A1,..., A\, € C satisfy |arg(Ax)| < m — 6. Then for 0 < s < 1 and
x € X™ we have by Lemma 4.5.2

1 1 o
H(AZASR(_/\IWA)-Z'IC)Z:lHa < 2/ﬂg‘sin(7-‘-(s_it))‘u()\?€tl4n$k)2—1uadt
1 1 ‘
S e Ol
<3 /R [sin(r(s — it))] [A™ |l dt [[x]la
< Clxlla,

where we used that there is a 6y < 6 such that
6790\t|HAit”a < C
with C' > 0 independent of ¢ € R in the last step. O

With some additional effort we can self-improve Proposition 4.5.3(i) to conclude
that A is actually a-sectorial rather than almost a-sectorial. They key ingredient
will be the a-multiplier theorem (Theorems 3.2.6 and 3.2.8).

THEOREM 4.5.4. Let A be a sectorial operator on X. If A has a-BIP with
Wa-BIPp < T, then A is a-sectorial with we(A) < wa-prp(4).

ProoOF. We will show that for 0 < s < % the families of operators
Dy = {t°A*(1+tA)~' : ¢t >0}
are a-bounded uniformly in s. Since we have for z € D(A) N R(A)
;i_r%tl_sAs(t +A)le = ~tR(—t, Az
by the dominated convergence theorem, we obtain for z1,...,z, € D(A) N R(A)
and t1,...,t, > 0 that

I (=teB(=tr Aar) s |, < Honnf| (67°A @+ A) " an)yy [l

This implies that A is a-sectorial with
Wy (A) = (:)a (A) S Wa-BIP (A)
by Proposition 4.2.1 and Proposition 4.5.3.
We claim that it suffices to prove for f in the Schwartz class S(R; X) that

@) oo [ r-0at ]| < O e

where C' > 0 is independent of 0 < s < % and

ks(t) == L

= R.
2sin(m(s —it))’ te
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Indeed, assuming this claim for the moment, we know by Fubini’s theorem and
Lemma 4.5

// Az(t u)f( )du e—2m’t§ dt = / ks<t)Aite—27rit£ dt/ f(u>e—2m‘u£ du
R R
_ e—27r§sAs(1 + e—2w§A)—1f(£)
for any £ € R. Thus since the Fourier transform is an isometry on «(R;X) by
Example 3.2.3, we deduce that for any g € S(R; X)
€ = e 2™ A% (1 + 2™ A) g () laqrix) < O llgllacrx)s

which extends to all strongly measurable g: S — X in «(S;X) by density, see
Proposition 3.1.6. Then the converse of the a-multiplier theorem (Theorem 3.2.8)
implies that I's is a-bounded, which completes the proof.

To prove the claim fix 0 < s <  and set I, = [2m —1,2m+ 1) for m € Z. For
n € Z we define the kernel

) :st(t_u)ljj(t)1[j+n(u)7 t,u € R,
jEZ
where the sum consists of only one element for any point (¢,u). Since ks, € L'(R),
the operator T}, : L?(R) — L?(R) given by
= / K, (t,u)e(u) du, t eR,
R

is well-defined. By the Mellin transform as in (4.19) we know
k _ e 1 R
= — <
s(8) Lot =5 £ eR,

so by Plancherel’s theorem we have for ¢ € L?(R)

2
ITael 2wy = Z/ll ‘/ (t —u)p(u) 1y, (u) du| dt

JEZ
<> )1 dt = [|pl|72(w)-
jEZ J+n

Moreover since Ky, (t,u)| < |ks(t —u)| 1j4—y|>2(jn|-1) for t,u € R and

1
ks(t <= < el tH>1
kOIS Sy ¢ 0 2L
we have by Young’s inequality
Tl L2 (r)—22(R) < Coe™ 2", |n| > 2

for some constant Cy > 0. We conclude that T,, extends to a bounded operator on
a(R; X) for all n € Z with

—27|n|

1Tl a(r:x)—a@x) < Coe

For t € R define p(t) = 2j with j € Z such that ¢t € I;. Then [p(t) —t| <1 for
all t € R. Take w,.prp(A) < 6 < 7 and let Cq,Cy > 0 be such that

[{A™ = s e [-1,1]}]|, < Cn,
HA”H(X < Oy ee‘sl, seR.
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Now take a Schwartz function f € S(R;X) and fix n € Z. Noting that p(t) =
p(u) — 2n on the support of K,,, we estimate

= /R Ko (1 u) A1) F () du

a(R;X)

= It K. (t. 1) AX¢—p)+p(u)—u—2n) d
Je= [ Katt feodu]

< C’lHt}—) / Ko (£, 0) ATPO=u=21) £y dyy
R

a(R; X)
< 0y, e—27r\n| Ht — Ai(p(t)—t—2n)f(t)H

< CoCiCa e 2| £l )
using Theorem 3.2.6 in the second and last step. Since

ko(t—u)=> Ku(tu), tuck,
nez

a(R;X)

the claim in (4.20) now follows from the triangle inequality. (]

REMARK 4.5.5. If the X has the UMD property and A is a sectorial operator
with BIP, then it was shown in [CP01, Theorem 4] that A is y-sectorial. The proof
of that result can be generalized to a Euclidean structure o under the assumption
that a(R; X) has the UMD property, which in case of the «y-structure is equivalent
to the assumption that X has the UMD property. Note that the proofs of Theorem
4.5.4 and [CPO1, Theorem 4] are of a similar flavour. The key difference being
the point at which one gets rid of the singular integral operators, employing their
boundedness on a(R; X) and LP(R; X) respectively.

The characterization of H*-calculus in terms of a-BIP. With Theorem
4.5.4 at our disposal we turn to the main result of this section, which characterizes
when A has a bounded H-calculus in terms of a-BIP. For this we will combine
the Mellin transform arguments from 4.5.4 with the self-improvement of a bounded
H®>-calculus in Theorem 4.3.2 and the transference principle in Theorem 4.4.1.

THEOREM 4.5.6. Let A be a sectorial operator on X. The following conditions
are equivalent:

(i) A has BIP with wpip(A) < m and a-BIP for some Euclidean structure o
on X.
(i) A has a bounded H -calculus.

If one of these equivalent conditions holds, we have
wre (A) = wpp(A) = inf{wa.Brp(A) : @ is a Euclidean structure on X}

PROOF. Suppose that A has a bounded H*°-calculus and let wg~(4) < o < 7.
Then, by Theorem 4.3.2, there is a Euclidean structure o on X so that A has
a a-bounded H*°(X,)-calculus. By (4.17) this implies that A has a-BIP with
Wa-BIP < o and therefore

(4.21) inf{wa-prp(4) : o is a Euclidean structure on X} < wpe(A)

For the converse direction pick s > 0 so that ws.pp(A®) < 7. Then A% is a-
sectorial by Theorem 4.5.4 with wq,(A®) < wa.pip(A®). Take wy.pip(4°) < o < m,
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then by Theorem 4.4.1 we can find a sectorial operator A on a Hilbert space H

with w(A) = wgp(A) < o and such that

If(llexy SNy, feH®(%,).

Since BIP implies a bounded H*-calculus on a Hilbert space by [McI86], A
has a bounded H*°(X,)-calculus. Therefore A® has a bounded H®-calculus with
wre(A®) < m. So since the BIP and H*-calculus angles are equal for sectorial
operators with a bounded H°-calculus, it follows that

(422) W o (AS) = OJBIP(AS) = stIP(A) < sT.

Thus A has a bounded H*-calculus with wgye (A4) = s lwpe (A%) = wpip(A) by
Proposition 4.3.1. The claimed angle equalities follow by combining (4.21) and
(4.22). O

Combining Theorem 4.5.6 with Theorem 4.3.5 and Proposition 4.5.1 we obtain
the following corollary, of which the first part recovers [KW16a, Corollary 7.5]
COROLLARY 4.5.7. Let A be a sectorial operator on X.

(i) If X has Pisier’s contraction property, then A has a bounded H® -calculus
if and only if A has v-BIP with w,.pip(A) < m. In this case

Wi (A) = wy.ne (A) = wprp(A4) = wy.Brp(A4)

(i) If X is a Banach lattice, then A has a bounded H-calculus if and only
if A has (>-BIP with wyz_pip(A) < 7. In this case

Wi (A) = wpz_goe (A) = wrip(A) = wez_prp(A)



CHAPTER 5

Sectorial operators and generalized square
functions

Continuing our analysis of the connection between the H*°-calculus of sectorial
operators and Euclidean structures, we will characterize whether a sectorial opera-
tor A has a bounded H°-calculus in terms of generalized square function estimates
and in terms of the existence of a dilation to a group of isometries in this chapter.
Furthermore, for a given Euclidean structure a we will introduce certain spaces
close to X on which A always admits a bounded H*-calculus. In order to do so we
will need the full power of the vector-valued function spaces introduced in Chapter
3, in particular the a-multiplier theorem.

Our inspiration stems from [CDMY96], where Cowling, Doust, McIntosh and
Yagi describe a general construction of some spaces associated to a given sectorial
operator A on LP for p € (1,00). They consider norms of the form

(/) 1weaneg)™]

where 1 € H'(X,) for some w(A) < o < m. They characterize the boundedness
of the H*-calculus of A on X in terms of the equivalence of such expressions
with ||z||z». Further developments in this direction can for example be found in
[AMN97, FM98, KU14, KW16b, LL05, LM04, LM12].

In the language of this memoir the norms from [CDMY96]| can be interpreted
as

) x € D(A) N R(A),

Lp

1/2
[(] wearE) ], =1t stearsliog, g,

which suggests to extend these results to the framework of Euclidean structures by
replacing the £2-structure with a general Euclidean structure o. Therefore, for a sec-
torial operator A on a general Banach space X equipped with a Euclidean structure
a we will introduce the generalized square function norms ||t — (tA)x|| Ry, 9 X)
along with a discrete variant and study their connection with the H >_calculus
of A in Section 5.1. In particular, we will characterize the boundedness of the
H®>-calculus of A in terms of a norm equivalence between these generalized square
function norms and the usual norm on X. For the «-structure, which is equivalent
to the ¢2-structure on LP, this was already done in [KW16a] (see also [ HNVW17,
Section 10.4]). In Section 5.2 we will use these generalized square function norms to
construct dilations of sectorial operators on the spaces a(R; X ), which characterize
the boundedness of the H>-calculus of A.

Afterwards we introduce a scale of spaces Hg' 4 for 6 € R in Section 5.3, which
are endowed with such a generalized square function norm. These spaces are very
close to the homogeneous fractional domain spaces, but behave better in many re-
spects. In particular we will show that A induces a sectorial operator on these spaces

103
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which always has a bounded H°-calculus. Moreover we will show that these gen-
eralized square function spaces form an interpolation scale for the complex method
and that when one applies the a-interpolation method as introduced in Section 3.3
to the fractional domain spaces of A, one obtains these generalized square function
spaces. We will end this chapter with an investigation of the generalized square
function spaces for sectorial operators that are not necessarily almost a-bounded
in Section 5.4. This will allow us to construct some interesting counterexamples on
the angle of the H°°-calculus in Section 6.4.

As in the previous two chapters, we keep the standing assumption that « is a
Euclidean structure on X throughout this chapter.

5.1. Generalized square function estimates

Let A be a sectorial operator on X. As announced in the introduction of this
chapter, we start by studying the generalized square function norm

It > B(EA ] aqe, 20,
and its discrete analog

sup ||(v(2"tA)z)

re12] "€Z||Q(Z;X)

for appropriate € X. For a = « these norms were already studied in [KW16a]
(see also [HNVW17, Section 10.4]).

We would like to work with x such that ¢ — ¢(tA)x defines an element of
a(R4, %; X), rather than just being an element of the larger space a4 (R4, %; X).
Our main tool, the a-multiplier theorem (Theorem 3.2.6), asserts that a-bounded
pointwise multipliers act boundedly from a(R;, 4; X) to ay (R4, 9t X). We will
frequently use the following lemma to ensure that such a multiplier actually maps
to a(Ry, 9£; X) for certain z € X.

LEMMA 5.1.1. Let A be a sectorial operator on X and take w(A) < o < 7.
Let x € R(p(A)) for some p € HY(Z,), e.g. take x € D(A) N R(A). Then for
f € H®(X,) and ¢ € HY(X,) we have

(t = F(A)6(tA)) € a(Ry, % X),
(n— fA)Y(2"tA)z) € a(Z; X), tell,2].
ProOOF. We will only show the first statement, the second being proven anal-

ogously. Take w(A) < v < o and let y € X be such that z = p(A)y. By the
multiplicativity of the H °°—calculus we have

(5.1) FAY(tA)e = o / F()0(t2)p(2)R(z, A)y d.

For all z € T, the function ¢(-2) ® f(2)p(2)R(z, A)y belongs to a(Ry, 9¢; X), with
norm

[0 2 @y, a)l1f (2)(2) B(2, A)yllx-
By (4.1) we know that for any & € Hl(E ) we have ¢ € H?(X,/) for v < ¢’ < o, s0

su < 00.
ZGIPVW( 22wy, 2

We can therefore interpret the integral (5.1) as a Bochner integral in a(Ry, %; X),
which yields that f(A)y(-A)z defines an element of a(Ry, 95 X). O
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The equivalence of discrete and continuous generalized square func-
tion norms. Next we will show that it does not matter whether one studies the
discrete or the continuous generalized square functions, as these norms are equiv-
alent. Because of this equivalence we will only state results for the continuous
generalized square function norms in the remainder of this section. The statements
for discrete generalized square function norms are left to the interested reader, see
also [HNVW17, Section 10.4.a]. Situations in which one can take § = 0 in the
following proposition will be discussed in Corollary 5.1.5 and Proposition 5.4.5.

PROPOSITION 5.1.2. Let A be a sectorial operator on X, take w(A) < o <
and let ¢ € HY(,). For all0 < § < 0 — w(A) there is a C > 0 such that for
x € D(A)NR(A)

sup ||(¢¥(2"tA)z), oy L C max [|[Ye(-A)z|| yr, dt.x)s
te[L, 2]” ) ) EZHQ(ZJ() e:ié” ( ) || (Ry,9E:X)

and

P(-A < C sup sup ||(¥e(2"tA)x)nez .
[0, 40 < C sup sup (2" tA))nez] oz, x)

where . (z) = (e¥z).
ProOOF. For x € D(A) N R(A) and |e| < 6 we know that
(t = pe(tA)z) € a(Ry, 4 X),

(n— ¥ (2"tA)z) € a(Z; X), tell,2].
by Lemma 5.1.1. Therefore if o = « the first inequality follows from [HNVW17,
Proposition 9.7.10] with a = 0, b = §/log(2), a = o/log(2) and the observation
that z — 2% maps the strip

SU/log - {Z eC: |Im( )| < 0/ 10g(2)}
onto the sector . Analogously the second inequality for o = v follows from
[HN'VW17, Proposition 9.7.20] with o = 6/log(2). The proofs carry over to an
arbitrary Euclidean structure, as the only properties of the y-structure used in the

proof of HNVW17, Proposition 9.7.10 and Proposition 9.7.20] are (1.1) and the
right ideal property in (1.2) in the form of Proposition 3.2.1. O

The equivalence of the generalized square function norms for differ-
ent 1. The first major result of this section will be the equivalence of the contin-
uous generalized square function norms for different choices of 1 € H'(X,). As a
preparation let us note the following easy corollary of Jensen’s inequality.

LEMMA 5.1.3. Let h € L*(Ry, 9t). The opemtor Sp on L*(Ry, 4t given by

Shu(s / h(st)u(t)—, se Ry
is bounded with |[Su| < [|hllpr (g, at)-
PROOF. Let ¢ := ||hHL1(R+’%). By Jensen’s inequality and Fubini’s theorem
we have

(st)u dt 2d5< dtdsi 9
] h(styu(t) | = =l ),

which yiclds \|Shu||L2(R+ )< ||h||L1<R+ >\|u||L2(R+g . O
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We are now ready to prove the announced equivalence, which relies upon the a-
multiplier theorem. For the ¢2- and the ~-structure this recovers the corresponding
results from [LMO04] and [KW16a] respectively.

ProrOSITION 5.1.4. Let A be an almost a-sectorial operator on X. Take
Oa(A) < o < 7 and fix arbitrary non-zero ¥, p € HY(X,). For all f € H®(Z,)
and x € D(A) N R(A) we have

|FAV A q, ) S Il el Al
In particular, for f =1, we have
Hw(A)xHa(RJF,%X) = H |‘a(R+, LX)

ProoF. First fix f € HY(X,) N H*®(%,), let z € D(A) N R(A) and note that
both f(A)Y(-A)z and ¢(-A)z are in a(R;, 4;X) by Lemma 5.1.1. Let &n €
H'(X,) be non-zero such that

| comew -1

/000 f(tz)n(tz)cp(tz)% =1, Z € Xy,

which is clear for z € Ry and then in general by analytic continuation. Take
Wa(A) < v < 0. We use the properties of the Dunford calculus of A and Fubini’s
theorem to calculate

f(A) 27”/ / E(tz)n(tz) (tz)dtt)f(z)R(z,A) dz

:/O %/F E(t2)n(t2)p(t2) f(2)R(2, A) dz )it

° dt
- [ ceameareenT
0
With this identity, Fubini’s theorem and (4.6) we obtain for € X and s € Ry

F(A)yp(sA)e = / T U (sAE(tA(tA) F(A)p(tA)r

Then

_ L / (sz)=E AFR(z, 4) / A f(A)p(tA)e

21

dt dz
t 2

1 ZEI/ ZEI/ zeV g%
=50 ezﬂ/ Y(sAe / E(Ne" )N (t)p(tA)x Y

= % 3 s, (A > M(Xe™) - Se(t - N(t)w(tA)x)()\eie”))(s),
e=+1
where
M(z) = 22 A2 R(z, A), zex,
N(t) :=n(tA)f(A), teR,

and S), for h € L'(Ry,4t) is as in Lemma 5.1.3, which extends to a bounded
operator on functions in a(Ry, %; X) by Proposition 3.2.1.
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By Proposition 4.2.3 we have that {M(z) : z € X,} is a-bounded. For N we
recall the representation of (4.6)
1 1 1
N(t) = o [ ) f)E ARG )
r,

_ dz
T o ’

z

Thus since
SN T < Ul
we have by the almost a-sectoriality of A and Corollary 1.2.4 that
IIN @) st € Ridla S [ flla= ) Inlla s,)-

Moreover by Lemma 5.1.1 we have

N(Jo(-A)e = n(-A)f(A)e(-A)r € a(®y, 55 X)

where implicit constant depends on A.

Applying the boundedness of S¢ and Sy, and the a-multiplier theorem (Theorem
3.2.6) on M and N we obtain

1 (A (-A)allae, ax) < ISulllISell[{M(2) : 2 € So }],
V) <t € Ry Hlallol A, v
S ||f||H°°(z:c,)||<P('A)x|\a(n@+,%;x)’
where the implicit constant depends on v, £, 7 and A.
The same estimate for a general f € H*(3,) follows by approximating f by

fn = fon € HY(X,) N H®(X,) with ¢, as in (4.4), noting that f,(A)y(tA)z —
F(A)Y(tA)x for all t € Ry and appealing to Proposition 3.2.5(i). O

From Proposition 5.1.4 we can see that the square function norms corresponding
to ¢ and 1. as in Proposition 5.1.2 are equivalent when A is almost a-sectorial.
Thus we can take § = 0 in Proposition 5.1.4.

COROLLARY 5.1.5. Let A be an almost a-sectorial operator on X, take 0 (A) <
o< andlety € HY(X,). For all z € D(A) N R(A) we have

[Aallage, ) = sup (G DD mez]|, g0
te(1,2] ’
If the generalized square function norms are equivalent with ||-||x, it follows

immediately from Proposition 5.1.4 that A has a bounded H“°-calculus, which is
the content of the next theorem.

THEOREM 5.1.6. Let A be an almost a-sectorial operator on X and take 0 (A) <
o < m. If there are non-zero 1, p € H*(X,) such that for all x € D(A) N R(A)
1CA] o, ey S Bellx S AN,

then A has a bounded H®-calculus with wge(A) < 04 (A).

PROOF. Our claim follows directly from Proposition 5.1.4. Indeed, for f €
H*>(%,) for any @, (A) <v <o and z € D(A) N R(A) we have

1Azl < [IF(DetA)e]l, g, a.x
5 ||1/)(tA)xHa(R+,%;X) 5 H"T”X

which extends by density to all x € X. [
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The equivalence of the generalized square function norms with the
norm of X. In the second halve of this section we will turn to the converse of
Theorem 5.1.6, i.e. we will study when the boundedness of the H-calculus of
A implies the equivalence of the generalized square function norms with ||-||x. In
order to prove our results, we will need to use the adjoint of A. Recall that the
adjoint of a sectorial operator is a closed operator, which may not be a sectorial
operator as it may only have dense domain and dense range in the weak*-topology.
To remedy this we introduce the so-called moon dual, see e.g. [FW06, KWO04].
Define X* as D(A*) N R(A*), where the closures are taken in the norm topology of
X*. The moon-dual operator A* of A is the part of A* in X, i.e.

Alg = A*a*, x e D(AY) = {a* € D(A*) N R(A*) : A*z* € D(A*)}.
Then the following properties hold:
A% is a sectorial operator on X* with spectrum p(A*) = p(A*) = p(A).
Xt C X*is norming for X.
R(z, A%) is the restriction of R(z, A)* to X*.
o(A) x = p(A)z for ¢ € H(3,) and z* € X*.
If X is reflexive, then Xf = X* and Af = A*,
If A has a bounded H-calculus, then A? has a bounded H>-calculus

We will start by showing that, up to a smoothing factor ¢(A) for p € H*(%,),
we always have the equivalence of the generalized square function norms with ||| x.
Note that similar estimates hold for the adjoint A* on X* equipped with the Eu-
clidean structure o*, by applying the following proposition to A% on X*# equipped
with the Euclidean structure induced by o*.

PROPOSITION 5.1.7. Let A be a sectorial operator on X, let w(A) < o < 7 and
take mon-zero v, o € HY(3,). Then we have

[0 A)p(A)zllgr, ax) S lzllx, reX
and
le(A)z]|x S lv(-A)zllom, 2 x), z € D(A) N R(A).

PrOOF. For the first inequality fix x € X. Then we have ¢(-A)p(A)zr €
a(R4, 9 X) by Lemma 5.1.1. Furthermore by (4.6) we have for w(A) < v < ¢ and
t>0

dz

z

Y(iA) = 5 Z/ V() (=T A)2R(1, 21 4)
_ 27”,/ ’l/) Steew)( —e€iv —1A)1/2( e—eius—lA)%

S
— —1 eu/
=3 e e

with f.(z) := (e_e“’z)l/Q(l e V)l As f. € HY(X,) for w(A) < o/ < v, we
have by Fubini’s theorem and the mult1phcat1v1ty of the Dunford calculus

& ds
/0 Ife(s (A — S If s, nllelm s,

ds
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Therefore, by property (1.1) of a Euclidean structure and (4.1), we have
[9(-A)e(A)zll oy, 4t x)

< Z tn—)/ Y(s™ e ™) f(sA)p(A)x—

e==1 a(Ry,4t:X)
d
S S A N O e
e==+1

) d
= 3 e b ey [ 1A S
5L 0 S

e=%1

which proves the first inequality. Applying this result to A* on X* equipped with
the Euclidean structure induced by a* yields

(5-2) ICA (A) 0" ooy 2 x0) S le”llxe 2" € X,
For the second inequality take z € D(A) N R(A). Then by Lemma 5.1.1 we

have ¢(-A)z € a(Ry, 4; X). Thus, since 1 € H*(E4/) for w(A4) < o’ < o by (4.1),
we have by (4.3) and the multiplicativity of the Dunford calculus

cx = /OOO w(tAy (tA)e St

where 1*(2) := () and ¢ = [;"|(t)|*$ > 0. Applying Proposition 3.2.4 and
(5.2) we deduce for any x* € X*

dt

o) <t [Tl v ey eara) T

<c Myl )x||(x(R+, X)H"/) (-A) p(A)" ‘T"a*(R+ i X)
S Azl o, 2 x)lle [l x-,
so taking the supremum over all z* € X*# yields the second inequality. g

If we assume the Euclidean structure a to be unconditionally stable and A
to have a bounded H-calculus, we can get rid of the ¢(A)-terms in Proposition
5.1.7. For the Euclidean structures ¢? and v, this recovers results from [CDMY 96,
KW16a]

THEOREM 5.1.8. Let A be a sectorial operator on X with a bounded H®°-

calculus and assume that « is unconditionally stable. Take wy~(A) < o < 7w and
let ¢ € HY(Z,) be non-zero. Then for all x € D(A) N R(A) we have

lz|lx =~ ||t — ¢(tA)x|| P(2"tA)x)

a(Ry,dt;x) = t:ﬁpz]ﬂ( nGZHa(Z;X)'

PROOF. Let wy=(A4) < o’ <o and ¢ € H'(X,/). Note that (¢(2"tA)z)nez is
an element of «(Z; X) by Lemma 5.1.1 and the functions

n

f) = 3 ap(@hez)

k=—n

are uniformly bounded in H*(%,) for ¢t € [1,2], |ex| = 1 and n € N by Lemma 4.3.4.
Therefore, since « is unconditionally stable and A admits a bounded H °-calculus,
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we have for all x € D(A) N R(A)

2"t A) ), < 2kt A
up @ D el o) 5 sup, sy sup | 3 e et)el

S lllix-

Taking ¢ = % in this inequality yields the first halve of the equivalence between
the generalized discrete square function norms and ||-||x. Furthermore, using this
inequality with ¢ = ¢, = 1(e’*-) with € < o — ¢’, we have by Proposition 5.1.2

Ao sty S 500 sup (02t Dnezl] ) S ol
le|<o—0o’ te[l,2] ’

For the converse inequality we apply this result to the moon dual A* on X*
equipped with the Euclidean structure induced by a* to obtain

1WA 2 or @y 2t xy S 27 llxe, 2 € D(AT) N R(AY).

Since ¢ € H%(Z,) for w(A) < o’ < o by (4.1), we have by the Calderén reproducing
formula (4.3)

cx = /Om w(tA)qp*(tA)x%

where ¢*(z) := ¢(Z) and ¢ = f0°o|1/)(t)|2% > 0. Applying Proposition 3.2.4, we
deduce for any =* € D(A*) N R(A*)

i<t [l v eara§

<c ! \\¢('A)$|‘a(R+,%;X)||¢*('A)*I||a*(R+,%;X)
S IPCA)zllaw, e x) 127 x

t

So since D(A*) N R(A*) is norming for X, this yields
”‘T”X /S ||¢('A)m”a(m+,%;x)~

Another application of Proposition 5.1.2 yields the same inequality for the discrete
generalized square function norm, finishing the proof. O

The equality of the angles of almost a-sectoriality and H°°-calculus.
To conclude this section, we note that, by combining Theorem 5.1.6 and Theorem
5.1.8, we are now able to show the equality of the almost a-sectoriality angle and the
H®°-calculus angle of a sectorial operator A. Using the global, ideal, unconditionally
stable Euclidean structure ¢9 this in particular reproves the equality of the BIP
and bounded H*-calculus angles, originally shown in [CDMY96, Theorem 5.4].
Furthermore if A is a-sectorial this implies wpe(A) = wy(A), which for the -
structure was shown in [KWO01].

COROLLARY 5.1.9. Let A be an a-sectorial operator on X with a bounded H°-
calculus and assume that « is unconditionally stable.
(1) If A almost a-sectorial, then wio (A) < Dy (A).
(i) If « is ideal, then A is almost a-bounded with

WHoo (A) = WBIP (A) = (:)a (A)



5.2. DILATIONS OF SECTORIAL OPERATORS 111

PRrROOF. For (i) we know by Theorem 5.1.8 that for wye < o < 7 and a
non-zero ¥ € H(%,)

@] = ||t — (tA)z|| x € D(A) N R(A).

a(Ry, 45 X)?
Thus, by Theorem 5.1.6, we know that wye (A4) < @, (A4). (ii) follows from (4.17)
and Proposition 4.5.3. O

5.2. Dilations of sectorial operators

Extending a dilation result of Sz-Nagy [SN47], Le Merdy showed in [LM96,
LM98] that a sectorial operator A on a Hilbert space H with w(A) < 7 has

a bounded H*-calculus if and only if the associated semigroup (e *4)

dilation to a unitary group (U(t));cg on a larger Hilbert space H, i.e. A has a
dilation to a normal operator AonH. By the spectral theorem for normal operators
(sce e.g. [Con90, Theorem X.4.19]) we can think of A as a multiplication operator.

In this section we will use the generalized square functions to characterize the
boundedness of the H*-calculus of a sectorial operator A on a general Banach
space X in terms of dilations. We say that a semigroup (U(t)):>0 on a Banach

+>0 has a

space X is a dilation of (e74);>0 if there is an isomorphic embedding J: X — X

and a bounded operator (): X — X such that
e =QUt)J, t>0.
A sectorial operator A on X is called a dilation of A if there are such J and Q@ with
R\ A) = QRN A, ANEC\T, L (a)w(in

This can be expressed in terms of the commutation of the following diagrams

x5 X RO ¢
Teod Ty

Taking ¢ = 0 in the semigroup case we see that @QJ = I and J@Q is a bounded
projection of X onto R(J). The same conclusion can be drawn in the sectorial
operator case by

= lim \A+A) "'z = lim \QA+ A) "z =QJz, z¢cX,
A—o00 A—o00

We will choose X = a(R; X) for an unconditionally stable Euclidean structure
a on X and for s > 0 consider the multiplication operator M given by

Mg(t) = (it)=%g(t), teR

for strongly measurable g: R — X such that g, Mg € a(R; X). Note that the
spectrum of M, is given by

o(My) = 0%,
and that for a bounded measurable function f: ¥, — C with s < ¢ < 7 the
operator f(My) defined by

FMo)g(t) = f((it)**)g(s), teR
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extends to a bounded operator on «(R; X) by Example 3.2.2. Hence M, has a
bounded Borel functional calculus and is therefore a worthy replacement for normal
operators on a Hilbert space.

If M, on a(R; X) is a dilation of a sectorial operator A on X for w(4) < s <,
we have for f € H'(X,) N H®(3,) with s < v < o < 7 that

F4) = 3= [ FEIQREM)T 42, = Q7M.

where f(M,) can either be interpreted in the Borel functional calculus sense or the
Dunford calculus sense. Therefore, the fact that M is a dilation of A implies that
A has a bounded H*°-calculus and we have for f € H*(%,)

(5.3) fA) = Qf (M) J.

The converse of this statement is the main result in this section, which characterizes
the boundedness of the H>-calculus of A in terms of dilations.

THEOREM 5.2.1. Let A be a sectorial operator on X and w(A) < s < 7.
Consider the following statements:
(i) A has a bounded H*®(X,)-calculus for some w(A) < o < s.
(i) The operator M on a(R; X) is a dilation of A for all unconditionally
stable FEuclidean structures o on X.
(iii) The operator My on a(R; X) is a dilation of A for some Fuclidean struc-
ture a on X.
(iv) A has a bounded H* (X, )-calculus for all s < o < .
Then (i) = (ii) = (iit)) = (iv). Moreover, if A is almost a-sectorial with
wa(A) < s for some unconditionally stable Euclidean structure «, then (iv) = (i).

Since v(R; H) = L?(R; H) and w(A) = @, (A) for a sectorial operator A on a
Hilbert space H, Theorem 5.2.1 extends the classical theorem on Hilbert spaces
by Le Merdy [LM96]. If X has finite cotype, the vy-structure is unconditionally
stable by Proposition 1.1.6, so we also recover the main result from Frohlich and
the third author [FWO06, Theorem 5.1]. For further results on dilations in UMD
Banach spaces and LP-spaces we refer to [FWO06] and [AFL17].

PROOF OF THEOREM 5.2.1. For (i) = (ii) we may assume without loss of
generality that s = 7, as we can always rescale by defining a sectorial operator
B := Az and using Proposition 4.3.1 and the observation that (My)% = M.

Define for € D(A) N R(A)

Jz(t) := AY?R(it, A)x  teR.
Setting ¥4 (z) = ;;—/_22, we have
Jr(t) =t Y2, (7 A)x, teRy,
Jo(—t) =t7V2p_(t71A)x, teR,.
Therefore Jz € a(R; X) by Lemma 5.1.1 and using Proposition 3.2.1 we obtain
12l = 64 (EAVT e, ) + 6 (EA o, a3
Now by Theorem 5.1.8 the bounded H> (X, )-calculus of A implies that

72| x) = [,
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so by density J extends to an isomorphic embedding J: X = a(R; X). Next take
g € a(R; X) such that ||g(t)||x < (1+ [t|)~! and define the operator

Qg = — / AV2R(—it, A)g(t)dt € X,
T JR
where the integral converges in the Bochner sense in X, since

|AY2R(—it, A) teR.

H<L
~ |t‘1/27

By the a-Holder inequality (Proposition 3.2.4) and Theorem 5.1.8 applied to the
moon dual A% on X* equipped with the Euclidean structure induced by a*, we have
for z* € D(A*) N R(A*) that

(Qg.a™)] < /\@ ) Y2 (g (LAY + g (£ A) )

< llgllax) (104 (EA) @ |a*(R+,%X*) + 1Y (tA)*x*||a*(R+,%X*))
S lgllasx) 2]

Since D(A*) N R(A*) is norming for X and using Proposition 3.1.6, it follows that
Q extends to a bounded operator @Q: a(R; X) — X. To show that Mz on a(R; X)
is a dilation of A we will show that

(5.4) R\, A) = QR(A\, M=) J, A€ C\ig.
First note that for ¢ € R we have by the resolvent identity

AR(it, AYR(—it, A) = —i(AR(it,A) — AR(—it, A))

= —%(R(it, A) + R(—it, A)).

So since
sup |AY2R(it, A)z|x < oo,  x€ R(AY?)

teR
by the resolvent equation, we have for z € D(A) N R(A) and A € C\ ¥z that
1
——AY2R(it, A) 1+t teR
| ARGt Al S A+ 1) e

and therefore

QR Mz)Jz == /A1/2R —it, A) s —— ! _tA1/2R(it,A)mdt
—1

/)\—zt (it A)xdt——//\_ZtR( —it, A)x dt

! R(z, A):cdz—i—f/

" 2mi Fx A— 2 2mi
=R\ A)zx,

where the last step follows from [HNVW17, Example 10.2.9] and Cauchy’s theo-
rem. This proves (5.4) by density.

The implication (ii) = (iii) follows directly from the fact that the global lattice
structure ¢9 is unconditionally stable on any Banach space X by Proposition 1.1.6.
Implication (iii) == (iv) is a direct consequence of (5.3). Finally, if A is almost

T R(z,A)x dz
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a-sectorial with @, (A) < s for some unconditionally stable Euclidean structure a,
(iv) = (i) is a consequence of Corollary 5.1.9. O

As a direct corollary we obtain a dilation result for the semigroup (e='4);>o.
Note that we could use any M with @,(A) < s <7, but only M= yields a group
of isometries.

COROLLARY 5.2.2. Let A be an almost a-sectorial operator on X with &4 (A) <
Z and assume that « is unconditionally stable. Then the following are equivalent

2
(i) A has a bounded H*-calculus.
(i) The group of isometries (U(t))ier on a(R; X) given by U(t) = e M3 s
a dilation of the semigroup (e*tA)tZO.

PRrROOF. The implication (i)=-(ii) follows directly from Theorem 5.2.1 and (5.3)
for fi(z) = e '* with ¢ > 0. For the implication (ii)=>(i) we note that from the
Laplace transform (see [HNVW17, Proposition G.4.1])

R\ A)x = —/ eMe g dt, ReA <0,z € X,
0

and a similar equation for Mz we obtain that Mz on a(R; X) is a dilation of A,

which implies the statement by Theorem 5.2.1. (I

To conclude this section, we note that for Banach lattices we can actually
construct a dilation of (e*tA)tZO consisting of positive isometries. This provides a
partial converse to the result of the third author in [Wei01b, Remark 4.c] that the
negative generator of any bounded analytic semigroup of positive contractions on
LP has a bounded H*-calculus with wy~(A) < 5. For more elaborate results in
this direction and a full LP-counterpart to the Hilbert space result from [LIM98|
we refer to [AFL17, Facl4b]

COROLLARY 5.2.3. Let A be a sectorial operator on an order-continuous Banach
function space X and suppose that A has a bounded H -calculus with wg~(A) < T.
Then the semigroup (e™*4)

(Ut))ter on £2(R; X).

t>0 has a dilation to a positive Co-group of isometries

ProOF. Let J and @ be the embedding and projection operator of the dilation
in Theorem 5.2.1(ii) with o = £2. Let F denote the Fourier transform on ¢*(R; X)
and define

R(\A) = QR(\ M35)J = QuROAN)Jx,  AeC\ Ty,

where

1 _1d

Ni=F "MzF = 5 qt
on 2(R; X), Jy := F~1J and Qu = QF. Since the Fourier transform is bounded
on £%(R; X) by Example 3.2.3, we obtain that (e=*V),c is a dilation of (e7*4);>¢
by (5.3) for f;(z) = e™** with ¢ > 0. Now the corollary follows from the fact that
(e7™M);er is the translation group on ¢2(R;X), which is a positive Co-group of
isometries by the order-continuity of X, the dominated convergence theorem and
Proposition 3.1.11. (]
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5.3. A scale of generalized square function spaces

For a sectorial operator A on the Banach space X the scale of homogeneous
fractional domain spaces Xg, 4 reflects many properties of X and is very useful in
spectral theory. However, the operators on Xe, 4 induced by A may not have a
bounded H®°-calculus or BIP, the scale Xg’ 4 may not be an interpolation scale
and even for a differential operator A they may not be easy to identify as function
spaces. Therefore one also considers e.g. the real interpolation spaces (X, D(A))g 4
for ¢ € [1,00], on which the restriction of an invertible sectorial operator A always
has a bounded H*-calculus (see [Dor99]), and which, in the case of A = —A on
LP(RY), equal the Besov spaces Bgfq(Rd). However, these spaces almost never equal
the fractional domain scale X4 4 (see [KWO05]).

In this section we will introduce a scale of intermediate spaces Hg', which
are defined in terms of the generalized square functions of Section 5.1. These
spaces have, under reasonable assumptions on A and the Euclidean structure «,
the following advantages:

(i) They are “close” to the homogeneous fractional domain spaces, i.e. for
m < 6 < my we have continuous embeddings
Xm,A n an,A — H;A(QD) — Xm,A + X7727Aa

see Theorem 5.3.4.

(ii) The sectorial operator A|gg , induced by A on Hg , has a bounded H*-
calculus, see Theorem 5.3.6.

(iii) The spaces Hg , and Xp.a are isomorphic essentially if and only if A
has a bounded H*-calculus (see Theorem 5.3.6). In this case the spaces
Hg 4 provide a generalized form of the Littlewood—Paley decomposition
for X@ﬁ 4, which enables certain harmonic analysis methods in the spectral
theory of A. In particular, if A = —A on LP(R%) with 1 < p < oo, then
Hy 4= H??(R%) is a Riesz potential space.

(iv) They form an interpolation scale for the complex interpolation method
and are realized as a-interpolation spaces of the homogeneous fractional
domain spaces. (see Theorems 5.3.7 and 5.3.8).

Let us fix a framework to deal with the fractional domain spaces of a sectorial
operator A on X. Let # € R and m € N with |§] < m. We define the homogeneous
fractional domain space Xg’ 4 as the completion of D(A?) with respect to the norm

x> ||A%2]| x. We summarize a few properties of X97A in the following proposition.
We refer to [KWO04, Section 15.E] or [Haa06a, Chapter 6] for the proof.

PRrROPOSITION 5.3.1. Let A be a sectorial operator on X and take 0 € R.
(i) D(A™) N R(A™) is dense in Xg 4 for m € N with |0] < m.

(i) Forni,me >0 we have X, a4 N X_y, 4 = D(A™) N R(A™),

(iii) For my < 0 < n9 we have the continuous embeddings

XWI’A N an,A — XQ’A — XTILA + X772’A

The spaces H&A(zb) and their properties. Now let us turn to the spaces
Hg 4, for which we first introduce a version depending on a choice of ¢ € H L(s,).
Let A be a sectorial operator on X. Assume either of the following conditions:

e « is ideal and set wy 1= w(A).
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e A is almost a-sectorial and set w4 := &(A).
Let wa < o <, ¢ € H(X,) and take § € R and m € N with || +1 < m. We
define Hg' 4(¢) as the completion of D(A™) N R(A™) with respect to the norm

T — ’|¢('A)A6$||Q(R+,%;X)'

We write
Hg 4 := Hg 4(p), p(z) =221+ 2)7"

By Lemma 5.1.1 we know that ¢(-A) A% € a(Ry, &; X) for any 2 € D(A™)N

R(A™) and ¢(-A)A%x = 0 if and only if # = 0 by (4.3), so the norm on Hg 4 () is
well-defined.

REMARK 5.3.2.

e On Hilbert spaces these spaces were already studied in [AMN97]. For
the ~-structure on a Banach space these spaces are implicitly used in
[KKWO06, Section 7] and they are studied in [KW16b] for 0-sectorial
operators with a so-called Mihlin functional calculus. In [Haa06b] (see
also ([Haa06a, Chapter 6]), these spaces using L?(R4, 4; X)-norms in-
stead of a(Ry, %;X )-norms were studied and identified as real inter-
polation spaces. Furthermore, for Banach function spaces using X (¢7)-
norms instead of a(Ry, %;X )-norms, these spaces were developed in
[KU14, Kunl5].

e For 1) € H'(S,) such that ¢ € HY(S,) for ¢(z) := 2%1(z), we have the
norm equality

lollarg o) = |t =t A, ar,x

for x € D(A™) N R(A™). Viewing J(tA) as a generalized continuous

Littlewood-Paley decomposition, this connects our scale of spaces to the

more classical fractional smoothness scales.

Before turning to more interesting results, we will first prove that the Hg' 4 (1)-
spaces are independent of the parameter m > |#|+ 1. This is the reason why we do
not include it in our notation.

LEMMA 5.3.3. The definition of Hg 4(¥) is independent of m > [0] + 1.

ProOF. Tt suffices to show that D(A™F)NR(A™ ') is dense in Hg 4 (¢), which
is defined as the completion of D(A™) N R(A™). Fix x € D(A™) N R(A™) and let
¢ as in (4.4). Then ¢, (A) maps D(A™) N R(A™) into D(A™T1) N R(A™*). We
consider two cases:

e If « is ideal, then since ¢, (A)x — = in X we have
D(-A)Apn(A)r — (- A) A%

in a(R4, 9; X) by Proposition 3.2.5(iii).
e If A is almost a-sectorial, let y € D(A™! N R(A™~1) be such that z =
0(A)y with p(2) = 2(1 + 2)~2. Since we have for any n € N and z € %,
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that
1
z

(2 (pn(2) = D] = | == = “—|

n—i—z(l—l—z)Qin—i—%(l—i—z)Q

1 22 1 2
< = < =
~ n<(1+z)2 + (1+z)2) —n’
we deduce by Proposition 5.1.4 that
im [[(-A) A%, (A)z — (A A2y a, 25

< Jim [le(en — 1l ) 1A Al o, 2t ) = 0

Thus we obtain in both cases that D(A™*') N R(A™*1) is dense in Hg' 4 (). O

We start our actual analysis of the Hg' 4(1)-spaces by proving embeddings that
show that they are “close” to the fractional domain spaces X97 A

THEOREM 5.3.4. Let A be a sectorial operator on X. Assume either of the
following conditions:

o « is ideal and set wy = w(A).
e A is almost a-sectorial and set wa = @0(A).

Let wa < 0 < 7 and take a non-zero v € HY(X,), then for m1 < 0 < 12 we have
continuous embeddings

an,A N XﬁzﬁA — Hg,A("p) — Xm,A + an,A

PROOF. By density it suffices to show the embeddings for z € D(A™)NR(A™)
for some m € N with 77, —n2 <m — 1. Set

e = min{f — 1,2 — 0}
and define p(z) = 2¢(1 + 2)~2. Then by (4.5) we have that
©(A)7' D(A) N R(AS) — X
is given by ¢(A) ™! = A°+A~“+21. For the first embedding we have by Proposition
5.1.7 and Proposition 5.3.1(iii)
Il ezg , vy = [0 (A)p(A)p(A) T A%, a2,
< ||A% x4+ AP x4+ 24% | x
< =l

X771 ,AmX"ILA

For the second embedding we have by A’z € D(A) N R(A), Proposition 5.3.1(iii)
and Proposition 5.1.7

12l x,, sy a S lP(AA°+ AT 2D Lo
<llp(A)A%lx, , , + (DA™ 2l %, +2lle(Azllx, ,
5 ||1/J('A)Aex||a(R+,%;X)7

which finishes the proof of the theorem. O
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The sectorial operators A|X3 , and their properties. In the scale of frac-

tional domain spaces Xa’ 4 one can define a sectorial operator A| X, , ON Xg, 4 for
0 € R, which coincides with A on

D(A_GAAG) = Xmin{H,O},A n X1+max{0,0},Aa
see [KWO04, Proposition 15.24]. We would like to have a similar situation for the
spaces Hg' 4 (1), which is the content of the following proposition.
PROPOSITION 5.3.5. Let A be a sectorial operator on X and take n; < 6 < ns.
Assume either of the following conditions:

e « is ideal and set wy = w(A).
o A is almost a-sectorial and set wy = @w(A).

Let wa < o <7 and ¢ € HY(Z,). Then there is a sectorial operator A‘HE‘A(dJ) on
Hg 4 () with w(Alpg ,(y)) < wa satisfying

Algg ()T = Az, 2 € Xnin{n.03.4 N X1 4max{na, 03,45
and for A € C\ 2,
R()‘v A|H:A(w))x = R(Aa A)ZL’, HS Xmin{nl,()},A N Xmax{ng,O},A~

PRrROOF. Let m € N such that |f] +1 < m. Either by the ideal property of «
or by Proposition 5.1.4 we have for z € D(A™) N R(A™) and wa < v < 7 that

(55) ||)\R(/\, A)I|‘H3A(’¢) S CV ||I||HaA(¢), )\ S C\iy

Thus, since D(A™) N R(A™) is dense in Hg 4(), R(\, A) extends to a bounded
operator Ra(A) on Hg' 4(3) for A in the open sector

Y:=C\Z,-
We will construct A| HE (1) from R4, as we also did in the proof of Theorem
4.4.1. Note that for z € thA N XW%A we have

lim [[tRa(=t)e + 2l nx,. =0
lim [tRa(=t)ollx, ,rx,, o =

and thus, by density and one of the continuous embeddings in Theorem 5.3.4, we
have for all z € Hg' 4 ()

(5.6) Jim [[tRa(=t)z + @[l g , () = 0

(5.7) lim [[tRA(=0)2 g ) = 0

Using the density of D(A™)NR(A™) in Hg' 4 (1) we also have the resolvent equation
Ra(z) — Ra(w) = (w — z)Ra(z)Ra(w), z,w € X,

which in particular implies that if R4(2)z = 0 for some 2z € ¥ and = € Hg 4(¥),
then Ra(—t)x =0 for all t > 0, so Ra(2) is injective by (5.6).

We are now ready to define Algg  (y). As domain we take the range of R4(—1)
and we define

A|H90¢7A(w) (RA(*].)Z’) = =T — RA(fl)l‘a HAS H&A(w)
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Then by the resolvent equation we have R(A, A| HE , »)) = Ra(A) for A € ¥. Fur-
thermore A Hg () Is injective, has dense domam by (5.6) and dense range by
(5.7) (see [ENOO Section III.4.a] and [HNVW17, Proposition 10.1.7(3)] for the
details). So by (5.5) we can conclude that A| Hg () 1s a sectorial operator with
w(Almg () < wa.

To conclude take x € Xmm{m 0}, AﬂXHmax{m 0},4 and let y := (I +A)z. Then
Yy € H&A(l/}) N X by the embeddings in Proposition 5.3.1 and Theorem 5.3.4 and
thus Ra(—1)y = R(—1, A)y = —x. Therefore we have

Similarly for x € Xmin{m,o},AﬁXmax{ng,O},A we have x € H&A(w) NX and therefore
R()\, A|H(§"A(1/)))$ = RA()\):Z? = R()\, A):Z?, A€,
which concludes the proof. O

If A is almost a-sectorial, then the spaces Hg' 4 (1) are independent of the choice
of ¢ € H'(X,) by Proposition 5.1.4 and thus all isomorphic to Hg' ,. In this case
the spaces Hg' 4 and the operators Al HY (1) have the following nice properties:

THEOREM 5.3.6. Let A be an almost a-sectorial operator on X.
(i) Alug , has a bounded H*-calculus on H§ , with wi=(Almg ,) < @a(A)
for all 0 € R.
(i) If Hg' y = ngA isomorphically for some 0 € R, then A has a bounded
H>-calculus on X.
(iii) If A has a bounded H-calculus on X and « is unconditionally stable,

then Hg' 4 = Xp.a for all 6 € R.

PRrROOF. Fix § € R and m € N with |§] +1 < m. Let € D(A™) N R(A™),
then by Proposition 5.3.5 we know f(A)x = f(A|mg )z for f € H*(X,) with
w(A) < o < 7, so by Proposition 5.1.4 we have

1 (Alag Dl g, = [ (A)pEA)2]| o, 1 x)
S ezl om, e x) = |2l ,

with ¢(z) := 2'/2(1 + 2)~1. Now (i) follows by the density of D(A™) N R(A™) in
Hg . For (i) we set y = A~% and estimate

[F(Dzlx = 1/ (ADyllx, , = I1F( Dyl ,, S ylag, = lvlx, , = l=lx,

from which the claim follows by density. Finally (iii) is an immediate consequence
of Theorem 5.1.8 and another density argument. O

Interpolation of square function spaces. We will now show that there is
a rich interpolation theory of the Hy' 4-spaces. First of all we note that Hg' , is the
fractional domain space of order 6 of the operator A| Hg , on Hg 4 and Al Hg , has
a bounded H*°-calculus, and thus in particular BIP, by Theorem 5.3.6. Therefore
it follows from [KW04, Theorem 15.28] that Hg , is an interpolation scale for the
complex method. We record this observation in the following theorem.
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THEOREM 5.3.7. Let A be an almost a-sectorial operator on X. Let 0,0, € R,
0<n<1landf=(1-n)0y+nb1. Then

Hg 4 = [Hg, 4, Hp, aly
isomorphically.

Our main interpolation result will be the interpolation of the fractional domain
spaces using the the a-interpolation method developed in Section 3.3. We will
show that this yields exactly the spaces Hy' 4. In [KKWO06, Section 7] this result
was already implicitly shown for the Rademacher interpolation method, which is
connected to the y-interpolation method by Proposition 3.4.2.

We know that Alpg , has a bounded H*-calculus on Hg', by Theorem 5.3.6.
Therefore one can view the following theorem as an a-interpolation version of the
theorem of Dore, which states that A always has a bounded H®°-calculus on the
real interpolation spaces (Xg, 4, Xo,,4)5.q for ¢ € [1,00] (see [Dor99] and its gen-
eralizations in [Dor01, Haa06b, KK10]).

THEOREM 5.3.8. Let A be an almost a-sectorial operator on X . Let 0y,0; € R,
0<n<1land=(1-n)0y+nb:. Then

Hg y = (Xoy,4, Xo,.4)8
isomorphically.

PROOF. Assume without loss of generality that 6; > 6y, take x € D(A™) N
R(A™) for m € N with || + 1 < m and fix @,(A) < o < m. Let ¢ € H(Z,) be
such that [;%(t)4L =1 and

t
V= (2 2%70(2)) e H'(S,), j=0,1
First consider the strongly measurable function f : Ry — D(A™) N R(A™) given
by
=N
t) =
Then, by (4.3) and a change of variables, we have fooo t"f(t)% = z and thus, by
Proposition 3.4.1 and Proposition 5.1.4, we have

St Az, teR,

Hx”(Xso,mXel,A)% < }E%fi It — tJf(t)||a(R+,%;X9j,A)

= max [t 05—

0547 A) A2

495 X)
~ Yl .

Conversely, take a strongly measurable function f: Ry — D(A™) N R(A™)
such that t — 7 f(t) € a(Ry, %;Xg, 4) for j = 0,1 and [;7t"f(t)4 = z. Let
¢ € H'(3,) be such that

@; = (z zefejgo(z)) c H'(Z,), j=0,1

Then, since A is almost a-sectorial, we have by Proposition 5.1.4, Proposition 4.2.3
and Theorem 3.2.6 that

o _ _p..ds
lellag, = [lo(tA)A® [ (st =00y f (st =) 2 e
0 S t

! ds
0 01—6
S [ et A® 16t ),y
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e ds
6,—06 61 6,—6
+/1 o (A 4% F )| S

1 B ds
5/0 San(Stel 90)||a(R+v%;X‘9O~A)?
ds

o0
(n=1) || 501 =00 (54010 o, a) 5
+ﬁ S HSt LR f (st O)Ha(R+,%;X91,A) s

< J .
< max £ 0L Olae, 115, 00

Taking the infimum over all such f we obtain by Proposition 3.4.1
lllmrg , S M2l 0 a0, 0080

so the norms of Hg 4 and (XQOVA,X‘gl,A)% are equivalent on D(A™) N R(A™). As

D(A™) N R(A™) is dense in both spaces, this proves the theorem. O

In [AMN97, Theorem 5.3] Auscher, McIntosh and Nahmod proved that a
sectorial operator A on a Hilbert space H has a bounded H“°-calculus if and only if
the fractional domain spaces of A form a interpolation scale for the complex method.
As a direct corollary of Theorem 5.3.6 and Theorem 5.3.8 we can now deduce
a similar characterization of the boundedness of the H°°-calculus of a sectorial
operator on a Banach space in terms of the a-interpolation method.

COROLLARY 5.3.9. Let A an almost a-sectorial operator on X and suppose that
« is unconditionally stable. Then A has a bounded H®°-calculus if and only if

Xo.a = (Xoy,4, Xo,,4)2
for some 0y, 6, eR, 0<n <1 andd = (1—n)8+nb;.

In [KKWO06] perturbation theory for H-calculus is developed using the
Rademacher interpolation method, which is equivalent to the y-interpolation method
on spaces with finite cotype by Proposition 3.4.2 and Proposition 1.0.1. Naturally,
these results can also be generalized to the Euclidean structures framework. In
particular, let us prove a version of [KKWO06, Theorem 5.1] in our framework.
We leave the extension of the other perturbation results from [KKWO06] (see also
[Kalo7, KW13, KW17]) to the interested reader.

COROLLARY 5.3.10. Let A be an almost a-sectorial operator on X and suppose
that « is unconditionally stable. Suppose that A has a bounded H-calculus and B
s almost a-sectorial. Assume that for two different, non-zero 8y,0; € R we have

Xo,.4 = Xo, B, J=0,1
Then B has a bounded H®°-calculus.

PROOF. Let 9~0,9~179~~€ {0,~90,91} be such that §y < 6 < 6, and let n € (0,1)
be such that 8 = (1 — )0y + n61. Then by Theorem 5.3.6 and 5.3.8 we have

Xop=Xga= (X5, 4 X5 400 =X, 5X5, )7

so the corollary follows from Corollary 5.3.9. (]
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5.4. Generalized square function spaces without almost a-sectoriality

In Section 5.3 we have seen that the spaces H, 0. () behave very nicely when A
is almost a-sectorial. In this section we will take a closer look at the Hg' 4 (¥)-spaces
for sectorial operators A which are not necessarily almost a-sectorial. In this case
the spaces Hg' 4(¢) may be different for different ¢ and whether A|go (4) has a
bounded H*-calculus may depend on the choice of ¢. This unruly behaviour will
allow us to construct some interesting counterexamples in Section 6.4.

The spaces H 4(s,), and their properties. Conforming with the defi-
nition of Hg' 4(3) we need it assume that « is ideal throughout this section. Let
O<s<ﬁ,0<r<l,w(z4)<a<§andset

ST

z

:m, ZEEU

Ps,r(2)
We will focus our attention on the spaces H&A(gos,r), for which we have Hg , =
Hg 4 (1, 1 ). We will start our analysis by computing an equivalent norm on these
spaces, which will be more suited for our analysis.

PROPOSITION 5.4.1. Let A be a sectorial operator on X and assume that o is

ideal. Let 0 <'s < ;7 and 0 <r < 1. Then for x € D(A)NR(A) and t € [1,2]

we have
[s,r(-A)zll o my 2t x) = le™ S A 2| 0@ x),

] D DL S

meZ

a([-b,b];X)
with b = 7/log(2) and the implicit constants only depend on s and r.

PROOF. Let w(A) < o <min{%, 7}, then for £ € R and z € R, we have, using
the change of coordinates u'/* = 7'z and the Mellin transform as in (4.18), that

- P Bl u” du
/ 6727mt£<ps7r(627rt2) dt = / ufzg/s et
R 0

 27s 1+u u
~ 2ssin(n(r —i€/s))
which extends to all z € 3, by analytic continuation. Note that
B 1
25 |sin(w(r — i&/s))

By Fourier inversion we have for all z € ¥, and t € R

= 2159(5)7

(5-8) l9(&)]

| ~ e IEl e

Psr(€7™2) = / e?™ g(€)z" de.
R

Thus, by the definition of the H*°-calculus and Fubini’s theorem, we have for
x € D(A)NR(A)

(5.9) cps’,«(e%tA)x:/eQ”itgg(f)A’fx de¢.
R
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as a Bochner integral, since, for { € R, w(A) <v < I, p(z) = z(1+2) ?andy € X
such that p(A)y = x, we have

lote) Al = G| [ oomee, p ae]

~ TR NPT

< e—(%—V)Iélny”x

Now to prove the equivalence for the continuous square function norm, define
T: L2(Ry, 4) s L2(R) by

Tf(t) :==V2r f(e*™), teR.
Then T is an isometry, so by Proposition 3.2.1 we have for any f € L?(R,, %)
(5.11) 1f @, ax) = V2 It = F(€™)la@;x)-

Let « € D(A) N R(A) and note that by the definition of the Dunford calculus and
Fubini’s theorem

(t = psr(tA)z) € L*(Ry, 9 X),
(t = s r(e*™A)x) € LY (R; X).

So by (5.9), (5.11) and the invariance of the a-norms under the Fourier transform
(see Example 3.2.3) we have

8= Car(tA)ellae, a0x) = V21t = 0ur (€™ Allaczix)
= \/ﬂHt — /Rezmgg(f)Aig‘T d5||a(R;X)
= V2 |[¢ = 9(€) A%

which proves the equivalence for the continuous square function by (5.8).
For the discrete square function norm note that by (5.9) we have for z €
D(A)NR(A) and t € R

a(R;X)?

s (™A = Z / 2mit(€+2mb) g (e 4 oamb) AHET2M0) 1 4.

meZ
The sum converges absolutely by (5.10). Thus, using 2*?™" = 1 and setting

2"y = €™ we have

b
(5.12) Ysr(2"uAd)r = / 2in¢ Z wEF2m0) g (¢ 4 amb) ATEF2ME) 1 g

—b mEeZ

By Parseval’s theorem and Proposition 3.2.1 for any h € L'([—b,b]; X) with h €
a([=b,b]; X), we have

olla-bp1:x) = V2D | (h(0))nez| oz

where b = 7/log(2) and

=)

1 ’ —1in
= %[bh(g)z Sde.
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And thus, using (5.12) and the fact that [u/¢+2m)| =1 for all £ € [—b,b], m € Z
and v € [1,2], we obtain

H(@s,r(znuA)x)nEZHa(Z;X) = H Z g(' + me)Ai(‘_‘—ZMb)w

meZ

a([=b,b:X)’

which combined with (5.8) proves the equivalence for the discrete square function
norm. (]

From Proposition 5.4.1 we can immediately deduce embeddings between the
HGQ,A(QDSJ‘)'SpaCGS-

COROLLARY 5.4.2. Let A be a sectorial operator on X and assume that o is

ideal. Fiz 0 < 51 < 89 < () 0<ry,rg<1anddeR. Foru—w(i—i) and

s2
w(d) <o < I set

@il,/n (Z) ‘= Ps1,m (eiwz), zZ €Y.

Then we have the continuous embedding

H&A(@Sz,rz) — HaA(Wsl,h )
and

H&A(W;V,rl) NH A(05) ) = Hy a(Pss.r2)-

isomorphically.

PRrROOF. Without loss of generality we may assume # = 0. The claimed embed-
ding is a direct consequence of Proposition 5.4.1 and the density of D(A) N R(A)
in Hg' 4 (¢s,,r,). For the isomorphism fix z € D(A) N R(A). Then by Proposition
5.4.1 we have

(+")HA1

13, Al iy a5 = e 2 1(0,00) || o mix)

B A1 )|

a(R;X)’
o, CATlage, ,x) = [le” W”Axlwmmﬂkx
+ ||e Aty (-0 ||a(]R;X)’
H‘PSQ,rz('A)xHa(RJr, x) = [le” Al 1, OO)H(X(RX
+]le” allar xl(—OOaO)Ha(]R;X)'
Since v + 3 2 3 the corollary now follows by density and Example 3.2.2. |

From Corollary 5.4.2 we can see that the spaces H&A(ws,r) are independent of
7, which is why we will focus on the spaces Hg' ,(¢s) for

ZS/2
ps(2) ==, 1(2) = 1125 Z €Y,
with w(A) < ¢ < % for the remainder of this section. Moreover, Corollary 5.4.2

states that the Hg' ,(ips)-spaces shrink as s increases.
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The operators A|Hé’,A(</’s) and their properties. We will now analyse the
properties of the operators A|H&A(%) on Hg 4(ps). As a first observation, we note
that from Proposition 5.4.1 we immediately deduce for 0 < s < ﬁ and § € R
that A|H5’,A(sos) has BIP with

(5.13) wip(Alng , () <

m
5

Using the characterization of a-BIP in Theorem 4.5.6 and the transference result

of Theorem 4.4.1, we can say more if s > 1.

THEOREM 5.4.3. Let A be a sectorial operator on X and assume that « is

ideal. Fiz 1 <5 < 77z and 6 € R. Then A|H§’A(%) has a bounded H-calculus

on Hg 4(ps) with

® |3

wre (Al ,(p.)) <

We give two proofs. The first is far more elegant, relying on the transference
result in Chapter 1. In particular, we will juse the characterization of «-BIP in
Theorem 4.5.6. We include a sketch of a second, more direct and elementary, but
highly technical proof. This leads to a proof for the angle of the H®°-calculus
counterexample in Section 6.4 which does not rely on the theory in Chapter 1

PROOF OF THEOREM 5.4.3. Define a Euclidean structure 8 on «(R;X) by
defining for T3, ..., T, € a(R; X)
T,

1Ty, To)lls = 1 Th @ -~ @ Taflaz2@ymix),s

where we view T} @ - -- @ T}, as an operator from L?(R)" to X given by
n
(Ty@-- @ Tn)(h,. o hy) =D Tihg,  (ha,...,hn) € L*(R)".
k=1

By Proposition 5.4.1, the space Hg' 4(5) is continuously embedded in a(R; X) via
the map

z = (te e*%‘“AiHex)7 x € D(A™)NR(A™)

with m € N such that [0] + 1 < m. Therefore 8 can be endowed upon Hg ,(¢s).
We will show that

ri={e T(Algy )" L €R]

is B-bounded, which combined with Theorem 4.5.6 yields the theorem. Suppose
that ¢1,...,t, € R and z1,...,2, € D(A™) N R(A™). Then

H(e_gltkl(A|H;A(¢s))“’“xk)zzlHB
= ||69Z:1 (t — e*%(\tlﬂtkl)Az‘(tHk)Jrgxk)
= H@Z:l (t — e—%(\t—tkHltk\)Ait-s-exk)

< ||®Z:1 (t — efg(\tl)AitJrexk)

||a(L2(R)";X)
Ha(m(mn;x)
||a(L2(]R)";X)

= [ (zx)i=1lls

Now the S-boundedness of I' follows by the density of D(A™)NR(A™) in Hg' 4(s),
which proves the theorem. [
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SKETCH OF AN ALTERNATIVE PROOF OF THEOREM 5.4.3. Without loss of gen-
erality we may assume ¢ = 0. Fix = < v < o < 7, take f € H*(¥,) with
| fll o (=,) < 1 and fix 0 < a,b,c < 1 such that a+b = 1+ c. Then, using a similar
calculation as in the proof of Proposition 5.1.7, we can write for v/ = m — v and
xr € D(A%) N R(A?)

—eetam ds
£L' _ Z / f —1 EZV ,a( eiv’ A)l’f
e==+1 §

To estimate || f(A)| g ,(p.) We Will first consider the integral for € = 1. Note that
we have the identity

1_bﬂb aﬂl—a
PraAA)ply(pd) = ——p1.(A4) + . P1,0(1nA)
for |arg A|, larg | < m — w(A). Thus for s,t > 0 and v’/ = £ (1 — 1)
1-b a

Pra(ste™ Aprplte”” 4) = ma (1) T prelste™ A) + ma(t) T orelte”” 4),

where k1, ke : R; — C are bounded and continuous functions. Therefore

: I dS
—1 v (1
s e o(se™ A x—H
H/O u J#1a( ) s HHE 4 (p1,p(e™"))
dt

o0
— H/ f(s_lt_lei”)gal,a(stei”lA)(pl’b(tei””A)xT
0

a(R, 455 X)

< g0 iv ds
S [ Tt Ml e

T

% gl—b ds
+ [ S et a7

< ||‘/L‘||H‘1A(<P1 ((ew/ ) + |‘x||H&A(Lp1,c(ei"”<))'

Combining the estimates for "/ = +m(1 — 1) with the isomorphism from Corollary
5.4.2 with parameters s1 =1, s = s, 711 = b,c and 5 =

H/ f(s7h e )pra(se™ A)a H HE 4 (95)

g ||x||H°‘A(4,01 L(e“’ ) + ||£E'||H A(‘PS)

%, we obtain

and since v’ < (1 — ) applying Corollary 5.4.2 once more yields
2l z1g , on ety S N llag 00
Doing a similar computation for e = —1 yields the theorem. [
If we have a strict inequality
watp (Al () <7

we can extend Theorem 5.4.3 to s = 1. So in this case A|Ha on Hy' 4 “behaves” like
a Hilbert space operator, as it has BIP if and only if it has a bounded H *°-calculus.

THEOREM 5.4.4. Let A be a sectorial operator on X, suppose that o is ideal
and fix 0 € R. The following are equivalent:

(Z) A|H(§A has BIP with WBIP(A|H§¥A) <7
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(i) Thereisal <o < S(ay such that the spaces Hg 4(ps) are isomorphic for
all0 < s <o.
(ii) Algg , has a bounded H*-calculus.

PRrROOF. The implication (ii) = (iii) follows directly from Theorem 5.4.3 and
(iii) = (i) is immediate from (4.17). For (i) = (ii) let o > 1 be such that

(5.14) [(Almg )" < Cevltl, t eR.

Fix x € D(A™)NR(A™) with m € N such that [#]+1 < m and take 0 < s’ < s < 0.
Then by Proposition 5.4.1, (5.14) and the ideal property of a we have

Il (o) S [t 7> e FHAH (1)

a(]R;X)
<> ||t e F AT L) (02| ey
nez
<et Y e MI(Almg ) [l = AT L0, (] o
nez

< T S T iy oA 1 (1)
nez

S ||$||H3A(¢S,)~

a(R;X)

Moreover by Corollary 5.4.2 we have the converse estimate

12l g (o) S Nl Hg 4 (005

so by the density of D(A™) N R(A™) the spaces Hg' 4(ps) and Hg 4(ps) are iso-
morphic. (Il

Using Theorem 5.4.4, we end this section with another theorem on the equiv-
alence of discrete and continuous square functions, as treated in Proposition 5.1.2
and Corollary 5.1.5. This time for a very specific choice of 1 and under the as-
sumption that one of the equivalent statements of Theorem 5.4.4 holds. Note that
in this special case we can also omit the supremum over ¢ € [1,2] for the discrete
square functions.

PROPOSITION 5.4.5. Let A be a sectorial operator on X and suppose that o is
ideal. Assume that A|H§A has a bounded H-calculus on H&A. Then there is a

1 <o < iz such that for all0 <s <o, and x € D(A)N R(A) we have

|\905(‘A)$||Q(R+,%;X) = H(Sﬁs(QnA)x)neZHa(Z;X)-

PROOF. Take 1 < 0 < w/w(A) as in Theorem 5.4.4(ii), let 0 < s < o and
0 <6 <% —w(A). Then by Proposition 5.1.2 and Proposition 5.4.1 we have

H(‘PS(TA)x)nEZHa(Z;X) S max [t — @s(teiGA)$\|a(R+7%;x)
< b —Zt] —etAit )
S max [t = e” e || o (r; )

< ||t — eisl/lt‘Aitxna(R;X)

S lles (-Aallag,, 4:x)
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with s’ = —Z5—. So taking ¢ small enough such that 0 < s’ < ¢ it follows from

Theorem 5.4?4(ii) that
1@ )z S Noel-Aatllage,, v

For the converse inequality let s’ = 25 for some 0 < § < £ —w(A4). Then we

have by Proposition 5.1.2 and Proposition 5.4.1

||@s('A)$||a(R+,%X) S ||<Ps/('A)$||a(R+,%X)

S supsup ||(pu (2"t A)t)nez | oz,
le|<6 te[1,2] ’

< sup ef7r|»+2mb|/s'efe(-+2mb)Ai(-+2mb)
el 2=, a([~b,b;X)
< ‘ o= Tl+2mb| /s gi(-+2mb)

mZG:Z a([-b,b];X)

5 H (@S (QnA)x)nEZHa(Z;X)’

finishing the proof. O



CHAPTER 6

Some counterexamples

In Chapter 4 we introduced various properties of a sectorial operator A on X
and proved the following relations between these properties:

a-bounded (1) a-BIP with (2) Bounded (3) BIP with
N RN —
wa-pip(4) <7 H>-calculus wpip(4) <7
(4)ﬂ (5)ﬂ « ideal

‘ (6) Almost
a-sectorial

‘ a-sectorial

Moreover we noted that (1) and (2) are ‘if and only if’ statements if o = ¢2 or
a = and X has Pisier’s contraction property. Statements (3), (4) and (5) cannot
be turned into ‘if and only if’ statements for a = ¢2 or o = 7. Indeed, there are
counterexamples on spaces admitting an unconditional Schauder basis disproving
the converse of (3), (4) and (5) for R-boundedness, which is equivalent to £2- and
~v-boundedness if X has finite cotype by Proposition 1.0.1. We refer to the survey of
Fackler [Fac15] and the references therein for an overview of these counterexamples

In this chapter we will show that (6) can also not be turned into an ‘if and only
if’ statement for any unconditionally stable Euclidean structure a on a Banach
space admitting an unconditional Schauder basis. Moreover in the same setting we
will show that even the weakest property, the almost a-sectoriality of A, does not
follow from the sectoriality of A.

In Chapter 4 we have also seen that under reasonable assumptions on « the
angles of (almost) a-sectoriality, (a-)BIP and of the (a-)-bounded H*-calculus are
equal whenever A has these properties. Strikingly absent in this list is the angle
of sectoriality of A. In Section 4.5 we already remarked that it is possible to have
wprp(A) > 7 and thus wprp(A) > w(A), see [Haa03, Corollary 5.3]. Moreover in
[Kal03] it was shown that it is also possible to have wge(A) > w(A). However,
the Banach space used in [Kal03] is quite unnatural. We will end this chapter with
an example of a sectorial operator with wge(A) > w(A) on a closed subspace of
L?, using the Hg' 4-spaces introduced in Chapter 5.

6.1. Schauder multiplier operators

We start by introducing the class of operators that we will use in our examples.
This will be the class of so-called Schauder multiplier operators. The idea of using
Schauder multiplier operators to construct counterexamples in the context of secto-
rial operators goes back to Clement and Baillon [BC91] and Venni [Ven93], where
Schauder multipliers were used to construct examples of sectorial operators without

129
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BIP. It has since proven to be a fruitful method to construct counterexamples in
this context, see for example [AL19, CDMY96, Facl3, Facl4a, Facl5, Facl6,
KL00, KL02, Lan98, LMO04]. For L!(S)- and C(K)-spaces different counterex-
amples, connected to the breakdown of the theory of singular integral operators,
are available, see e.g. [HKKO04, KK08, KWO05].

Schauder decompositions. Let (X;)72, be a sequence of closed subspaces
of X. Then (X;)32, is called a Schauder decomposition of X if every « € X has a
unique representation of the form z = >~ | @) with z; € Xy, for every k € N. A
Schauder decomposition induces a sequence of coordinate projections (Py)52; on
X by putting

Py (i :vj) = T, ke N.

We denote the partial sum projection by S, := >_}_, Pi. Both the set of coordinate
and the set of partial sum projections are uniformly bounded. A Schauder decom-
position is called unconditional if for every x € X, the expansion z = >, xy
with z € X} converges unconditionally. In this case the set of operators U, :=
Y peq €1 Px, where € = (ex)72 is a sequence of signs, is also uniformly bounded.

A Schauder decomposition (X3)32, of X with dim(Xy) =1 for all £ € N is
called a Schauder basis. In this case we represent (Xy)52, by x = (x)52, with
x € Xy, for all k € N. Then there is a unique sequence of scalars (ax)32; such that
r =Y po, agry for any © € X. The sequence of linear functionals x* = (2})3°,
defined by

o0
(E;;(chlﬁ) = ay, keN,
j=1

is called the biorthogonal sequence of x, which is a Schauder basis of span{z}, : k €
N}. If x is unconditional, then x* is as well. If x is a Schauder basis for X and y
is a Schauder basis for Y, then we say that x and y are equivalent if Y 7o | apxy
converges in X if and only if Y 7 | agyy in Y for any sequence of scalars (aj)52;.
In this case X and Y are isomorphic. For a further introduction to Schauder
decompositions and bases, we refer to [LT77].

Schauder mutliplier operators. Fix 0 < ¢ < 7w and let (A\;)72, be a se-
quence in 3,. We call (A\;)g2, Hadamard if |A\;| > 0 and there is a ¢ > 1 such
that |[Agt1] > c¢|Ag| for all & € N. Let (X;)32, be a Schauder decomposition of X
and let (A;)32, be either a Hadamard sequence or an increasing sequence in R .
Consider the unbounded diagonal operator defined by

Az = Z A Prx,
k=1
D(A) := {z €X: Z/\kka converges in X}.
k=1
We call A the Schauder multiplier operator associated to (Xj)p2; and (Ag)52;.

We will first establish that this is a sectorial operator, for which we will need the
following lemma.



6.1. SCHAUDER MULTIPLIER OPERATORS 131

LEMMA 6.1.1. Let (A\g)72, be either a Hadamard sequence or an increasing
sequence in Ry. There is a C > 0 such that for all \ € C\ {\; : k € N}

> A A max{|A[, [Ag]}\2
— < C7su —_— .
kz_l‘A—AkH o <O PEPW )

PrOOF. For n € N define u, = || + 22;11|>\k+1 — Ak|. In both cases there
exists a C), > 0 such that |A\g| < pp < Cy, |Ag| forall k € N. Fix A € C\{\x : k € N}
and define 1AL el

max s | AR
Cy =sup ———i——
YT A
We have for all k € N
A A 2 (Al Akt1 — Akl
- ‘ <2 .
A=Ak A= max{[A[, ||} - max{[Al, [Ax[}

Fix n € N such that |A,| < |A| < [An41] (or take n = 0 if this is not possible). Then

n—1 n—1
A A ’ 2 |Ak+1 — Al
— < C )\ vl
];‘A—AM A=Al — 3| E:l |A[2

< CX AT pnl < CLC,

and
— A A ‘ 2 o [ Aet1 — Akl
— <C |)\‘ rer. R
,C_%;l‘/\—/\kﬂ A= Xk A k:%;rl | Akt [[ Ak
S 0202 A Hk+1 — Mk
a A ‘kzzn;l Hi+1 Kk
Al Al
< C2CQ(|— + lim 2) < G2,
e Hnt1 koo pg/ = K A
and finally
A A ‘ 2 ‘)‘n+1 — An‘ 2
— < CAN—F———— < 2C3%.
A=dnp1 A=l ™ AN Ml =772
Combined this proves the lemma. O

To show that an operator associated to a Schauder decomposition and a Hada-
mard or increasing sequence is sectorial is now straightforward.

PROPOSITION 6.1.2. Let (X,)5%, be a Schauder decomposition of X. Let
(Ai)72, be either a Hadamard sequence or an increasing sequence in Ry. Let A be
the operator associated to (Xi)32, and (A\g)72 . Then A is sectorial with

w(A) =inf{0 <o <7: A €3y for all k € N}.

PRrROOF. Fix A € C\ {\ : k € N} and define
Al [A
C) = sup max{[Al, | Ael} < o0, Cys = sup || Sk||
keN A = Ak keN

Note that for any n € N

o1 ;)\)\kpk:)\)\nﬂsn_kz()‘)\kﬂ_)\)\k)Sk.

=1
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So by Lemma 6.1.1 we have for all n € N

HZA )\kPkH H)\ )\n+1 Z(A Mer1 A — /\;)SkH

k=1

(6.2) cc?
28l + =2
IAI RY

< CC2C0s|A

sup [|.Sk|l
1<k<n

By a similar computation we see that (22:1 )\%MP;C)EOZI is a Cauchy sequence
and therefore convergent. Thus

oo

) :Z)\_l

k=1

P,
)\k; ks

is a well-defined, bounded operator on X. Moreover we have

ka ZAPZ)\ " P.x==x
k=

for all z € X and similarly R(A)(A — A)z = z for € D(A). Therefore A € p(A)
and R(A, A) = R(\).

Since (X,)52, is a Schauder decomposition, A is injective and x,, € D(A) N
R(A) for z,, € X,,, so A has dense domain and dense range. Moreover, if we fix

o

(A — A)R(\)z =

inf{0<o<m: A\ €%, forall ke N} <o’ <,
then there is a C,s > 0 such that

max{|A[, [A|}
Cy=sup —mmm——
A keg |A = Al

So by (6.2) A is sectorial with w(A4) < o’. Equality follows since A,, € o(A) for all
n € N. O

<C,, AeC\Z,

From the proof of Proposition 6.1.2 we can also see that
p(A) = C\ Dk EN]
and for A € p(A) we have

o0

1 1
] Pk:;()\)\k_)\AkH)Sk'

Indeed, this follows by taking limits in (6.1). Let w(A) < v < o < 7. Using (6.2)
and the dominated convergence theorem we have for f € H*(Z,)

60 W= [ rereaa=Y [ T ey oon

k=1 v k=1

To extend this to the extended Dunford calculus let f: ¥, — C be holomorphic
satisfying

(6.3)

[f()] < Clal (1 4+ 12))*
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for some C,6 > 0 and fix x € X with P,z = 0 for all k£ > N for some N € N. Then
we have by (6.4) that

n—o0

N

(6.5) f(A)z = lim Zf Ak )omt (g ) Pra = Zf i) P
k=1

with m > 4.

(Almost) a-bounded Schauder decompositions. Let o be a Euclidean
structure on X. For the operator A associated to a Schauder decomposition (Xx)g2
and a Hadamard sequence (\;)32, we can reformulate (almost) a-sectoriality in
terms of the projections associated to (X)g2 ;. Motivated by the following result we
call (X)), almost a-bounded if the family of coordinate projections { P : k € N}
is a-bounded and we call (X)¢2, a-bounded if the family of partial sum projections
{Sk : k € N} is a-bounded.

PROPOSITION 6.1.3. Let (Xj)72, be a Schauder decomposition of X, (Ag)72, a
Hadamard sequence and A the sectorial operator associated to (Xi)52, and (Ag)52 -
Let o be a Euclidean structure on X. Then

(i) A is almost a-sectorial if and only if (Xi)72, ts almost a-bounded. In
this case On(A) = w(A).

(i1) A is a-sectorial if and only if (Xx)52, is a-bounded. In this case wqo(A) =
w(A)

In the proof of Proposition 6.1.3 we will need the following interpolating prop-
erty of H* (X, )-functions evaluated in the points of a Hadamard sequence.

LEMMA 6.1.4. Fiz 0 <o <v <7 and let (A\y)72, be a Hadamard sequence in
Yo. For all a € £>° there exists an f € H®(X,) such that

f()\k) = ay, ke N
and || fllmee(s,) S llalles-

PRrROOF. The lemma states that (Ag)52 , is an interpolating sequence for H* (X, ).
On the upper half-plane a theorem due to Carleson (see for example [Gar07]) states
that (Cx)5, is an interpolating sequence if and only if

Ck C] >
SN[k} Gk — ¢

0, ke N.

Since the function z ~ iz2> conformally maps ¥, onto the upper half-plane, it
suffices to show
u‘ > O
jengey Mk T

for ui = )\,‘;’L”. Fix k € N, then we have

H

H\uk\ |5 H( 2l ) U< c'w+1)

uk+uj’ el + 1] 5 || + |51



134 6. SOME COUNTEREXAMPLES

where ¢ > 1 is such that |ur41| > ¢|uk| for all k € N. A similar inequality holds
for the product with j > k + 1. Therefore, since Y2, —2- < oo, it follows that

Jj=1ci+1
y > ) 2
[T 2= (fl0- 5 2) >0
jenygry FETH At ©
which finishes the proof. (I

PROOF OF PROPOSITION 6.1.3. Fix w(A) < v < 0 < 7. For statement (i)
first assume that {Py : k € N} is a-bounded. Take f € H*(X,), then by (6.4) we
have for ¢t > 0

FA) =" f(tAw) Py
k=1

and by Lemma 4.3.4 we have Y ;- |f(t\;)] < C for C > 0 independent of ¢.
Therefore it follows by Proposition 1.2.3 that {f(tA) : ¢ > 0} is a-bounded. Thus
A is almost a-sectorial with @(A) < o by Proposition 4.2.3.

Conversely assume that A is almost a-sectorial and set ¢, = |A;| for k € N. By
Lemma 6.1.4 there is a sequence of functions (f;)52, in H*°(3,) with || ;[ g (s,) <
C such that f;(Ax) = 0, for all j,k € N. Take

(i +N)?
1+ 2)2 tj)\j

g;(2) = ( fi(tiz), 2z €X,,

then (g;)52, is uniformly in H'(X,). Therefore {g; (tj_lA) : j € N} is a-bounded
by Proposition 4.2.3. By (6.4) we have for j € N

-1

A (i +N)?
(L+t70)2 HA

gj(tj_lA): Pj :Pj.

So the family of coordinate projections {Py : k € N} is a-bounded, i.e. (X3)32, is
almost a-bounded.

For (ii) assume that {S, : k € N} is a-bounded and take A € C\ X,. Using the
expression for the resolvent of A from (6.3), we have

>, A A
AR(A, A) = ];(A—AM - A—Ak)sk'

Therefore the set {AR(A\,A) : A € C\ X,} is a-bounded by Lemma 6.1.1 and
Proposition 1.2.3, so A is a-sectorial with w,(A) < o.

Conversely assume that A is a-sectorial and set ¢, = |A\g| for & € N. As (A\p)72,
is an interpolating sequence for H*>(3,) by Lemma 6.1.4, we can find a sequence
of functions (f;)52; in H*(¥,) such that

L+ Mty 1<k<j
—1-t;A\ i<k

fi(k) = {

for all j,k € N with || f;||ge(s,) < C. Now let g;(z) = 2(1 + 2)72f;(t;2). Then
(g;)5%; is uniformly in H'(X,) and therefore {g; (tj_lA) : j € N} is a-bounded by
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Proposition 4.2.3. Again using (6.4), we have for all n € N

DI (L4 tt I (L4t
(t,le)ZZt” )‘k( +i, )\k)Pk_ Z n k( + k )

— — k
(T4t )2 Wom (Lt ta)?
" t7 Ak > 1
—Z e rel D Dl s
1+tn )\k k:n+11+tn Ak
k=1

= Sy + taR(—tn, A).

Since A is a-sectorial, the set {txR(—tx, A),k € N} is a-bounded. Therefore the
family of partial sum projections {Sy : k € N} is a-bounded, i.e. (Xj)p2, is
a-bounded. (]

6.2. Sectorial operators which are not almost a-sectorial

In this section we will start our series of examples based on the sectorial op-
erators defined in Section 6.1. In this section we will construct a Schauder basis
which is not almost a-bounded for any unconditionally stable Euclidean structure
a, e.g. the vy-structure on a space with finite cotype or the £?-structure on a Ba-
nach lattice. In view of Proposition 6.1.3 this yields sectorial operators which are
not almost a-sectorial. Our proof will basically be a reconstruction of the idea
of Lancien and the first author [KLOO] to construct sectorial operators that are
not R-sectorial. This idea has been further developed in a sequence of papers by
Fackler [Fac13, Facl4a, Facl5, Fac16] and was recently revisited by Arnold and
Le Merdy [AL19].

The spaces ¢! and cy. As a warm up we consider the sequence spaces ¢! and
Co-

PROPOSITION 6.2.1. Both ¢! and co have a Schauder basis x which is not almost
a-bounded for any unconditionally stable Fuclidean structure o on X.

ProOF. For ¢y we consider the so-called summing basis x, given by z, =
> r_y €k, where (ek) k=1 is the canonical basis of ¢g. The biorthogonal sequence x*
in ¢! is given by 2} = el — e} | for n € N, where (e} )72, is the canonical basis of
£'. Let a be an unconditionally stable Euclidean structure on ¢ and suppose that
x is almost a-bounded. Let (P¥)?2; be the coordinate projections associated to x.
Then we have for any n € N

n
I@e)izall, = lPEeimi o Sl eiall, S s |3 ae, =1
RI= k=1
Since ef(z) = 1 for all k € N, we also have by Proposition 1.1.5

nt2 =23 et ()| < 072 @R ||l e
k=1

o = @izl

a contradiction. So x is not almost a-bounded.
The argument for ¢! is dual. We consider the basis y* := (e}, 2z}, 23,...) with
biorthogonal sequence (e, z1 —e, x5 —e,...), where e € £* is the sequence (1,1,...).
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Now let 3 be an unconditionally stable Euclidean structure on #! and suppose that
y* is almost S-bounded. Then we have for any n € N

n= 2 ailen) < [ @iz |l (en)izi |

k=1

o SNl

and, denoting the coordinate projections associated to y* by (PY *)Z":l, we have

@il = 1P enially S leially < n'/?,

a contradiction. So y* is not almost S-bounded. O

The general case. The general case will follow from the following lemma,
which is a consequence of a result by Lindenstrauss and Zippin [LZ69)].

LEMMA 6.2.2. Suppose that X has an unconditional Schauder basis and is not
isomorphic to ¢*, (2 or cg. Then there is an unconditional Schauder basis x of X, a
permutation m: N — N and a sequence of scalars (ar)72., such that 21?;1 ApTok—_1
converges but 220:1 axTr(2k) does nol converge.

PRrROOF. By [LZ69, Note (1) at the end] we know that X has an unconditional,
non-symmetric basis x, i.e. there is a permutation 7: N — N such that x and
(Tr(k))72, are not equivalent. This implies the claim by the first part of the proof
of [Sin70, Chapter 2, Proposition 23.2]. O

We are now ready to prove the main result of this section.

THEOREM 6.2.3. Suppose that X has an unconditional Schauder basis and is
not isomorphic to 2. Then X has a Schauder basis which is not almost a-bounded
for any unconditionally stable Fuclidean structure o.

ProOF. If X is isomorphic to #! or cg, the theorem follows from Proposition
6.2.1. Otherwise we can use Lemma 6.2.2 to find an unconditional Schauder basis
x of X, a permutation 7: N — N and a sequence of scalars (ay)p2; such that
> heq QkT2k—1 converges but > | axta(2k) does not converge.

Define for k£ € N

B {xk + T (k1) if k£ is odd,
Yk = . .
Tr(k) if k£ is even.
Then y is an unconditional Schauder basis of X and its biorthogonal sequence y* is
an unconditional Schauder basis for span{y; : k € N}. Let a be an unconditionally

stable Euclidean structure and assume that y is almost a-bounded. Fix m,n € N
and let (by)p_,,,, be such that Y2 . brys, has norm 1 and

H > akxﬂ'(Qk)HX: > by (aryar)].
k=m+1 k=m+1

Let (P))?2, be the coordinate projections associated to y. Then since xop_1 =
Yok—1 — Y2k, We obtain by Proposition 6.1.3 and the unconditionality of y, y* and
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n

n
1Y arenlly = D [bevsi(anyar)]

k=m+1 k=m+1

|(—arPYear—1)7—mr ||, || (Okt3k) Rz |

IN

a*
n n

< sup H Z EkakaZkleX sup || Z 6kbky;k||x*
lex|=1 k=m-+1 lex|=1 k=m+1

n
S22 anwaelly

k=m+1

But since ).~ axZop—1 converges this implies that Y 7| apr(ox) converges, a
contradiction. So y is not almost a-bounded. ([

Theorem 6.2.3 combined with Proposition 6.1.3 yields the result we were after
in this section:

COROLLARY 6.2.4. Suppose that X has an unconditional Schauder basis and is
not isomorphic to /. Then X has a Schauder basis x such that for any Hadamard
sequence (A\,)32, the operator associated to x and (Ai)5, is not almost a-sectorial
for any unconditionally stable Fuclidean structure «.

In particular this implies the following corollary, since the Haar basis is uncon-
ditional in LP(R) for p € (1, 00).

COROLLARY 6.2.5. Let p € (1,00) \ {2}. Then there is a sectorial operator on
LP(R) which is not almost y-sectorial.

6.3. Almost a-sectorial operators which are not «a-sectorial

Building upon the results of the previous section, we will now construct a
Schauder basis that is almost a-bounded, but not a-bounded for any uncondition-
ally stable Euclidean structures «. In view of Proposition 6.1.3 this yields examples
of sectorial operators that are almost a-sectorial, but not a-sectorial.

We start with a useful criterion for the almost a-boundedness of a Schauder
basis.

LEMMA 6.3.1. Let x be a Schauder basis of X with biorthogonal sequence x*,
let o be a Euclidean structure on X and take p € [1,00]. If there is a C > 0 such
that for all sequences of scalars (ax)}¥_, and (by)y_, we have

@izl < € Jae)ilg
||(blx’{, cel bn:U:L)’ . <C H(bk)Z=1Hgg’v

then x 1s almost a-bounded.

[}

PrOOF. Fix n € N and take y € X™. Define a, = x(yx) for k=1,....,n. Let
(bg)}_, be such that H(bkm:lueg’ =land Y ,_, apby = ||(ak)2=1||éﬁ. Let (PX)%2,
be the coordinate projections associated to x. Then

[Pzl = larar)izall, < C @izl = C D brai (i) < C* iy lla-
k=1
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In the same way we obtain for mq,...,m, € N distinct that
(B, ue)izall, < C* Yo

To allow repetitions we consider index sets I; = {k € N:my = j} and let N ¢ N
be such that I; = @ for j > N. By the right ideal property of a Euclidean structure

and choosing appropriate c;j’s with Zkelj lejel*=1for j =1,...,N we have
X % 1/2 N
lEr izl = | (Sl wor) ;)
kel; J=re
. N
= (Z Cik; (yk)xj)j:1 H
kel; «
N
= (PJ?((Z Cjkyk)) )
j=1lla
kel
2 N _ 2
< ||(3 )| = CPlivlla-
kel;
Therefore { P : k € N} is a-bounded, i.e. x is almost a-bounded. O

With this lemma at our disposal we can now turn to the main result of this
section. We take the example in Theorem 6.2.3 as a starting point to construct an
example of a Schauder basis that is almost a-sectorial, but not a-sectorial.

THEOREM 6.3.2. Let a be an ideal unconditionally stable Euclidean structure
on X. Suppose that

e X has a Schauder basis x which is not a-bounded.
e X has a complemented subspace isomorphic to (P for some p € [1,00) or
isomorphic to cg.

Then X has a Schauder basis y which is almost a-bounded, but not a-bounded.

Proor. We will consider the ¢P-case, the calculations for ¢y are similar and
left to the reader. By assumption there is a p € [1,00) and a subspace W of X for
which we have the following chain of isomorphisms

X=Wal=Waeloll=Xaol.

Thus we can write X =Y @ Z where Y is isomorphic to X and Z is isomorphic
to . We denote the projection from X onto Y by Py and let V:Y — X be an
isomorphism.

Let (ex)32, be a Schauder basis of Z equivalent to the canonical basis of (7.
We consider the Schauder basis u of X given by

€1 ifk=1
Uk = { €k—jt1 if294+1<k<2tl —1forjeN
V=lz;, ifk=2 forjeN.

V=1tz;llx



6.3. ALMOST a-SECTORIAL OPERATORS WHICH ARE NOT o-SECTORIAL 139

For j € N we define

27+t _1

o= (@)Y w) s
k=27 +1
27+l _1

o= (@ =) ) g

k=27+1

If we now define the operators T;z = v}(z)v; for + € X and j € N, then
o T3] <4, since [j;l|x, [[vflx- <2.
o T? =0, since v}(v;) = 0.
e T leaves the subspace span{uy, : 2 < k<ot 1} invariant.

Therefore I + T is an automorphism of span{uy : 2771 +1 < k < 27}, so we can
make a new basis y of X, given by

U1 if k= 1,
Yr = 1 . ; ; .
m([+]})ﬂk if 27 §k§2J+171fOI‘j € N.

Let (S¥)52,, (SY)52, and (SP)72, be the partial sum projections associated to x,
y and u respectively. Then 52k+171 S2k+171 and thus

Sk =VPySpn_ V= VPYSng—lV_l

for all £ € N. Since « is ideal and (S})2 , is not a-bounded, we have by Proposition
1.2.2 that (SY)52; is not a-bounded. So y is not a-bounded.

Next we show that y is almost a-bounded. We will prove that there isa C > 0
such that for all scalar sequences (ay)7_, and (bx)}_, we have

n

/
(6.6) [(a1y1, .- anyn)||, < C (Z|ak|p)1 ",

. <cC (Z|bk|p )

for all n € N. By Lemma 6.3.1 this implies that y is almost a-bounded. The
calculations for (6.6) and (6.7) are similar, so we will only treat (6.6). Fix m € N,
let n =21 — 1 and define ¢; = 27 — 1 for j € N. First suppose that as; = 0 for
1 < j < m. Then, using the triangle inequality, the unconditonal stability of o and
the fact that (ey)?2; is equivalent to the canonical basis of 7, we have

(6.7) (0191, -, buys) |

27+l _1

-~ 1/2 m
lasm)izill, < awus)izill, + | (7 (30 Jol?) o)

k=241

(03

n 29+t _1

<o (Xhael) "+ 0 (X k)l

k=1 j=1 k=2741
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If p € [1,2], we estimate the second term by Holder’s inequality

N P! 1/2 u 2 1/p
71 ’ 71 ’
S (X ) il <236 k)
j=1 k=27 41 j=1 k=271
Ui 1/p & 1/p
<2(Xe") T (lal)
j=1 k=1

and, if p € (2,00), we estimate the second term by applying Holder’s inequality
twice

m 2711 m 2711

1y 1/2 1 1/p
SN ) Tl <230 (0N Janl?)
j=1 k=241 J=1 k=241

Combined this yields (6.6) if ag; = 0 for 1 < j < m. Now assume that a; = 0
unless k = 27 for 1 < j < m. Since we have

—1/p 2/t
Ugi + U €

e ol flues +osllx

Yai Uk,
=27 +1
we immediately obtain
- 1/p
@izl = € (P lacl)
k=1
again using that « is unconditionally stable and (e)72 ; is equivalent to the canon-
ical basis of /?. The estimate for general (ax)y_, now follows by the triangle
inequality. (]

Theorem 6.3.2 combined with Theorem 6.2.3 and Proposition 6.1.3 yields ex-
amples of sectorial operators that are almost a-sectorial, but not a-sectorial:

COROLLARY 6.3.3. Let o be an unconditionally stable Fuclidean structure on

X. Suppose that

e X has an unconditional Schauder basis.

e X is not isomorphic to £2.

e X has a complemented subspace isomorphic to P for some p € [1,00) or

isomorphic to cg.

Then X has a Schauder basis x such that for any Hadamard sequence (A,)72, the
operator associated to x and (Ag)52, is almost a-sectorial, but not a-sectorial.

Specifically for the 7-structure we have:

COROLLARY 6.3.4. Let p € [1,00)\ {2}. There is a sectorial operator on LP(R)
which is almost y-sectorial, but not vy-sectorial.

ProoF. If p € (1,00) \ {2} this follows from Corollary 6.3.3, since the Haar
basis is unconditional. Any Schauder basis of L!(R) is not R-bounded and thus not
~v-bounded by [HKKO04, Theorem 3.4], so for p = 1 we can directly apply Theorem
6.3.2. 0
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6.4. Sectorial operators with wye(4) > w(A)

Let A be a sectorial operator on X and « a Euclidean structure on X. We have
seen in Proposition 4.2.1, Proposition 4.5.1, Theorem 4.5.6 and Corollary 5.1.9 that
under reasonable assumptions on « the angles of (almost) a-sectoriality, (a-)BIP
and of the (a-)-bounded H°-calculus are equal whenever A has these properties.
Strikingly absent in this list is the angle of sectoriality.

In general the angle of sectoriality is not equal to the other introduced angles in
Chapter 4. As we already noted in Section 4.5, Haase showed in [Haa03, Corollary
5.3] that there exists a sectorial operator A with wpip(A4) > w(A). The first coun-
terexample to the equality wpe(A) = w(A) was given by Cowling, Doust, McIntosh
and Yagi [CDMY96, Example 5.5], who constructed an operator (without dense
range) with a bounded H®-calculus, such that w(A4) < wpge(A). Subsequently,
the first author constructed a sectorial operator with w(A) < wg=(A) in [Kal03].
Both these examples are on very specific (non-reflexive) Banach spaces and it is
an open problem whether every infinite-dimensional Banach space admits such an
example. In particular in [HNVW17, Problem P.13] it was asked whether there
exists examples on LP. In this section we will provide an example on a subspace of
LP for any p € (1,00).

Let us note that all known examples that make their appearance in applications
actually satisfy wge (A) = w(A). This holds in particular for classical operators like
the Laplacian on LP(R?), but also for far more general elliptic operators as shown
[Aus07], which is based on earlier results in [BK03, DM99, DR96]. More re-
cent developments in this direction can for example be found in [CD20b, CD20a,
Egel8, Ege20, EHRT19]. Also for example for the Ornstein-Uhlenbeck opera-
tor we have wy=(A4) = w(A) (see e.g. [Car09, CD19, GCMM™'01, Har19)]).
Even in more abstract situations, like the Hérmander-type holomorphic functional
calculus for symmetric contraction semigroups on LP, the angle of the functional
calculus, is equal to the angle of sectoriality (see [CD17]). This means that our
example will have to be quite pathological.

The general idea. We will proceed as follows: We will construct a Ba-
nach space X and a Schauder multiplier operator such that w(A4) = 0 and such
that, on the generalized square function spaces introduced in Section 5.3, the in-
duced operator A®| my ,. does not have a bounded H*-calculus for s > 1. Then

wpp(A%[gy ) =T by Theorem 5.4.4 and (5.13), so using Theorem 5.4.3 and

Proposition 5.4.1 we know that Algy (,,) With ¢,(2) = % has a bounded H®°°-
calculus. Therefore ’

™

1
= (Al ) = wmie (Al 1) = 5 (A1) =

6,A

and by Proposition 5.3.5
W(A|HJ,A(%)) = CU(A) = 0.

Therefore Alpy (4.) on Hy 4(s), which will be a closed subspace of LP, is an
example of an 6perat0r that we are looking for.

The remainder of this section will be devoted to the construction of this A. As
a first guess, we could try the operators we used in Section 6.2 and Section 6.3 for
our examples. The following theorem shows that this will not work.
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THEOREM 6.4.1. Let x be a Schauder basis for X, (A\;)?2, a Hadamard se-
quence and A the sectorial operator associated to x and (Ag)72 . Let o be an ideal
Euclidean structure on X and fix 6 € R. Then Alng , has a bounded H*-calculus

on Hg 4 with wpe(Alng ,) = w(A)

PrOOF. For simplicity we assume (A;)52,; C Ry, i.e. w(A) =0, and leave the
case (A\;)72; C X, for 0 < o < 7 to the interested reader. Let ¢ > 1 be the constant
in the definition of a Hadamard sequence and take u > max{1,1/log(c)}. Define
pr = ulog (M), then we have

inf | — el = inf ullog(Aj/Ax)| > 1,

0 (uk)72 is uniformly discrete. Moreover, denoting by n™ (r) the largest number
of points of (u)72; in any interval I C R of length » > 0, we have for the upper
Beurling density of (px)5,
+
DH(u),) = Tim ) 1.

r—oo T

Therefore, by [Sei95, Theorem 2.2], we know that (e*+*)?° | is a Riesz sequence in
L?(—m, ), i.e. there exists a C' > 0 such that for any sequence a € ¢2 we have

n
—1 it
0 flallg < ||t~ S|, <Clallg,
and thus we have
n C 5 n
a < CH apettr < — 5 U|le 5l ap At .
|| ||Z$L N kZ:l g L2(—mm) \/ﬁ ; Rk L2(—mu,mu)

Conversely we have that

n
sup He*?Hg ak/\;"
k=1

<
lall 2 <1

L2(—m,m)
+ H67%H ak)\i"
]; k L2(R\(—7u,mu))

n
e =l Z aRAy,
k=1

using the change of variables ¢’ = ¢t + 7u in the second step. So for any 0 < s < 7u

we have
n
[T SR
k=1

Therefore T : £ — L?*(R) given by

L*®) a2 <1
n

7‘_2
<CVu+2 sup e s Y
lallez <1

L2(R)’

~ Vi -|lallez.

L2(R)

oo
(Toa)(t) = are™™/NE teR
k=1

is an isomorphism onto the closed subspace of L?(R) generated by the functions
(t = e SlNI)  Tts adjoint TF: L%(R) — ¢2 is given by

(Tsp)i = / et)e /Ut 4t ke N.
R
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Now fix @ € ¢2 and define z = 3", apzy. Then for ¢4(2) = 2°/2(1 4 2°)~! we
have by Proposition 5.4.1 and (6.5)

ﬁtl)‘z&%kua(mm'

n
||95||H;{A(¢S) = ||t — Zake’
k=1
Now if S : L?(R) — X is the operator represented by ¢t — > ;_, akeffm)\?*%k’
then we have S = S’ o T*, where S’ : £2 — X is the finite rank operator given by
S = 2221 e @ ak)\zxk and (ex)?2, is the canonical basis of 2. Since T} is an
isomorphism, we see

HxHH?,A(%) = ||S||Q(R;X) ~Vu- HSI”a =Vu- ||(a1)\?$c1, cee 7an)‘fpxn)”a-

Thus by density we deduce that the spaces Hg 4(¢s) are isomorphic for all 0 <
s < mu and since u could be taken arbitrarily large they are isomorphic for all
s > 0. In particular Hg , is isomorphic to H&A(<ps) for any s > 1 and thus by
Theorem 5.4.3 we deduce that A] HE , has a bounded H°°-calculus on ng 4 With
me(A‘Hé‘,A) =0 ]

The construction of the Banach space X. Since Hadamard sequences will
not work for the example we are looking for, we will construct an operator based
on a Schauder basis and an increasing sequence in Ry, which is also sectorial by
Proposition 6.1.2. Let us first define the Banach space X that we will work with.
Fix 1 < ¢ < p < o and denote the space of all sequences which are eventually
zero by coo. Let (23)32, be a sequence in oo N {z* € £7" ¢ ||z*||,» < 1} such that
{a% : k € N} is dense in {z* € €7 : ||z*| v <1} and each element of {z} : k € N}
is repeated infinitely often. For each £ € N let F;, € N be the support of zj
and write Fy, = {Sk,1,...,8k|F, |}, Where sg1 < -+ < 53 |F,|- Define Ny = 0 and
N, = |F1‘++|Fk| for k£ € N.

Let (ej)32; be the canonical basis of £/. For k € N we define the bounded
linear operator Uy, : /P — (P by

if Np—1 <j < Ng

otherwise

Uk(e;) := {Sskvu—ww

and the partial inverse Vi : ¢# — (P by Vio = U, ' (2 15,). Now we define X = X, ,
as the completion of cgg under the norm
o0
l2llx,., = lzllee + || (U, 25)) 2 [l o
Then X is isomorphic to a closed subspace of P @ ¢4, which can be seen using the

embedding X — /P @ ¢ given by

T TP (<Uk£137117;:>)2021

We consider X, and therefore all parameters introduced above, to be fixed for the
remainder of this section.

LEMMA 6.4.2. The canonical basis of ¢P is a Schauder basis of X .

PRrROOF. It suffices to show that the partial sum projections (5;)32; associated
to the canonical basis of /P are uniformly bounded. Fix m,n € N such that N,,_1 <
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m < N, and take x € X. Then since ||Sy|lzr) <1 and |z}, <1 we have

(kS ma, w0) ol = | (OS2} g

n—1
< (Z|<Uka:,m;>|q)1/q + [(Un S, a3,)|
k=1

< [ (Uk, 27)) oy [l o + lller-

Therefore [[Sy, || zx) < 2 for all m € N. O

The construction of the sectorial operator A. Next we construct the
sectorial operator on X, for which A®| Hg . with s > 1 will not have a bounded
H°-calculus. Define for j € N
(6.8) A = 2k(2 _ ;) Niy_1 < j < Ny.

Sk,(j—Nk—_1)
Then (), ) "2, is an increasing sequence in R, so by Proposition 6.1.2 and Lemma
6.4.2 the operator associated to (A;)72; and the canonical basis (e;)52, is sectorial

with w(A) = 0. The following technical lemma will be key in our analysis of this
operator.

LEMMA 6.4.3. Let A be the sectorial operator associated to (e;)52, and (A;)52;.
Let 0 < 0 < and suppose that f,g € H'(X,) such that
| (g(27 A)z S[(f(27A)x

T € Coo-

JGZHV(Z X) ~ )jEZHV(Z;X)’

Then there is a sequence a € (%(Z) so that
:Zakf(sz)7 z € X,
JEL
PROOF. Fix z € (P with all entries non-zero and z* € {z} : k € N}. Let
dy < dy < --- be such that z* = 2 for all k¥ € N, which is possible since each

element of {z} : k € N} is repeated infinitely often. Define T : ¢ — (P by
Te; =(2— *)63, then

A=Y 2MVTU,.
k=1
Fix n € N and define
Yn = Vg, o+ -+ Vg, € coo-

Then for all j € N we have for h = f, g

h(27 Ay, Zh 2RV TU )y, Zh 2TV, x
k=1 k=1

Noting that the vectors Vy, « are disjointly supported shifts of x 1 for F' = Fy, =
Fy, =---, we obtain

[Some a2, = | S vy ),
k=1j€Z

JEZL

= | (@ Ty |
JeL
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and similarly

(e e ey )|,

k=1

l/q Z| h(29T)x, z* |)1/2.

JEZL

Now since X is a closed subspace of a Banach lattice with finite cotype, we have by
Proposition 1.1.3 and our assumption on f and g that there is a C' > 0 such that
for alln € N

2| (M le@ D)@ 10) )|+ (YKo T, 2 ?)
P
JEL

JEZL
+n1/q Z| f(27T)x, z*) |)1/2).
kEZ

< C(nl/p

oD@
JEZ

Since ¢ < p we obtain by dividing by n'/? and taking the limit n — oo that

(g D)z, a) ) < (Y@ D), ) 2,

kEZ kEZ
In particular we have

12
(6.9) [{g(T)a,z*)| < C(D_I(f( z*)[?)
kEZ

Since T is bounded and invertible, we know by Lemma 4.3.4 that

STzl -0, n— oo,
|k|>n

Therefore (6.9) extends to all z* € 7" of norm one by density. Define the closed
(compact!) convex set

r— {Zakf(QkT)x alle < c}
k€EZ

and suppose that g(T)x ¢ T'. Using the Hahn—Banach separation theorem [Rud91,
Theorem 3.4] on I' and {g(T)z}, we can find an z* € " such that

C(Z|<f(2kT)x,a:*>|2)1/2 = sup Re(<z arf(28T)x, x >)

kezZ llall,2<Ch keZ

< Re((g( )x,:r*))

< [g(T)z, =),

a contradiction with (6.9). Thus g(T)x € T, so there is an a € ¢? with ||al|,z < C;

such that
T)x = Z arf(28T)x
kez

Since every coordinate of = is non-zero, this implies that

o(2-3) = Lt (2(1-3))

for all j € N. As >, ., axf(2%z) converges uniformly to a holomorphic function
on compact subsets of ¥, by the uniqueness of analytic continuations this implies
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that
9(z) =Y arf(2"2),  z€ %,

keZ
which completes the proof. (I

Using Lemma 6.4.3 we can now prove the main theorem of this section, which
concludes our study of Euclidean structures.

THEOREM 6.4.4. Let p € (1,00) \ {2} and o € (0,7). There exists a closed
subspace Y of LP([0,1]) and a sectorial operator A on'Y such that A has a bounded
H>®-calculus, has BIP and is (almost) y-sectorial with w(A) =0 and

WH oo (A) = wBIP(A) = OJ,Y(A) = (;J,Y(A) = 0.
Proor. If p € (1,2) take X = Xy, and if p € (2,00) take X = X, 2. Let A
be the sectorial operator associated to (e;)32; and (A;)52, with (A;)52; as in (6.8)
and (e;)32; the canonical basis of £7. Set v = 7/c and define B = A", which is a
sectorial operator with
w(B) =vw(A4) =0.
Suppose that the operator B|H3,B as in Proposition 5.3.5 has a bounded H*°-

calculus. Then by Theorem 5.4.4 there is an 1 < s’ < oo such that for 0 < s < &’
the spaces Hy 5(ps) with ¢4(z) = 2%/2(1+ 2°)~" are isomorphic. In particular by
(6.5) and a change of variables we have for = € g
lpws Al (e, aix) = VPIElag s = VPITlEy , = o0 (Al m, gt x)
and thus by Proposition 5.4.5 there is a 1 < s < ¢’ such that
(s (@* A)o)rezl|, x) < C l(pu (28 A))iezll, .5
This implies by Lemma 6.4.3 that there is a a € ¢? such that we have
(6.10) vus(z) = Zakgol,(ka), z€ X,
kezZ

for any 0 < p < 7/vs. Thus (6.10) holds for all z € X, /.. But ¢, € H' (X /,s)
and ¢, has a pole of order 1 on the boundary of ¥ /,, a contradiction. So B| H]
does not have a bounded H°-calculus. By Theorem 5.4.4 and (5.13) this implies
wBIP(B|Hg‘B) = T.

Now we have by Proposition 5.3.5 that the operator A\H&A(%) onY = H&A(cpu)
is sectorial with

W(A|H3,A(%)) =w(A)=0.

and by Theorem 5.4.3 and Corollary 5.1.9 we know that A|H&A(%) has a bounded
H*-calculus with

1
wi=(Aluy (o) = wee(Almg o) = S weie(Blag ) = = 0.

Here we used that by Proposition 5.3.5 we have for all = € ¢y
1/v
Blay v = (Almg (o)
It remains to observe that Y is a closed subspace of (R4, %;X ), which is
isomorphic to a closed subspace of LP(Q; P & ¢2) for some probability space (Q,P),
which in turn is isomorphic to a closed subspace of LP([0,1]), see e.g. [AK16,
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Section 6.4]. Finally note that Y has Pisier’s contraction property and therefore

Al H ,(p0) is 7-sectorial by Theorem 4.3.5 and the angle equalities follow from

Proposition 4.2.1 and Corollary 5.1.9. (]
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