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A REMARK ON A PROBLEM OF KLEE
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This paper treats a property of topological vector spaces first studied by
Klee [6]. X is said to have the Klee property if there are two (not necessarily
Hausdorff) vector topologies on X, say 71 and 72, such that the quasi-norm
topology is the supremum of 71 and 75 and such that (X, 7;) has trivial dual
while the Hausdorff quotient of (X, 72) is nearly convex, i.e. has a separating
dual. Klee raised the question of whether every topological vector space has
the Klee property.

In this paper we will only consider the case when X is a separable quasi-
Banach space. In this context the problem has recently been considered in
[2] and [7]. In [7], the problem was considered for the special case when X
is a twisted sum of a one-dimensional space and a Banach space, so that
there is subspace L of X with dim L = 1 and X/L locally convex; it was
shown that X then has the Klee property if the quotient map is not strictly
singular. Then in [2] a twisted sum X of a one-dimensional space and ¢, was
constructed so that the quotient map is strictly singular and X fails to have
the Klee property. Thus Klee’s question has a negative answer. The aim of
this paper is to completely characterize the class of separable quasi-Banach
spaces with the Klee property. Using this characterization we give a much
more elementary counter-example to Klee’s question.

Given a quasi-Banach space X, the dual of X is denoted by X*. We
define the kernel of X to be the linear subspace {z : *(z) = 0 Vz* € X*}.

Now we state our theorem:

THEOREM. Let X be a separable quasi-Banach space, with kernel E.
Then X fails to have the Klee property if and only if E has infinite codi-
mension and the quotient map ©: X — X/FE is strictly singular.

Proof. For the “if” part, suppose that E has infinite codimension,  is
strictly singular and that X has the Klee property. In this case the closure
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of {0} for the topology 7o must include the kernel E, so that on E the
topology 7 must coincide with the quasi-norm topology. By a standard
construction, there is a vector topology 73 < 71 which is pseudo-metrizable
and coincides with the quasi-norm topology on E. Let I’ be the closure of
{0} for this topology.

Note that FFN E = {0} and that F + F is 73-closed and hence also
closed for the original topology. This implies that 7 restricted to F' is an
isomorphism, and so if F' is of infinite dimension, we have a contradiction.
If F is of finite dimension, then since X* separates the points of ' we can
write X = Xo @ F, and 73 is Hausdorff on Xy. Suppose 73 coincides with
the original topology on Xy. Then X has trivial dual and so Xy C E. This
implies that E is of finite codimension, and so contradicts our assumption.
Thus 73 is strictly weaker than the original topology on Xj.

By a theorem of Aoki-Rolewicz [4], we can assume that the quasi-norm
is p-subadditive for some 0 < p < 1. Now let | - | denote an F-norm defining
73 on X. There exists 6 > 0 so that |z| < § and x € F imply ||z||P < 1/2.
We can also choose 0 < n < 27Y/P 5o that x in X and ||z| < 7 together
imply that |z| < /2. Also, there exists a sequence (x,) in Xy so that
|z,| <27 and ||z]| = 1. Now by [4] (p. 69, Theorem 4.7) we can pass to a
subsequence, also labelled (z,,), which is strongly regular and M-basic in X,
i.e. so that for some M we have max |ay| < M| Y ,o, agzy|| for all finitely
nonzero sequences (ai)5>,. Now pick ng so large that (M + 1)27"° < /2.

Let Fp be the linear span of (2,,)n>n,; we show that 7 is an isomorphism
on Fy. Indeed, suppose e € E and (an)n>n, is finitely nonzero with |le +
Y ks Tkl < mbut [0, agzkll = 1. Then |e + >, apwi| < 6/2.
Further, 1 + maxgsn, |ax] < M + 1. Hence |e] < ¢ and |[e||P < 1/2; this
implies |le + 37, <, arwxl| > 1/2, which gives a contradiction. Hence the
map 7 is an isomorphism on Fjy, and this contradicts our hypothesis.

Now we turn to the converse. By the theorem of Aoki—-Rolewicz we can
assume that the quasi-norm is p-subadditive for some 0 < p < 1. Suppose 7
is an isomorphism on some infinite-dimensional closed subspace F'. Then F
has separating dual and hence contains a subspace with a basis. We there-
fore assume that I has a normalized basis (f,,)52 ;, and that K is a constant
so large that e € E and f € F imply that max(|lel|, ||f|]) < K|le + f|| and
so that if (a,) is finitely nonzero then max |a,| < K||Y 07 anfl|-

Now let (x,)22; be a sequence whose linear span is dense in X, chosen in
such a way that MP~1|z,||? = 2~ (*%), where each M,, is a positive integer.
We also require that for each positive integer m and each z,, mz, = ax;
for some 0 < a < 1 and some positive integer j. Let N, = M, — M, _1,
My = 0. Let a,, = 2+t9/P N, K2 Define V as the absolutely p-convex hull
of the set {anfx +xpn: Mp_1+1<k<M,, 1<n<oo}. Welet L be the
closed linear span of the vectors {ZQ/ZMn_l 1 Jr)
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We now consider the set L +V + Ux, where Ux is the open unit ball
of X. This is an open absolutely p-convex set and generates a p-convex semi-
quasi-norm |- | on X. We will show that |- | generates the original topology
on F; more precisely, we will show that if e € F and e € L+ V 4 Ux, then
lell < 2V/PK.

Indeed, assume e € EN(L+V 4+ Ux). Then there exists y € Ux so that
e—y € L+ V. It follows that there exist finitely nonzero sequences (by)7>,
and (c,)5% so that > po |bk|? <1 and e —y = 21 + 22, where

o) N, fo'e) N,
z1 = g g (b — cn)anfr, 22 = E ( E bk)xn.
n=1k=N,_1+1 n=1  k=N,_1-+1

Let B, = > n"n. .41 bk Then

ly + z2l” < 1+ 1BalPllzalP = A7,

n=1
say. It follows that
Izl < Klle — 2l < KA.
Thus
max Mn_lgllaSXkSMn by, — cnlan < K2A,
SO
& < KAPa;? + |bp|P (M1 +1<k<M,).
Adding, and using > [bx|P < 1, we obtain
Ny,
Noch < > [bkl” + @, K*P AP < 14 Npa,PKP AP,
k=N, _1+1
Hence,
& < K?PAPq; P + N, ' < 2N, ' max(N,K* APa,? 1).
Taking pth roots,
cn < 2YPNYPmax(1, NYPa L K2 A).
It now follows that
8| < 2YPN1I=VP max(1, N}MPa 1 K2 A) + N, K?%a, ' A.
This implies that
|Bn|P < BNPK?*q, P AP + 3NP~1.

We finally arrive at the inequality

o0
1
AP <14 AP YT BNEEay? 4 3NE Y|P < 1+ S A7,

n=1
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which implies A < 2/P and hence |le| < Klle — 21| < KA < 2Y/PK | as
desired.

This shows that L+V 4 Ux intersects E in a bounded set and |-| induces
the original topology on E. However, for each n,

1 My, a M,
xnzﬁn Z (anfk‘i‘xn)_Nir; Z fk
k=Mp,_1+1 k=Myp_1+1

is in the convex hull of L+ V. Hence, by assumption on (x, ), mz,, is in the
convex hull of L+V as well for all m in N, and hence (X, |-|) has trivial dual.

Now note that X with the quasi-norm d(z, E) is nearly convex. We
finally show that the original topology on X is the supremum of the | - |-
topology and the topology induced by d(z, E). Suppose d(z,, E) — 0 and
|z,,| — 0. Then there exist e,, € E so that ||z, —e,|| — 0 and so |z, —e,| —
0. Hence |e,| — 0, and hence ||e,|| — 0, which implies ||z,| — 0.

Remark. The main theorem of [7] is an immediate consequence of
our theorem. Indeed, assume X = R@r Y is a twisted sum and that the
quasi-linear map F' on the separable normed space Y splits on an infinite-
dimensional subspace. Then it is bounded on a further infinite-dimensional
subspace, so the quotient map 7 : X — X/E = X/R is not strictly singular.

Remark. One special case, which is sometimes applicable, is that X
has the Klee property if it has an infinite-dimensional locally convex sub-
space with the Hahn—Banach Extension Property (cf. [4]). Indeed, in these
circumstances, there is a locally convex subspace Z with dim Z = oo, so the
Banach envelope seminorm is equivalent to the original quasi-norm on Z; it
then follows rapidly that the quotient map = : X — X/F is an isomorphism
on Z.

For a particular case of this, let (A,) be a sequence of pairwise disjoint
measurable subsets of (0,1), of positive measure. Let (f,) be a sequence
of measurable functions, with f, supported on A, and each f,, having the
distribution of ¢t — 1/¢t, for small ¢. Let F' be the closed linear span of (f,,)
in weak L. Then F' has the Hahn—Banach Extension Property in weak L
and so if X is any separable subspace of weak L, containing F' then X has
the Klee property.

ExXAMPLE. Finally, we construct an elementary counter-example to
Klee’s problem, using much less technical arguments than [2]. We use the
twisted sum of Hilbert spaces, Zs, introduced in [3] (see alternative treat-
ments in [1] and [5]). To define this it will be convenient to consider the
space cgo of all finitely nonzero sequences as a dense subspace of £5 and
consider the map (2 : cogg — ¢2 given by

(&) (k) = &(k) log([|€ll2/1E(F)]),
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where as usual the right-hand side is interpreted as zero if £(k) = 0. Then
2(a) = af2(€) for o € R and

1£2(¢ +n) = £2() = 2(n)ll2 < C(ll¢ll2 + [nll2)

for a suitable absolute constant C'. Now Zy = f5 @, f5 is the completion of
coo @ £2 under the quasi-norm

1M = 1€ = L2@m)l2 + [Inl2-

Now (cf. [3]) the map (§,n) — n extends to a quotient map from Z, onto
{5 which is strictly singular. More precisely, if F' is any infinite-dimensional
subspace of cyg then the completion of ¢5 @, F' contains an isometric copy
of Zy (this is essentially Theorem 6.5 of [3], or see [1]). In particular, this
subspace is never of cotype 2.

Now to construct our example, embed /5 into L,, where p < 1. Then
L, ®q s = X has its kernel E isomorphic to L, and X/E ~ fy. If the
quotient map is not strictly singular then there is an infinite-dimensional
subspace F of cop such that the completion of L, ® ¢, F' is linearly isomorphic
to L, ® f2 and hence has cotype 2. Then ¢> © F' is also cotype 2, and this
is impossible as we have seen.

It follows from our main theorem that the space we have constructed
fails the Klee property.

REFERENCES

[1] N.J.Kalton, The space Zo viewed as a symplectic Banach space, in: Proc. Research
Workshop in Banach Space Theory, Univ. of lowa, Iowa City, 1981, 97-111.

[2] —, The basic sequence problem, Studia Math. 116 (1995), 167—187.

[3] N.J.Kalton and N. T. Peck, Twisted sums of sequence spaces and the three-space
problem, Trans. Amer. Math. Soc. 255 (1979), 1-30.

[4] N.J.Kalton, N.T. Peckand J. W. Roberts, An F-space Sampler, London Math.
Soc. Lecture Note Ser. 89, Cambridge Univ. Press, Cambridge, 1984.

[5] N.J.Kalton and R. C. Swanson, A symplectic Banach space with no Lagrangian
subspace, Trans. Amer. Math. Soc. 273 (1982), 385-392.

[6] V.L.Klee, Exotic topologies for linear spaces, in: Proc. Sympos. on General Topol-
ogy and its Relations to Modern Analysis and Algebra, Academic Press, 1962, 238—
249.

[7] N.T.Peck, Twisted sums and a problem of Klee, Israel J. Math. 81 (1993), 357-368.

Department of Mathematics Department of Mathematics
University of Missouri University of Illinois
Columbia, Missouri 65211 Urbana, Ilinois 61801
U.S.A. U.S.A.
E-mail: mathnjk@mizzoul.bitnet E-mail: peck@symcom.math.uiuc.edu

Received 6 February 1995



