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ABSTRACT

Suppose A is a sectorial operator on a Banach space X, which admits an
H®-calculus. We study conditions on a multiplicative perturbation B of A
which ensure that B also has an H ®°-calculus. We identify a class of bounded
operators T' : X — X, which we call strongly triangular, such that if B =
(1+4T)A s sectorial then it also has an H *°-calculus. In the case X is a Hilbert
space an operator is strongly triangular if and only if ) $,,(7") /n < oo where
(s (T))22; are the singular values of 1.

1. Introduction

Let A be a sectorial operator on a Banach space X (see § 3 for the precise definition).
We will say that a closed operator B is a (multiplicative) perturbation of A if Dom(A) =
Dom(B) and there is a constant C' such that

C7Az|| < |Bz|| < C||Az||  z € Dom(A).

This implies that we can write B in the form B = SA where S : X — X is a bounded
operator with a lower bound. In order for B to be again sectorial it is necessary but not
sufficient that S be invertible. It is well-known, however, that if S is a small enough
perturbation of the identity then B is always sectorial.

Now suppose A has an H-calculus, as introduced by McIntosh [26] (see § 3).
Then Mclntosh and Yagi [27] showed that a perturbation of A can be sectorial but
fail to have an H%-calculus. We therefore may ask for conditions on S (or more
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appropriately 7' = S — I') which will ensure that B again has an H*-calculus. Such a
result was recently proved by Arendt and Batty [2] who showed that if A is invertible
and if B is a sectorial operator which is a nuclear perturbation of A (i.e. T is nuclear)
then B has an H%-calculus with angle wy(B) < max(w(B),wg(A4)). (See § 3 for
precise definitions of these quantities).

The aim of this paper is to show that the class of permissible perturbations that
preserve the H-calculus is significantly larger than just the nuclear perturbations. We
first discuss our results in the context of Hilbert space where our results are essentially
best possible. Let us say that a compact operator 7' on a Hilbert space is triangular if
its singular values satisfy the inequality

i Sn;T) < o0. (1.1)
n=1

The triangular operators are identifiable with the predual of the Matsaev ideal
(see [12]). Then every sectorial operator B which is a triangular perturbation of A
automatically has an H*-calculus with wy(B) < max(w(B),wn(A)). Conversely if
(an) is a sequence with

DR

n=1 n

then we may construct an example of a sectorial operator A with an H°°-calculus and
a compact operator 7" with s,(7") < a, so that none of the operators (1 +27"7)A has
an H*-calculus.

Thus the triangular operators form the largest ideal which preserve the H®°°-
calculus. Notice that the restriction on the singular values is very mild indeed: one
only requires a condition like s,,(T) = O((logn)~17¢).

For general Banach spaces our results are not quite so clean. We first observe
that it is possible to replace nuclear operators in the Arendt-Batty result by absolutely
summing operators (which may not even be compact).

Then we define a triangular operator T : X — Y to be an operator such that for
a suitable constant C' one has

n J
35S it < o S s 35w

j=1k=1

whenever x1,...,2, € X, y],...,ys € Y*. The least such constant C' defines ©(T') the
triangular norm of 7. This definition is equivalent to the definition above for operators
on a Hilbert space. The class of triangular operators forms an operator ideal in the
sense of Pietsch which includes the ideal of absolutely summing operators. One can
also show that if 7" is compact and its approximation numbers a, (7") satisfy (in place

of (1.1)): .
Z M < 00 (1.2)

n
n=1

then T is triangular. This condition is a little more restrictive than the condition

for operators on Hilbert spaces, but still is quite mild: one requires an estimate like

an(T) = O((logn) 7).
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It then turns out that the H°°-calculus is preserved under small triangular pertur-
bations. We say that T is strongly triangular if for every e > 0 there is an absolutely
summing S with (T — S) < e. For example (1.2) suffices to ensure that 7" is strongly
triangular (and one only needs S to be finite-rank); however strongly triangular opera-
tors need not be compact. We then have a full extension of the Arendt-Batty result: if
B is a strongly triangular perturbation of A and is sectorial then B has an H*-calculus
with angle wy(B) < max(w(B),wm(A)). Let us remark here that to prove this result
under the hypothesis (1.2) one can avoid the use of absolutely summing perturbations
(Theorem 7.5) (using only finite-rank perturbations and somewhat more elementary
arguments). However, the use of Grothendieck’s theorem and the theory of absolutely
summing operators appears to be essential in the characterization of triangular oper-
ators by (1.1) or (1.2). Furthermore, it seems to us that it is very natural to consider
absolutely summing perturbations as the proof of Theorem 7.5 is quite direct and uses
only the definition of absolutely summing operators.

We also give in § 4 some results on the sectoriality of perturbations which imply
this result can be strengthened when X has non-trivial type to wy(B) < wg(A)
unless B has an eigenvalue A with |argA\| > wgy(A). We also show that in certain
special Banach spaces like L; or £1 then the H°°-calculus is preserved under all compact
perturbations. This result depends very much on the special behavior of these spaces.
We also show that at least for Hilbert spaces our results are sharp.

Let us make a few comments on the organization of the paper. In § 2 we collect
together some well-known results from classical Banach space theory which are used
in the paper. § 3 contains the background on sectorial operators. In § 4 we discuss
some general results on perturbations of sectorial operators, extending known results in
certain cases; however, the results of this section (Proposition 4.1 through Theorem 4.4)
are not necessary in order to read the remainder of the paper. § 5 and § 6 collect
together the Banach space ideas used in the main results. Finally § 7 contains the
main results on when perturbations have an H-calculus and § 8 gives an example to
show the results are sharp.

2. Preliminaries from Banach space theory

In this section we review some of the basic facts in general Banach space theory which
will be used in the remainder of the paper. We will only consider complex Banach
spaces. We refer to [1, 34, 22, 23] for general background.

Let X be a Banach space; we denote the dual of X by X* and use (,) for the
natural pairing of X and X*. If X is a Hilbert space we use (,) for the inner-product
on X. If A is a subset of X we denote by [A] the closed linear span of A.

We recall that a sequence (e,)52; in X is called a (Schauder) basis if there is
a sequence (ej,)p2y in X* such that ep(ex) = 1, ej(ex) = 0 for j # k, and = =

oo 1 {x,el)e, for each z € X. (e,)02, is called an unconditional basis if the series
Yoo (z, e} )en, converges unconditionally for every z € X. (e,)52; is called a basic
sequence (respectively, an unconditional basic sequence) if it is a basis (respectively an
unconditional basis) for its closed linear span [e,]22 ;. Two basic sequences (e)o>;
and (zp,)02 are equivalent if there is an invertible operator T': [e,]02; — [2,]0%; with
Te, = xp,.
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It is often important to know when an arbitrary sequence has a subsequence which
is basic and a complete answer can be given (see [17] or [1, p. 22]):

Proposition 2.1

Let (z,)22, be a sequence in a Banach space X. Suppose 0 < inf,en ||z,] <
SUp,en |ln|| < 0o. Suppose ()52, fails to have a subsequence which is basic; then
the set {z, : n € N} is relatively weakly compact in X \ {0}.

We also have:

Proposition 2.2

Let X be a Banach space with an unconditional basis. Then every weakly null
sequence (xy)o> with 0 < inf,en ||zy| < sup,cy ||Zn|| < 0o has a subsequence which
is an unconditional basic sequence.

This is very well-known and follows from the Bessaga-Pelczyniski Selection crite-
rion ([1, p. 14]). Note that L, has an unconditional basis if 1 < p < oo but L; does not
embed in any space with an unconditional basis ([34, p. 62]). Indeed the proposition
is false if X = L; [16].

We recall that a sequence (z,)5%; in a Banach space X is weakly Cauchy if
lim;, o0 (Tp, x*) exists for all z* € X*. The following deep result is due to Rosenthal [32]
(for the real case) and Dor [10] (for the complex case). See [1, p. 252] or [22, p. 99].

Theorem 2.3

Let (z,)22; be a sequence in a Banach space X such that 0 < inf, e ||z,] <
SUp,en ||lZn]| < co. If (,)52; has no weakly Cauchy subsequence then (xy)5, has a
subsequence which is basic and equivalent to the canonical basis of {1.

We will also need the concepts of Rademacher type and cotype. Let (Gj)?i1 denote
a sequence of independent Rademachers (i.e. random variables on some probability
space such that P(e; = 1) = P(¢; = —1) = 3). We say that a Banach space X has type
p (where 1 < p < 2) if there is a constant C' such that

(g znjejxij)l/p < c(znj umj”p)l/p 21, 1n € X.
j=1 j=1

X has cotype q (where 2 < g < o0) if there is a constant C' so that

1/q

" 1/q n q
(ZH%‘HQ) SC(EHZeﬁjH ) T1,. .. 20 € X.
=1 =

X has non-trivial type if it has type p > 1 for some p.

We now consider ideals of operators. A good general reference here is [9] or the
survey article [8].

First we recall that an operator T : X — Y is said to be strictly singular if for every
infinite-dimensional subspace E of X the restriction T'|g fails to be an isomorphism
(into Y'). Compact operators are strictly singular but the converse is false: however,
strictly singular operators have essentially the same Fredholm properties as compact
operators. We will need the following result ([22, p. 79]):
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Proposition 2.4

Let T : X — X be a strictly singular operator. Then 1+7T is a Fredholm operator
of index zero.

If X and Y are Banach spaces and £(X,Y") is the space of all bounded opera-
tors then we will say that a subspace Z with an associated norm ® is an operator ideal if:

(i) (Z,®) is complete.
(ii) If R: X — Y has rank one then R € 7 and ®(R) = ||R||.
(iii) f SeZand R e L(Y) = L(Y,Y), T € L(X), then RST € T with ®(RST) <
IRI[@S)IT]-

We will say that Z is mazimal if {T : ®(T") < 1} is closed for the strong operator
topology.

Our definition of an operator ideal is a simplified version of the more general
concept of an operator ideal developed by Pietsch [29] (see also [6, 8]); we have elected
not to use the more general definition only to avoid complications. Note that both
the compact and strictly singular operators form an operator ideal for the operator
norm. We now turn to some other examples of operator ideals, which are not closed
in £L(X,Y).

An operator T : X — Y is called nuclear if it can be represented in the form
Tx = Y00 (z,x})y, where (x})5; is a sequence in X*, (y,)>2, is a sequence in
Y and S lzk||[ynl] < oo. The nuclear norm v(T') is defined to the infimum of

o2 1 12k Hlyn || over all such representations. The nuclear operator operators form an
operator ideal.

T is called absolutely p-summing if there is a constant C' so that we have

(ZHTme) p<C|H}ﬁ§1<Z| Tk, T )1/]0 T1,...,Tn € X.

k=1

The least constant C' is called the absolutely p-summing norm and denoted m,(T).
It is clear that the absolutely p-summing operators form a maximal operator ideal
according to our definition above. Absolutely p-summing operators are always strictly
singular. We will need mainly the case p = 1 when we use the term absolutely summing
operator.

We will need the following fact (combine e.g. Corollary 5.8 and Theorem 5.26
of [9]):

Proposition 2.5
Let T : 02, — X be a linear operator. Then m(T) = v(T).

The central result concerning absolutely summing operators is of course Grothendieck’s
theorem (see [22, p. 69], [9, p. 60], [31, p. 57]):
Theorem 2.6

Let X = ¥¢1 or X = Li. Then every bounded operator T : X — {5 is absolutely
summing and m (T) < K¢||T|| where K¢ is Grothendieck’s constant.
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Note that Grothendieck’s constant in the complex case is different from the real
case. A Banach space X such that every operator T : X — {5 is absolutely summing
is called a GT-space; see [31, Chapter 6], for a full discussion.

We will have particular need of a dual form of Grothendieck’s theorem ([9, p. 64],
[22, p. 70]). We state this this for finite-rank operators.

Theorem 2.7

Let X be a Banach space isometric to a subspace of L1 (e.g. let X be a Hilbert
space). Then if T : £}, — X is a linear operator we have mo(T) < Kqa||T)|.

Theorem 2.7 holds for any X with cotype 2 by use of Pisier’s abstract Grothendieck
theorem ([31, Chaper 4]).

Combined with the Grothendieck-Pietsch Factorization theorem ([9, pp. 44-49],
[31, p. 13]) this gives a factorization result:

Theorem 2.8

Let X be a Banach space isometric to a subspace of Ly. Then if T : {3, — X is a
linear operator we can find a factorization

o om U x
so that D is a diagonal operator, T'=UD and ||U|||D|| < K¢||T||-
Finally if T': X — Y is any bounded operator we define
an(T) = inf{||T — F|| : rank F < n}

be the nth-approrimation number of T, so that a1(T) = ||T||. If X =Y is a Hilbert
space then a, (1) = s,(T) is the nth-singular value of T

3. Sectorial operators

Let X be a complex Banach space. A sector of angle 0 < ¢ < 7 in the complex plane
is the open set defined by

Yo ={Ae€C\ {0} : |arg | < ¢}.

A closed operator A on X is called sectorial if:
(i) A is one-to-one.
(ii) The domain Dom(A) and range Ran(A) are dense in X.

(iii) There exists 0 < ¢ < 7 so that the spectrum o(A) is contained in X, and one
has the resolvent estimate:.

IAR(AA)|<C, AeC\T, (3.1)
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Notice that this definition does not require A to be invertible. It follows from this
definition that A~! is also a sectorial operator. We define the angle of sectoriality of
A by letting w(A) be the infimum of all ¢ so that (3.1) holds.

We denote by H*°(Xy) the space of all bounded analytic functions on the sector
Y where 0 < ¢ < m. We define H§°(X,) to be the space of all f € H*(X,) which
obey the estimate of the form |f(z)| < C|z|°(1 + |z])~% for z € ¥, with & > 0.

For any ¢ > w suppose f € H§°(34). Then we can define f(A) as a bounded
operator by a contour integral i.e.

A)d 3.2
=57 |, HORC A (3.2
where T, = {|t|e”*(8" D" . o0 < t < 0o} and w < v < ¢. Notice that we get an
estimate:
z (sgn s)v ds
If(tA)] <C )| B (3-3)

where C' = C(v, A). The map f — f(A) is an algebra homomorphism from Hg®(Xy)
into £(X).

If f € H®(X4) then (3.2) does not necessarily converge as a Bochner integral.
However for every g € H{°(X4) we can define the operator (fg)(A). Thus if x €
Dom(A)NRan(A) since then x = A(1+ A) 2y for some y we can define f(A)x = g(A)y
where g(z) = 2(1 + 2)72f(2).

If we define
n 1

n—i—z_l—i-nz

then v, (A) maps X into Dom(A) N Ran(A) and it may be shown that (fuv,)(A)z =
f(A)v,(A)z. If sup,, ||(vaf)(A)]| < oo then we can define

vn(2) =

f(A)z = nlLIgo(vnf)(A)x reX
as a bounded operator. This is equivalent to the fact that f(A) satisfies an estimate
IIf(A)zx| < C|l=| x € Dom(A) N Ran(A).

As an alternative way to view this procedure, one can densely define f(A) by

f(A)z = f(()(l/QAl/QR(C, A)zd¢,  x e Dom(A)NRan(A) (3.4)

27m

where AY2R((, A) is a well-defined operator since 2'/2(¢ — 2)'/2 belongs to Hg®(Z4)
where w < ¢ < v. Then f(A) extends to a bounded operator if one has a norm
estimate

IIf(A)zx| < C|lx|| x € Dom(A) NRan(A).

If f(A) is bounded for for all f € H*(Xy4) we say that A has H*(¥)-calculus.
We then have an estimate

fI < Clifla=s,  feHT(Eg)
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We can define the corresponding angle of H*°-calculus by letting wg(A) be the infimum
of all ¢ so that A has an H>(X,)-calculus. See [19, 5] for details. A good reference
for the functional calculus described above is [15].

4. Perturbations of sectorial operators

Let A be a sectorial operator; a closed operator B is called a perturbation of A if
Dom(A) = Dom(B) and for a suitable constant C' we have

C7 Y Az| < ||Bz|| < C| Az x € Dom(A).

This implies that B = SA where S : X — X is a bounded operator, with a lower
bound [|Sz|| > ¢||z||. For B to be also sectorial it is necessary that S also has dense
range and therefore is invertible.

If T := S — I is compact we say that B is a compact perturbation of A. More
generally if T belongs to a specific operator ideal Z we say that B is an Z-perturbation
of A.

Suppose w(A) < ¢ < 7. In order for B to be sectorial with w(B) < ¢ it is necessary
and sufficient that the operator (A — B)R(\, A) defines a bounded invertible operator
on X for A ¢ ¥4 and that we have a bound

(A= B)R(AA) T <C  A¢ 3,
Now
(A=B)R(MA)=1—-TAR(\ A) (4.1)

where T'=5 — 1.
We therefore recover immediately the well-known perturbation result that if

|T]| sup [[AR(A, A)|| <1 (4.2)
ATy

then B is sectorial and w(B) < ¢. See for example [7, 24, 3.
Let us also note the following easy consequence (which again is essentially con-
tained in the result of [7]).

Proposition 4.1

Suppose B is a compact perturbation of A and ¢ > w(A). If B fails to be sectorial
with w(B) < ¢ then there exists an eigenvalue \ of B with A € C\ {0} with |arg A\| > ¢.

Proof. Let

M =sup {|[AR(N,A)||: X#0, |arg\| > ¢} .
Suppose B has no such eigenvalue. Then 1 — TAR(\, A) is injective by (4.1) above.
Since T is compact the operator I —T AR(A, A) is Fredholm and hence invertible. Thus
the map A — (I — TAR(\, A))~1 is well-defined for |arg A\| > ¢ and X # 0. It is clearly
also continuous and analytic on the interior of the region. It is enough to show the
existence of 0 < r; < r9 < oo and C' so that

I(I = TAR\ AN Y <C  0< [N <riorr < | <oo, |argh > 6.
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By the compactness of T' there exists 9 so that
1
AR AT < 5 72 <Al < oo, [arg Al > 6

Since

(I —TAR\A) =T+ i T(AR\, A)T)" AR\, A)

n=1

we have
(I — TAR(\, A))’lH <1+2(M+ D)7 ro < |A| < 00, |arg Al > ¢.

Let Ty = S~'T. There similarly exists r; so that

1
ARG A)Toll <5 0<[Al <1, [argAl = 6.

Now
I —TAR(\ A) =S — MNTR(\ A) = S(1 — MNTpR(\, A)).
Then -
(1= ATOR(A, A) ' =T+ > To(AR(N, A)Tp)" L (AR(A, A)).
n=1
Thus

I = TARA AN < ISTHIA+2MISTHITI) 0 <[l <71, |argA| 2> ¢.
Combining the two estimates the proof is complete. O

We will now investigate some extensions of this result for strictly singular pertur-
bations. We will need the following proposition:

Proposition 4.2

Let A be a sectorial operator on X and let T : X — X be a strictly singular
operator. Then (i), (ii) and (iii) are equivalent.

(i) Suppose (z5,)5; in X, and pu € C,(\,)52; C C are such that |arg\,| > ¢,
lim;, 00 |An| = 00, and
Jim |WTAR(Ay, A)zp, — zp]| = 0.

Then limy, . ||z, || = 0.
(ii) For any r > 0, there are constants M, s > 0 so that (1—(T AR(\, A)) is invertible
for ((, A) such that |(| <, |A\| > s and |arg \| > ¢ and

11 = CTARN )T <M ¢l <7 A > s, arg A > 6. (4.3)
(iii) For any r > 0, there are constants M,s > 0 so that
I(TARA, A))™|| < Mr™", Al > s, |arg A| > ¢. (4.4)

Similarly, (iv), (v) and (vi) are equivalent.
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(iv) Suppose (x,)5%; in X, and p € C,(A\,)52, C C are such that |arg\,| > ¢,
limy, 00 [An| = 0, and

nlingo |AnT R(Apy A)xy, — zp]| = 0.

Then limy, . ||z, || = 0.
(v) For any r > 0, there are constants M, s > 0 so that (1—(ATR(\, A)) is invertible
for (¢, A) such that |(| <, |\ < s and |arg \| > ¢ and

[(1 = ATROAA)) <M ¢ <, (A <s,[argh[> 6. (4.5)
(vi) For any r > 0, there are constants M,s > 0 so that

IATR, )"l < Mr=", Al <5, |arg A > ¢. (4.6)

Proof. (i) == (it) : Since T is strictly singular, 1 — (TTAR()\, A) is invertible if
and only if it is one-one by Proposition 2.4. Thus if the conclusion of (ii) fails for
every choice of s, M it is clear that for every n € N we can find A, with |arg \,| > ¢,
An| > n, ¢ with |¢,| < 77! and 2, € X with ||2,|| = 1 and

I(1 = G TAR(N,, A))|| < 0t

It follows that that (¢,) does not have zero as a cluster point; if we let p be a cluster
point of the sequence we have the failure of (i).

(1i) = (ii7) follows from the Cauchy estimates. (i) = (i) is trivial.

The other implications are similar. O

Lemma 4.3

Let A be a sectorial operator on X with an H®-calculus and suppose that T is a
bounded operator on X. Suppose either that

(i) X embeds into a Banach space with an unconditional basis and T is strictly
singular, or
(ii) T belongs to some maximal operator ideal T contained in the strictly singular
operators.
Then for every v > 0 and wy(A) < ¢ < 7 there exists a constant M and 0 <
s1 < sp < oo such that if |¢| < r, (1 — (TAR(\, A)) is invertible for |\| > s9 and
(1 = CATR(M, A)) is invertible for |A\| < s; and we have estimates

(1= CTARN AN <M ¢ <r, [N >s2, |arg)| > ¢,

11 = ATRN AN <M (¢ <7, [A <51, |argAl 2 ¢,

Proof. We prove the existence of s; > 0 as the other proof is similar. By Proposition 4.2
we assume by way of contradiction that exists u € C and a sequence (A,)52; in C with
|arg An| > ¢ and lim,, o0 |An| = 0 so that for some normalized sequence ()52, in X
we have

Jim |uAn T R(Apy A)xy, — || = 0.
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This implies that the sequence y, = A\, R(\y, A)x,, is bounded above and below. Next
observe that A, A(1+A)"2R(\,, A) = f.(A) where the functions f,, converge uniformly
to zero on the sector Sy, where wy(A) < ¢ < ¢. Hence limy,—oo [|A(1 + A) "2y, | =0
so that the sequence (y,)52; can have no weak cluster point other than zero. This
implies, by Proposition 2.1 that, passing to a subsequence, we can assume that (y,)5>;
is basic.

Now passing to a subsequence we further suppose that

AT R(Mpy A)zy, — mp ]| < 277, n=12...,
luAnt1 R(Ang1, A)xy|| <277 n=12,....
Ant1] < 477\ n=12....

Let us define operators (P,)>2, by
Py=1-MR(\,A)
and then
P, = MR(M, A) — A1 R(Ap41, A) n=12....

Thus P, = gn(A) where
(Ant1 — An)z
(An = 2)(Any1 — 2)

If wg(A) < 1 < ¢ then it is clear that we have an estimate

gn(2) =

[Anll2|

lgn(2)| < C z2 € Xy.
" (Pl + 1D (Pl + 2 v
Thus, for a suitable constant C”
C/|)\n+1|_l|z| |Z| < |)\n+1|7 KAS Zw
lgn(2)| < { € [Ans1] < 2] < [Anl, 2 € Xy
CDllel 2> [l € 3y

Hence Y ;2 |gn(2)| is uniformly bounded on ¥,. Now it follows from the fact that
A has an H*-calculus with wy(A) < ¢ that there is a constant K so that for every
bounded sequence (ay,)52, the series Y 7 o, Pyx converges for every x € X and

|- ankir] < Kswplaallel o€ x. (47)
n=0

The other property of (P,) that we need is that
14T Pren, — aa| < 27" (1+ [ T1))

and so

oo
Z T Ppxy — 2y < oo. (4.8)

n=1
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Let us first prove (i). Let (¢;)72; be a sequence of independent Rademachers.
Then for any finitely nonzero sequence ()32

oo OOJ:1’ o0
| 2 aspies| = B ) (X enanan)|
=1 =1 k=1

< B (S o) (X one)|
Jj=1 k=1
< 8] (o)
k=1

It follows that if any infinite subsequence (x,)nem is an unconditional basic se-
quence then there is a bounded operator U : [xy]|,em — X such that Uz, = P,xz,. But
then limy, o [|#TUx;, — xy|| = 0 and so for some further subsequence M’ we have that
TU is an isomorphism on [z,],epy Which contradicts the strict singularity of 7. Thus
(xr,)52; has no unconditional basic subsequence. In particular, it has no subsequence
equivalent to the canonical basis of ¢;. By Rosenthal’s theorem (Theorem 2.3) every
subsequence of (z,,)72; has a further weakly Cauchy subsequence.

Now if z* € X* consider the operator R : X — {1 given by R(z) = ((Pyz, %)) ;;
this is well-defined and bounded by (4.7). As ¢; has the Schur property ([1, p. 37]),
R maps weakly Cauchy sequences to norm convergent sequences, and so (Rx,)5  is
relatively norm compact in ¢;. In particular we must have

lim (Ppx,,z") = 0.

n—oo
Since this is true for all z* € X*, the sequence (P,z,)52; is weakly null. Thus
TP, xy is also weakly null and this implies by (4.8) that (z,)52; is also weakly null.
If X embeds in a space with an unconditional basis this implies that (z,)52; has a
subsequence which is an unconditional basic sequence (Proposition 2.2) and thus we
have a contradiction.

Next we prove (ii). Notice that if m > n,

A A R, A)R(A\y, A) = %(R()\m, A) — R(\y, A))
= AnR(Am, A) + ﬁ AmBAm, A) — \pR(Ap, A)) .

This implies an estimate
| PP < Cra—maxtmn) < opo=(m+n) iy | > 1.

Thus
> PPl < oo.

[m—n|>1

Let Qo = Py + P1 and then Q,, = Ps,—1 + P3, + P3p41. Of course by (4.7) we have
that for every x € X, > 72 Qnz = x unconditionally. We also have estimates

0
Z ||an3n - P3n” < o0
n=1
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and

Z |@Qn P3| < o0.

m#n

Let us now construct an operator V by defining

Ve=pu Z P35, TQpx.

n=1

V= ME(; 6jP3j)T<]§ eka)x

where (¢;) is a sequence of independent Rademachers, V' is bounded. Furthermore
V € T since 7 is maximal; thus V is also strictly singular.
We clearly have

Since

e¢]
> |V Psy — pP3,T P3| < 00
n=1

and so by (4.8),
o0
Z denxdn - VPSnl'?mH < o0
n=1

which implies that

o0
> Nysn — Viysnll < .

n=1
Now since V is strictly singular, we have a contradiction by standard perturbation
arguments. This completes the proof of (ii). O

Theorem 4.4

Let A be a sectorial operator on X with an H*-calculus and suppose that B is a
closed operator on X. Suppose either that

(i) X embeds into a Banach space with an unconditional basis and B is strictly

singular perturbation of A, or
(ii) B is an Z—perturbation of A, where T is a maximal operator ideal contained in

the strictly singular operators.
Then if wy(A) < ¢ < 7 and B fails to be sectorial with w(B) < ¢ there exists a
eigenvalue A of B with |arg A| > ¢.
Proof. Let B = (1+T)A. Then
(1-TARMA) = (1 +T)1-AT(1+T) 'R\, A)).

We can then apply Lemma 4.3 to T for large A and to T'(1 + T)~! for small A and
the result follows as in Proposition 4.1 noting that in each case (1 — TAR(\, A)) is a
Fredholm operator. O

Note that (ii) holds if B is a p-absolutely summing perturbation of A for some
p < o0.
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5. Triangular operators

For any bounded operator T': X — Y we define ©(T') with 0 < ©(T') < oo to be the
least constant C' such that if x1,...,2, € X and y7,...,y; € Y* then

‘ii (Tzj, yi) ‘ <C sup HZaJ:UJH sup H Zakka (5.1)

In (5.1) the summation is over the lower triangle k& < j; however this is equivalent
to summing over the upper triangle, i.e. one can equivalently define ©(T) as the least
constant such that

’ii(Txy?/k ’< C sup HZCL]%H sup H Zakka (5.2)
=1

To see this simply consider the sequences (z1,...,x,) and (y7,...,y.)) in reverse order.

Proposition 5.1
We have ||T|| < ©(T") with equality if T has rank one.
Proof. The inequality ||T']] < ©(T) follows by taking n = 1 in (5.1). If ||T|| =

and T has rank one then Tx = (x,2*)y for some fixed z* € X* and y € Y with
lz*|| = [|y|l = 1. Thus for z1,...,z, € X and y},...,y" € Y*

35| < 3 3] = (32 e o)) (3 )
2 .

Jj=lk=1 j=1k=1
so that ©(T) < 1. O

An operator T will be called triangular if ©(T) < oco. We denote the set of
triangular operators by 7(X,Y) or 7(X) when Y = X.

We now collect together some elementary properties of triangular operators. We
will denote by A the lower triangular projection defined for n x n matrices, i.e.

all a19 . QA1n all 0 e 0
asy as9 e aon, a1 a2 N 0
A . . . . =
p-1,1 Op-12 --- Gn-1n p-11 Gp-12 ... 0
an1l an?2 e Ann an1 an?2 oo Qpn

Proposition 5.2
(i) For any pair of Banach spaces X,Y, T (X,Y') is a Banach space under the norm ©.
(i) If
w-Lx Ly YLz
are bounded operators with T € T(X,Y) then VTU € T(W,Z) with ©(VTU) <
VIeIU].
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(iii) T : X — Y is triangular if and only if T* : Y* — X* is triangular and
o(T) =(T*).
(iv) If T': X — Y is a bounded operator then

O(T) = sup [|A(VTU) | pn —er = sup O(VTU)

where the supremum is taken over all n and all operators U : {2, — X, V : Y —
¢ with |[U]], V] < 1.

Remark. (i) and (ii) (with Proposition 5.1) show that 7 (X,Y’) is an operator ideal;
it is clearly also maximal. More generally 7 defines an operator ideal in the sense of
Pietsch [8]. In (iv) we could, of course, replace A with the upper-triangular projection.

Proof. The proofs are quite routine. We omit (i) and (ii). For (iii), we use the Principle
of Local Reflexivity [34, p. 76]. For € > 0, if y,...,y" € X* and «7*,..., 25" € X**
we may find z1,...,x, € X so that

(xj, T"yp) = Ty, 27") 1<, k<n

and
n n
sup H ZajxjH < (1+¢€) sup H Zajx;-* .
lajl=1"j=1 lajl=1" j=1
We now turn to (iv). If zj,...,2, € X then we have a natural induced ope-
rator U : {5, — X defined by U§ = 377 {op where & = (&1,...,&y). Similarly if
Yi,...,yp € Y* then we may induce an operator V : X — (7 by V& = ((z,2}))}_;.
Then

n
Ul = sup || asa;
=1

laj|<1 7

n
- V= s > i
k=1

ar|<1

Then VTU(§) = (3= §(Txj,y;:))iy. Thus

n k
IVTU| < sup sup | > > ajbe(Taj,yi)| < OMUN[V],
laj|=11bg|=1" =1 j=1
by (5.2). It is also clear that by appropriate choices of V, U we obtain (iv). O

Proposition 5.3
If T : X — Y is absolutely summing then T is triangular and ©(T') < m(T).

Proof. First note that if 7" is rank-one then O(7T") = ||T'|| by Proposition 5.1 and hence
OT) <v(T)foral T.If U : {2, — X and V : Y — {7 are bounded we have

OVTU) <v(VTU)=m(VTU) <||V|U||m:(T).
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Here we exploit the well-known fact that an absolutely summing operator S on £, is
nuclear with v(S) = 71(S) by Proposition 2.5. Use (iv) of Proposition 5.2. O

This proposition shows that triangular operators need not be compact. For ex-
ample the quotient map of ¢; onto ¢35 (see [22, p. 108]) is absolutely summing (Theo-
rem 2.6). Similarly an embedding of /5 into C[0, 1] has an absolutely summing adjoint
and therefore is triangular.

We first describe triangular operators on a Hilbert space. We will need the follow-
ing well-known result concerning the boundedness of the infinite version of the lower
triangular projection A.

Proposition 5.4
Let T : {5 — {5 be a bounded operator such that

n

i Sn(T) < Q.
n=1

Then the operator S = A(T) (the lower triangular part of T') represented by the matrix
sjx = tjr if k < j and s;p = 0 otherwise is bounded and for a suitable constant C
independent of T,

sn(T) '

n

A <C)]
n=1

Proof. This proposition is essentially known. The operators T : £5 — {5 for which

Z snflT) < o
n=1

is the Matsaev ideal [12]. The proposition asserts the boundedness of the lower trian-
gular projection (and hence also the upper triangular projection) from this ideal into
L(¢3). This is equivalent to the boundedness of the same map from the trace-class S;
into the dual of the Matsaev ideal, a result which goes back to [20] (also see [25]). See
also [12, 13].

Let us show that how the proposition follows from e.g. [25, Theorem 2]. Given T’
we may choose v € H with ||v|| =1 so that

A < 2(A(T)v, v)|.

Let R be the rank-one projection Rx = (x,v)v. Let L = 2i(R — (A(R))*) (while we
are working on a Hilbert space, we denote the Hilbert space adjoint of S by S*). Then
L is compact, lower-triangular and has diagonal zero. Thus L is quasi-nilpotent. The
imaginary part of L i.e. K = (L —L*)/(2i) is 2R — (A(R) + A(R)*) = R— D where D
is the diagonal of R. Now v(D) < 1 and so v(K) < 2. Thus, applying [25, Theorem 2]



Perturbations of the H*°-calculus 307

we have an estimate s, (L) < C'/n where C is an absolute constant. Hence
AT < 2ltr A(T)R
= 2Jtr T(A(R))"|
< 2ltr TR| + |tr TL|

< 2T+ sn(T)sn(L)

n=1

< 251(T) + C i sulT)
n=1

n

This leads to the following result.

Theorem 5.5

Suppose H is a Hilbert space. Then there is a constant C so that if T : H — H
is a bounded operator then

n

n=1 n=1

In particular T is triangular if and only if

Proof. Suppose N € Nand U : ¢ — H and V : H — ¢}V are operators with
U1 VI < 1.
We now use the Theorem 2.8. The operator U : £Y — H can be factored in the

form
D U
EJOVO BN éév L H

where D; is a diagonal operator with HD1H£]OVOH££V <1 and ||U1| < K¢, where K¢ is
the (complex) Grothendieck constant. Dually V : H — ¢} can be factored in the form
H gy 2N
where Ds is diagonal with HDQH%\I_%{V <1 and ||V1]] < K¢. Now,
A(VTU) = DoA(VITUL) Dy
so that, using Proposition 5.4, for a suitable constant Cy, we have
JAVTU) g —on < IAVITUD gy _gy

<G i sn(ViTUy)

n=1

n

n=1
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Thus we obtain an inequality (letting C' = CoK2).

sn(T) .

o(T) < C i
n=1

For the converse direction, suppose O(T') < oo. If (e;)_y, (f;)}—; are orthonormal
sets and 74 &% = ) In;|?> = 1 then we have

n k
S S mTes. )| < O(T).

k=1j=1

Now suppose U : Y — H is an isometric embedding and V : H — /Y is such
that V* : ¢ — H is an isometric embedding. Then U(¢) = Z;-V:l &;e; for some

orthonormal set eq,...,ex and similarly V*n = Z;-Vzl n; f; for some orthonormal set
f1,--., fn. Then VT'U has the matrix a;;, = (Teg, fj). Thus

nJ
(A(VTU)E,n) =) ajr&em;.
j=1k=1
It thus follows that [|[A(VTU)|| < ©(T). However by a simply convexity argument this
implies the same result for all bounded operators U : €3 — H and V : H — (.

We now argue that for each n we may find a rank-one orthogonal projection
R : {5 — f5 such that

sj(A(R)) > clogk 1<k<n

Jj=1

where ¢ > 0 is an absolute constant. We work on ¢3. Suppose n is a power of two and
let R be represented by the n x n matrix

1 ... 1
1
Rol]1 1
n .
1 1
Recall that the Hilbert matrix
0 —1 _1 _1
1 02 _i _1
H=12 2 n—1
1 1 1
7 w1 2 0

defines an operator with norm at most 7 (see e.g. [14]). Then
tr A(R)H > ¢ logn

where ¢; > 0 is an absolute constant. Hence

n

Z sk(A(R)) > calogn
k=1
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where ca > 0. Now if m < n is a power of 2 then compressing A(R) to the subspace

spanned by
kn/m

fk:—\/> ej

=(k— 1)n/m+1

for 1 < k < m gives us an operator R’ W1th m x m-matrix (for some choice of b)

b 0 0 ... O
R = i 150 ... 0
m .
1 1 1 b
Thus we have
m m
Z Z ) > cologm
k=1 k=1
and so we get an estimate
m
> sk(A(R)) > clogm
k=1

for every 1 < m < mn.
Now

IA(VTU)| > tr A(VTU)R = tr VTU(A(R))".

Maximizing over V,U we obtain

O(T) = > si(A(R))sk(T)

k=1
n k n

> 3 (56(T) — s (T (X 85(AR)) + 501(T) (X 55(AR)))
k=1 Jj=1 J=1

> ¢ 3 (56(T) — s (1) log b + 51 (T) (2 55(A(R)))
k=1 7j=1

> 3" su(T) log — log(k — 1))
k=2

> S Sk(T).

> kZ::Q p

This establishes the theorem. O

For operators between arbitrary Banach spaces we cannot give quite such a clean
description of triangular operators, but the following theorem suggests that the class
is still rather large.

Theorem 5.6

Suppose X,Y are arbitrary Banach spaces. Then there is a constant C so that if
T : X — Y is a bounded operator then

orT)<C i(l + logn) anT(lT).

n=1
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Proof. Suppose U : /¥ — X and V : Y — ¢ are bounded operators with
WL VI < 1.
We pick a sequence of finite-rank operators F,, so that rank F,, < 2" and ||T" —
F,|| € 2a2+(T). Let By = Fy and then E,, = F,,—F,_1 forn > 2. Thus rank E, < 2"+,
We now use Theorem 2.8 again. We will factorize the operators S, = VE,U :
(N — ¢V . For each fixed n there is a positive diagonal operator (with nonzero diagonal
entries) Dy : £ — ¢ so that || D,1]| < 1 and S, can be factored in the form

N Dni yN Bn /)N
lo ==l — 0

where || Ry |y v < 2Ka||Snllgy —pn. (Here the factor 2 is introduced simply to take
care of the fact that we require each diagonal entry of D,,; to be nonzero). Now, using
a dual form of Theorem 2.8, R,, can similarly be factorized in the form

n D
2y D gy

where D, is a positive diagonal operator (with nonzero entries) with || Dpa|| ey <1
and [|Qn| < 2K¢||Rn|| < 4KZ]Sn]-
Since D,,; and D, are representable by invertible matrices, we have

rank (Q,) = rank (S,,) < rank (E,) < 2"
Hence by Proposition 5.4 we have an estimate
IAQu) gy < CnliSal
for a suitable constant C'. Hence

HA(DanDnl)Heévoqg{V < Cin||Ey||-

Thus -
IAVTU)|| gy oy < Ca Y 0l Eall.
n=1
Now
B < 1T + 2a2(T) < 2(a(T) + az(T))
and then
| En|l < 2(agn-1(T) 4+ agn(T)) n=2,3,....

Thus

o0 o

S n|En]l £ > (4n+ 2)agn (T)

n=1 n=1
which yields the result. O

At the other extreme we may ask whether there is a Banach space X so that
L(X)="T(X) (or, equivalently the identity operator is triangular).

Proposition 5.7
Let X be a GT-space such that X* has cotype 2. Then L(X) =T (X).
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Proof. We show ©(1x) < oo. Let U : £, — X and V : X — (] be operators of norm
one. Since X* has cotype 2 we can factorize V in the form

/
x Lo B

where |[D|| < 1 and ||[V'|| < Cj for some constant C; independent of n,V. But
then 71(V) < C5 independent of n,V which implies that m (VU) < C3 and hence
e(VU) < C. O

There is an example satisfying these hypotheses; this space is known as Pisier’s
space P (and it is even of cotype 2). It was constructed by Pisier as a counterexample
to a number of conjectures in Banach space theory [30, 31].

On the other hand for most nice spaces this cannot happen.

Proposition 5.8

Let X be a Banach space so that X has an unconditional basis. Then the identity
I = Ix is not triangular.

Proof. We first observe that ©(Ipp) — oo by Theorem 5.5. Next we have © (I ) — oo
because of Proposition 5.2 (iv). Similarly ©(/;n) — co. Now X must contain uniformly
complemented (}’s, ¢2.’s or ¢3’s by an old result of Tzafriri [33]. O

Proposition 5.9

Let X be a Banach space of non-trivial type. Then every triangular operator on
X is strictly singular.

Proof. Here we use the result of Figiel and Tomczak-Jaegermann ([11], [28, p. 122]) that
every infinite-dimensional subspace of X contains uniformly complemented
(in X) £5s. O

Proposition 5.9 implies that if X has non-trivial type then 7 (X) is a maximal
operator ideal contained in the strictly singular operators and thus Theorem 4.4 can
be applied to triangular perturbations.

It will be useful later to introduce a smaller class than the triangular operators. We
shall say that T': X — Y is strongly triangular if for every € > 0 there exists S : X — Y
with S absolutely summing that ©(T — S) < e. We only know of applications of this
idea when S can be chosen to be finite rank.

Proposition 5.10

(i) Every triangular operator on a Hilbert space is strongly triangular.
(ii) If X,Y are arbitrary Banach spaces and T : X — Y satisfies

o

n(T
Z(l—{—logn)a (1) < 00
n=1 n

then T is strongly triangular.
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Proof. As the two proofs are similar, we prove only (ii). For each n € N pick a finite
rank operator F;, with rank F,, < n so that |7 — F,|| < 2a,(T). Then

2,(T) 1<k<2n
ak—n(T) 2n+1<k< oo

ap(T — F,) < {
By Theorem 5.6,

2n 00
o - F) < (20,13 B ¢ 3 g B L)
k=1 k=n+1

and it is easy to see that both terms in the bracket converge to zero as n — oc. O

6. Applications to functions

Let X be a Banach space and suppose f : [a,b] — X is a continuous function, where
0 < a,b < co. The Bochner Li—norm of f is defined by

b
1£112: (o :/a L (6)|dt.

The Pettis norm of f is defined by

Il = e [0,

Let us note the following elementary proposition.

Proposition 6.1

Let T : X — Y be an absolutely summing operator and suppose f : (a,b) — X is
a bounded continuous function. Then

1Tl 2@y < T (T llP(ap)-

Proof. This is well-known and almost immediate from the definition. For n € N let
ty =a+k(b—a)/n for 0 <k <n. Then

n th
STI [ Tr)ds) < m @ e
k=1 “tk-1

Taking limits as n — oo gives the conclusion. U
The following elementary estimate will be useful.

Proposition 6.2

Suppose f : [a, b] — X and g : [a,b] — X* are continuous functions. Then

dsdt] < £z ()19 P(as)-
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and

dsdt’ < £z (ap) 191 P(ap)-

Proof. Both integrals are dominated by

[ [ 1Grsniasar< 176 lglpands

If, in Proposition 6.2 we only have an estimate on the Pettis norms on f, g then
we can only get a similar result if we compose f with a triangular operator.

O

Proposition 6.3

Suppose f : [a,b] — X and g : [a,b] — X* are continuous functions and T : X —
X is a triangular operator. Then

)ds dt| < OT)|| llp(as |l 9llpa

and
1))ds dt| < O(T)||fllpa) 9]l pas)-

Proof. This follows from the definition by approximation. Let N be an integer and
Ii=la+ (j—1)(b—a)/N,a+ j(b—a)/N]. Let

25 :/I f@)dt, o :/I g)dt  1<j<N.
J J

Then
N J
> D (Taj,zf) < O(T)
J=1k=1
Letting N — oo gives the conclusion. U

Now suppose F : [a,b] — L£(X) is a C!—function. We will define two seminorms
to measure the variation of F. Let

IFllav = sup IF0els,00n = s [ 1F @l

[Jll<1 llzll<

and

Pl = sp 1 @)ellpiuy = sup [ 1 ey, )t
[lzlI<1 lzll<1
la*]I<1
Notice that ||F|[s, < ||F||py and also that || F||py = || F™*||p, where F* : [a,b] — X* is
define by F*(t) = (F(t))* (this follows easily from Goldstine’s theorem.)
We denote by ||F||« the usual sup norm i.e. ||F|loc = maxg<i<p ||F(t)]]-
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Proposition 6.4

Suppose F,G : [a,b] — L(X) are C'— functions and T : X — X is a bounded
operator. Then

IEGl v < ([FllllGllv + 1F[v]Gllo)- (6.1)
IEGlow < (1FllcolGllow + 1 Flloul|Glloo) + 2[ E s Gllsv- (6.2)
[ETGlpo < [[TI[FllocllGlloo + [[Elloo (ITGloo + 20(T)[|Gllew)- (6.3)

Proof. (6.1) follows trivially from (FG)'(t) = F'(t)G(t) + F(t)G'(t). For (6.2) we note
that

(FG)'(t) = F'(t)(G(t) — G(a)) + (F(t) — F(a))G'(t) + F'(t)G(a) + F(a)G'(t).
Now ) _—
/a (F(t) = F(a)G' (t)z, a*)dt = / / (G (8)x, (F'(s))*a*)ds dt

so that by Proposition 6.2 we have

b pt
| [ (@@ (P ardsdt] < sup 16 Wl sup 1E0) 5 ey

llz]| <1 [lz*[| <1
= |G| BV || F|pv-

Similarly

b b rt
/a (F(1)(G(t) — Gla))a, a™)|dt = / / (F'(8)z, (G (s))*a*)ds dt

and (6.2) now follows simply.
For (6.3) we have

(FTG) (t) = F'()T(G(t) — G(a)) + (F(t) — F(a))TG'(t) + F'(t)TG(a) + F(a)TG' (t)
and the proof is similar to the above but using Proposition 6.3. O
The following proposition is quite elementary but will be used several times later.

Proposition 6.5
Suppose F : [a,b] — L(X) is a C'— function. Then

IF" Iy < nllFllpvIFlet  n=12...

and if | F|c < 1,
I(1=F) v < IFllsv(1 = |[Fllao) >

Proof. These follow from the composition law. We have

(FTL)/ _ Fanfl _’_FF/FTL72 N _'_anlFl
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and
(- =0-F"Fa-F"

whence the results follow. O
We need a version of Proposition 6.5 for the buv-norm. This requires more assump-
tions, however.
Theorem 6.6
Suppose F : [a,b] — L(X) is a C'—function and T : X — X is a triangular
operator with ©(T)(||F|co + 2||F|ltw) = r < 1. Then

1F (1= TF) o < (1= 1) 72| F .

Proof. Let 1 = O(T)(||Fllco + 2||Fllpw) < 1. We let F,, = F(TF)" for n > 0. Thus
F, = FTF,_;. Note that |TF| e <7 so that ||TF,_1||cc <7". We also note that

F' =F'TF, \+FTF. |, n=12...

so that
[Fplloe <7 1F oo + 71 Fpqllc n=1,2,....

Thus
" Fplloe < T IE lloo + [1F e m=1,2,....

This implies that
[Fllos < (n 4+ )r" [ ']l

so that >.0° , F!. converges uniformly to d/dt(F(1 — TF)™1).
Using Proposition 6.4 (6.3) gives
[Enlloo < (1T Flloo + 20(D) | Fllo) | Fn-1llov + [T Fa-alloc[[Fllew n=1,2,....
Then since ||T']] < O(T),
1Fulloor ™ < | Fa-tllovr' ™ + 1 Fllew  n=1,2,....
This implies that
[Enllow < (04 D)™ [ F |5

and so

o
1> Fallow < (1 =72 Flpo-
n=0
This implies that
IF(=TF) o < (1= 1) 72| Fll1w.

O

For ease of exposition we have restricted ourselves to C'-functions defined on
a closed bounded interval. However it is natural to extend our definitions to open,
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possibly unbounded, intervals. If I is an open interval and F': I — £(X) is a bounded
C' —function we define

IFl vy = sup [|F|viay
la,b]CT

and

[ Ellpury = sup [1Fbwfap]
[a,b]CI

and we say that F' € BV(I) (respectively F' € bu(I)) if ||[F'||gy ;) < oo (respectively
| F|[po(ry < 00). Naturally our main results extend without difficulty, and we will use
them in the extended form.

7. Perturbing the H°°-calculus

The following two propositions are well-known criteria for the existence of an H°-
calculus. They go back to [4, 5]; for a recent simple proof see [21].

Proposition 7.1

Let A be a sectorial operator on a Banach space X. Suppose A has an H*°-calculus
and that ¢ > wp(A). Then there is a constant C' so that

/ (AR(e",tA)2x, z*)|dt < C||z|]|=*| reX, zreX", p<|0|<m. (7.1)
0

Proposition 7.2

Let A be a sectorial operator on a Banach space X. Suppose 0 < w(A) < ¢ <
and for some constant C' we have an estimate

/ (AR(e, tA)2x, 2*)|dt < Olz||lz*]] z€ X, 2* € X*, o< |0 <m. (7.2)
0

Then A has an H*-calculus and wg(A) < ¢.

Remark. The criterion (7.2) can be rewritten as

oo .
/ (AR(te?, A)2x, z*)|dt < C||z|||z*| zeX, zreX" o< <m (7.3)
0
or as

/ VAR tA) 2, 2)|dt < Ollz|||lz*]] = € X, 2% € X*, |arg\| > 6. (7.4)
0

Now if A is a sectorial operator let us define for w(A) < 0] < m the C!' —function
Fy = Fp 4 by ,
Fy(t) = AR(te® | A).
Note that 4 '
1+ Fy(t) = te R(te', A).
Then ‘ '
F)(t) = —e AR(te' | A)?

and we deduce that
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Proposition 7.3

In order that A has an H®-calculus with wy(A) < 1 it is is necessary and
sufficient that for some wp(A) < ¢ < 1 we have a uniform bound:

sup || Fplpu(0,00) < 00-
¢<|0|<7

We now consider perturbations.

Proposition 7.4

Suppose A is a sectorial operator with an H-calculus and suppose B is a pertur-
bation of A which is sectorial. Let B = (I +T)A and suppose ¢ > max(wg(A),w(B)).
If

up [Fo(I = TFp) Hlpwiooe) <00 ¢ <[0] < (7.5)
>
then B has an H*-calculus and wy(B) < ¢.

More generally, let Ty = T(1 + T)~L. Suppose there exist 0 < a < b < oo such

that:

sup [|[Fy(I = TFp)  lpu(po0) <00 ¢ <0 < (7.6)
101>
and
sup [|(1 + Fp)(1 = To(1+ F)) lpwio,e) <00 ¢ < 0] <. (7.7)

10]>¢
Then B has an H*-calculus and wg(B) < ¢.

Proof. Let Gy(t) = BR(te', B). Tt suffices to show that supg<g |Gollpu(0,00) < 00
R(\, B) = R\ A)(1 —TAR(M A))~!

so that
(14 T)"1Gy(t) = Fy(t)(1 — TEy(t)) .

Then (7.5) gives the conclusion.
For (7.6) and (7.7) we observe that since ¢ > w(B) it is immediate that

sup ||Gollpy[a,p) < 00
#<|0|

Thus we can treat (0,a) and (b, co) separately. In this case we observe that
(L+Go(t)(L+T) = (L+ Fy(t)) (1 = To(L + Fy(t))) ™
and the proposition follows. O

We first give an improved form of Arendt and Batty [2], who proved the same
result for nuclear perturbations when A is invertible.

Theorem 7.5

Suppose A is a sectorial operator with an H®°-calculus and suppose B is an
absolutely summing perturbation of A which is sectorial. Then B has an H-calculus
and wy(B) < max(w(B),wg(A)).
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Proof. We use Proposition 7.3. Suppose max(w(B),wy(A)) < ¢ < 7. Let B = (14+T)A
where T' is absolutely summing.

Since T is absolutely summing, we can apply Proposition 6.1: we thus have a
uniform bound

sup || T'FpllBv (0,00) < ™1 (T") sup || Fpllpu(0,00) < 00-
10]>¢ 10]>¢

Let Fy(t) = AR(te?, A) for ¢ < |0] < m. Then
BR(te”,B) = 1+ T)F(1-TF)™"  ¢<[0 <.

Now combining Proposition 4.2 and Lemma 4.3 yields the existence of 0 < a <
b < oo and n € N so that

(T Fp ()" || < b<t<oo, p<|0] <m,

N =

and

| (To(1+ Fyp(t)" || < 0<t<a, ¢ <|0] <m.

DN | =

We now verify the criteria of Proposition 7.4. For (7.6) we note by Proposition 6.5
(and Proposition 6.4) that we have a uniform bound

sup [[(1 = (TFp)™) "Ml v (po0) < 00

10]>¢
Now .
(1-TF)™"' = (1 + Z(TFe)k> (1—(TF)™) ™
k=1

and so we also get a uniform bound

sup [[(1 = (TFp)) "l By (poc) < 00-
|01>¢

Again applying Proposition 6.4 in particular (6.2) gives (7.6).
The treatment of (7.7) is similar. O

Theorem 7.6

Let A be a sectorial operator with an H*-calculus. Suppose wg(A) < ¢ < 7.
Then there exists a § = 6(A) > 0 such that if T : X — X is a triangular operator
with ©(T) < 6 then 1+ T is invertible and B = (1 + T')A is sectorial and admits an
H-calculus with wg(B) < ¢.

Proof. Since ||T|| < ©(T), it is immediate that if § is small enough then B is sec-
torial with w(B) < ¢. The theorem is now a direct application of Theorem 6.6 and
Proposition 7.4. O

We can now put these results together to obtain a cleaner result for strongly
triangular perturbations. Recall that every triangular operator on a Hilbert space is
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strongly triangular, and if X is an arbitrary Banach space then an operator 7' : X — X
for which

> 7)1

Z an(T) logn < 0

n=1 n

is strongly triangular (see Proposition 5.10).

Theorem 7.7

Let A be a sectorial operator with an H®-calculus, and let B be a strongly
triangular perturbation of A which is sectorial. Then B admits an H®-calculus and
wi(B) < max(wg(A),w(B)).

Proof. Suppose max(wg(A),w(B)) < ¢ < w. Choose § = §(A) > 0 as given by
Theorem 7.6 and then choose an absolutely summing operator V so that ©(T—V) < 4.
Let By = (1+ T — V)A so that By is a sectorial operator with wg(Bp) < ¢. Now
B=By+VA=(1+4+V(1+T-V) 1By so we can apply Theorem 7.5 to deduce that
B has an H*-calculus and wg(B) < max(wg(Bp),w(B)) < max(¢p,w(B)). O

Remark. By Theorem 4.4, if X has non-trivial type, wy(B) > wg(A) if and only if
there is an eigenvalue A\ of B with |arg A\| > wg(A).

We now give a special result for GT-spaces. Special results for operators with an
H*°-calculus in GT-spaces were first obtained in [19]. We remind the reader that the
Banach spaces L1 and ¢; are GT-spaces.

Theorem 7.8
Let X be a GT-space and suppose A is a sectorial operator on X with an H-
calculus.
(i) Suppose B is a compact perturbation of A which is sectorial; then B admits an
H®-calculus with wg(B) < max(wg(A),w(B)).
(ii) Given wy(A) < ¢ < m there exists 6 > 0 so that if T : X — X is a bounded
operator with | T|| < § then B = (1+T)A has an H*-calculus with wg (B) < ¢.

Proof. If ¢ > wp(A) we observe that for a suitable constant C' we have
| NARGe?, A aja < Clal 6] = 0.
0

This follows from [19, Proposition 7.1]; note that this proposition has a redundant
assumption that X has cotype 2, as was pointed out in [18]. To derive the statement
from in [19, Proposition 7.1] take s = 1 and note that

dt

/ IAR(te®, A2z dt < sup [[(/2AV2R(te, A)|| / | A2 R(te, A)ell- 7
0 0

0<t<oo

Thus in this if Fy(t) = AR(te?, A) then Fy € BV (0, 00) for |6 > ¢ and

sup [[Fy |l pv(0,00) < 00-
10]>¢
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Now in case (i) we observe that

lim sup || Fy(t)T|| =0

7019120

and so

lim sup [|(TFp(1))?] = 0.

00120
Similarly

lim sup || (To(1 + Fy(£)))? | = 0.

101>¢

Thus the method of Theorem 7.5 applies to give the conclusion (using Proposition 6.5).
In case (ii) the proof follows directly from Proposition 6.5. O
8. Examples

We now present an example to show that in a Hilbert space our result is essentially
best possible.

First suppose X is any Banach space with a 1-unconditional basis (e,)52; and let
(e)5; be the biorthogonal functionals. Then any operator 7' : X — X is represented
by a matrix (¢;x)55,—, where ¢, = €}(Te;). We will therefore talk in terms of matrix
transformations.

Let (uj)]@il be a sequence of distinct complex numbers contained in a sector ¥

where 0 < ¢ < . Let A be the sectorial operator defined by
A ges) =D mises
j=1 j=1

with domain consisting of all 3322, {;e; so that the right-hand side converges. Then
A is sectorial and has an H*°-calculus with wg(A4) < ¢.

Proposition 8.1

Under the above assumptions, let T : X — X be a bounded operator with matrix
(tjk)jk- Suppose for some 6 > 0, ¢ < 1 < 7 and constant C the perturbations
B(¢) = (14(T)A are sectorial for |¢| < ¢ and have an H*° (¥, )-calculus with uniform
bounds i.e

IF BN < Cllflla=(s,y  feH™(Ey), [ <0

Then for each f € H*(Xy) into L(X) the matrix V(f) = (vj);, defines a bounded
operator with |V (f)| < C||f|lg=(s,) where v;; =0 for all j

kﬂk(f(uj) — flux))
1y —

J# k.

Ujk = t;

Proof. 1t suffices to prove the estimate for V(f) where f € H3°(Xy). Then for ¢ <

v < 1 we can write
FBQO) = == [ FOVRO, B(O)dA

-~ 2mi Jr,



Perturbations of the H*°-calculus 321

and we have a uniform estimate (for a suitable choice of C1),

BN < Cillfla=s,)  KKI<6

The map F(¢) = f(B(()) is analytic on || < § and so

IE" ()]l < C167H I Fll = (5,)-

1
2mi

F'(0) = [ JOOROL ATAR(, A)ax

and so

(F(0)ex, ) = —— / FONT AR, A)eg, R\, A)*el)dA

2w Jr,
1 f
= — t: dA.
o /r PR N = ) = )

If j # k we rewrite

(A=) (A = A=pg A=

and integrating gives

) _ 1 (f(A) B f(A)>
) R

i (f (pg) — f(/ik)).

F'Oek,e*f =1L
(F'(0)ex, €5) = t; 1 —

If j = k we obtain
(F'(0)ej, €5) = tjjps f' (15)-
If we consider the matrix V(f) defined by F’(0) with the diagonal replaced by zero
then ||V (f)|| < 2||F'(0)|| and so we are done. O

Proposition 8.2

Under the hypotheses of the preceding proposition, suppose that u; = 2/, Then
A(T) i.e. the operator whose matrix corresponds to the lower triangular part of T' is
bounded on X.

Proof. Let us denote by 6(j, k) the Kronecker delta and let A(j,k) =11if j > k and 0
otherwise.

We first note for any matrix V' = (vj;i);x with zero diagonal, we have an estimate
on each super-diagonal or sub-diagonal i.e

H(é(n,j—k)vjk)j7k|‘ < ||Vl n==1,4+2,....

This implies that

| (BRGR) 5,  — ky i)

VI =2
[ — bk

H - z\nl
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and so Hmm(]k
|Coeo), | < 4vil

It thus follows that if ¢; = £1 we have

H(Mmmw fk)tjk>j,kH < 8|7

Now for any sequence €; = +1 we can find f = f(.,) € H>(Zy) with Hf”Hoc(Ew) <
K independent of (e;) so that

Flu)=¢;  j=12,....

By Proposition 8.1,

H(Mj/ﬁﬁﬂk (e — €k)tjk)j,kH <CK

and so
1((1 = AGLR) (e — e)tin) ;| < CK + 8T

Therefore
(1= AQG, )L = ejer)tie) ;]| < CK +8||T.

Now treating the €¢; as Rademachers and averaging gives
11— AG D), ]l < CK + 871

and so
I(AG, B)tw) ]l < CK +9|T.

Theorem 8.3

Let H be a separable Hilbert space and let (e,)S%; be an orthonormal basis.
Let A be the sectorial operator defined by Ae, = 2"e, with domain all x € H such
that >.°°, 22%|(z,e,)|?> < oco. Suppose L : H — H is any non-triangular compact
operator. Then there exist bounded operators U,V : H — H such that for for every
m €N, By, = (1+ 27"V LU)A fails to have an H*-calculus.

Proof. We may assume that ||L|| is small enough so that (1 + L')A is always sectorial
when ||L'|| < ||L||. Since L is non-triangular we have > °°; s,,(L)/n = oo. It follows
that we can find a sequence rp = 0 < r; < ro < --- of natural numbers and operators
V,, : H, — H, where H,, = [ej];‘irn,l-u so that O(V,,)) = ccand Vi @ Vo @ --- =V
satisfies si (V') = si(L) for all k. Now using the argument of Theorem 5.5 we can find
a unitary operator U, : H, — H, so that |A(U,V,)|| — oco. Indeed we can find U, so
that

Tn—"Tn—1
Sk Vn
INCABTETTES gt

k=1
where ¢1,cp > 0. Let T'= U V) @ UaVa @ - - -. Note that ||T'|| < [|[V|| = ||L].

> CQG(Vn>
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We now partition N into countably many infinite subsets M ,, ,. Let
Hl,m,n - [U{ej 1+ 1< <7, ke Ml,m,n}]'

Let P, be the orthogonal projection of H onto Hj,, , and let T}, , = TP =
P, 1y n TPy, be the compression of T' to Hj,, . Then we may argue that the oper-
ator (1 + (7} mn)A cannot have a uniformly bounded H* (X, 5-m)—calculus for all
|| < 27", Indeed if it did, we could conclude from Proposition 8.2 that A(7} )
is a bounded operator, which is false from our construction. Thus we may find
Gmn With [Gmn| < 27" and such that for some f,,,; € HF (X, 9-m) with
| frmnllmeos_, ) < 1 but

”fl,m,n((l + Cl,m,nTl,m,n)A)H > 21'

Since A has an H*(X;_;/;)-calculus we certainly have an estimate || fm . (A)|| < C
for some fixed constant C independent of [,m and n. Now this implies

||(1 - ]Dl,m,n)fl,m,n((l + Cl,m,n,Tl,m,n)A)(l - ]Dl,m,n)H < C

and hence
”Pl,m,nfl,m,n((l + Cl,m,nﬂ,m,n)A)Pl,m,n|’ > 2l
if 2! > C.
Finally let 7" = 21U Vi @ 2UsVo & - - - where z; = 2" . if j € M, . Suppose
By, = (1 +27*T")4; then By is sectorial. Let us suppose that By has an H™(3,)-
calculus for some 0 < ¢ < 7. For f € H§°(X4) we have

H,m,nf(Bk)Pl,m,n = Pl,m,nf((l + 2nikCl,m,nTl,m,n)A))—Pl,m,n-

In particular if 2/ > C and ¢ < 7 — 27 we have

”Pl,m,kfl,m,n(Bk)Pl:m:k H > 21'

This implies || fimk(B)|| > 2" and gives a contradiction. O
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