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L? (X) (1<p<o0) HAS THE PROPERTY () WHENEVER X DOES

BY

NiceL KALTON, Erias SAAB and PauLeTTE SAAB )
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ABSTRACT. — We show that if X is a Banach space having the property (#) then
LP(X)(I<p<oo) has the same property. An application of the techniques used to prove
this result is given concerning unconditionally converging operators on C (K, X) spaces.

If X is Banach space, (, Z, ) a probability space and 1<p< o0, we
denote by L?(X) the space of p-Bochner integrable functions from Q to X

equipped with the norm | fll,= < f I|f (@) a’)»(w))l/p. If X is the scalar
,. o

field, then L?(X) will be denoted by LP. In the sequel p will always be in
the interval [1, + o). For a series Zn X, in the Banach space X we say
that Z.. X, is a weakly unconditionally Cauchy (w.u.c) series in X if it
satisfies one of the following equivalent statements

(@ Y., |x*(x)| <0, for every x*e X*;
(&) sup {3, ., %,[;; o finite subset of N} < oo;

(¢) sup,sup, ., HZ:’zl & x; || < 0.
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370 N. KALTON, E. SAAB AND P. SAAB

In [11] spaces with property (#) were introduced, for this recall that a
Banach space E has property (u) if for any weakly Cauchy sequence (e,)

in E there exists a weakly unconditionally Cauchy series Zn x, in E such

that the sequence (e,,——Z;;lxi) converges weakly to zero in E. Any
Banach space E with unconditional basis or more generally any space
with unconditional reflexive decomposition has () and so is the case of
any weakly sequentially complete Banach space and any order continuous
Banach lattice [9]. In particular, any L?, 1 <p<oo, has the property (v).
Another class of spaces having property () are those spaces which are
M-ideals in their biduals [5] and under certain conditions, spaces of
compact operators on a Banach space X have the property () [6]. It is
clear that a Banach space that has the property (u) is weakly sequentially
complete if and only if X does not contain a copy of ¢,. In [8] KWAPIEN
showed that L? (X) contains a copy of ¢, if and only if X contains a copy
of ¢,. TALAGRAND [13] showed that if X is weakly sequentially complete
then the same is true for L?(X). In this paper we show that if X is a
Banach space having the property (1) then L? (X) has the same property.
The techniques used to prove this result allow us to extend and strengthen
a result in [12]. ’

Let & be the set of finite subsets of the natural numbers N. All notions
and notation used and not defined can be found in [2], [3], [4] or [9].

ProposiTioN 1. — Let X be a Banach space with the property (u). There
exists a constant C>0 so that for. any weakly Cauchy sequence (X,)u>1,
there is a weakly unconditionally Cauchy series ) [, | y; such that

1° (x,— Y_, Vi) converges weakly to zero in X.
> By |50l < Climint, .| ]
Proof. — Let.

B, (X) =’{ ue X**; y is a weak* limit of a sequence in X }.
By [10], the space B, (X) is norm closed in X**. Let

E={(Jus1€X5 Y2 yiis wou.c.}.

On E, we put the norm

“l ((yn)nZ 1) ”]zsupoef“Ziecyi “
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L? (X) (1<p< 00) HAS THE PROPERTY (1) WHENEVER X DOES 371

It is easy to check that E equipped with this norm is a Banach space.
Let T: E — B, (X) be defined by

T((yn)nB 1) = Weak*_limn - Z:lz 1 Vi
It is clear that T is linear. Notice that if x* e X* with || x* ||<1 then

| X (T (Va0 |=lim, -, o | x* Q)|
<liminf, , , ||>7_, ¥
<N Guz1 |lI-

This shows that T is bounded. We claim that 7 is onto. To see
that let veB,(X) and choose a sequence (x,),»; in X so that
v=weak*-lim, , , x,. Since X has the property (u), one can choose a
weakly unconditionally Cauchy series ) ;2 | y; so that (x,—).;_, y,) conver-
ges weakly to zero. This implies that v=weak*-lim, _, Py (Y Hence
T((¥pu>1)=v. Apply now the Open Mapping Theorem to find a constant
C so that for every vep,(X) with ||v|[<] one can find an element
(Puhn>1 € E such that ||| (y,),5, || <C and v=weak*-lim, _ , Y"_.y. To
finish the proof, let (x,),>, be a weakly Cauchy sequence in X and choose
wepPy (X) such that w=weak*-lim,_ ,x, Let o=liminf, , .| x|
Without loss of generality we can suppose that a>0. Let v=w]/a, then
| 0] <1. By the above, there is a sequence (v,),5 ; € E with ||| (v,),5 ||| <C
and

w :
v=—=weak*-lim, , , Y_ v
a .

Putting y,=a v, for every n>1 gives
SUPge s || Do Vil S2C=Climinf, _, , || x, ||
Since

w=weak*-lim, , ,, x,=weak*-lim, , , Yr_, Vs

it follows that (x,—)""_ . Y converges weakly to zero in X.

Let X be a separable Banach space having the property (#). Let C be
the constant found for X in Proposition 1.

Consider now the following subset H of XN x XN,
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372 N. KALTON, E. SAAB AND P. SAAB

An element ((x,),>1, (V.).>1) belongs to H if and only if the following
conditions are satisfied:

(1) sup, . & “ Zieo-yi “ <Climinf, OOH Xn “’
(ii) For every n>1 there exist a natural number m, and rational numbers
Lys Laggs - st so that

' ‘ntmy

(a) ;>0 for every i, and Y ;" 1,=1;
@) | Yo=Y yplI<1n.

PROPOSITION 2. — The set H is a Borel subset of X\ x X~ when the latter
is equipped with the product topology.

Proof. — Let

AZ{((xn)nZI:(yn)nZI)EXNXXN; Supceﬁ"Hziecyi“<C1iminfn—>oo”xn“}'

It is clear that 4 is a Borel subset of X~ x X™. For each m>0, let
Q™" be the product of m+ 1 copies of the rationals and let

T,={t=(tg, 13, tpy - - -, L) €Q""*; 1,20 for each i and Y t=1}
For teT, and n>1, let

n+m i 1
Ht,n={((xn)n>1’ (yn)nZI)EXNXXN; “Zi=n ti—n(xi_zj':lyj)HSZ}'

Each set H, , is closed and

H=A ﬂ(mf=1 Uror?:l UzeTmHt,n)

so H is a Borel subset of XN x XN,

PROPOSITION 3. — For every weakly Cauchy sequence (X,),», in X there
is a weakly unconditionally Cauchy series Zf‘; (yiin X so that

((xn)nz 1> (yn)nz I)GH- .

Proof. — By Proposition 1, one can choose a weakly unconditionally
Cauchy series ) .- | y; so that
(@) (X,— Y, ¥:) converges weakly to zero in X;

(i) supyc s || Y. ¥l < Climinf, o || x, |
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It follows from Mazur’s theorem that zero must be in the norm closed
convex hull of {xi—z _,Yj iz, for any n>1.To finish the proof use this
and the fact that the ratlonals form a dense subset of the reals to conclude

that ((xn)nB 1> (yn)nZ 1) €H.
In the sequel we let W be the set

W={(x)n>1€X™; (x,),1s a weakly Cauchy sequence in X }.

THEOREM 4. — There is an analytic subset M of X that contains W and
a sequence (S,);», of universally measurable maps from M to X such that if
X=(X,),»1 is a weakly Cauchy sequence in X we have

@ (x,—> L (8;(x)) converges weakly to zero in X;

(ii) sup, .|| Zieo‘Si (®)||<Climinf, _, [EA

Proof. — Let L: H— X~ be the restriction to H of the first projection
of XNx XN onto XN. Let M=L(H), then M is analytic since it is the
continuous image of a Borel set in the Polish space XN x XN, Proposition 3
shows that M contains W. By [2] (Theorem 8.5.3, p. 286), there exists a
universally measurable map S: M — X~ such that for every (X )e>1 €M we
have ((x,),>1, S((X,).>1))€H. For each i>1, let 0,: XN - X be defined
by 0,(y)r>1)=y; and let S§,=0,S. To finish the proof let
X=(Xp)az1 € W. Since ((x,),5 1, S((x,),> 1)) € H, it follows that

SUPg e 7 || ), .o S: () ]| < Climinf, _, | x. ||

and for every n>1 there exist m, and ¢, ¢,,,, ..., !+ m, Of Tationals so
that

(a) ;>0 for every i, and Y "¢, =1;

(b) Hzn'f'm,,t ( ZJ . ](x)) ”<1

This together with the fact that (x,,),,>1 is a weakly Cauchy sequence
imply that the sequence (x;— Z, . S;(x)) converges weakly to zero.

We are now ready to prove our main Theorem.

THEOREM 5. — Let X be a Banach space having the property (u) then
L7 (X) enjoys the same property.

Proof. — We will give the proof for p=1, the proof for any pe(l, o)
can be obtained with obvious and minor changes. Without loss of
generality we can and do assume that X is separable. Let (h),>, be a
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374 N. KALTON, E. SAAB AND P. SAAB

weakly Cauchy sequence in L' (X). By [13], the sequence (k,),>; can be
decomposed as

h,=g,+w, for every n>1

where for almost all ®, the sequence (g,(®)),»; is a weakly Cauchy
sequence in X and w, converges weakly to zero in L' (X). We can suppose
that for every @ the sequence (g,(®)),»; is a weakly Cauchy sequence
in X. Let W, M and H as in Theorem 4 and consider the map

g: Q-W
defined by
g(®)=(g,(®)),>1-
For each i>1 let

S M- X

be the universally measurable map obtained by Theorem 4 and let
f;=S;°g. Since S is universally measurable, it follows that f; is A-measur-
able. The properties of the sequence (S););>; imply that

™) SUP, ¢ 5 || i o /(@) | < Climinf,, , o ||, (@) |
and
(**) (g, (@)—)"_, f;(w)) converges weakly to zero in X

for every meQ. The sequence (g,),>; is a weakly Cauchy sequence in
L' (X) and therefore it is uniformly integrable. Let he(L!(X))*. By [7]
(Theorem 7, page 94), we have that 4 is a map from Q to X* that is
essentially bounded and weak* scalarly measurable. This map 4 acts on
an element f of L' (X) as follows: - -

h()= f F @) h(@) > dh.

For every n>1 and we(, let
5,(0) =, (@)~ 21 1 /i (@), h (@) )-
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Let £>0, choose a >0 so that if A (B)<3d then

f || gu (@)=Y, fi(w) | dh<e

for every n>1.
This implies that if A (B)<§ then f |5, (@) dh<]||k||e for every n>1.
B

This shows that the sequence (s,),s, is uniformly integrable in L!. Since
this sequence converges pointwise to zero by (%), then it converges in
L' and consequently

lim, _, oof s, (@) dh=0.
Q

This shows that the sequencé

(8.~ Y.;_ . f?) converges Weakly to zero in L! X).

Now (*) implies that Z _ Ji1s weakly uncondltlonally Cauchy in L1 (X).
To finish the proof, notice that

hn_z:= 1fi=gn—Z:'=1f;'+ wn

and the sequence (w,),>, converges weakly to zero in L' (X),

Now, we would like to offer another application of Theorem 4. Before
doing that, let us recall some definitions

Let T: E — F be a bounded linear operator from a Banach space E into
a Banach space F. We say that T is weakly completely continuous (w.c.c)
(also called a Dieudonné operator) if for every weakly Cauchy sequence
(x,) in E, the sequence (T'x,) converges weakly in F, and we say that T is
unconditionally converging if for every weakly unconditionally Cauchy
series ) x, in E, the series ). T'x, converges unconditionally in F. It is
clear that T weakly compact implies T weakly completely continuous
which in turn implies T unconditionally converging. It is also evident
that if a Banach space E has property (x) then every unconditionally
converging operator on E is weakly completely continuous. A. PErrL-
czyNskI [11] considered a class of Banach spaces on which every uncondi-
tionally converging operator is weakly compact, such space are said to
have Pelczynski’s property (V). In [11], PELczynski showed that if K is a
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376 N. KALTON, E. SAAB AND P. SAAB

compact Hausdorff space then C(K) has property (V). Let us agree to say
that a Banach space E has the property semi-(V) if every unconditionally
converging operator is weakly completely continuous. It is clear that if
has E has property (V), then it has property semi-(V), the converse is of
course not true (i.e. E=1/;). In the sequel we denote by C(KX, E) the
Banach space of all E-valued continuous functions on K under sup norm.

The following theorem extends and strengthens Theorem 3 of [12].

THEOREM 6. — If X has the property (u) then C(K, X) has the property
semi-(V).

Proof. — As in [12], we can and do assume that X is separable and K
is metrizable. Let (f,),>; be a weakly Cauchy sequence in C(K, X). Let
W, M and H be as in Theorem 4. Consider the following map g: K— W
defined by g (k)=(f,(k)),»,.- For i>1 let S;: M —» X be the universally
measurable map whose existence is guaranteed by Theorem 4. For every
n=1, let y, (k)=S, (g (k)) for every ke K. From now on the theorem goes
on as in [12] (Theorem 3) using along the way the properties of the
functions (S,),> ;-

In connection to Theorem 6, it is worth mentioning that it was shown
in [1] that if X has the property (¥) and /; is not isomorphic to a closed
subspace of X then C(K, X) has the property (V). It is still an open
problem whether C (K, X) has the property (V) whenever X does. The
following question seems now appropriate:

QUESTION. — Does C(K, X) have semi-V whenever X does?
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