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1. Introduction. Suppose (e,) is a basis of a Banach space E, and that (e;,) is the dual
sequence in E'. Then if (e,) is a basis of E’ in the norm topology (i.e. (e, is shrinking)
it follows that E’ is norm separable: it is easy to give examples of spaces E for which
this is not so. Therefore there are plenty of spaces which cannot have a shrinking basis.
This Jeads one to consider whether it might not be reasonable to replace the norm
topology on E’ by one which is always separable (provided E is separable). Of course,
the weak*-topology o(E’, E) is one possibility (Kéthe (17), p. 259); then it is trivial that
(en) is a weak*-basis of E'. However, if the weak*-topology is separable, then so
is the Mackey topology 7(E£’, E) on E’, and so we may ask whether (e;) is a basis of
(E',7(E',E)).

These observations lead us to define an almost shrinking basis (e,) as one such that
(e;) is a basis of B’ in its Mackey topology. A number of questions naturally arise
concerning almost shrinking bases, and it is these questions which we investigate in
this paper. As a spin-off of this study, we obtain some interesting examples in the
theory of bases in locally convex spaces.

In section 2 we give some results concerning the structure of compact sets in the
Mackey dual of a Banach space; in particular, we show that if E’ is norm separable,
then the Mackey topology and the norm topology define the same compact sets and
convergent sequences. In general, the Mackey topology restricted to compact sets is
the finest of all separable polar topologies on E’. Thus we obtain that if (e,) is almost
shrinking, then (e,) is a basis for E’ in any separable polar topology.

In section 3 we switch to problems concerned with bases and give some alternative
conditions equivalent to the condition that (e,) is almost shrinking (Theorem 1). We
then give conditions under which an almost shrinking basis is shrinking, and obtain
examples of locally convex spaces which are not Banach spaces, but such that every
Schauder basis is completely normal. We conclude the section by giving an example
of a locally convex space having no basis but having a weak Schauder basis, and an
example of a space with no almost shrinking basis.

In section 4 we give a result similar to the classical result of James relating re-
flexivity to the properties of a given basis (Theorem 3). This leads naturally to the
consideration of the problem: in which Banach spaces is every basis almost shrinking?
This is solved in Theorem 4, and as a consequence we find that the statement, ‘ every
weak Schauder basis of (E’, 7(E’, E)) is a basis’, can only occur when it reduces to
already known results (either 7(E’, E') has the same convergent sequences as its weak
topology or (E’, 7(E’, E)) is a Banach space).
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2. Compact sets. We suppose that £ is a Banach space. The results that follow could
be stated in more generality and most will hold for a locally convex space. We shall
say a subset K of E’ is limited if whenever z, —> 0 weakly then

lim sup |f(z,)] =0,
n—wo feK
(see Grothendieck(9), Kothe(16) and Webb(24)).

The topology on E’ of uniform convergence on weakly null sequences will be denoted
by v.

We will denote by p the topology of uniform convergence on subsets of £ which are
absolutely convex, bounded and weakly metrizable. It is clear that all such sets are
weakly precompact, and therefore have the property that every sequence contains a
Cauchy subsequence. Let us also point out that by an easy application of Grothen-
dieck’s eriterion ((7), (17), p. 269) for completeness (E’,v), (E’,7(E’, E)) and (E',p)
are all complete; therefore precompact sets are relatively compact in these topologies.

ProrosiTioN 1. Let K be a subset of E'; the following are equivalent:

(1) K s limited.

(ii) K is v-relatively compact.

(iii) K 2s Mackey relatively compact.

(iv) K is p-relatively compact.
If E is separable these are equivalent to:

(v) K is relatively compact in every topology v on E’ such that (E’, y) is separable and
v is (&, E") polar.

Proof. (i)<>(ii) is an exercise in Grothendieck(9), p. 286 (see also Webb(24)). Clearly
(iii) = (ii) and (iv) = (ii). Conversely (ii) = (iv) by Grothendieck’s result(9), p. 286,
since we have observed thatif A < Fisp-equicontinuous, then 4 has the property that
every sequence contains a weakly Cauchy sequence. Similarly (ii) = (iii) by an applica-
tion of Eberlein’s theorem ((4), (17), p. 315), which asserts that a weakly compact setin
E is weakly sequentially compact and therefore has the same property.

If E is separable, then E’ is weak*-separable (K6the(17), p. 259), and hence Mackey
separable. Hence (v) = (iii). Conversely if y is (¥, E’)-polar and (E', y) is separable,
it is eagy to show that any y-equicontinuous subset of £ is weakly metrizable and so
v < p so that (iv) = (v).

CoroLLARY If E' is norm separable, then the Mackey topology 7(E’, E) and the norm
topology define the same compact sets and convergent sequences.

This Corollary has been observed in special cases before; for example, Garling(s),
p- 977 shows that (I,, 7(I;, ¢,)) has the same compact sets as the norm topology on [;.

We define the topology o+ on ¥ as the topology of uniform convergence on Mackey
compact subsets of E’. By Proposition 1 and Proposition 1-3 of Webb(24) we have

PROPOSITION 2. ot s the finest topology on E having the same convergent sequences as
the weak topology.

It is perhaps worth pointing out that although o+hasthesame convergent sequences
as o(H, E'), it may define a different topology on the unit ball.
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ProrosrTioN 3. ot and the weak topology define the same topology on the unit ball of E
if and only if every Mackey compact set in E' is norm compact. In particular this will be
the case if E' is norm separable.

Proof. See Webb(24), Proposition 2-10, (c) <> (d).

3. Almost shrinking bases. Now let {e,,} be a Schauder basis of E; we will denote the
dual sequence in E’ by {e,} so that for e E

z =Y e, (z)e,.
n=1
The sequence {e,,} is a Schauder basis of (E’, o(E’, E)); if it is also a basis of £’ in the
norm topology we say that {e,} is shrinking. We shall say that {e,} is almost shrinking
if {e,} is a basis for (E’, 7(E’, E)). This definition is motivated by the fact that E’ is
always Mackey separable although it may fail to be norm separable; furthermore
{e,} is always a weak basis for (E',7(E’, E)). Therefore in asking whether a basis is
almost shrinking we are asking the question of whether a weak Schauder basis of
(E',7(E', E)) is necessarily a Schauder basis.
The operators P, on E are defined by

Pz =3 e@)e,
i=1

We recall that {e;} (resp. {e;}) is an equi-Schauder basis of (E,y) (resp. (E’,y)) if the
maps {P,} (resp. {P,}) are equicontinuous.

THEOREM 1. Let E be a Banach space with a basis {e, }. Then the following conditions are
equivalent:

(i) {e,}is almost shrinking.

(ii) If a,, — O weakly and n;, — oo then P, a; — 0 weakly.

(ii) If a;, — a weakly and n;, — oo then P, a; — a, weakly.

(iv) {e,} 78 an equi-Schauder basis of (E, o).

(v) {e,} ts an equi-Schauder basis of (E',7(E', E)).

Proof. We prove (i) = (ii) = (iii) = (v) = (i), and (v) = (iv) = (ii).
(i) = (ii) If @), - 0 weakly then {a,} is 7(E’, E)-equicontinuous; hence for fe £’
klim P;q,f(aj) = f(a’j)
uniformly in j. Therefore
,}im P, fla) = f(,}im a)

= O,
andso 7, a; — 0.
(1) = (iii) If a;,—a weakly then a,~a—0 and so P, (a;—a)—> 0. However,
P,,a — a and therefore P, a, — a.
(iii) = (v) Let W be a weakly compact subset of E; we will show that

P(W) = U P(W)
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is relatively weakly compact. By Eberlein’s Theorem, it is enough to show that P(W)
is relatively weakly sequentially compact. Let f,e P(W) be a sequence, so that
S = P, wy, wi€ W; by selection of a subsequence we may suppose that w, — w weakly.
If n, contains a bounded subsequence, then we may select a subsequence of {f}
N
lying in the relatively compact (because finite-dimensional) set | P,(W). Hence we
n=1
may assume n, — o0 and therefore P, w;, — w, so that P(W) is relatively weakly com-
pact.
This shows that the maps P, are Mackey-equicontinuous and hence

P.f>f T(EE)
on a Mackey closed subspace of E’. However, P, ¢; — ¢, 7(E’, E) and the {¢;} are funda-
mental in (E',7(E’, E)); hence {e;} is an equi-Schauder basis of (E’,7(E’, E)).
(v) = (i) Immediate.
(v) = (iv) Let K be Mackey compact; then as {P,} is equicontinuous it follows that
P, f — f uniformly in the Mackey topology on K. Now we quote Theorem 1 of (19) to

deduce that P'(K) = lj P, (K) is Mackey precompact and hence relatively compact.
n=1

Therefore the maps P, are o+-equicontinuous, and {e,} is an equi-Schauder basis of
(B, o).

(iv) = (ii) If a; - 0 weakly then a, - 0 (0*), and as {F,,} is o+-equicontinuous
P, a.—>0(c™).

McArthur and Retherford(19) have shown that no basis of a Banach can be weakly
equi-Schauder (cf. (2)); Theorem 1 shows that almost shrinking bases are ‘sequentially’
equi-Schauder in the weak topology (cf. conditions (ii) and (v)). At the same time,
every Schauder basis of (E', 7{(E’, E)) is equi-Schauder ((i) implies (v)).

It is also worth pointing out that if {e,} is almost shrinking then {e,} is a Schauder
basis of £’ in any (E, E’) polar topology v such that (E’, y) is separable (see Proposi-
tion 1).

We next consider the distinction between almost shrinking and shrinking bases.
Werecall ((14)) that a sequence {e, } in a locally convex space is normal if there exists a
sequence {z,} of scalars and a neighbourhood ¥V of O such that ., 2, ¢ V for all n, and
{a,x,} is bounded ; a Schauder basis in which every block basic sequence is normal is
called completely normal. 1t is shown in (14) that a Fréchet space with a completely
normal basis is a Banach space.

THEOREM 2. Let {e,,} be an almost shrinking basis of a Banach space E. Then the follow-
ing are equivalent:
(i) E' s norm-separable;
(il) {e,} is shrinking;
(iii) {e,} is a completely normal basis of (E',7(E', E)).
Proof. (i) <> (ii) By Proposition 1 and Corollary.
(ii) = (iii) Let (f,) be a block basic sequence with respect to e,,. Thus

Dn ,
fa= X ¢

i=Pp-r+1
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where py =0 < p; < P,..., and f, + 0 for every n. We may choose a, such that
ltnfs] = 1 for all n; then the sequence (e, f,) is 7(E’, E)-bounded.

Let E, =lim{e, . ,...,e;} in E’, and define a linear functional y, such that
Xn(tnfn) = 1= "Xn" Then

)= 3 cifie) (feB;).

1=Pn—1+

We define 6, on E’ by .
0.(f) = 2 c.fle) (feE).

i=Dp—+1

Thus 0a(f) = f(,),
Pn
where T,= X Ce
i=Pp—1+1

in E.

Now since {e,} is a basis of £
sup|P,| = K <o

and sup | P, = K.
DPn
Thus 16.(N)] = Xn(' 2z )f(%)eg
i=Pp—1+1
< 2K|f|.
Hence [l = 16, < 2K

and so {z,} is a bounded block basic sequence. We now quote Theorem 5-4 of (14) to
deduce that z, > 0 weakly, and hence that {z,} is 7(E’, E)-equicontinuous. Let
V={f|f,)] <% n=1,2,..}; then V is a 7(E’, E)-neighbourhood of zero, and
(e¢nfn) ¢ V for all n. Therefore (f,) is normal, as required.

(iii) = (ii). Suppose {e,} is not shrinking and suppose P, f+ f in norm in E’. Then
there is a sequence 0 = p, < p; < P,..., such that if

Dn
In= X lf(ei)e"i

i=Dp-1+
then inf||g,| =€ > 0.

However, {g,,} is 7(E’, E)-normal and so there is a sequence {a,} of scalars such that
{e,9,} is bounded and there is an absolutely convex neighbourhood ¥V of zero with

.9, ¢V for all n. Then sup o, g < 0
n

so that sup |a,| =a < .
n

Thusg, ¢a~'V. However, {e,}isabasisof (E’, 7(E’, E)) and so Zg,, convergesin7(E’, E).
Hence we have reached a contradiction.

Theorem 2 enables us to give examples of locally convex spaces in which every
Schauder basis is completely normal, but which are not Banach spaces. For example
the space (I}, 7(!,, co)) has this property.
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ProrosITION 4. An unconditional basis is always almost shrinking.

Proof. Forfe B’
f=2fe)e;, o(E,E)
and series converges subseries. Now by the Orlicz—Pettis Theorem (18).
f=2fle)er, (B, E).

We conclude this section by giving an example, a space with no almost shrinking
basis. Let C be the space of all continuous real functions on [0, 1]; then C has a basis
(the original result of Schauder(20)). However, if f,eC’ and f, - fr(C’,C) then it
follows from results of Grothendieck ((8), Theoréme 2 combined with Proposition 1
above, or Edwards(s), p. 283 and p. 621), that f,, > f weakly in C’. Therefore any basis
of (C’,7(C’, C)) would be a weak basis and therefore a basis of C’ in the norm topology;
however, C’ is inseparable. The space (C’, 7(C’, C)) is therefore a locally convex space
with a weak Schauder basis but which has no basis; we believe that this is the first
such example. Previous examples have been given of separable locally convex spaces
without bases ((21), (22) and (12)) or of weak Schauder bases which fail to be bases
((1), (3)). It should be noted that the space above is not ‘w-separable’ or ‘sequentially
separable’ (see (12) and (23) p. 210).

4. Properties of almost shrinking bases. A basis (e,) of a Banach space E is called
v-complete or boundedly complete if whenever

N
sup| > a;e;
i=1

N

< 00,

then Za,e; converges. It is called f#-complete if whenever
N
{ Z aiei;N = 1,2, ..-}
i=1

is weakly Cauchy then Za,e; converges. The classical theorem of James(10) states E is
reflexive if and only if (e,) is both y-complete and shrinking; a modification of this
result(13) states that E is reflexive if and only if (e,,) is both #-complete and shrinking.
We now give a partial result of a similar type concerning almost shrinking bases.

THEOREM 3. Let (e,) be a [-complete almost shrinking basis of a Banach space E.
Then E is weakly sequentially complete.

Proof. By Theorem 1, (e,,) is an equi-Schauder basis of (£, o+). As (e,,) is f-complete,
it follows that (e,) is complete for (E, a*) in the sense of (11); hence (£, o) is complete
and therefore Z is weakly sequentially complete.

It will be shown later that the converse of this result is false (i.e. there is a basis of a
weakly sequentially complete Banach space which is not almost shrinking). A question
naturally arises from Theorem 3: if E is weakly sequentially complete, is (£, o)
complete? A counterexample would yield a weakly sequentially complete Banach
space with no almost shrinking basis.

The results of James have led naturally to the study of spaces £ in which every basis
is shrinking, or every basis is y-complete (25), or every basis is f-complete(15). In each
case a neat characterization of such spaces is obtained (in the first two cases E is
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reflexive, in the final case E is weakly sequentially complete). It is natural therefore
to attempt to classify spaces in which every basis is almost shrinking.
THEOREM 4. Let E be a Banach space with a basis. Then the following are equivalent:
(i) Either E is reflexive, or the weak topology and the norm topology define the same
convergent sequences.
(i1) Ewery basis of E is almost shrinking.
(iil) Ewvery basis of E is almost shrinking and f-complete.

Proof. (i) = (iii) In either case E is weakly sequentially complete (since in the latter
case, a weakly Cauchy sequence must be norm convergent). Hence any basis of £
must be f-complete. If F isreflexive, any basisis shrinking and therefore almost shrink-
ing. On the other hand, if weak sequential convergence coincides with norm sequential
convergence, then o+ is the norm topology and hence (iv) of Theorem 1 is satisfied for
any basis.

(iii) = (i) Immediate.

(ii) = (i) Let (e,) be a basis of E, and suppose that E contains a sequence z, — 0
weakly such that ||2,|| > 1. Then by a standard ‘gliding hump’ technique we may find
a subsequence (y,) of (z,,) and a block basic sequence (z,) with ||y, —z,|| >0 and
Dn

= 2 eU)e

i=Pa-1+1

where ||z,| > 4 and p, = 0 < p, < P,.... Then by Theorem 1, (ii), z,, - 0 weakly.
Now suppose (e,) is not shrinking: then there is a bounded block basic sequence

(w,) and f,€ E’ such that fy(w,) = 1 for all n (see(14) Theorem 5-4). Thus we may select

a bounded block basic sequence (v, ) of the form

an
V= X e
i=gn—1+1

where ¢, = 0 < ¢, < ¢, ..., and such that (v,,) is a subsequence of (w,) and (v,,,) isa
subsequence of (z,,).
Next we define Ugy, = Vgp

Uon+1 = Yon+1— Vons

so that u,,,, %s,,,€lin (e e, . )forn=1,2 ... . We shall show that there isa

Qen—1+1> *** “Qen+1 .
basis (t,) of B such that ¢, = u,,,,and ¢, . _; = u,,. To do this, we quote Proposi-

tion 2 of (15), which is a modification of Zippin’s Lemma(25). It must be shown that
i?finf”uhﬂ-i-cum" =A>0.

Suppose on the contrary that A = 0; then since u,, and u,,_, are linearly independent
for each n, we may deduce the existence of sequences n, - co and (c;,) such that

"u2nk+1 +C uznk” - 0.

Now klim (fO(uan+1) + crf o{%an,)) = 0,
and therefore lim(c,—1) = 0.
k—o

Hence lim "uzn,,+1 +u2m|| =0.
k—o
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ie. lim ||v,,, 4[| =0,
k—w

contrary to construction. Hence there is a basis (¢,) as required.

Now bagnss T tams1—1 = V2ns1
— 0 weakly.
Hence if (¢,,) is almost shrinking
baans, —> O weakly.
However, binss = V2n
and folty,,,,) =1 forall n.

Again we have a contradiction, and we deduce that (e,) is shrinking. Hence every basis
of E is shrinking and hence (25) ¥ is reflexive.

We can now give the counter-example to the converse of Theorem 3. The space
L(0, 1) is weakly sequentially complete, but by Theorem 4 must possess a basis which
is not almost shrinking. Another example is provided by the space I,®I, in which
each component satisfies the conditions of Theorem 4, but the whole space does not;
this example has a basis which is unconditional and therefore #-complete and almost
shrinking, but not every basis can be of this type. Another interpretation of Theorem 4
may be given as follows: it is shown that if every weak Schauder basis of (E',7(E’, E))
is a Schauder basis, then either (&', 7(E’, E)) is a Banach space (¥ is reflexive) or,
7(E’, E) defines the same convergent sequences as its weak topology (&', E) (it may be
easily shown that this is equivalent to the statement that o+ is the norm topology).
Thus (E’,7(£’, E)) can only have the property that every weak Schauder basis is a
basis if this is a consequence of already known results; there are no other spaces with
this property.
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