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Abstract We show that for 1 < p < oo with p # 2 the space L (0, 1) is not
uniformly homeomorphic to £ @ £. We also show that if 1 < p <2 < q < oo
the space £p @ £q has unique uniform structure, answering a question of Johnson,
Lindenstrauss and Schechtman (Geom. Funct. Anal. 6:430-470, 1996).
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1 Introduction

In this note we study some problems raised ten years ago in [11]. In [11] it was shown
that £ has unique uniform structure for 1 < p < oo in the sense that if X is a Banach
space uniformly homeomorphic to £ then X is linearly isomorphic to £p. It is not
known if the same result can be proved for the function spaces L = L (0, 1) for
1 < p < oo with p # 2 (see [11, p. 465]) It is known, however ([2, Theorem 10.5],
[8]) that any Banach space X uniformly homeomorphicto Ly (1 < p < oo, p # 2)
must be a £p—space (i.e. a complemented subspace of L , not isomorphic to a Hilbert
space). The simplest candidate space is £ @ £2, and the question whether £, ® £, has
unique uniform structure was raised in [11, p. 465].
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224 N. J. Kalton, N. L. Randrianarivony

Here we show that £, @ £> is not uniformly homeomorphic to L p; this question was
raised originally by Bill Johnson. In fact we show thatif 1 < p < 2 itis not uniformly
homeomorphic to any Banach space containing a copy of ¢, where p < r < 2. We
also show that for 1 < p < oo and p # 2, £p @ £> is not uniformly homeomorphic
to any Banach space containing (3 £2), .

A related problem is the question of the uniqueness of uniform structure of £, @ £
whenl < p<qg<oo.Inthecase p<q < 2and2 < p < g this is established in
[11]. We show uniqueness for the case p < 2 < ¢, answering Problem 1(e) of [11].

Our results depend on the use of two basic techniques. The first is the midpoint
principle whichisa classical technique in nonlinear theory [2, p. 229]. The second tech-
nique is new and depends on asymptotic smoothness ideas (see Sects. 4, 6). Roughly
speaking midpoint principles can be applied to maps from £, to £q when q < p
(corresponding to the case when all linear operators are compact) and asymptotic
smoothness techniques apply when g > p (corresponding to the case when all linear
operators are strictly singular).

2 Coarse Lipschitz maps and embeddings

Let M1 and M> be unbounded metric spaces and suppose f: M1 — M2 is any map.
We define

wf () =sup{d(f(x), f(y)): dx,y) <t}, t>0.

Then f is said to be uniformly continuous if lim;_ow¢(t) = 0. We say that f is
coarsely continuous if we have ws (t) < oo for somet > 0.
We will also define

t
Lipg(f) :supwf( ), s>0
t>s

and then
Lip(f) =supLipg(f), Lip,(f) = inf Lipg(f).
s>0 s>0

f is a Lipschitz map if Lip(f) < oo (and then f is uniformly continuous) and is a
coarse Lipschitz map if Lip,,(f) < oo (and then f is coarsely continuous).

If f is bijective then f is a uniform homeomorphism, (respectively, coarse homeo-
mor phism, Lipschitzhomeomor phism, coar se Lipschitzhomeomorphism) if f, f ~Lare
uniformly continuous, (respectively, coarsely continuous, Lipschitz, coarse Lipschitz).
Coarse Lipschitz homeomorphisms are essentially the same as homeomorphisms
between nets as discussed in [2,11].

If X and Y are Banach spaces, then any coarsely continuous map is automatically
coarse Lipschitz since w+ is subadditive. This leads us to the following well-known
principle (known to specialists as the “Lipschitz for large distances” principle):
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The coarse Lipschitz geometry of £p @ £q 225

Proposition 2.1 Suppose X and Y are uniformly homeomorphic or more generally
coarsely homeomor phic Banach spaces. Then X and Y are coarse Lipschitz homeo-
morphic and thereisabijection f : X — Y suchthat 0 < Lip., (), Lip., (f ) < 0.

Proof We only need to prove the last statement in view of the remarks above. This
follows from the following lemma. O

Lemma22 Let X,Y and Z be Banach spaces and suppose f : X — Y and g :
Y — Z arecoarse Lipschitzmaps. Thengo f iscoarse Lipschitzand Lip,,(go f) <

Lip,o (F)Lip,.(9).

Proof Let « = Lip,(f) and B = Lip,(9). Thus if &« > «, B/ > B there are
constants a, b such that

[ f(x1) — fOI <o'lx1 —Xll +a, X1, % € X

and
lg(y) —a(y2)ll < B'liys = y2ll +b, yi,y2 €Y.
Thus
lgo f(x1) —go f(x)ll <a'B'Ix1 —Xell + p'a+b, x1, % € X
This proves that Lip,,(go f) < ap. O

If X and Y are Banach spaces and f : X — Y is a coarse Lipschitz homeomor-
phism onto f (X) then we say that f is a coarse Lipschitz embedding. The basic idea
of the arguments in this paper is to investigate spaces which can be coarse Lipschitz
embedded into a direct sum £ @ £q Where 1 < p < g < oo. This will enable us
to prove results on uniform homeomorphisms (or more generally coarse homeomor-
phisms), because if X is uniformly homeomorphic to £, ® £ then any closed subspace
Y of X coarse Lipschitz embeds into £p @ £g.

Let us also note here one very well-known result, which we restate in this language:

Proposition 2.3 If thereis a coarse Lipschitz embedding of a Banach space X into a
Banach space Y then X is crudely finitely representablein .

See Corollary 10.2 of [2] (these ideas go back to [8,16]).

3 The midpoint technique

Given a metric space X, two points X,y € X, and § > 0, the approximate metric
midpoint between x and y with error § is the set:

Mid(x, y,8) = 1z € X : max{d(x, 2),d(y, 2)} < (1+8)d(x’ y) ] .

2

@ Springer



226 N. J. Kalton, N. L. Randrianarivony

The use of metric midpoints in the study of nonlinear geometry was first introduced
by Enflo in an unpublished paper where he showed that L1 and ¢ are not uniformly
homeomaorphic. It has since been used elsewhere, for example to complete the study
of the uniform structure of £ for 1 < p < oo (see e.g. [3,6,11]).

Proposition 3.1 Let X be a Banach space and suppose M is a metric space. Let
f : X = M bea coarse Lipschitz map. If Lip,,(f) > 0 then for any t,e > 0 and
any0 < § < lthereexistx,y € X with ||[x — y|| >t and

f(Mid(x, y, 8)) c Mid(f(x), f(y), (1 + €)d).

Proof This is well-known (see e.g. [2, Lemma 10.11]) but we include the proof for
completeness. Notice that since X is a Banach space, Lip,,(f) = infs.o Rs(f) where

d(f o, f(y)

Rs(f) =sup[ dx.y)

2 dx,y) 28}.

Suppose t, 8, € are given. For any v > 0 we may find s > t so that Rs(f) <
(1 + v)Lip,, (). Suppose x, y are chosen so that |[x — y|| > 2s(1 — 8)~* and
d(f (), f(y)) > (1—v)Lip(F)lIx—VIl. Letu € Mid(X, y, 8). Then [ x —ull, [ly —
ull > sandso

1 .
max(d(f(x), f(w),d(f(y), f(u)) < 5(1 +v)(L +8)Lip, (X =yl

But this implies

11
max(d( f (). f (W), d(f(y). fW)) < Elf—:aw)d(f(x), f(y)).

By appropriate choice of v > 0 we obtain the proposition. O
The next lemma is also very well-known.
Lemma3.2 Supposel < p < oo and let (X; )‘J?‘;1 be a sequence of Banach spaces.

Suppose X,y € (Zjil Xj)e. Letu = 3(x +y) and v = 3(x — y). Then for
p

0 < 6§ < 1, thereisa closed subspace E of theformE = {w = (U)j)cj)il Dwj =
0, 1 <j < N}sothat

u +81/p||U||BE c Mid(x, y, 3).

Proof For p = 1thisistrivial; we suppose p > 1.Writev=(vj)‘j’°:l € (Zf‘il Xj)ep .

Suppose 0 < v < ((1+8)P —1)/P —s%/P)||v||. Pick N sothat 3°; _ [[vj [P < vP.

Let E = [Xjlj=n. Ifz € Eand [|z]] < (1 + 8)P — DHYP|v] —vthenu+z €
Mid(x, y, §). O
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The coarse Lipschitz geometry of £p @ £q 227

Lemma3.3 Suppose 1 < p < oo and that X,y € £p. Letu = %(X +y) and
v = %(x — V). Thenfor 0 < § < 1, thereisa compact set K so that

Mid(x, y. 8) C K + 28Y/P||v|| B,

Proof Suppose v > 0. Letv = (vj)j2; € €p. Pick N-sothat 37, [vj|P < vP. Let
E = [ejlj>n. If u+z € Mid(x, y, §) write z = Z + " where Z' € [gj]j<n and
Z" e [ejlj=Nn.Then |Z|| < 1+ 8)|v||sothatu+Z € K :=u+ (1+8)|v] B[ej][\l X

]:
Now

1
S0+ 2P+ v = 2|7 = [lollP = vP + 2|
so that
1Z'1P < (L +8)P — D)[Jv]|P + vP.

Observe that (1 + §)P — 1 < 2P§ for 0 < § < 1. For an appropriate choice of v we
obtain the conclusion. O

It is clear that Lemma 3.3 has a simple generalization to finite direct sums:

Lemma3.4 Supposel < p1 < P2,... < ph<ooandthatx,y € X = (£p, @ Lp,
B ®Lp)e,-Letu=3(x+y)andv = 3(x — y). Thenfor 0 < § < 1, thereisa
compact set K so that

Mid(x, y, 8§) C K + 28/ Pr||v| Bx.

Proposition 3.5 S.Jppose(XJ) ° 1 isasequence of Banach spacesand1 < p <r <

0o. Suppose f : (ijl Xl)z — {pisany coarseLipschitzmap. Thenfor anyt > 0,
8 > Othereexist x € (Z‘j’il Xj) , T > tand a subspace E C (Z‘j’il xj)e, of the

formE—{w_(wJ)lle(Zjlx) wp =...=wyn = 0} for some N, so
that for some compact set K C £, we have f(X+1Bg) C K +87By,.

Proof If Lip,,(f) = 0 the conclusion is trivial: for any t we can find ¢ > t so
that Lip,(f) < 6 and then we may take x = 0 and K = {f(0)}. We therefore
assume that 0 < Lipg(f) = C < oo for some s. Let 1 > v > 0 be chosen so

that 4Cvl/P=1/" < 5. We first use Proposition 3.1 to find u, v € (Z‘j’il X,-)Z S0
r

that ||[u — v|| > max(s, 2tv—/") and f(Mid(u, v, v)) c Mid(f(u), f(v), 2v). Let
X = S(u+v)andlett = v¥/"||3(u—v)|l. Then by Lemma 3.2, for some closed sub-

space E = {w = (wj)2; (Z‘j”:l Xj)er wp =...=wyN = 0}in (Z‘j"’:l Xj)zr
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228 N. J. Kalton, N. L. Randrianarivony

we have X + tBg € Mid(u, v, v). However, by Lemma 3.3, Mid( f (u), f(v), 2v) C
K + 21/PuY/P| £ (u) — f(v)| By, for a suitable compact set K C €. Now

21P 1P| (u) — f(v)|| <4CvYP YT < 57,

m}

Notice that the conclusion of Proposition 3.5 holds for any equivalent norm on
(Zj-’il Xj)er. We can also replace the range by a finite direct sum of £p’s using
Lemma 3.4:

Proposition 3.6 Supposel < pi1, pP2,..., Ppn < < oo and (Xj)‘j";1 is a sequence

of Banach spaces. Suppose f : (Z‘j’il Xj)[ — Z:= (Z?lepj)l isany coarse
r Pn
Lipschitz map. Then for anyt > 0, § > 0 thereexist x € (Z‘j”:l Xj) , T >tand

a subspace E C (Z‘J’le )g of theform E = {w = (wj)j2; € (ZJ 1 X )

wi = ... = wy = 0} for someN so that for some compact set K C Z we have
f(x+1Bg) c K 4+68tBgz.

4 Asymptotic smoothness arguments

Let M be any infinite subset of N and suppose m € N. Let Gx(M) be the set of all
k-subsets of M. We now define a distance on Gy (M) by setting

d((ng, ..., MK, (Mg, ..., M) = [{j : nj #mj}|

whereny < ny < --- < ngandmp; < My < --- < Mg. We note that the diameter
of this metric space, diamGg (M), is k. The aim of this section is to show a quantita-
tive version of the fact that Gy (M) cannot be well Lipschitz embedded into £ when
l<p<oo.

We remark that it is also possible for our purposes to use the (different) distance

1
d'(A B) = S|AAB]

where A = {ny,...,ng} and B = {mq, ..., mg} in this context, but this form of the
distance does not allow the generalizations we consider in the last section.

Lemma4.1 Suppose X isaBanach spaceand f : Gx(M) — X isany map with the
property that for some compact set K and somes > 0wehave f (Gx(M)) c K+68Bx.
Then for any € > 0 there is an infinite subset M’ of M so that diam f (Gx(M')) <
25 + €.

Proof We can write f = g+ hwhere g : Gx(M) — K and h : Gxy(M) — §Bx. By
standard Ramsey theory we can then find M so that diam g(Gx(M')) < € and the
lemma follows. O
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The coarse Lipschitz geometry of £ @ £q 229

Theorem 4.2 Suppose 1 < p < oo. Let X be a reflexive Banach space with the
property that if x € X and (xn)52 ; isaweakly null sequencein X we have

limsup ||x 4+ Xn||® < [IX]|P <+ lim sup [|Xn || P. 4.1)

Then if M isan infinite subset of N, ¢ > 0 and f : Gx(M) — X isa bounded map,
there exists an infinite subset M’ of M so that

diam f (G (M) < 2Lip( f)kYP + €.

Proof We show by induction on k that given any bounded f : Gx(M) — X and
€ > 0, there exist an infinite M’ € M and u € X so that

I f(ng,....nk) —ull < Lip(HKYP +€/2, {ng,...,nk} € G(M).
In the case k = 1 we pass to a subsequence Mg of M so that

lim f(n) =
nelMo ") !

exists weakly. Then

lim | f(n) —u] < lim lim || f(n) — f(m)| < Lip(f).
neM neMjgy meMjy

We obtain the inductive statement by discarding finitely many points from M.
Now assume the theorem is proved fork — 1and f : Gy(M) — X is bounded. We
may then find an infinite subset M so that

lim f(ng, ..., = f(n1, ..., Nk_1)
nkeMp

exists weakly for (ny, ..., Nk_1) € Gx—1(M). The map f : Gx_1 (M) — X satisfies
Lip(f) < Lip(f). By the inductive hypothesis we can find an infinite M1 C Mg and
u € X sothatforall (ng,...,Nk_1) € Gk_1(My),
11, ....m1) — ull < Lip(Hk — DYP + /4.

Thus, writingn = (ng, ..., Nk_1),

limsup || f (. n) — ullP < (Lip(H(k — DYP + €/4)P

neMy

+ limsup || f @, ng) — f(@|P.

ngeMy
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230 N. J. Kalton, N. L. Randrianarivony

Now

limsup || f (M, n) — f(M]|P < limsuplimsup || f (A, n) — f (@, np)||P
ngeMy ngeM n,.eMy

< (Lip(f)P.
Thus it follows that

limsup || f (N1, ..., N —ull < Lip(HKYP +e/4, (ny, ..., Nk € Gr(My).

nkeM
Now we pass to a further infinite subset M so that
@ —ul — 1 f@) —ull| <e/4, A7 € Ge(M)
and hence
If(n1,...,n) —ull < Lip(FHKYP 4+€/2, (ng,...,nk) € Ge(M).

This completes the inductive argument and the theorem follows immediately. O

The assumption that X is reflexive in Theorem 4.2 is important. Note that the non-
reflexive space cq satisfies the condition (4.1) for any p (and indeed for p = o0)
but every separable metric space can be Lipschitz embedded into ¢y by a result of
Aharoni [1].

5 Themain results

Theorem5.1 Suppose 1 < p1 < P2 < -+ < pp < oo. Ifr ¢ {p1,..., pn}
(1 <1 < o0) then ¢, does not coarse Lipschitzembed into £y, @ --- @ £p,.

Proof Let f : ¢y — £p, ®--- @ £, be a coarse embedding. It follows from Proposi-
tion2.3that p1 < r < 2, although, strictly speaking our proof works without this fact.
We will only consider the case whenr < pp (the caser > py is easier and follows
from applying only the midpoint principle).

Suppose pm < T < Pmy1 and let X = (€p, @ -+ @ Lpy)ep, aNd Y = (Lpy,
® - @ Lp,)e- Consider f as map into X @, Y and assume that

X =yl <1f)—fWI<Clix—=yl, lIx—yl =1
Let f (X) = (g(X), h(x)). Suppose k € Nand § > 0. Then, by Proposition 3.6, we can
findt > k,x € £, and N € Nsothatif E = [ej]j>n then g(Xx+7Bg) C K +87Bx
for some compact subset K of X.
LetM = {n e N: n > N}. Define ¢ : Gx(M) — ¢, by

oy, ..., =X+ kY (en, + - + ).
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The coarse Lipschitz geometry of £p @ £q 231

Then go p(Gk(M)) C K 4 8t Bx. Thus by Lemma 4.1 we can find an infinite subset
M of M so that

diam(g o ¢(Gk(Mo))) = 3d7.

On the other hand, Lip(h o ¢) < 2Y/"Cck=1/" and so by Theorem 4.2 we can pass to
an infinite subset M’ of M so that

diam(h o p(Gk(M))) < 3- 21T CrkY/Pme1=1/T,
Thus
diam(f o p(Gk(M))) < 3 2H/ ¢ (CKY/Pme1=1/T 4 5),
However
diam(p(Gk(M))) > ©
and this implies that
diam(f o o(Gx(M"))) > t.
Hence
1 < 3. 27 (CKY/Pmia=1/r 4 5y

Since § > 0 and k € N are arbitrary this is a contradiction. O

The following result answers a question of Bill Johnson for the case 1 < p < 2.
We will prove the same result in the case 2 < p < oo below by a slightly different
technique (Theorem 5.6).

Theorem52 If 1 < p < 2, L isnot coarsely (or uniformly) homeomorphic to
Zp @ Zg.

Proof ¢; isometrically embeds into L if p <r < 2. The result follows from Theo-
remS5.1. m|

The following theorem solves a problem in [11] where the same result is established
forl<p<qgq<20r2<p<gd<oo0.

Theorem53 If1 < p <2 < g < oo and X isuniformly homeomorphicto £, @ £q
then X islinearly isomorphicto £ @ £q.

Proof Classical nonlinear theory ([8,11] or [2]) allows us to deduce that X is linearly
isomorphic to a complemented subspace of Lp @ Lg. Let J : X — Lp@® Lgbea
linear embedding and let (x, y) — Sx + Ty be a left-inverse of Jwhere S: L, — X
and T : Lg — X are bounded operators.
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232 N. J. Kalton, N. L. Randrianarivony

By Theorem 5.1 the space ¢, does not embed into X. Therefore by a result of
Johnson [9] T factors through £4. This implies that X is linearly isomorphic to a com-
plemented subspace of L , @ £q. The spaces L p and £ are totally incomparable so that
by the results of Edelstein and Wojtaszczyk ([4] or [18]) X is linearly isomorphic to
E @ F where E isa Lp-space and F is complemented in £4. Since E contains no copy
of £, E is isomorphic to £, or is finite-dimensional (see [12]). And F is isomorphic
to £q or is finite-dimensional as well (see [15]). Since £ and £¢ have unique uniform
structure [11] both E and F are infinite-dimensional. O

Of course this argument works equally well for arbitrary finite sums (combining
the arguments of [11]).

Theorem54 If 1 < p1,...,pn < coWith2 ¢ {p1,..., pn} and X is uniformly
homeomorphicto £, @ - - - @ £p, then X islinearly isomorphicto £y, @ - - @ £p,.

Unfortunately we do not know if £, @ £, has unique uniform structure when p # 2.
If p > 2 we do not know if the Rosenthal space X, [17] is uniformly homeomorphic
to £, @ £2; since each embeds linearly into the other, our techniques do not appear
fine enough to distinguish these spaces.

Theorem 5.5 1f 2 < p < oo, there is no coarse Lipschitz embedding of (3 ¢2),
intoep &) Ez.

Proof Asin Theorem 5.1 we suppose f : (Z Eg)zp — £2@oo Lpisacoarse Lipschitz
embedding so that

X =yl <1f)—fWI<Clx=yll, Ix=yl=>1
Write f(x) = (g(x), h(x)). For each i let (eij)fozl be the canonical basis of the ith.
co-ordinate space £2.

We proceed similarly to Theorem 5.1. Suppose k € N and § > 0. Then, since
p > 2, by Proposition 3.5, we can find r > k, x € (3_ ZZ)ep and N e N so that if

E =[&jli>n,j>1 theng(x + 7 Bg) C K + 87 By, for some compact subset K of £5.
Define ¢ : Gk(N) — (3 Ez)zp by

(N1, ..., M) =X + kY2 (enying + - +eniing-

Then go ¢(Gk(N)) C K + 87 By,. Thus by Lemma 4.1 we can find an infinite subset
M of N so that

diam(g o ¢(Gk(Mp))) < 3s.

On the other hand, Lip(h o ¢) < C+/2rk~Y/2 and so by Theorem 4.2 we can pass to
an infinite subset M of My so that

diam(h o ¢(Gk(M))) < 3v2CtkY/P~1/2,
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The coarse Lipschitz geometry of £p @ £q 233

Thus
diam(f o p(Gk(M))) < 3v27(CkYP~Y2 4 §).
However
diam(p(Gk(M))) > 7

and this implies that

diam(f o (Gx(M))) > .
Hence

1 < 3V2(CKYP1/2 ).

Since § > 0 and k € N are arbitrary this is a contradiction. O

Haydon, Odell and Schlumprecht recently proved [7] that a subspace of L, p > 2,
that does not contain an isomorphic copy of (Z 62)@,) is isomorphically contained in

Lp@® L. Itthus follows from Theorem 5.5 that a Banach space coarsely homeomorphic
to £p @ €2 isa Ly space which linearly embeds into £, @ £2. A result of Johnson and
Odell [13] then implies that it is isomorphic to a complemented subspace of X,. We
thank the referee for pointing this out to us.

The other half of Theorem 5.2 is now immediate:

Theorem5.6 If 2 < p < oo, Ly isnot coarsely (or uniformly) homeomorphic to

Finally we show that Theorem 5.5 holds inthe case 1 < p < 2.

Theorem 5.7 If 1 < p < 2, thereisno coarse Lipschitz embedding of (Z Zz)ep into
gp D Zz.

Proof We suppose f : (Z ez)ﬂp — £p @oo L2 Is acoarse Lipschitz embedding such
that

IX=yl <If)—=fWI=Clx=yll. Ix=yl=1

Let f(x) = (9(x), h(x)) as usual. Suppose k € Nand § > 0.

Consider the space Y = [gjli<k,j>1. Thus Y is linearly isomorphic to £, and we
can apply Proposition 3.5. As observed earlier, Proposition 3.5 holds for any equiva-
lent norm on the domain space; therefore we can apply to Y with the subspace norm
inherited from (3 Zg)(p. Thusthereexisty € Y, v > k, acompact subset K of ¢, and

Nsothatif E = [&]]i<k j>ntheng(y+tBg) C K+dtBy,. LetM = {j : ] > N}.
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234 N. J. Kalton, N. L. Randrianarivony

Define ¢ : Gk(M) — y + tBg by

k
o1, ....NK) =Y+ ‘Ck_l/pza,ni.
i=1

Then Lip(p) = v2tk=1/P.

From Lemma 4.1 we deduce that there is an infinite subset Mg of M so that diam(go
©(Gk(Mp))) < 387. From Theorem 4.2 we obtain an infinite subset M’ of M so that
diam(h o p(Gk(M')) < 3+/2C7kl/2-1/p,

Thus
1 <t diam(f o ¢(Gk(M)))
< 3(v/2CKYZYP 4.
Since k € N and § > 0 are arbitrary this is a contradiction. O

6 Concluding remarks

It is clear that Theorem 4.2 is capable of considerable generalization. The correct con-
cept here is asymptotic smoothness introduced by Milman [14] and studied in [5,10].
Let X be a Banach space. If t > 0 we define px(t) (the modulus of asymptotic
smoothness of X) by

px(®) = sup inf sup (Ix +ty[| —1).
X ||x||:ld'mX/E<°°yeBE

If x e X with ||| = 1 and (xn)p2 4 is any weakly null sequence we have
limsup [IX + Xnll < 14 px (limsup [[Xal]).

If X has separable dual this formula may also be used to define px. Notice that py is
a convex function which satisfies the inequality

px(t) = max(t — 1, 0).

Thus o is an Orlicz function and we can define the Orlicz sequence space £5, which
we equip with the Luxemburg norm:

1E ey, =inf Az D Bx(&1/2) <1
j=1

Now assume k € N and that a1, ..., ax > 0. For any infinite subset M of N we
define the metric space Gk (M ay, . . ., a) to be space of all k-subsets (n1, ny, ..., nk)
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The coarse Lipschitz geometry of £ @ £q 235

withny < ny < ... < ng with the metric

d((ny, ...k, (Mg, ... M) = > aj.

nj#m,
Theorem 6.1 Let X be a reflexive Banach space with modulus of asymptotic smooth-

nesspy. Thenif Misaninfinitesubset of N, e > 0and f : Gx(M; a1, ..., a) — X
is a bounded map, there exists an infinite subset M of M so that

diam f(Gx(M)) < 2eLip(f)|l(aq, . s alle, e
Proof Let us define a norm on R? by

Ny (&, 1) = :i:?x(|n|/|§|)+lfl, gig

Thus we can give Ny an alternative definition:

N2(§,m)= sup _inf  sup [|EX+ nyll
HXH:ldImX/E<OOyEBE

and from this formula it is clear that N2(0, 1) = N»(1,0) = 1 and Ny is an absolute
norm, i.e.

N2(&1, n1) < Na(&2, n2) if |&1] < [&21, 1| < In2l.

Then define by induction a norm Nk on R so that

Nk(€1, ..., &) = N2(Nk-1(81, .. ., Ek-1), &k)-
We now prove by induction that given M an infinite subset of N, ¢ > 0 and

f: Gk(M; ay, ..., a) — X abounded map, there exists an infinite subset M" of M
and u € X so that

[ f(n1,....nK) —ull < Nk(@, ..., a)Lip(f) +¢€, (nN1,...,NK) € Ge(M).

As in Theorem 4.2 this is elementary for k = 1. We pass to a subset My so that
limpeng, f(N) = u exists weakly. Then

limsup || f (n) — ull < limsup | f (n) — f(m)|| < Lip(f)as.
nEMo nEMo

Thus passing to some further infinite subset M’ gives the result.

Assume the result is proved for k — 1. Then we pass to a subset M so that for every
N e Gk_1(M) the limit f () = limp, cpg, (@, Nk) exists weakly.
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By the inductive hypothesis we can pass to a further infinite subset M so that for
some u € X we have

| f(M) —ull <Lip(f)Nk-1(aa, ..., a-1) +€/2, N e Gk_1(M;).

Note that Lip(f) < Lip(f).
We pass to a further infinite subset M’ of M3 so that

[IHf@ —ul—If@) —ull| <e/2, N, eGM;ay,...,a).

Then note that for any 0 € Gy_1 (M), we have

limsup || f (A, ni) — ull < N2 (II f@ —ull, limsup || f (A, ) — 1F(ﬁ)ll).

ngeM’ ngeM’
Now
limsup || f (@, n) — f@) < limsuplimsup | f (@, n) — f (A, Nl
nkeM/’ neM’'  npeM’
< Lip(f)a.
Hence

limsup || f (M, nK) —ull < N2(Nk—1(@1, ..., a-1) +€/2, a)

ngeM’

IA

Nk(@r, ..., ak) +€/2.

Recalling the selection of the set M this proves the inductive hypothesis.
To complete the proof we show that Ny (&1, ..., &) < e|l(1, ..., Sk)”gﬁx for all

§1, ..., 8k

Assume [|(§1, &2, - . ., &) lley,, < 1. We define N1 (t) = |t|. Assumethat Nk (&1, . . .,
&) > 1. Thenthereisaleastr with 1 <r < ksothat N, (&1,...,&) > 1. Then we
have

Nj (&1, ..., &) = Na(Nj_1(81, ..., §j-1). &)
<A +ox(&EDINj—1(81,....&j-1), J>T.

Ifr > 1 we have

Nr(§1,....6) = N2(1, &) =1+ ox (& D).

Ifr =1 then

N1(81) = [&1] = 14 px (161]).
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Thus

k
N1, ... &) < [ +px &) <e

j=r

]

We believe that Theorem 6.1 may well have other applications in nonlinear theory.

The connections between asymptotic smoothness and uniform homeomorphisms is
explored in [5], but the results obtained there depend on the fact that one has a uniform
homeomorphism between two spaces and the Gorelik principle can be applied.
Theorem 6.1 allows us to still get information when one only has a coarse Lipschitz
embedding, as long as the spaces are reflexive.
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