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We prove a number of results concerning isomorphisms between spaces of the
type L,(X), where X is a separable p-Banach space and 0 < p < 1. Our results
imply that the quotient of L,([0,1] X [0,1]) by the subspace of functions
depending only on the first variable is not isomorphic to L,, answering a question
of N.T. Peck. More generally if %, is a sub-o-algebra of the Borel sets of [0, 1],
then L,([0, 1])/L,([0, 1], #,) is isomorphic to L, if and only if L ([0, 1], %) is
complemented. We also show that L, has, up to isomorphism, at most one
complemented subspace non-isomorphic to L, and classify completely those spaces
X for which L,(X)=L,. In particular if ¥(L,,X)= {0} and L,(X)=L, then
X =1, or is finite-dimensional. If X has trivial dual and L, (X)=L, then X =L .

1. INTRODUCTION

A quasi-Banach space X is an F-space on which the topology is given by
a quasi-norm x — ||.x||, which satisfies

x| >0 x#0, x€EUX, (1.0.1)
lex|[=elIxl  t€R, x€X, (1.0.2)
x4y <k(x|+]ly]) xyeEX, (1.0.3)

where k is a constant independent of x and y. If, in addition, for some p > 0,
we have

lx+ yIP<lIxlI” +1I¥17 x,yE€X, (1.0.4)

then X is a p-Banach space. If X can be equivalently re-normed to be a p-
Banach space then X is said to be p-convex.
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For any quasi-Banach space X we define /,(X) (0 < p < o) to be the
space of sequences (x,) with x, € X such that

0 I/p
el = (2 ||xn||") < o, (10.5)

[,(X) is a quasi-Banach space, which is a p-Banach space when X is a p-
Banach space (when 0 < p<1). Also we define L,(X) to be the space of
Borel maps f: [0, 1] » X such that

Ip

9= [ el as| <. (1.06)

Identifying, as usual, functions equal a.e., L,(X) is also a quasi-Banach space
which is a p-Banach space when 0 < p < 1. We remark here that [0, 1| with
Lebesque measure can be replaced with any Polish space with a diffuse
probability measure, but for the purposes of the introduction, the above
definition suffices.

If X and Y are two quasi-Banach spaces then ¥(X, Y) denotes the space
of all operators T: X —» Y with quasi-norm

T||= sup ||Tx|.
171 = sup, 17|

If X =Y we abbreviate this to £(X).

In the remainder of the introduction we sketch some of the problems with
motivated this research and then summarise our results.

This paper arises out of problems suggested by [6]. In [7] it was shown
that if H is the subspace of L,([0, 1] X [0, 1]) consisting of all functions
depending only on the second variable, then H is uncomplemented in
L,([0,1] X [0, 1]) when O < p < 1. (The case p =0 had earlier been proved
by Berg et al. [2].) A natural question (suggested by Peck) is:

ProBLEM 1.1. Is L,([0,1] X [0,1])/H=L,?

Of course if 1< p< oo, H is complemented and the answer to
Problem 1.1 is yes. A number of problems we consider are illuminated by
comparison with the case p =1 in particular, and in that case one can prove
easily the following theorem (basically due to Lindenstrauss [10]).

THEOREM 1.2. If X is a Banach space and N is a closed subspace such
that N= L, and X/N = L, (or is even an & -space), then N is complemented
in X.

This suggests a companion problem to Problem 1.1.
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PrROBLEM 1.3. If X is a p-Banach space (0 < p < 1) and N is a closed
subspace of X isomorphic to L, such that X/N=L,, is N complemented in
X? What about the case X =1L,?

Also Theorem 1.2 suggested an approach to Problem 1.1 by examining
whether L,([0, 1]*)/H is an &,-space when 0 < p < 1. We intend to develop
the theory of &-spaces when p < 1 in a separate paper. For the purposes of
resolving 1.1, however, the approach proved to be a failure, since
L,([0, 1]*/H is an ¥,-space (and therefore could be isomorphic to L,).

An alternative approach is to treat L ([0, 1]*)/H as the space L,(L,/1).
where L,/1 is the quotient of L, by a subspace of dimension one [8]. As
shown in (8], L,/1 £L,, and clearly one would wish to somehow exploit
this non-isomorphism. Thus we state a new problem:

PrROBLEM 1.4. Characterize those p-Banach spaces such that
LX)=L,.

or more generally:

ProBLEM 1.5. If X and Y are two p-Banach spaces such that
L, (X)=L,(Y) what can one say about X and Y?

Again comparison with the p=1 is in order. If p =1 there is a natural
projection from L (X) onto a subspace isomorphic to X, namely,

Pf(s):J'lf(t)dt 0<s< 1.

From this and the Pelczynski decomposition technique one quickly gets that
L, (X)=L, if and only if X is isomorphic to a complemented subspace of
L,. The problem of characterizing such X is still open. It is known (the
Lewis—Stegall theorem [9, 14]) that if X is infinite-dimensional and has the
Radon-Nikodym property then X =/,, and it is still open whether, in
general, X =/, or X= L,. In Problem 1.5 one can conclude X is isomorphic
to a complemented subspace of L,(Y) and Yto a complemented subspace of
L, (X), and little else.

For 0 < p < 1, the absence of such a projection radically changes the
problem. Clearly L,(l,)=L, but I, is not isomorphic to a complemented
subspace of L, (or even more simply L,(R)=L,). Clearly one must also
consider:

PROBLEM 1.6. Is L, prime when 0 < p < 1? (if X is isomorphic to a
complemented subspace of L, is X=L,?).

We now sketch the main results of this paper and how they affect
Problems 1.1-1.6.

580/42°3-3
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Sections 2—4 are preparatory; we gather in many more or less elementary
lemmas and definitions which are required later. Our first major result is
Theorem 5.2 which gives a representation theorem for operators T:
L,—- L,(X), where X is a p-Banach space, generalizing the scalar case
proved in [7]. We use Theorem 5.2 to then establish a lifting theorem (5.3)
which yields the conclusion that if X is a p-Banach space and N is a closed
subspace of X which is g-convex for some g > p (e.g., if dim N < ), then
L,(X/N)=L, implies L,(N) is complemented in L,(X) (in its natural
embedding). Combined with the fact from [7] (also proved in more
generality in Section 6) that H = L ,(R) is uncomplemented in L ([0, 1]*) =
o(L,) we can deduce that the answer to Problem 1.1 is no (Corollary 5.4),
ie., L,(]0, 11*)/H# L,. This is not the only proof of this fact given in the
paper, however.

In Section 6 we consider operators T L,(X)— L,(Y), where X and Y are
two separable p-Banach spaces. We introduce the notion of diagonal maps
and use them to show that if X is a subspace of Y and L,(X) is
complemented in L,(Y) (in its natural embedding) then X is complemented
in Y (this proof is valid for 0 < p  1). Of course this gives another proof
that H is uncomplemented in L,([0, 1]?).

Our main result in Section 7 is Theorem 7.3 Here we consider the quotient
A(H,) of L,([0,1]) (0 < p< 1) by a closed subspace L,([0, 1}, %,), where
%, is some sub-g-algebra of the Borel sets. In [6] we gave a complete
characterization of those .#, for which this subspace is complemented. Here
we show that A(%,)=L, implies that L, ([0, 1], %,) is complemented,
generalizing Corollary 5.4. On the other hand, A(%,) always contains a
complemented copy of L,. We contrast this with Example 8.7, where we
construct a proper subspace of L,, N, say, so that N= L, but L /N contains
no complemented copy of L,. Thus N cannot be moved by any
automorphism into a space L,([0, 1], #,). This is somewhat akin to the
recent result of Bourgain [3] that L, contains an uncomplemented subspace
isomorphic to L,.

In Section 8 we prove our main results. Here the critical assumption is
that a p-Banach space X is p-trivial, i.e., #(L,, X) = {0}. This definition was
introduced in [7] and it was shown to be an appropriate analogue when
p<1 to the assumption that X has the Radon-Nikodym property. In
Theorem 8.3, we show that if L, (X) is isomorphic to a complemented
subspace of L,(Y), where Y is separable and p-trivial, then X = X, @ X,,
where X, is a complemented subspace of /,(Y) and X, is a complemented
subspace of L,(Y) (either X, or X, can be {0}). Note that in the case p=1
this is a trivial conclusion since X is complemented in L,(X). We then
deduce a nice partial solution to Problem 1.5, namely, that if 0 < p < 1 and
X and Y are two separable p-Banach spaces which are p-trivial and
L, (X)=L,(Y), then [,(X)=[,(Y). Specializing to Y =IR, we obtain that
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L,(X)= L, with X p-trivial, implies X is finite-dimensional or X =/ . This
result is strikingly similar to the Lewis—Stegall theorem, which implies that if
L,(X)=L, and X has the Radon—Nikodym Property then X is finite-
dimensional or X = /,.

In Section 9 we use these techniques to study the dual space of #(L,).
The problem of determining whether ¥’(L,) has trivial dual was suggested to
the author by J. H. Shapiro. We characterize operators S € ¥(L,) so that
x(S)=0 for every y=%(L,)* as the small operators introduced in |7|.
Using this. we show that if L, has a complemented subspace Z non-
isomorphic to L,, then L,(Z)# L,. Hence we obtain (Theorem 9.6) that if
L, (X)=L,and X* = {0}, then X =L .

Finally we somewhat illuminate Problem 1.6 by showing that if L, fails to
be prime, then there is, up to isomorphism, a unique complemented subspace
Z % L,. In particular Z must be prime. We believe that no such Z can exist.

We note here that we have some corresponding results for the case p = 0.
but the techniques are completely different and we proposed to publish these
separately.

2. PRELIMINARIES FROM MEASURE THEORY

Let 2 be a topological space, then we denote by # (or #(£2) where more
precision is required) the o-algebra of Borel subsets of Q.

We start by giving some essentially known results on Borel measurable
maps. Suppose {2 and K are Polish spaces and v is a o-finite Borel measure
in Q. Then a Borel measurable map o: 2 - K will be called anti-injective if
B € .#(Q) and ¢|B is an injection then v(B) = 0.

LEMMA 2.1. In order for o to fail to be anti-injective it is necessary and
sufficient that there exists B € #(Q2) with v(B) > 0, such that if C € .£(Q)
and C c B, then there exists A € F(K) with

v(|o~'(4) N B] AC)=0.

Proof. If o fails to be anti-injective then there exists B € .2(2) with
v(B) > 0 such that o|B is an injection. By Lusin’s theorem we can find
B,c B which are compact so that ¢|B, is continuous and injective and
v(B\U B,)=0. If Cc B is a Borel set then 4 =o(U;., (CMNB,)) € Z(K)
and CA(o~'(4)NB)< B\ B,.

Conversely suppose B satisfies the conditions of the lemma. Let (U,) be a
countable base for the topology in £2. For each n pick 4, € Z(K) with
v((o~'4,)NB)A(U,NB)=0. Let F=U|[(67'(4,)NB)4(U,NB)|
Then v(F)=0. If w,,w, € B\F and w, #w, there exists n €N so that
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w, €U, but w, & U,. Hence ow, € 4, but ow, &€ 4, i.e., 0w, # 6w,. Thus
o|B\F is injective.

Now if ¢: 2 - K is a Borel map there is an induced measure o*v or K
defined by

c*v(B)=v(e"'B) B € P(K).

Our next proposition is in reality a form of Maharam’s theorem on
homogeneous measure algebras [11]; but is stated in the language necessary
for this paper. We refer also to Semadeni |15, pp. 471-477].

PropoSITION 2.2. Suppose 2 and K are Polish spaces and v is a
probability measure on £. Suppose ¢: 2 — K is an anti-injective Borel map.
Then there is a compact metric space M, a diffuse probability measure n on
M and a Borel map t: 2 - M such that

(i) There is a Borel map p: K X M - 0 with p(c X 1)(w) =w
v —ae., w € N, where (0 X T)(w) = (0w, T®). (2.2.1)

(ii) (oXD)*v=0*v X 7. (2.2.2)

Proof. Let (U,) be a base for the open sets of 2, where each set is
repeated infinitely often. Let .%, be the sub-o-algebra of .#(£2) of all sets of
the form (¢~ 'B; B € £2(K)).

We shall show how to construct a sequence of finite sets F, and a
sequence of Borel maps &,: 2 - F, such that (2.2.3)-(2.2.5) hold:

|F,|>2 and A c F, then v(¢, '(4)) =n,(4), (2.2.3)

where 7, is the probability measure on F, defined by #,(4)=|4|/|F,| ((C| =
the cardinality of C).

If &, is the smallest sub-c-algebra of % such that
6,¢,,.... &, are measurable with respect to .#,, then for
n>1, &, is independent of £, ,, ie., if AcF, and
Be %, _, then

(2.2.4)

V(& '(A) N B) =m,(4) v(B).
There exists A € %, with v(4 AU ,) < 1/n, n>1. (2.2.5)

The argument is an easy induction. If ({,: k < n — 1) have been constructed,
where n > 1, then the map 6 X & X -+ X ¢&,_: 25 KXF; X - XF,_, is
anti-injective, by the finiteness of F, X --- X F,_, (some obvious rewording
is necessary when n=1). By Lemma 2.1 this means .#,_, (or more exactly
the measure algebra induced by .#,_,) induces no ideal in (%, v) as defined
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on p. 473 of Semadeni [15]. Now as in Lemmas 26.5.13 and 26.5.14 of |15,
pp. 475,476], we can find F, and ¢, to satisfy (2.2.3)-(2.2.5).

Now let M be the product [], F, with the product measure &), 7, =7
which is diffuse and define 7: 2 » M by 1(w) = (¢,(w))>.,. For each open
set U€ (U,)r. |, it is clear that there is a Borel set 4 € #(M) with

y((exX 1)~ (A)NU)=0.

Hence the same is true for every Borel set U — £2. Now Lemma 2.1 (or more
precisely its proof) implies that there is a Borel subset 2, of Q2 with
v(§2\02,) = 0 such that o X 7|2\, is injective: We may suppose £, is an F -
set, (0 X 1)($2,) is Borel and (6 X 7)™ '|(0 X 1), is Borel; this follows
easily from applying Lusin’s theorem. Defining p = (6 X 7)~' on (6 X 1) 2,
and arbitrarily (subject to being Borel) off (o X 7) £2, we can satisfy (2.2.1).

It is easy to see that (2.2.2) is automatic from the construction.

Suppose now X is separable quasi-Banach space. Then it is easy to see
that if £ is a Polish space, then a Borel map g: 2 - X is a uniform limit of
countably-valued Borel maps g,: 2 - X.

If X and Y are separable quasi-Banach spaces then a map @: 2 » ¥ (X, Y)
is strongly (Borel) measurable if it is a Borel map for the strong-operator
topology on (X, Y), i.e., for x € X, the map w+> ®(w)x is a Borel map
into Y. From the preceding paragraph it can be shown thatif g: 2> X is a
Borel map and @:02-%(X,Y) is strongly measurable then
wi— P(w)(g(w)) is also a Borel map.

The following lemma is one that we shall require later for the special case
X =L, when the conditions are satisfied for ¢ =1+ ¢ for any ¢ > 0 (this
follows quickly from results of Rolewicz [13, pp. 253-254].

LEMMA 2.3. Let 2 be a Polish space and let v be a o-finite Borel
measure as £2. Suppose X is a separable quasi-Banach space with the
property

For some fixed ¢ > 0, if x, y € X with || x|| = y||=1 there
exists an invertible T € L (X) with ||T||, |T7'||<c and
Tx=y. (2.3.1)

Suppose further g: 2— X is a Borel map such that 0 < a | g(w)l| <
B < o for w € Q. Then given u € X with ||u| =1 there exists a strongly
measurable map w — T, such that:

1T, <cB w€E N, (2.3.2)

IT;M<eca™  weR, (2.3.3)
T, u=g(w) vy — a.e. (2.3.4)
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Progf. Let G< £(X) the subset of L (X) X Z(X) of all (S,T) with
TS=ST=1,|S| <ca ' and || T|| < ch. Then in the product strong-operator
topology G is closed. For if (S,, T,)— (S, T) then | S| <ca™' and | T| < cf
and since S, — S uniformly as compact sets we have

STx = lim S(T,x)

= lim lim S,(T,x)

m-o0 n—0

lim S,(T,x)

=X.

Now let ¥ < X be the set {Tu: (S, T) € G}. Assumption (2.3.1) guarantees
that V> {x:a || x|| < B}

Now G is a Polish space (it is bounded and closed in £ (X) X & (X)). The
map (S,7T)+— Tu is continuous onto V. Hence by the von Neumann
selection theorem (Diestel [4, p. 270]; see also [1; 12, p. 448]), there is a
universally measurable map ¢(v) = (¢,(v), ¢,(v)), where ¢,(v) u =v.

Now let

T, = ¢,(g(w)).

Then wt— T, is universally measurable and by modifying it on a set of
measure zero we get the result of the lemma.

Remark. Inversion is continuous on the set G so the map wi— T is
also strongly Borel measurable.

3. p-INTEGRAL OPERATORS

In this section X will be a compact metric space and X a p-Banach space,
where 0 < p < 1. We define a bounded linear operator T: C(K)— X to be p-
integral if for some constant ¢, we have

S ITP < max 3 1) (30.1)
i=1 i=

whenever f,..., f, € C(K). The best constant ¢ arising in (3.0.1) is denoted
by 7,(T). In the case p =1, this reduces to the standard definition of an
integral operator and 7,(7T) is the integral or absolutely summing norm of T
(cf. Diestel and Uhl [5, pp. 161-169]).

Let #,(K;X) denote the subspace of <£(C(K);X) of all p-integral
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operators. We observe that the map 7,: #£(K;X)—> R is lower-semi-
continuous for the strong-operator topology.

LEMMA 3.1. Suppose T: C(K)— X is p-integral. Then there is a unique
positive Borel measure on K, which we denote by u = u(T) so that

Ip
i) 171 < [ If(S)lpd/l(s)g f € C(X), (3.1.1)

(i)l =uK)=mn,(T), (3.1.2)

(iii) If v is a positive Borel measure with

yp
ITAN< | [ 176 dvis)

J € C(K),
then y < v. (3.1.3)

Proof. Let P be the open positive cone in C(K), ie., P={f € C(K);
f(s)> 0 for all s € K}. Let C be the cone of all functions of the form

o= ST =) ¥ Ifif

for f,..... f, € C(K). By hypothesis CMN P = and so, as P has non-empty
interior, the Hahn—-Banach theorem implies the existence of a positive Borel
measure 4 with ||| = n,(T) such that

J¢dp<0 ¢€C.

which quickly yields (3.1.1) and (3.1.2).

Uniqueness will follow from proving (3.1.3). Let p=v +u and by the
Radon-Nikodym theorem write dv = ¢ dp and du = y dp, where ¢, y are non-
negative Borel functions. If v does not satisfy v > u then there is a compact
subset K, of K of positive y-measure such that

w(s) > o(s) sEK,.

Let h, be any sequence of functions in C(K) satisfying 0 < h, < 1, h,|Ky=1
and h,(s)— O for s € K,. Then for /' € C(K)

ITA1P <N T P + 1 T = Ry NI

<[ S P odp+ [ 1f = hof P v dps
K K
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and by the Dominated Convergence Theorem,

7P < j SPedp+ [ ISP wdp.

Ko K\Ko
Thus, for f,..., f, € C(K),
n n
S TAIP < emax Y |f(s)P,
i=1 sek i3
where

c=[ ¢do+[ wap
K, K\Kq

< L wdp =] =n,(T).

This contradiction proves the lemma.

LEmMA 3.2. For g€ C(K)and T € £ (C(K), X) define T, € X (C(K), X)

by
T,(f)=T@f) [f€CK). (3.2.1)
Then if T € A,(K, X), T, € A,(K, X) and
du(T,) =|4|" du(T). (3.2.2)

Proof. That T, € #,(K, X) is trivial. Note that if 4 = u(T) then

IT,()IP < j |6f 1P du

so that du(T,)<|¢°du. If ¢ does not vanish, (3.2.2) now follows by
reversing the reasoning. If ¢ > 0

(T, ) < du(T,) + o® d
when ¢ is a positive constant. Thus
|6+ el du < du(T,) + o du;
and letting a — 0 we obtain (3.2.2). For general ¢ note that
(T, <ol du(T,) |

and apply a similar argument.



L ,-FUNCTION SPACES 309

Now let .#(K) be the dual space of C(K) (i.e., the space of finite signed
Borel measures in K).

LEmMMA 3.3. The map u: A,(K;X)— #(K) (where #,(K,X) has the
strong-operator topology and #(K) the weak*-topology) is Borel
measurable.

Proof. 1t will suffice to show that the map
THJ¢@U)
K
is Borel, where ¢ € C(K) and ¢ > 0. Let ¢ = v, where y > 0. Then

[ ¢ du(T)=[ v du(T)

=n,(T,).

As T+— T, is clearly continuous, and we have already observed that 7, is
lower-semi-continuous the result follows.

Now if T € #,(K; X) and y =u(T), we can extend T to a linear operator
(which we still denote by T') T: L, (K, u)— X with | T|| = 1. In particular Tf
can be defined uniquely for any bounded Borel function f and the map
T+ Tf is a Borel map from .#,(K;X) into X. Furthermore, in place of
(3.0.1) we have

i I7fill” < m,(T) sup 2 /i) (3.3.1)

for f,,..., f, bounded Borel functions in XK.

To conclude this section we establish a lifting-type result which we need
later. We recall [8] that if Y is a p-Banach space and ¥ is a closed subspace
of Y which is either g-convex for some g > p or a pseudo-dual space then a
bounded linear operator §: L, Y/N can be “lifted” to an operator §,:
L,— Y so that OS, =S, where Q: Y- Y/N is the quotient map. (Here N is
pseudo-dual if there is a Hausdorff vector topology in N for which the unit
ball is relatively compact.) Furthermore there is a constant ¢ independent of
S so that ||S,[[<c|S|. The same conclusions for /, are valid with no
restriction on N and with ¢ = 1. Applying this we have:

LEMMA 3.4. Suppose X is a p-Banach space and N is a closed subspace
of X which is either pseudo-dual or g-convex for some q > p. Suppose
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T:C(K)— X/N is p-integral. Then there exists a p-integral operator
T,: C(K)— X and there is a constant c depending only on X and N so that

np(Tl)
u(T,)

e (T), (3.4.1)

<
< cu(T). (3.4.2)

Proof. Simply consider the induced map T: L,(K,u)— X/N and since
L,w)=1,, L,, [,®L,, or [; ®L, there exists a lift T,: L,(K,u)—+ X with
| T,|| € c|IT||. Restricted to C(K), T, is p-integral and (3.4.1) and (3.4.2) are
immediate with ¢ replaced by c”.

Remark. 1If u is diffuse then T'is unique.
The form that we shall require later is the following:

LEMMA 3.5. Let 2 be a Polish space and v a o-finite Borel measure on
Q. Suppose K is a compact metric space. Suppose X is a separable p-Banach
space and N is closed subspace of X which is either pseudo-dual or g-convex
Jor some g > p. Let w+— T, be a strongly Borel measurable map from 2
into A,(K; X/N). Then there is a constant ¢ >0 and a strongly measurable
map w+— S, of 2 into #A,(K; X) such that

0S,=T, v-a.e., (3.5.1)
u(S,)<eu(T,) v-a.e., (3.5.2)

where Q: X = X/N is the quotient map.

Proof. This is again an application of the von Neumann selection
theorem. Let G be the set of S € #,(K; X) such that 4(QS) < cu(S). It is
readily verified that ¥(C(K), X) is a Souslin spaces (for the strong-operator
topology) and that #,(K; X) is a Borel subset (in fact an F,-set). It follows
easily that G also is Borel (use Lemma 3.3 and the fact the positive cone in
A (K) is a Borel set).

Now the map S+— QS maps G onto #,(K; X/N) by Lemma 3.4 and so
there is a universally measurable map 6: #,(K, X/N) - G so that Q6(S) =S
(Theorem 2.2 of [7]).

To complete the proof let S, =6(T,) v-a.e. simply modifying on a set of
measure zero to ensure Borel measurability.
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4. THE SPACES L (X)

Let £ be a Polish space and let v be a o-finite measure on 2. Then if X is
separable p-Banach space, we define L (£, v; X) to be the space of all Borel
maps f: 2 - X such that

1= [ @ a@| g

After the usual identification of functions equal almost everywhere
L,(£2,v;X) is a p-Banach space. We now list without proof several easy
facts.

FAcT 4.0.1. The simple functions are dense in L,(82,v; X) and hence
L,(82,v; X) is separable.

Fact 4.0.2. If v, is a finite measure having the same sets of measure 0
as v and dv=¢" - dv,, where ¢ is a positive Borel function, then the map
S 6 - fis an isometry of L,(2,v; X) onto L, (2, vy; X).

Fact 4.0.3. For any two diffuse measures v, and v, on Polish spaces 12
and $2,, respectively, the quasi-Banach spaces L ,(£2,v,; X) and L (82,v,; X)
are isometric. In cases where only the isomorphism class of the space matters
we denote this space L, (X).

Fact 4.0.4. If N is a closed subspace of X then L,($2,v; N) is a closed
subspace of L,(R,v;X) and L,(R2,v;X)/L,(2,v;N)=L,(R,v;X/N) under
the natural quotient map.

Fact 4.0.5. Suppose 2, and $2, are Polish spaces, v, is a diffuse o-finite
measure on 2, and v, is a diffuse o-finite measure on 2,. Then L (2, X 2,,
v, X vy3 X) is naturally isometric to L,(2,,v,;L,(R2,,v,; X)) under the
isomorphism

Tf (@ )(w,) = f(w,, w,) w, €2, w,EN,.

It is also convenient to observe that L (2, v; X) can be interpreted as the
p-convex tensor product of L,(2,v; R) (=L,(f2,v)) and X (Vogt [17]). In
fact if ¢ € L,(2,v) and x € X we shall write f/ = ¢ ® x, where

S(w) = ¢(w) x. (4.0.6)

A conclusion from Vogt’s results [17] is the following:
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ProprosITION 4.1. Let Z be a p-Banach space. Then there is a natural
isometry T+ T between & (L,(2,v; X), Z) and ¥ (X, £ (L,(2,v), Z)) given
by

T(x)@) =T ® x). (4.1.1)

We shall conclude this short introductory section by considering a very
special class of operators on L,(X) spaces.
We define an operator T: L,(£2,v; X)— L,(£2,v; Y) to be diagonal if for
every Be #(2) if
flw)=0 w€E B,

then
Tf(w)=0 w€EB.

THEOREM 4.2. Suppose X and Y are separable p-Banach spaces and T
L,(R,v;X)—>L,(2,v;Y) is a diagonal operator. Then there is a strongly
Borel measurable map s— A; (2 - £ (X, Y)) such that

Tf(s) = 4,(f(s)) v-a.e., (4.2.1)
| T|| = v-ess. sup||4,]|. (4.2.2)
Furthermore the map s\— A is unique up to v-null sets.

Conversely if s+— A, is a strongly Borel measurable map with v-ess.
sup || 4,]| < oo, then (4.2.1) defines a bounded linear operator.

Proof. First we observe that the converse is pretty well automatic once
one notes that 4 ,(f(s)) is Borel; see the remarks preceding Lemma 2.3.

For the direct part of the theorem, choose F, to be an increasing sequence
of finite-dimensional subspaces of X whose union F is dense in X, Let (x,) be
any sequence dense in the unit ball of F, such that {x,:x, € F,} is dense in
the unit ball of F,.

By picking a Hamel basis of F and extending linearly we may determine
linear maps 4,: F —» Y so that

T(l, ® x)(s)=A,(x) v-ae. xEF.
From the diagonal property it is easy to see that
T(1, ® x)(s)=15(5) - 4,(x) v-ae. xEF,
and hence if ¢ € L (2, v),
T ® x)(s)=¢(s)A,(x) v-ae. x€F.

The proof will be completed by showing ||4,]| <| 7| v-a.e. and since
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Xt—>A.x is a Borel map for x € F, it will follow by density that, after
defining suitably on a set of measure zero, we have (4.2.1) and (4.2.2).
Uniqueness is trivial, by considering 7(1, ® x,).

For each n € N, let

0,(s) = max [[4,x;].

Note that the quasi-norm is Borel measurable on X and so 6, is a Borel
function. Define

JA(8)=x;,
where i = i(s) is the least i/ such that
[ gx;[| = 6,(s)-
Then if B € .#(2) and v(B) < 0, 1, ® f, € L (2, v; X) and

115 @ full” < v(B).

However,
[ T(1y ® LI :j 8, (s)* dv(s).

We conclude
8. | T v-a.e.,
and hence

sup 0,()< [Tl vae,

[ FN<ITI - veae.,
for each k (Of course 4, is continuous on F,). Thus as required

AT v-ae.

5. OPERATORS ON L,

We now give a representation theorem for operators from L, into L,(X)
which generalizes the representation theorem given in [7]. We give the result
in two parts.
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PROPOSITION 5.1. Suppose 0 < p< 1 and (5.1.1)-(5.1.5) hold:

K is a compact metric space and A is a probability measure
on K. (5.1.1)

2 is a Polish space and v is a o-finite Borel measure on 2. (5.1.2)
X is a separable p-Banach space. (5.1.3)

w— T, (2> A(K;X)) is a strongly Borel measurable
map. (5.1.4)

Ifu,=u(T,) (as in Lemma 3.1) then for some ¢ < o0,

j 4, (B) dv(w) < cPA(B) B E .B(K). (5.1.5)
Q
Then we conclude
(i) IffeL,K;A)then vae.,f€LLK,u,) (5.1.6)
(i) The formula
Tf(w)=T,f [fE€L,K,A) (5.1.7)

defines a bounded linear operator T: L (K, A)— L,(2, v; X) with ||T| < c.

Proof. By (5.1.5) and Theorem 3.1 of [7] there is a bounded linear
operator U: L,(K;A)— L,(£2, v) defined by

Uf(w)= j Sfdu, v-a.e.

[The extension of [7] to the o-finite case is easy.] In particular if
SEL,K,A) then |f|” is u,-integrable p-a.e., i.e., (5.1.6) holds. Thus the
formula in (5.1.7) makes sense v-a.e. and in fact w+ T, f is Borel by
approximating by bounded simple functions. Finally

[ TSP av@)< | [ L7 du, dbfe)
=luqre)l,
< j |/ P da.

Thus || T| < c.
The converse is naturally much more interesting.
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THEOREM 5.2.  Suppose we have (5.1.1}-(5.1.3) and that T: L (K, A1)~
L,(2,v; X)) is a bounded linear operator.

Then there is a strongly Borel measurable map w— T,(2 - A (K: X))
such that (5.1.5) and (5.1.6) hold, with c =||T|| and

If(w)=T,f v-a.e., fELK,A). (5.2.1)

Proof. As in Theorem 3.1 of [7]| we may suppose that K is totally
disconnected. To do this it is necessary only to check that if o: K-> K, is a
Borel isomorphism onto a totally disconnected compact metric space then
the induced map o*: . #,(K; X) - #,(K,, X) is also Borel, where

a*T(f)=T(f=0) [fECK,).

This is clear (cf. remarks following Lemma 3.3).

Now suppose that for each n, %/, is a partitioning of K into clopen sets so
that o/ | refines .7, for every n and if o, = (U, :1<k<(n)) then
diam U, , < n~'. Let x, , be the characteristic function of 4, ,, and let £ be
the linear span of (x,,: 1<k <l(n), 1 <n< o). E is dense in C(K) by the
Stone-Weierstrass theorem. We may further suppose that the map f +— Tf(w)
is everywhere linear on E (by picking a Hamel basis of £ and extending).
Thus we may define T,: E— X by

T.f=Tf(w).
For any n, k,
| 1T xaall? v ITIP AU, 4,
v Q
and hence
| [('L)
[ N Tl ar <7V
Q k=1
Now if

i(n)
g(@)=sup > [T xnsl’s
n k=1

then from the Monotone Convergence Theorem,
[ $(w) dv(e)<|| T

and so ¢(w) < oo v-a.e. Let 2, be a Borel set with v(2\2,) =0 such that
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#(w) < oo for w € 2. Then if w € 2, and f,,..., f,, € E we can find a large
enough #n so that

1(n)

fi= 2 CijXn.j> i=1,2,.,m.

j=1

Thus
i(n)

ITLAilP < 2 leylP N T o sl
i=1

so that

m I(n) m
ST AP S (Z el ) 1Tt
i=1 Jj=1 \i=1

< 9(0) max S 1S

It follows easily that T, extends to a p-integral operator, T',: C(K)— X,
and 7,(T,)=¢(w). After suitable definition on 2\Q,, w> T, can be
assumed strongly Borel measurable (clearly f+— T f is Borel for f € E).

Now a measure u!, can be defined so that

,U:‘,(U,,‘k)= sgp Z ”mem,h”p

R Unp=Uni

for w € 2,. It is clear than, first for f € E and then in general
ITufIP<[11P i,
However, ||u,, || = ¢(w)=n,(T,,) and hence u(T',) =, = y,,, say. Thus

[ 4o v <ITIP AU, 0,

and so we obtain (5.1.5).
Now it follows easily from the preceding Proposition 5.1 that T can be
given by formula (5.2.1).

Remark 5.2.3. The map w— T, is unique up to sets of v-measure zero
given only that

T, f=TIf vae,

for f € C(K). Simply check against a dense countable subset of C(K).
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THEOREM 5.3. Suppose X is a separable p-Banach space and N is a
closed subspace of X which is either pseudo-dual or g-convex for some q > p.
Then if T:L,— L,(X/N) is a bounded linear operator, there is a bounded
operator T,:L,— L (X) so that QT, =T, where Q: L,(X)~ L,(X/N) is the
natural quotient map.

Proof. Write L, = L,(K, 1), where K is compact metric, and L,(X/N) =
L,(£2,v; X/N). Then the operator T may be represented as above

Tf(w)=T,f.
where w > T,,(2 - #,(K, X/N)) is a Borel map satisfying

[ (T, )B]dv(@)<ITIPA(B)  BEZK).

By Lemma 3.5 there is a Borel map w— S, of 2 into .#(K, X) so that
(3.5.1) and (3.5.2) hold. (We use Q for both the quotient X - X/N and
L,(X)— L,(X/N).) Now if

Sf(w)=S,f

then by Proposition 5.1, § is a bounded linear operator from L (K, 1) into
L,(£2,v;X) and clearly QS =T.

CoOROLLARY 5.4. L (L,|1) is not isomorphic to L, for 0 < p < L.

Proof. 1f T:L,— L,(L,|1) is an isomorphism then there is a lift S: L, -
L,(L,). Now I —ST~'Q is a projection of L (L,) onto its subspace L ,(R),
where R < L, is the space of constants. The non-existence of such a
projection is shown in Corollary 4.5 of [7]. (Another proof will be given
later with more general results.)

6. DIAGONAL PROJECTIONS

In Section 4 we introduced diagonal operators T: L, (2, v; X)— L,(2,v:Y)
and gave a representation theorem for them (Theorem 4.2). We now slightly
extend our definition. Suppose K is a compact metric space and 4 is a
probability measure on K; let 2 be a Polish space and v be a o-finite Borel
measure on £2. Let ¢: 22— K be a Borel map. If X and Y are separable p-
Banach spaces we shall show that a bounded linear operator 7
L,(K,A;X)— L,(2,v;Y) is g-elementary if, wherever B € % (K),

f(s)=0 SE B,

580/42:3-4
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implies
Tf(w)=0 w€Eos 'B.

Clearly if 2 =K and v=41 and o is the identity we obtain by this the
definition of a diagonal operator. Let us remark that it is possible for
suitable ¢ that the only o-elementary operator is T=0,

Now for each n€N let (B, ,..,B, ,} be a partitioning of K into
disjoint Borel sets of diameter at most 1/n. For T € ¥ = £ (L,(K, 4; X),
L,(2,v;Y)) we define

{n)
Hn(n = Z Po“(ﬂ,,,k) TPB,,J('
k=1

Here, if A is a Borel subset of £2, then P,: L,(2,v;Y)—>L,(2,v;Y) is
defined by

Pf@)=f®) wEA,
=0 wé&A,
and similarly on L,(K, 4; X).
Now IT,: ¥ - & is a projection and ||I7,|| = 1. Our main result is then
PROPOSITION 6.1.
() ForfeL, K, 4X),
lim I(T)f=4,T)f exists. (6.1.1)

(i) d,: &L > is a projection. ||4,]|< 1 and 4,(&) is the set of o-
elementary operators (6.1.2)

(iii) If¢E€L,(K,A)and x € X then
4,(D@ ® x)() = $(ow) T(x),, (¢,,)  v-ae., (6.1.3)

where T is defined by (4.1.1), w+ T(x), is the representation of T(x)
determined in Theorem 5.2 and if t € K

e(s)=1 s=t se€K
=0 s+t seEK.

Proof. For g€ L,(K,A)and x€X

N
M (T)x)$)(w) = T(x),, (¢ - 15,,)
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where w €07 'B,, ;. 1 < k <I(n). Thus k = k,(w). Letting n » oo we see that
forvae.wef, ¢-1; —dlow)e,, in L,u(T(x),)). Thus

N )
lim IT(T)(x)(¢)(w) = plow) T(x),, (e,,)  v-ae. (6.1.4)

and in particular the right-hand side is Borel measurable (when suitably
extended on a set of measure zero).
Now

N .
1T DERG@IP < [ 97 du(T(x),)

for every n and

[ [ 18P du(T@)),, dv(w) I TG (1617

<UTIP 17 11117

Thus we can employ the dominated convergence theorem to show that

|, 90w T), o) - (DR E@)IP dv 0.

Thus we define 4,(T) by
AN AN
4,(D)x)@) = lim 11,(T)(x)(@),

for x€ X and ¢ € L (K,4), then 4 (T) is a well-defined member of ¥,
(6.1.3) holds and
14,(D)| < lim inf | 17,(T)| < T
By a density argument we quickly obtain (6.1.1). The fact that 4, is a

projection is trivial, and we have ||4,] < 1. Clearly if T is o-elementary then
4,(T)=T. Conversely suppose 4,(T)=T and f € L (K, A; X) satisfies

S(s)=0 sEB,

where B € .%(K). Then there exists a sequence of functions f,, of the form
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(where ¢, € L (K, A), x; € X) such that f, —» f. In fact f, - 15, — fand

Jor lpp = Z 9 lpg ® x;.
i=1

Now,

2Ty e @)= Y 80 Ley@) T, €,
=0 if w€B (r-ae.).

Hence T is g-elementary and (6.1.2) is established.

Remarks. Of course the projection 4, defined above is independent of
the choice of (B, ). In the case K =02, A =v and o(s) =5, s € K, we shall
denote 4, by simply 4. 4 is thus a projection onto the diagonal operators.

Let us call a subspace W of L, (K,A;X) diagonal if for ¢ € W, then
Pyp € W for every BE #. Note that if T: L,(K,A;X)— L,(K,A;Y) is
diagonal, then the range of T, #(T), and the kernel of T, #°(T) are diagonal
subspaces.

PROPOSITION 6.2. Suppose W is a complemented diagonal subspace of
L,(K,A; X). Then there is a diagonal projection onto W.

Proof. If T: L,(K,A;X)— W is a projection then so is II,(T) for each n,
where II,(T) is defined as in Theorem 6.1. Hence so is A(T), since
o, (T)(f)— A(T)(f) for every f € L ,(X).

THEOREM 6.3. Let Y be a closed subspace of the separable p-Banach
space X. Suppose L,(K,A;Y) is complemented in L,K,A;X). Then Y is
complemented in X.

Proof. By Proposition 6.2, there is a diagonal projection T: L, (K, 1; X) -
L,(K,A;Y). By Theorem 4.2 there is a strongly measurable map s 4,
from K into ¥(X) so that

Tf(s) = A,(f(s)) A-ae.
Now
T (s)=AXf(s)) A-ae,
and by considering a dense countable subset of X we see

Al=4, Jae,
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i.e.. A, is a projection A-a.e. Clearly we also have A-ae., A, (X)c Y and
A,(y)= yfor y& Y. Thus A-a.e. 4, is a projection of X onto Y.

ExAMpPLE. The fact that L,(R) is uncomplemented in L, (L,) (p <1)
(where R is the subspace of constants), which we used in the preceding
section follows immediately. As noted where this is equivalent to the absence
of a projection from L, ([0, 1] X [0,1]) onto the subspace of functions
depending only on the first variable.

7. ELEMENTARY OPERATORS

Again in this section we suppose f2 is a Polish space and v is a g-finite
Borel measure on £, while K is a compact metric space and 4 is a
probability measure on K. X and Y will be separable p-Banach spaces.

THEOREM 7.1. Suppose ¢: 2 - K is a Borel map which is anti-injective
(see Section2), and that T:L,(K,A;X)—> L, (2,v;Y) is a o-elementary
bounded linear operator.

Then there a linear operator J: L ,(2,v; Y)— L (K, A; L (Y)) and a Borel
subset A of Q2 such that

(i) J=JP,and J|L,A,v;Y) is an isometry. (7.1.1)
(ii) There is a Borel subset C of K such that

L,(C, A L(Y))=R#{). (7.1.2)

(iii) JT is diagonal and #(T)c L, (4,v; Y). (7.1.3)

Proof. 1t will be convenient to suppose v is a probability measure. The
reduction to this case is immediate from Fact 4.0.2.

We now appeal to Lemma 2.2, to determine a compact metric space M, a
probability measure # on M and a Borel map 1: 2 — M such that (2.2.1) and
(2.2.2) are satisfied. Let p: K X M — 2 be as in (2.2.1).

The measure o*v may be decomposed into a part absolutely continuous
with respect to 4 and a part singular with respect to 4, i.e.,

d(o*v) = 0dA + dn,

where §: K - R is a non-negative Borel map and 7 is singular with respect
to A.

We consider the space L,(K,A;L,(M,n,Y))=L,(KXM, AXmnY)
(Fact 4.0.5). Define J: L(2,v, Y)—> L, (K X M,4 X 7, Y) by

Jf (s, t) = 6(s)Y" flp(s, 1)) sEK, teM.
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Thus

117 =] 667 els, I dE X 7)(s, 1)

KXM

<J LG, DI d(o*v X 7)(s, 1)

= | /@) @)
=Is1P.

Hence ||J|| < 1. However, ||Jf] =||f] if and only if
| GG, o) dn x 7)(s, =0 (1.1.4)
KXxXM

and Jf =0 if and only if
0(s) flp(s, 2))=0 (A X m)-ae. (7.1.5)

There exists B, € #(K) with n(B,) = A(K\B,)=0. Let 4 =0~ '(B,). Then
(n X n)(p~'A)=0 and so if f =P, f =0, then f(p(s, 1)) = 0 (4 X n)-a.e. This
establishes (7.1.1).

To prove (7.1.2) let C={s:0(s)>0} and observe that if
SEL,C, A, L,Y)), then f =Jg, where ‘

g(w)=68(cw)™ "’ flow,tw) if Blow)>0
- 0 if B(ow)=0.
Finally if /'€ L,(K, A; X) and B € #(K) then
f(s)=0 A-ae. sEB
implies
Tf(w)=0 vae. wE€o 'B
so that JT is diagonal.

We now turn to the general case.

THEOREM 7.2. Suppose o: 2 — K is any Borel map and T: L (K, A; X)—
L,(2,v;Y) is a a-elementary bounded linear operator.
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Then there is a linear operator J: L (2,v;X)— L,(K,4,1,(Y)® L,(Y)),
and a Borel subset A of Q2 such that:

(i) J=JP,and J|L,(A,v;Y) is an isometry. (7.2.1H
(ii) . #(J) is closed and there is a diagonal projection Q onto

(). (7.2.2)

(iti) JT is diagonal and #(T) < L,(4,v;Y). (7.2.3)

Remark. Here the direct sum is the /,-sum.

Proof. Choose a maximal family (2,; n=1,2,..) of disjoint compact
subsets of £ of positive finite v-measure, and such that ¢|£2,, is injective and
continuous. Such a family is clearly at most countably infinite. Let 2 =
QAU R, Then 2 is a G,set and o|R_ is anti-injective by Lusin’s
theorem. For convenience of exposition we shall suppose (£2,);°, is infinite
and v(£2_.) > 0; only minor modifications are required for the other cases.

By the preceding theorem there is a linear map J:L,(2,,v;Y)~

L,(K,A: L,(Y)) such that for some Borel subset A4, of 2,

Jo=JP, and J|L (4, v:Y)is an isometry. (7.2.4)
There is a Borel subset C, of K such that #Z({J,)=
L,(C.,A L, (Y)). (7.2.5)

J, P, T is diagonal and FZ(P,T)cL,(4,,v;Y). (Here
P =P is the natural projection of L,(§2,v;Y) onto its
subspace L (2, v; Y).) (7.2.6)

For n < oo, 0|f2, has a continuous inverse on o(£2,). Let v, =v|R2, and
suppose

d(o*v,) =0, dA + dn,

(as in 7.1), where 8, is a non-negative Borel function and #,, is singular with
respect to A. Define

Jot Ly(R,,v;Y)—> LK. 4, Y)
by
JSf(8)=6,()"flc™'s) s€a(R,)
=0 s & a(R2,).

Then ||/,]| € 1, and arguing as in Theorem 7.1 we can find a subset 4, of 2,
so that J=JP, and J|L,(d,,v;Y) is an isometry. Furthermore, #(J)=
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L,(C,,4;Y), where C, = (s;8,(s)>0), Z(P,T)cL,A4,,v;Y) and J,P,T
is diagonal.
Now define

J:L(2,v; Y) > L(K, 2, 1,(Y)® L,(Y))
by
()= (o Po S (SNr-1 J o P oo (5)):

Let A=(J;_,4, and define a diagonal projection Q:L(K,4;[,(Y)®
L,(¥))~ Ly(K, 2, 1,(Y) ® L,(1)) by

Qf (5) = (P Su(Nn= 15 Pe o S (5));

where
S) = ((fu)r=15 S (5)).

Then conditions (7.2.1)-(7.2.3) are satisfied. We omit the easy
verification.

THEOREM 7.3. Suppose K is a compact metric space and A is a diffuse
probability measure on K. Let #, be a sub-c-algebra of ¥ = #(K), and let
L (K, %,,A) be the closed subspace.of L,K,A) of all #ymeasurable
Junctions. Assume L,(K, #,,1) is a non-trivial subspace and let A(%,) be
the quotient space L,(K,A)/L,(K, %,,). Then

(i) A(%,) contains a complemented copy of L,. (7.3.1)
(i) If A(#,)=L,, then L,(K, %,,4) is complemented in L,. (7.3.2)

Remarks. In [7] we showed that LK, #,,4) is complemented in
L (K, A) if and only if there exist 4 € &, ¢ > 0 such that:

A(BNMA)>el(B) BeE %,. (1.3.3)
If CcA, CE.2, then there exists B€E .4, with
AM(BNA)Y4AC)=0. (7.3.4)

In fact, conditions (7.3.3) and (7.3.4) imply the existence of an
automorphism of L, taking L,(4,4) into L,(K,%,,4). Precisely
P,|L(K, %,,A) is an isomorphism onto L,(4,4) and has inverse
V:L,(A,A)— L,K, %,,2), say; then the automorphism is given by U=
Py +VP,. In particular, if L, (K, %,,4) is complemented then
A(F)=L,.
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Proof. We may assume that %, is generated up to sets of measure zero
by a sequence (B,) ., of Borel sets. Define o: K — 2" = M, say, by

(05), = Lp (5) sEK.

Induce a probability measure 7 on M by 7 = ¢*A. Then L (K, %,,A) = #(T)
when T is the g-elementary operator

Tf(s) = f(o3).

Now by Theorem 7.2 we can find a map J: L,(K,A)— L,(M,n,1,® L,) and
a Borel subset 4 of K such that J=JP,, J|L,(4,4) is an isometry, #(J) is
complemented, JT is diagonal and #(T)c L,(4,4). Since 1, € #(T), we
must have A(K\A)=0, ie., J is an isometric embedding. Of course by
construction T is also an isometric embedding.

Thus

JTg(s) = o(s) g(s) n-a.e. SEM,

where g: M — [, ® L, satisfies || g(s)| =1, s € M. To prove (7.3.1) let us first
assume that for some n < o0, and some Borel subset C of M of positive 7-
measure,

|ga.(8) >3d>0, seC.
If we defined P: #(J)—» #JT) by

Pf(s)=g,(s) ' fu(s)g(s) sEC
=0 s&C,

then P is a projection. J~'PJ is clearly seen to be a projection of L,(¢~ 'C, 4)
onto L,(6~'C, %,,A). Clearly L,(¢6~'C,A)/L,(6~'C, #,, ) is isomorphic to
a complemented subspace of A(%,). Thus if A(%,) does not contain a
complemented copy of L,, we conclude

L(07'C, %, A)=L,(0c7'C,A).

Since M cannot be a countable family of such sets, there is a compact set
A < M such that g,(s)=0,s€ A4, 1 <n< oo and n(4) > 0.

This means || g (s)|=1, s € A. By observing the form of the projection
onto #(J) we note that A(%,) contains a complemented copy of
LA, n;L,)/#JTP,).

Now by Lemma 2.3 we can find a strongly measurable map st— ¥V,
(4> #(L,)) such that V g (s)=1, (where L,=L,(f)) and [V
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|V']|< 2. [Here ¥, ' is constructed in Lemma 2.3.| Using this we construct
an automorphism

V:L,A,n;L,)~>L,(4,7;L,)
VI(s)=V,f Ss€EA,
and conclude
LA, 7, L,)/#JTP,)=L,(A,n;L,[1)

AsL |1=L,®L,|1 [8], (7.3.1) follows.
Now we turn to (7.3.2). First we embed /, ® L, isometrically in L, by an
isometry U, say, and thus induce a diagonal isometry

U: L,M,n,1,®L,)~>L,M,=,L,),
Of(s)=U(f(s)) sEM.

Let h = Ug. As above we find a diagonal automorphism V of L (M, z, L,) so
that ||V|,|[V~'|<2 and Vh(s)=1, for all s. Thus FZ(VUOJT)=
L,M,n,R - 1,). Now A(F,) = Z )/ #JT)= R VUJ)/#(VUJT) and so
we have an embedding

R: A(£,)- L,(M, =, L,)/#(VOJT),

where RQ,=Q,V0J if Q,:L,(K,A)->A(%,) and Q,:L,(M,n,L,)—
L,(M, n; L,)/#(VUJT) are the quotient maps.

Now L,(M,n;L,)/#(VUJT)=L,(M,n;L,|1) and so by Theorem 5.3,
there is a lift R: A(#,)—~ L,(M,n;L,) so that Q,R =R. Since #(Q,R)c
#(Q,VU0J) we conclude #(R)c #(V0J) and can define S = (VOJ)~'R.
S:A(#,)— L,(K,A) is an embedding and RQ, S = Q,R =R so that 0, S =1
on A(#,). Hence L,(K, #,,4) is complemented.

8. ISOMORPHISMS BETWEEN L ,(X)-SPACES

We recall that a p-Banach space X is p-trivial [6] if &(L,, X)= {0} when
0 < p < 1. As shown in [6], p-triviality is an appropriate non-locally convex
analogue of the Radon—Nikodym Property for Banach spaces. Note that, for
example, if X has a separating dual or is g-convex for some g > p, then X is
p-trivial.

THEOREM 8.1. Suppose K is an infinite compact metric space and A is a
probability measure on K. Suppose X and Y are separable p-Banach spaces,
where 0 < p < 1, and that Y is p-trivial. Then if T: L (K, 2; X) - L, (K, A; Y)



L ,-FUNCTION SPACES 327

is a bounded linear operator, we can find a Polish space 2 and a o-finite
Borel measure v on Q so that T = ST,, where

(iy S:L,(2,v;Y)> LK, A,Y)is a bounded linear surjection. (8.1.1)
(i) To: LAK,A; X)—> L,(2,v;Y) is an elementary operator. (8.1.2)

Progf. For let {x,} be a dense countable subset of X. For each n
consider V,: L (K,A)->L,(K,A;Y) given by V,=T(x, as in
Proposition 4.1. Now there is a strongly Borel measurable map s+— V,
(2- #(K.Y)) so that

V.. =V, f(s5) A-ae, sEK,

and if g, ,=u(V, ) then st+— u, is also a Borel map (K- #(K))and V' :
L, (K,u, )Y is continuous. But Y is p-trivial and so

VS IP < SO duy

where u . is the purely atomic part of the measure u, .. By definition of
u(V, ) we conclude that u; (=u, ; (s € K).

Now applying Theorem 2.10 of [7] there are universally measurable maps
a,;:K-R,t, :K-K so that

@©

s = 2 8n(8) 8(z, (5 (8.1.3)

j=1

where for every s € K, and fixed n € N, 7, (s) =1, ,(s) implies j = k.

For convenience we can redefine a, ;, 7, ; on a set of A-measure zero so
that they are Borel and (8.1.3) holds A-a.e. Now let {t}:n€&€ N} be any
sequential ordering of the maps {r, ;; n € N, j € N}, and define inductively
o,=1¥ and if n > 1,

0,(s) = ¥ (),

where k is the least index such that ri(s) € {0,(s),..., 0, ;(s)}. This process
defines a sequence |{o,} of Borel maps o,: K— K such that ¢,(s)=0,(s)
implies n = m and for any fixed k, {1, (s)}{2, < {g,(s)}72,.

Now for each j =1, 2,... let

4,(t) =4,(T)
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so that A(T): L,(K,4;X)— L,(K,A;Y) is o-elementary. Let 2 =K XN
with v the product of 4 and counting measure on N and define
Ty: L(K,A;X)—> L,(2,v;Y)
by
Tof(s,n) =4,(T) f(s) SEK, neN.

We must first check that T, is a bounded linear operator. This is most
easily done by checking its behavior on elements ¢ ® x, and appealing to
Proposition 4.1, to produce a bounded linear operator T} agreeing with 7, on

such elements. Then it is trivial that Tj = T,.
Now for fixed n,

Ty(4 ® x)(s, n)=A,(T) P ® x)(s)
= ¢(an(s)) T(x)s eg"(s) A-a.e.

by (6.1.3). Hence

1To(@ ® x)(s, P < |(0n($)) u(T(x)){0,(5)}5

and
[IT6® @) di@)= Y [ 176 @)} i)

= i 8@ () u(T(x)); {0,(5)} dA(s)

K n=1

<[ | 1600F duT), d2s)
<IT@IF [ 166)F das).

This last step follows from (5.1.5) (with ¢ = || F(x)||). Thus
I Tol@ @ I <T@l I %]l

as so T, is a bounded linear operator.
Note that T is o-elementary, where

a(s, n)=a,(s) (s,n) € Q.
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Next define S: L,(£2,v;Y)—~ L,(K,4;Y) by
o0
Sfs)= > f(s,n) s€EK.
n=1
Here the series converges A-a.e. for any /€ L (2, v, Y) since

[ i | £ (s, )| dA(s) =1 fI”

YK n=1
then S is an operator of norm one.
Now for j €N

STy(¢ ® x;) = i 6(0,5) V; e,,)  A-ae

For A-almost every s, u; ; is supported on {0,s},_, and ¢ € L (4; ,). Thus

STO®X)=V,, 3 60,9)e,
= j.s(¢)
=T(p®x))

and by a density argument ST,=T.

THEOREM 8.2. Under the same hypotheses as Theorem 8.1, there exist a
diagonal operator

D: L(K,A;X)— L,(K, 4 1,(Y)® L,(Y))
and a bounded linear operator
R: L(K,A,1(Y)®L,(Y) - L,(K,A;Y) so that T=RD.
Proof. We write T= ST, as in 8.1. Now by Theorem 7.2 we can find
J: L(R2,v; Y) = L(K, 4, [(Y)® L,(Y))

and a Borel subset 4 of £ such that (i) #(T,)<L,(4,v:Y),
(ii) J|L,(4,v; Y) is an isometry onto #(J), (iii) #(J) is complemented by a
projection @ and (iv) JT, is diagonal.

Let D =JT, and R = SJ~'Q, where J=': #(J) - L (4, ; Y), is the inverse
of J.

THEOREM 8.3. Suppose X and Y are separable p-Banach spaces with Y



330 N. J. KALTON

p-trivial, and such that L,(X) is isomorphic to a complemented subspace of
L,Y). Then X=X, ®X,, where X, is isomorphic to a complemented
subspace of L,(Y) and X, is isomorphic to a complemented subspace of 1,(Y)
[X, = {0} or X, = {0} are possibilities here].

Remarks. The converse of Theorem 8.3 is trivial.

Proof. Let T be an operator mapping L,(K, 4; X) isomorphically onto a
complemented subspace of L,(K,4; Y). Let T=RD as in Theorem 8.2.

Here D and R|#(D) must be embeddings. If Q is a projection on #(T)
then R~'QR is a projection on # (D), where R ~': #(T) » #(D). However,
#(D) is a diagonal subspace. Hence there is a diagonal projection P onto
(D) (by 6.2).

Now since D is embedding we can define an operator E = D~ 'P (where
D™ #(D)- L,(K,A;X)) and E is also diagonal. Recalling Theorem 4.2,
we get strongly Borel measurable maps s D (K- Z(X, [,(Y) ® L,(Y)),
S E (K-> Z(1,(Y)D L,(Y),X)) so that

Df(s)=D,(f(s)) Aae,
Ef(s)=E(f(s)) A-ae

Since ED is the identity on L,(K,4;X), by the uniqueness of such a
representation

ED,=1 JAae

This implies, a.e., that D, maps X isomorphically onto a complemented
subspace of [,(Y) @ L,(Y).

To complete the proof suppose W is a complemented subspace of
L,(Y)® L,(Y). Since #¥(L,,Y)=0 we have &L(L,(Y),,(Y))=0. Thus if Q
is a projection onto W and P, P, are the canonical projections onto /,(Y)
and L,(Y), respectively, we must have P, QP, =0.

It follows that QP, is a projection. Indeed QP,QP, = Q?P, = QP,: W, =
#(QP,). Then W, is a complemented subspace of L (Y) and W= W, ® W,,
where W, = #(QP,Q). However, since QP, is on W a projection, W, =
H#(P,QP,), and P,QP, is a projection. Hence W, is isomorphic to a
complemented subspace of /,(Y). This will complete the proof.

THEOREM 8.4. Suppose X and Y are p-trivial separable p-Banach
spaces, with L (X)= L,(Y). Then [(X) = [(Y).

Proof. We have X = X, @ X,, where X, is complemented in /,(Y) and X,
is complemented in L,(Y). If X is p-trivial, X, = {0}, i.e., X is isomorphic to
a complemented subspace of [, (Y). Thus [/, (X) is isomorphic to a
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complemented subspace of /,(Y). Reversing the reasoning and applying the
Pelczynski decomposition technique gives the result.

Remark. Of course [ (X)=[/(Y) always implies L,(X)=L,(Y) as
L (X)=L,(1,(X)).

COROLLARY 8.5. If X is p-trivial and L, (X)=L
dimensional or X = 1,.

, then X is finite-

This follows from a theorem of Stiles that every complemented infinite
dimensional subspace of /, is isomorphic to /, [16].

CorOLLARY 8.6. If X is p-trivial and L (X) contains a complemented
copy of L, then X* + {0}.

ExAMPLE 8.7. Let (e,) be the cananical basis vectors of /, and let u, =
2 Y"(e;,, ,+ey,), n=1,2,.. Then (u,) is the basis for a subspace N,
isomorphic to /,. If 2'""? <ec< 1, let T:N,— [, be defined so that
Tu,=ce,. As |T|=c<1, I—T:N,—1, is an isomorphism of N, onto a
closed subspace N of /, also isomorphic to /,, with (u, — Tu,) as a basis. By
considering e,, for example, it is not difficult to show N is a proper
subspace. On the other hand, N is weakly dense. Indeed

u,— Tu,=c(Se,—e,),
where Se, =c¢ ' 27 ""(e,,_, + e,,) so that S is bounded linear operator on /,
with || S|, < 1. Thus ({— S) is an automorphism of /, and (u, — Tu,) is a
weak basis of /,.

Now /,/N is p-trivial since N =/, by appealing to the lifting theorems of
|8] (N is pseudo-dual). Thus L,(/,/N) does not contain a complemented
copy of L,. However, L,(/,/N)=L,(,)/L,(N). Hence we have found a
subspace of L, isomorphic to L, but which cannot be moved by any
automorphism into a subspace L, (K, %,,4) for some sub-c-algebra (use
Theorem 7.3).

THEOREM 8.8. Suppose X and Y are separable p-Banach spaces Y is p-
trivial and £(X,Y)=0. Then if L,(X) is isomorphic to a complemented
subspace of L,(Y), X is also isomorphic to a complemented subspace of
L(Y).

P

The proof of Theorem 8.8 employs techniques similar to those of the proof
of Theorem 8.4 and we omit it. Theorem 8.6 provides yet another proof that
L,(L,|1)=L,, for L,|1 is not isomorphic to a complemented subspace of
L, (since, e.g., L, is a K-space and L,|[1 is not |{8]).
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9. THE COMPLEMENTED SUBSPACE PROBLEM FOR L,

Suppose K is a compact metric space and A is a diffuse measure on K.
Then by Theorem 3.2 of [7] every T € <(L,(K, A)) has a representation of
the form

[e o]

Tf(s)= D a,(s)f(o,s) A-ae, SEK, (9.0.1)

n=1

where a,: K- R and 0,: K— K are Borel maps satisfying

On(8) # 0,(5) SEK, m+#n, (9.0.2)

i la,(s)P < o l-ae., sEK, (9.0.3)
Y| | O<ITIAB),  BES, (9.0.4)
la,(s) > |a,,.(s) SEK, n=1,2,.. (9.0.5)

Conversely if a,, o, satisfy (9.0.2)~(9.0.5) then (9.0.1) defines a bounded
linear operator. Of course this result also would follow from Theorem 5.2.
In [7], T was called small if each o, is anti-injective on the set
{s:|a,(s)| > 0}. This definition does not depend on the precise form of the
representation (9.0.1) as long as (9.0.2) is satisfied.
If T is not small, it is called large and large operators were characterized
as follows (Theorem 5.6 of [7])

PROPOSITION 9.1. The following conditions are equivalent:

(i) Tis large (9.1.1)

(iil) There is a Borel subset of K with A(B) > 0 such that
T|L,(B,A) is an isomorphism and T(L,B, 1)) is
complemented in L (K, 1) (9.1.2)

(i) There exist S,,S,€ L(L,(K, 7)) such that S, TS, =1  (9.1.3)

CorOLLARY 9.2. If T is a large projection #(T)=L,.

Proof. By (9.1), #(T) contains a complemented copy of L,. Hence
#(T)=L, by the Pelczynski decomposition technique.

Now if T is small, returning to (9.0.1) it is possible to alter each o, to be
anti-injective on K without changing T (simply redefine ¢, on (s: a,(s) = 0)).
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ProposITION 9.3. Let U: L (K,A1)— L, (K, 4; L (K, 1)) be defined by

Ur(s) = f(s) - 1,

Then if T is small there exists a bounded linear operator S:L (K, A.
L (K.,A))— LK, 4) such that T=SU.

Proof. Clearly T=SE, where E:L,(K,A)— L, (KXMN,y) (y is the
product of A and counting measure) is defined by
Ef(s,n)=a,(s) f(o,s)
and S,: L,(K XN, y)~ L,(K,4) is given by

Sof(s)= Y f(s,m), s€EK, neN.
n=1

Now E is o-elementary, where ¢ is anti-injective. We now argue as in
Theorem 8.2, but using Theorem 7.1 in place of Theorem 7.2 to write
T=S8,V. where V:L(K,A)—>LyK,A;L,) is diagonal and §,:
L,(K,A;L,)>L,(K,4). It will be convenient to note L, (K,A;L,)=
L,(K,A: L,(K,4)). Thus

Vf(s)=/(s) g(s)  A-ae,

where g: K- L, is a Borel map with || g(s)| <|[/V|| A-ae. By Lemma 2.3
there is a strongly Borel measurable map s+ R of K into ¥(L,) so that
IR,/ <2and Rj1,=g(s). If R: L,(K,A;L,)— L,(K,A;L,) is given by

Rf(s)=R(f(s)) sEK,
then T=S,RU as required.

THEOREM 9.4. Let T€ £ (L,); then T is small if and only if x(T)=0
Jor every y € £L(L,)*.

Proof. Suppose x(T)=0 for every y€ < (L,)*. If T is large then
1=8,TS, for some S,,S,€ ¥(L,) and so x(I) =0 for every y € L(L,)*.
However, the diagonal projection 4 maps <(L,) into a subspace (of
diagonal operators) isomorphic to L, and 4(I) =1. This is a contradiction.

Conversely suppose T is small. Then T=SU as in 9.3. For each
o€ L,(K,A), define U,: L,(K,A)— L,(K,4,L,K,2)) by

U,f(s)=f(s)e, seK.

Then ¢ +— U, is linear and || U, | =I/¢|. Hence there is a bounded linear map
o+ SU, of L, into (L) with 1 - T. Thus x(T) = O for every y € L(L,)*.

SRO 42 18
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Remarks. 1If P is small projection with range Z, say, then ¥ (Z)* = {0},
since if y € L(Z)*, S€ L (Z) T— x(SPT|Z) is a linear functional as £ (L,)
and D - x(S). Hence x(S)=0.

CoroLLARY 9.5. If Z is a complemented subspace of L, with Z#L,
then L,(Z) is also isomorphic to a complemented subspace of L,, and
L(Z)£L,.

Proof. Clearly L,(Z) is also isomorphic to a complemented subspace of
L,(L,)=L,. Additionally if <(L,(Z))*+ {0}, then there exists
1 € L(L,(Z))* with x(I) # 0. However, there is a natural injection ¥(Z)—
ZL(L,(Z)), sending I, to I,z using diagonal operators. Hence
L(L,Z))*=1{0} and so L,(Z)%L,.

THEOREM 9.6. Suppose X is a p-Banach space with trivial dual such
that L,(X)=L,. Then X=L,.

Proof. By 8.3, X is isomorphic to a complemented subspace of L, and
by Corollary 9.5, X = L.

Our final result shows a complemented subspace of L, must belong to one
of at most two isomorphism classes. In fact, we strongly suspect L, is prime,

PROPOSITION 9.7. Suppose there is a complemented subspace Z of L,
with Z £ L,. Then

(i) Z=L,(2). 9.7.1)
(ii) Every complemented subspace of L, is isomorphic either

toL,ortoZ. (9.7.2)

(iii) Z is prime. (9.7.3)

Proof. Let us define & to be the collection of all operators T € ¥(L,)
with the following property:

There is a constant ¢ < o0 and a Borel subset B of X with
A(B) > 0 such that whenever A — B is a Borel set of positive

measure, there exist operators S,: Z—>L,, R,:L,—~ Z with 6-74)
R,TP,S,=1o0n Z, and |R,||||S,] <c.
Two properties of &/ are easy to establish and we omit the proofs.
s is open (for the norm topology on ¥(L,)). (9.7.5)

If STEs  then TE . (9.7.6)
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€

The proof depends on the fact that a small enough perturbation of the
identity on Z is invertible.

Let O: L,— Z be any projection. Q is certainly a small operator and so
may be written Q = SU, where U: L (K,1)— L (K, 4. L,(K, 1)) is given by

U(s) = 1(s) - 1.

We shall here identify U as an endomorphism of L,, using the fact that
L,(K,A;L,) is isometric to L, ; equally we may treat S as an endomorphism
of L,. Now U(Z) is also complemented in L, by the projection UQS, and is
isomorphic to Z. Hence there exist operators R,:Z—~L,, R,:L,— Z such
that R,UR, = 1. Now for any Borel subset 4 of K, with positive A-measure
there are isometries V', : L, L,(4,4), V,:L,(4,A;L,)~ L,(K,4,L,) such
that ¥,UV, = U. Hence R,V,P,UP,V,R,=1 and [|R,V,P,||-|V,R,|| <
{R,|l-|IR,|. Thus U € &, with ¢=||R||||R,|| and B =K.

The next step is that if ¥: L (K,A)— L,(K,4;L,) is a non-zero diagonal
operator then V' € .. Indeed

Vi(s) = f(s) g(s),

where g: K— L is a bounded Borel map. If for some ¢ > 0 and B € .# of
positive measure | g(s)| > J, s B, then it is easy to show (via Lemma 2.3)
that UP, =SV and so by (9.7.6), V€ /. Appealing to Theorem 7.1 and
(9.7.6), this shows that every non-zero o-elementary operator for anti-
injective o is in &,

Next we show that every non-zero small operator belongs to .»/. Suppose
T € Z(L,) is small; then we may write

Tf(s) = i a,(s) f(o,s) A—ae

as in (9.0.1)-(9.0.5). Let
Sf(s)=a,(s) f(o,s) A-ae.

S is small and elementary and also non-zero (if S1=0 then a¢,=0 and
hence T=0).

We now repeat an argument from p. 371 of |7]. For each n, let (B, ,: 1 <
k < I(n)) be partitioning of K into Borel sets of diameter at most 1/n. Let

In)
T, = kzl P, TPy,

Then as on p. 371 of |7], 6,(T,— S)— 0 and by Lemma 5.2 we can find a
set 4 of positive A-measure with SP, # 0 and |(T, — S) P,[| - 0. Hence for
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large enough n, T,P, € &/. Find B c 4 so that (9.7.4) is satisfies for T, P,
and choose k so that A(BM B, ;) > 0. Then

T,Pyra, €, ie, P,y TPyy €.

Hence TPy, , € & and so T € .

Now any small projection is in ./ and in particular it follows that if W is
a complemented subspace of L,, which is not isomorphic to L,, then W
contains a subspace isomorphic to Z and complemented in it. In particular Z
contains a complemented copy of L,(Z); but the reasoning may be reversed
to get a complemented copy of Z in L,(Z). The Pelczynski decomposition
technique now yields (9.7.1) and (9.7.2). Statement (9.7.3) follows since Z
cannot contain a complemented copy of L, (again the Pelczynski
technique!).

CoroLLARY 9.8. L, has a prime complemented subspace.
Proof. Either Z exists or it does not!

Remarks. We now finally state that L,(X)=L, with X infinite-
dimensional implies that X is one of the spaces /,, L,, L,®R" (n> 1),
L,®l,, ZOR" (n>1), ZO!, provided Z exists. Otherwise the list is
reduced by omitting those involving Z.

10. OPEN PROBLEMS

We list now the major problems left open in this paper.

Problem 10.1 (= Problem 1.6). Is L, prime for 0 < p < 1?
Two related problems are:

Problem 10.2. Does there exist a quasi-Banach space X such that
£ (X)* = {0}? Does there exist a quasi-Banach algebra with identity and a
trivial dual?

We remark here that results of Zelazko [18] show that a commutative
quasi-Banach algebra with identity has non-trivial dual.

Problem 10.3. If0< p< 1, and X is a quasi-Banach space can there be
a projection from L ,(X) onto its subspace of constant functions?

One can show that Z would have the above property; in fact there is a
clear relationship with Problem 10.2.

Problem 104. If 1< p< oo and X is a quasi-Banach space such that
there is a projection from L ,(X) into the subspace of constant functions, is X
locally convex?
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The author has a number of partial results on this problem which will be
published elsewhere. In particular the answer to 10.4 is yes when X has a
basis.

Problem 10.5 (= Problem 1.3). Let X be a closed subspace of L, so that
X=L,/X=L, Is X complemented?

Problem 10.6 (See Theorem 7.3). If for two sub-g-algebras %,, #, of %
we have A(#,) = A(%,), what can one deduce about %, and .#,?

Problem 10.7. If X and Y are Banach space with the Radon—Nikodym
property and L (X)= L ,(Y)is [, (X)={,(Y)?
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