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NORM-DECREASING HOMOMORPHISMS BETWEEN IDEALS OF C(G)
N. J. Kalton and G. V. Wood

0. Introduction. The aim of this paper is to provide a complete classification of
all norm-decreasing algebra homomorphisms between ideals of the group algebras of
continuous functions on compact groups.

If G and K are compact groups and 0: G = K is a epimorphism, then 8 induces
two natural algebra homomorphisms: a monomorphism of C(K) into C(G) and an
epimorphism of C(G) onto C(K). Furthermore any character on a compact group
induces an automorphism of the corresponding group algebra (see Section 2 for details
— by “‘character” we mean a continuous homomorphism into the circle group). We
show that any norm-decreasing homomorphism from C(G) into C(H) (where G and H
are compact groups) may be factored into the product of three homomorphisms of
these types (see Section 5). Such homomorphisms we call sub-canonical. Amongst
sub-canonical homomorphisms we distinguish the canonical homomorphisms
(introduced for measure algebras by Kerlin and Pepe [5]); these may be described as
those homomorphisms T for which there exists a character x on G for which Ty # 0.

Consider the following diagram

G X H
U
M
G H
0\ »
K

where K is a common quotient, M is a common prequotient of G and H, and they are
connected by

M= {(x,y) €EG X H: x = ¢y}

K = M/(ker m)(ker o).
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The corresponding diagram for the algebras is

C(M) —4

CG) —2—s C(G) C(H) ——— C(H) .

C(K)

(Here, m, e and a stand for monomorphism, epimorphism and automorphism
respectively.) The canonical homomorphisms are those that factor through C(K),
while the sub-canonical ones are those that factor through C(M). A canonical map —
along the lower route — can be rerouted along the upper route as a sub-canonical map.
However the converse is not true when the automorphism of C(M) onto C(M) is given
by a character on M that does not have an extension to G X H (see Section 2). We give
an example of this in Section 3, thus answering a question of Kerlin and Pepe.

If we consider homomorphisms defined only on a two-sided ideal I of C(G), then
it is not true that every homomorphism is the restriction of a sub-canonical
homomorphism defined on C(G). However, we are still able to give a complete
classification of such homomorphisms by adding a further type of homomorphism,
namely the restriction operator Rg: C(G) = C(E) where E is a closed subgroup of G. It
is shown that on certain ideals R is a homomorphism.

The corresponding problems for measure algebras and Ll-spaces for locally
compact groups appears in [2] and [5] and for ideals in LP(G) in [1] and [4]. This
paper completes the work started in [9] and [10].

1. Ideals in C(G). Let G be a compact group. Suppose H is a closed subgroup of
G and x is a character on H. The set of f € C(G) satisfying

f(ux) =x(wf(x) u€H xe€G
is a closed right-ideal of C(G). We denote this ideal by J(H,x).
There is a linear projection P = P(H,x) with ||[P|| = 1 of C(G) onto J(H,x) given by

Pf(x) = fo(u)f(u'lx)de(u)

where myy denotes normalized Haar measure on H.
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LEMMA L.1. If H; and Hs are closed subgroups of G and x; € H;, x5 € H,
then J(H],xl) =J(Hyxy) if and only if Hy = H5 and x; = X3.

PROOF. Suppose J(Hy,xp) = J(H:,x:) and that H; is not contained in H2.
Select w € HI\HZ' Define a continuous function ¢ on H2 U H2w $0 that p(u) = xo(u)
(ue H2) and p(uw) = C\’XQ(U) where a # x| (w). Then ¢ may be extended by Tietze’s
theorem to a function Y € C(G) and then f= P(Hz,xQ)\,[/ € J(HZ’X2)' Clearly f(x) =
(X)) (x € H?_ U sz). However f(w) # xl(w)f(l). This contradiction shows that Hy C
H. Similarly H2 C Hy and then it is trivial that xq = X2

LEMMA 1.2. If w €G, then

Jow THwxy) = { f: TEIH |0}
where x,,, € Wl Hw and
xw(w'luw) =x(u) u€H.
PROOF. Easy.
PROPOSITION 1.3. J(H,x) is a two-sided ideal if and only if
(1) Hisnormal
and
(2) x(x'lux) =x(u) u€H x€eG.
In these circumstances PCH,x) is an algebra homomorphism.

PROOF. J(H,x) is an ideal if and only if it is invariant under left translations.

This is equivalent by Lemma 1.2 to
J(w'le,xWO) =l(Hx) we€G
and hence by Lemma 1.1, conditions (1) and (2) follow.

Now P is a linear projection and P(C(G)) is an ideal. To show P is an algebra
homomorphism it is enough to show that pl (0) is also an ideal. Clearly

wa(x) = Pf(xw)
so that P"1(0) is a right-ideal.
PN = fx@iwu ! x)dmp(w

= fo(u)f(wu'lw'l wx)dmy(u)
= fH)((W'1 uw)f(u'1 wx)dmpy(u)

(since H is normal),
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= (Pf)Xwx)  (by (2)).
Hence P is an algebra homomorphism.

We shall call an ideal of the form J(H,x) where H,x satisty the conditions of
Proposition 1.3, a normal ideal.

LEMMA 1.4. The non-trivial intersection of two normal ideals is a normal ideal.
In fact

JH) NJ(K,o)=0if x#*0on HNK
= J(HK,7) otherwise
where T is the unique common extension of x and o to HK.

PROOEF. Suppose f € J(H,x) N J(K,0). Then

f(ux) = x(Wf(x) vu€H, x€EG
and
f(vx) =o(v)f(x) veEK, x€G.

Thus if x(u) #o(u) forue HN K, f=0.

Otherwise, define 7(uv) = x(u)o(v).

Then f(wx) =r(w)f(x) we&€HK, x€G.

Hence f&€ J(HK,r). Conversely, if flwx)= 7(w)f(x) w€HK x €G then in
particular f(ux) = 7(uW)f(x) = x(Wf(x) for u€H, x €G ie. f€ J(H,x). Similarly f €
J(K,0) and the result is proved.

If L# 0 is a linear subspace of C(G) we define LX= J(H,x) where H is the
group of all u € G such that for some constant x(u) we have

f(ux) = x(wf(x) fe&L.
It is clear that x is then a continuous character on H, and that LX is the intersection of
all sets J(M,p) which contain L.

PROPOSITION 1.5. If L is a left-ideal of C((G) then LX is a normal ideal of
agG).

PROOF. LX is clearly a right-ideal. If w€G, then { f: f€ LX} DL and
hence by Lemma 1.2 { f: f€ LX} S LX. Henceif f € LX, w“; € LX 5o that LX is an
ideal. "

If T is an ideal, then Proposition 1.5 applies and we shall call 1X the normal hull of

I. Our next result is the basis of our later results.
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THEOREM 1.6. Suppose I is an ideal of ({G)and p € M(G) is such that ||| = 1
and
S fdut) =1l fEL
Then
[ f0du() = 1) fe X,

PROOF. Let T be the set of A € M(G) such that |[A]| = 1 and

fo(x)d)\(x) =f(l) fel

Then ¥ is a weak*-closed convex subset of the unit ball U of M(G). We show that X is
extremal ie. if A,Ay€ U and ZON Ay) € X then 7\1,)\2 €. If e is a minimal
setf-adjoint idempotent in I,
llell = e(h)
and hence
Jed\| = fedXs =e(l).

Since 1 is the closed linear span of its minimal self-adjoint idempotents we deduce
AL EE.

Hence the extreme points of ¥ are extreme in U, i.e. are of the form ozﬁu, u€eQG.
If a8u € 0,2 (the set of extreme points of ) then

af(uy=1f(1 fel

Hence if x € G

afx(u) = fx(l)

aoftux) =f(x) fel
Hence
9.2 ={ x(u'l)ﬁu: uEH}

where 1X = J(H,x). Theorem 1.6 now follows from the Krein-Milman theorem.

The following corollary is an analogue of Theorem 2 in [7], since H! is not a
normal ideal of L.

COROLLARY 1.7. Suppose Iisa closed ideal in C(G) and there is a projection P
of C(G) onto I with ||P|| = 1, then I is normal.

REMARK. The converse is immediate from Proposition 1.3.
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PROOF. By a standard device we replace P with a projection Q which commutes

with left-translations; define

Qf=J, 11PGDHTdmG(x).

(cf. [8], page 127); then ||Q|| = 1 and Q is a projection onto I.
Then by Theorem 1.6
oy =f(1) ferX
and hence
Qf(x) = (Qf)(1)
QD)
(1)

fix) ferX

Thus IX C I and I is normal.

2. Canonical and sub-canonical homomorphisms. In this section we construct
some basic types of homomorphisms between group algebras. Although we confine
ourselves to the algebras C(G), it is clear that our remarks apply also the algebras
Lp(G) (1 < p <o) or, with slight rewording to M(G). General results about ideals in
C(G) are contained in [6], Chapter VIIL.

If G is a compact group and x € 6; then the map AX: C(G) » C(G)

A () = xCOf(x)
is an isometric algebra automorphism.

If 6: G > H is an epimorphism between compact groups, then we may define two
algebra homomorphisms as follows:

Ag: C(H) ~> C(G)
Agf(x) = f(6x)

HO: C(G) = C(H)
Hgf(ﬁx) = fo(xu)de(u)

where K = kerf. It is easy to see that [[Tlgll = IApll = 1.
Thus we can construct norm-decreasing homomorphisms by considering

compositions of these three types of homomorphisms. Let G and H be compact
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groups and suppose K is a common quotient group of G and H, i.e. there exist
epimorphisms 0: G —> K, ¢: H—> K. Then the map T: C(G) ~> C(H) given by T=
AXAWHGAD where x € ﬁ, pE 6, is a norm decreasing algebra homomorphism. We
shall call such a homomorphism canonical (see e.g. [4] for the case of Lp(G))4

Let G X H be the cartesian product of G and H and denote by m; and my the
co-ordinate projections. We shall say that a closed subgroup M of G X H is full if
nG(M) =G and my(M) = H. Given any full subgroup M of G X H and any x € 1\7[ we
may define a homomorphism

'M,x): C(G) = C(H)

by I'(M,x) = HWHAXATTG where 75 M->G and m: M~—>H. Any such
homomorphism we shall call sub-canonical.
THEOREM 2.1. (i) Any canonical homomorphism is also sub-canonical.
(i) Let M be a full subgroup of G X Hand x € M;
then the following three conditions are equivalent:
(1) T(M,x) is canonical.
(2) x may be extended to a continuous character on G X H
(3) There exists p € G such that (M, x)p # 0.
PROOF. (i) Let T: C(G) = C(H) be given by T = AXA\OHf)AD where p: H—~> K,
0: G~ K are epimorphisms. Define M C G X H to be the set of (x,y) such that §x =
vy, and define 0 € l\,/\l by o(x,y) = x(y)p(x). Then T = HWHAOAWG.
(ii) (1)=(3). It is trivial that if '(M,x) = AOA¢H0AT that F(M,x)r'l #0.
3)=(2). If T(M,x)p # 0, then define N C G be the set of x such that (x,1) € M.
Then

M AxAr (1) = F(AxAg )06 Ddmy(x)

= fo(x,l)p(X)dmN(X)

is non-zero if and only if x(x,1) = p(x)‘1 (x € N). However I'(M,x)p is an idempotent
of norm one in C(H) and hence is a character on H. Thus x(x,1) = p(x)'1 (x EN).
Now x may be extended to G X H, for if we define

o(y)=p(x)x(x,y) yE€H ((xy)€EM,
RS ﬁ and
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xxy) = o) lo(y)  (xy) EM.
(2) =(1). If x can be extended to G X H then x may be written
x(xy) = 7(x)o(y)  (x,y) EM.
Define N C G to be the set of x such that (x,1) €M, and let K= G/N. Let : G > K be
the natural epimorphism. Define p: H = K by ¢(y) = 8(x) where (x,y) € M. Then
I'M,x) = AOA50H9AT'
This completes the proof of Theorem 2.1.

If J(N,x) is a normal ideal of C(G) then the natural projection P(N,x) is
sub-canonical. To see this, let M C G X G be the set of (x,y) such that x'ly € N and
define p € M by p(x,y) = x(x'ly). The condition

x(x'lux) =x(u) u€eN xeG
implies that p is indeed a character. Then
P(N,x) = I'(M,p).
In general if T'(M,p): C(G) =~ C(H) is sub-canonical then if we define N= {x:
(x,1) EM} and x € N by x(x) = p(x’1,1), and if x €G
x(x'lux) = p(xu'lx'l,l)
= p(xy)p Doy !
[where (x,y) € M]
=p(ul 1) = x(w.
Hence J(N,x) is a normal ideal, and it is easily checked that I'"(M,p) maps J(N,x)
isometrically into C(H) and maps its complementary ideal to zero.

The range of I'(M,p) is also a normal ideal. In fact, if E= {v: (1,v) EM} and
o€ },E\ is defined by o(v) = p(1,v), then we have o(y'lvy) =0(v) (v€E,y€H). Thus
J(E,0) is a normal ideal and is the range of I'(M,p).

Using this notation, it is easy to show that:

PROPOSITION 2.2. The composition of two sub-canonical homomorphisms is
sub-canonical when it is not zero.

PROOFEF. Consider C(G) M C(H) M C(K). Then by above the range of
I'(M,p) is the normal ideal J(Hp,x) where Hy = {v: (1,vy) €M} and xp(v) = p(1,v).
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Now I'(N,o) is an isometry on the normal ideal J(Hl,xl) and zero on its
complementary ideal, where H1 = {u: (u,1) EN7J and xp(u) = o(u'l,l). If ](Ho,xo) N
J(Hl,xl) = (0), then the composition is zero. Otherwise, by Lemma 1.4, XQ = X| on
Hg N Hy and J(Hg,xg) N J(Hyxp) = J(HgH.x) where x extends X and x. If we
now define E C G X K by: (x,y) €E if there exists u € H such that (x,u) €M and
(uwy)EN,andp € E by o(Xx,y) = p(x,u)o(u,y), then it is easy to check that

I'(N,0)'(M,p) = I'(Ep).

We leave the reader to check that the direct sum of two sub-canonical
homomorphisms is sub-canonical.

3. Tlustrative example. Let G and G5 be two groups of order 8 with the
following properties:

(Py) The centre Z; of G coincides with the commutator subgroup and is of
order 2.

(Py) Gi/Z;=Cy X Cy.

(P3) If u,v € Gj and uv = vu then either u € Z; or there exists m €N, w € Z; such
that v=uMw.

In fact there are two groups with these properties namely the quaternions Q and
the dihedral group Dy. The algebra C(G;) is of dimension 8 and has four
one-dimensional minimal ideals and one four-dimensional minimal ideal. The four
dimensional ideal is normal, being the ideal J(Z;,x) where x is the unique non-trivial
character on Zi' The algebra projection P(Z;,x) of C(Gi) onto J(Z;,x) is a sub-canonical
homomorphism which is not canonical, since J(Zi,x) contains no non-trivial character
(x cannot be extended to G; since the commutator subgroup of G; includes Z).

We can however go further than this and establish an isometric isomorphism
between the four dimensional ideals of C(Gl) and C(Gz) and a sub-canonical
homomorphism between C(Gp) and C(G,) which is not canonical. Let 6;: G;~>
Cy X Cy be an epimorphism whose kernel is Z; (i= 1,2) and define K C G X G, to
be the group of all (x,y) such that le = f5y. K is full. We now show that there is a
character x on K which cannot be extended to G| X Gs. Indeed the commutator
subgroup of G1 X Gy is Z| X Z,; we show the commutator subgroup of K is a
proper subgroup of Z; X Z,. This will be the case if we establish that for any
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commutator (x,y), x =1 or y =1 implies x =y = 1. Suppose (1,y) is a commutator in
Ki.e.
1= u'llu'zluluz

y=vivivivy
where (ul,v]) € K and (u,,v5) € K. Then by (P3), eitheru; € Zioruy= ur{]w where
w&Z|.Ifuy €Z; thenfju; =1sothatvi EZyandy=1. Ifuy= urlnwthen 61uy =
(Glul)m so that fyvy = (62v1)m ie vy = vrlnz where z € Z,; again y = 1. It follows
that there is a character x on K which cannot be extended to G| X G5.

Now I'(K,x): C(Gl) -> C(Gz) is a norm-decreasing homomorphism and maps the
four-dimensional ideal of C(Gp) isometrically onto the four-dimensional ideal of
C(Gz). We remark at this point that if we replace the group algebras C(Gy)and C(G2)
by M(Gl) and M(G2) the same statement is true and I'(K,x) provides an example of a
non-canonical norm-decreasing homomorphism in answer to a question of Kerlin and
Pepe ([5]).

If 1 denotes the identity character on K, then I'(K,1) maps the span of the
characters in C(Gq) onto the span of the character in C(G2) and the four-dimensional
ideal to zero. Thus I'(K,1) + I'(K,x) is an algebra isomorphism between C(G) and
C(Gy) or between M(G) and M(G,)). A routine calculation shows that in either case
IT(K,1) + DK, x)Il =4/2 (compare [3]).

4. Homomorphisms between ideals. We now consider homomorphisms defined
only on closed ideals of C(G). We shall preserve the names canonical and sub-canonical
for those homomorphisms which are restrictions of canonical and sub-canonical
homomorphisms. However there is in this case another possiblity; note here that the
situation differs substantially from the cases Lp(G) (1 < p<oo). If G is a compact
group and H is a proper closed subgroup of G, the restriction map Ry C(G) » C(H) is
never an algebra homomorphism ([10]). However restricted to an ideal, Ryy may be a
homo morphism.

THEOREM 4.1. Suppose I is a closed ideal in C(G) and H is a closed subgroup of
G. Then the map Ry I~ C(H) is an algebra homomorphism if and only if it is an
injection.

PROOF. Suppose RH: I - C(H) is a homomorphism. Then ker Ry N I is an ideal
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in C(G). If f€ ker Ry NI then for any x € G, fxE ker RH so that fx(l) =0 ie.
f(x) = 0. Hence ker RynNI= {0} i.e. Ryy is a monomorphism.

Conversely suppose Ry is an injection. Suppose J is a minimal ideal in I; we show
RHIJ is an algebra homomorphism. Suppose dim J = n2 and {eij: I1<i<n, 1 <j<n}
is an orthonormal basis of J satisfying e;‘j =ej and ejjekg = 5jkei!2' (See [6], page 158.)
Then x+ ('rlleij(x)) is an irreducible representation of G. We show that this
representation remains irreducible when restricted to H. Indeed suppose not; then

there exist £},....&,, n1 " *n, € C not all zero such that

n
Zi=1

Timmie;(0E =0 x€H
ie.
Zio) St mikiRpe = 0
SO RHIJ is not an injection. It now follows that (RHeij) is an orthonormal basis of a
minimal ideal in C(H) and satisfies (RHeij)* = RHeji and (RHeij)(RHekQ) =
‘SijH(eiQ)' Hence RHIJ is an algebra homomorphism and it follows that RHII is a
homo morphism.
THEOREM 4.2. Suppose I is a closed ideal in C(G) and that IX = J(N,x).

Suppose Ry I~ C(H) is an injection. Then the following conditions are equivalent:

(i) Ryyis an isometry on I

(ii)) R His sub-canonical

(iiiy AN=G

(iv) Ryyis an injection on IX.

PROOF. (i) = (iii). Suppose x € HN. For any minimal self-adjoint idempotent
eel
e(1) = [lefl.
Suppose that for some scalar «, jo| <1
e(x) = allell
for all such idempotents. Then, since I is the span of minimal self-adjoint idempotents,
f(x) = af(1) forall f €1,

and so, by considering translates
fxy)=af(y) f€L

Hence x € N and « = x(x). This is a contradiction so we deduce that there exist two
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self-adjoint minimal idempotents e|,e, such that

ep(x) = aleqll

e9(x) = Blle,l
where o # 8. Thus

(e tex)(x) <(eq +ex)(1)=lle} +esll.
Hence for each h € H, since xh ¢ NH, there exist f € I, self-adjoint, with f(1) = [|f}]
and
1h(xhy| < 1),
Now by a compactness argument there exists g € I, g self-adjoint, g(1) = ||g|l, with
Jg(xh)| < g(1) forallh € H.

[To see this, if Uy = {y €G: [fh(xy)l < fh(l)}, then {Up} is an open cover of H. If
h h h
Uh] ,th---Uh is a finite subcover, put g=f | +f 24 o4 f 0] Thus
n
IRy <llgll = lI¢sll
contradicting (i).
(iii) = (ii). Let M= {(x,y) €G X H; x'ly ENl}andp € M be defined by p(x,y) =

x(x'ly). Then Ryg = l'L,rHA

pA"TG where 7y and m are projections of Monto HandG

respectively. For, if f €T and x € H, we have, since ker my= N X {1 1

(HWHApA‘rrGD(X) = (H,,HApA,TGf)(ﬂ(x,x))

= fN(ApAﬂGD(xu,x)du
= fN)((u'1 f(xu)du

= fo(u'])x(u)f(x)du = f(x).

>ii) = (i). RH is a monomorphism on I and hence, by the remarks after Theorem
2.1 that a sub-canonical map is an isometry on an ideal and zero on the
complementary ideal, Ryy must be an isometry on I.

(iii) = (iv). If Rygf = 0 then f(x) = O for x € HN.

(iv)= (iii). If x€& HN, define f€ C(G) so that f(HN)=0 and f(ux)=
x(u) (u€N). Then P(N,x) f&€ 1X is non-zero but vanishes on H.
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REMARKS. It is easy enough to construct examples to show that Ry need not
be sub-canonical. For let G be an irreducible subgroup of U, (n X n-unitary matrices),
and let I be the minimal ideal of C(G) corresponding to the self-representation of G.
Then N = {)\ln: IA\[=1} NG. If H is a subgroup of G which is also irreducible and
HN # G, then Ryl is a monomorphism but not an isometry. For example let G = SU,
and let H be any proper irreducible subgroup of G.

5. Classification of norm-decreasing homomorphisms.

LEMMA 5.1. ([9]1). Let I be a minimal ideal of ({G) and let T: I - C(H) be a
norm-decreasing monomorphism. Then T(I) is a minimal ideal of C(H) and for fE€ I

Tf(1) = f(1).

PROOF. This is proved exactly as in Lemma 3 of [9]; note however that this
proof should be modified by deleting the conclusions that T(Na) and ei ei( are
self-adjoint.

THEOREM 5.2. Let I be a closed ideal of C(G) and let T: 11— C(H) be a
norm-decreasing monomorphism. Then there is a closed subgroup M of G such that for
feIrI

Tf=SRyf
where S: C(M) — C(H) is sub-canonical, and Ryl is a monomorphism. Further any
norm-one linear extension of T defined on a subspace ofIX coincides with SRp,.

PROOF. For each x € H, the map f+ Tf(x) is a linear functional of norm less
than or equal to one. Let Z, be the set of measures u € M(G) such that

fxu*(1)=Tf(x) f€l
and |jull < 1. Then 2, # () (by the Hahn-Banach theorem) and is a weak*-compact
convex set.

By Theorem 1.6 and Lemma 5.1, p € Z, if and only if
If)dmx) = f(1)  ferX.
Hence if 1X = J(N,x), Z7 is the closed convex hull of the points {x(u)Su: u€ N}
Now suppose p €Z, and v € Ey; we shall show that vxu € ny. Suppose IO is a
minimal ideal in I with identity e. Then for f € Iy
Tf(x) = f*u*(1) = fxexu*(1) = Tf*T(exu*)(1) by Lemma 5.1

so that
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T8 (1) = TE*T(exp*)(1).
X

Again by 5.1, T(IO) is a minimal ideal of C(H) with identity Te, and, since Tf = TfxTe,

Tt*[(Texé__1) - T(exu*)1(1) =0
X
for all f € I4. Hence, since Te*§ _7 - T(exu*) € Tlq,
0 <1 0
Texs | = T(e*xu*).
X

Now if v € Ey, since e is a central idempotent,

T(ex(v*u)*) = T(e*u**v*)
= T(exu* *e*v*)

= Te*SX_l*ay_l
=Texé 1
(¥yx)
Thus for f € Iy, (Tfx(v*p)*)(1) = (Tf)(yx). Since this is true for each minimal ideal in
1, it is valid for each f € I. Hence, since |[vu|| < 1, vxu € ny.

Now let K = G/N and let ¢: G~ K be the natural quotient map. Let$: M(G)—
M(K) be the natural induced map.

IfpeZyandveE Ex_l, p*v € Zy and hence |lu*v|| = 1. Thus ||/l = |lvll = 1 and

|uf ] = [u*v|. In particular, |u| = A for some complex number A with [A\| =1, and
PUuD*p(lvl) = 8 (in M(K))
since the support of u*v is contained in N. Thus

Plub =8y HMEZ,
where 6: H— K is a group homomorphism. 6 is continuous; for if x, = x in H, and
My € Xy, {“a} has a convergent subnet, being w*-compact. If u is the limit of such a
o

subnet — {“ﬁ} say — we have:

(TD0) = gn(TO(xg) = Hyn(Prug (D) = Exu*)(1)

ie p€Z, and so $(|#I) = &. Since this is true for all subnets and & is w*-continuous,
Bxa —>0y.
Let @'IG(H)= M and EC M X H be the set of (x,y) such that px = 0y. If

(x,y)EE and p € Zy, then since xmy € Zp, xmyp*Fu € Ey. Since mpp¥u = myp*v
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whenever $()u) = $(v) we have xmpp*u = ozme*Sx for some constant «. Now since
fexmy = f for all f €1, axmy*6, and ad, have the same effect on I. Thus we have
aby € Ey. By comparing norms || = 1. It follows that
Zy =co{ax,y)dy: px =0y},

Iffel,

(TH(y) = ax,f(x)  (px = 0y).
« is a character on E and if S: C(M)—~> C(H) is the subcanonical homomorphism
I'(E,a), we have T= SRM as required. [Here we need that x(t) = oz(t'l,l) — but, by
Lemma 5.1, if f€ETand t €N, f(1) = (T)(1) = o(f,1)f(t) = ae(t,Dx(H)f(1).1]

Ry is @ monomorphism, since T is.

Finally, since all u € Ey have the same effect on each f € IX, any linear extension
T of T with ||T|| = 1 must have

(TH(Y) = ax ) (px = 0y)
whenever f € IX,

If T is isometric, we may ignore M.

THEOREM 5.3. Let I be a closed ideal of ((G) and let T: I~ C(H) be an
isometric homomorphism. Then T is subcanonical.

PROOF. Using the notation of 5.2, T = SRy- Now Ry is an isometry on I, since
T is, and so, by Theorem 4.2, RM is sub-canonical. Since the composition of
sub-canonical maps is sub-canonical (Proposition 2.2), T is sub-canonical.

Finally we have the general case.

THEOREM 5.4. Let I be a closed ideal of ((G) and let I- C(H) be a
norm-decreasing homomorphism, then there is a closed subgroup M of G, a normal
ideal J(Q,y) of ((G) such that for fE€1,

T = SRP(Q,y)f
where S: C(M) - C(H) is subcanonical.

PROOF. Let I be the kernel of T, and 1; the complementary ideal to I in L.
Then, by 5.3, T has the form SRy on I;. Now every norm-one linear extension of
SRy is uniquely defined (and non-zero) on 1. Thus Iy N IF = (0). If I = J(Q,¥),
then T = SRyP(Q, V) as required.

COROLLARY 5.5. If T is a norm-decreasing homomorphism of C(G) into C(H),
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then T is subcanonical.

PROOF. In the representation of Theorem 5.4, Ry is injective on J(Q, ) and so
by Theorem 4.2, RM is sub-canonical. The result follows from Proposition 2.2.

We would like to thank the referee for pointing out a mistake in the original draft

of this paper, and for suggesting improvements in the presentation.
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