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1. INTRODUCTION. The aim of this note is to give a simple characterization of
real Banach algebras that are isometrically isomorphic to (real) spaces C(K) of con-
tinuous functions on compact Hausdorff spaces K. The development of this criterion
was influenced by the problem of introducing students to C (K )-spacesin a course on
Banach space theory that emphasizes real scalars over complex scalars (see [1]). One
needs to know that certain spaces such as £, and L, (0, 1) are C(K)-spaces in dis-
guise. The standard derivation of such facts requires the Gelfand-Naimark theorem for
commutative C*-algebras. Our approach allows us to avoid complex analysis and the
general methods of Banach algebras that depend heavily on the use of complex scalars.
Although we invoke a few ideas from Banach algebra theory, the proof is sufficiently
direct that it is accessible to the student of functional analysis who knows only the
definition of a real Banach algebra. We show, in fact, that a real Banach algebra A
with identity isaC(K)-spaceif it satisfies one additional condition:

Theorem 1.1. Let A be a commutative real Banach algebra with an identity e such
that ||e|| = 1. Then A isisometrically isomorphic to the algebra C(K) for some com-
pact Hausdorff space K if and only if

la® — b?|| < [la® +b?| (a,be A). (1.1)

Inequality (1.1) thus gives a very simple and easily verified criterion for checking
whether areal Banach algebrais aC(K)-space. We refer to [3] for a study of charac-
terizations of the Banach algebra C(K). The following theorem is due to Arens [2];
however, the proof given by Arensis rather different and involves complexification of
the algebra:

Theorem 1.2 (Arens). Let .4 be a commutative real Banach algebra with an identity
esuchthat ||e|| = 1. Then A isisometrically isomorphic to the algebra C(K) for some
compact Hausdorff space K if and only if

lal® < lla®>+b*| (a,beA). (12)
It is easy to verify that every C(K)-space satisfies (1.1) and (1.2), and therefore we
only need to worry about the other direction of both theorems.
We note that Theorem 1.2 follows directly from Theorem 1.1. Indeed, if we assume
(1.2) and if a and b belong to A, then
la* — b?||” < [[(a® — b?)* + 4a°b’|
= ||@* + b%?|
< |la® + b?||%.

Thus (1.1) is an immediate consequence of (1.2).
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2. PRELIMINARIES. Unless otherwise specified, all Banach spaces are real. We
use C(K) to denote the space of continuous real-valued functions on a compact Haus-
dorff space K equipped with the norm || f ||c«k, = Maxsck | T (S)|. For reference we
state the Stone-Weierstrass theorem.

Theorem 2.1 (Stone-Welerstrass). Suppose that K isa compact Hausdorff topol ogi-
cal spaceand that A isa closed subalgebra of C(K) containing the constant functions.
If A separates the points of K (i.e., for any sandt in K with s # t there exists f in
A suchthat f(s) # f (1)), then A = C(K).

Suppose that A is a commutative real Banach algebra with identity e such that
llell = 1. The state space of A isthe set

S={pecA ol =9 =1},

where A* denotes the dual space of A. An element of S is called a state. The set of
states is nonempty by the Hahn-Banach theorem.

We recall that the weak* topology on .A* is the topology of pointwise convergence.
Then S is compact in the weak* topology. This follows easily since, by Alaoglu’'s
theorem, the closed unit ball B4« of A* is weak* compact, and the relations in the
definition of S define a weak* closed subset of B 4«. Now we just take into account
the fact that the weak* topology is Hausdorff, so a weak* closed subset of a weak*
compact set is also weak* compact.

We use A, to denote the norm-closure of the set of squaresin A, that is, A, =
{a2:ae A}. If A=C(K), then A, issimply the positive cone, {f : f > 0}; how-
ever, for ageneral Banach algebra, .4, may not even be closed under addition.

Thefollowing lemmais quite trivia:

Lemma 2.2. The following statements are true for a commutative real Banach alge-
bra A:

(i) Ifx,ye A, , thenxy € A,.

(i) fxe A, and i > 0,then Ax € A,.

Part (i) of the next proposition is the well-known “ Square Root Lemma’ from Ba-
nach algebratheory (see, for example, [6, Theorem 3.4.5, p. 361]).

Proposition 2.3. A commutative real Banach algebra .A with an identity e of norm 1
has the following properties:

(i) Ifx € Aissuchthat ||x|| < 1,thene+x € A,.
(i) A=A, — A,

Proof. Let x in A have || x|| < 1. By writing (1 + t)¥/? in its binomial series, valid
for scalarst with |t| < 1, we see that the series Y e (/%) x" is absolutely convergent,
therefore convergent to some y in A. By expanding (1 + t)?(1 + t)¥? for a real

variablet when |t| < 1 it becomes clear that
5 (1/2) (1/2) B {1 ifk=00r1,
e\ m n 0 ifk>2
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We deduce that y?> = e + . Since A, isclosed, we seethat e + x € A, if ||x| < 1.
This establishes (i).
When || x|| < 1 we can write

X =3(+Xx) —3(—X).
Part (ii) now follows (with the use of Lemma 2.2). [ ]

3. PROOF OF THE MAIN THEOREM. We now turn to the proof of Theorem 1.1.
Let usfirst note two simple deductions from (1.1). The hypothesis gives

IX=yl = lIx+yl XyeA). (XY
So, if x and y belong to A, we also have
IxIl < 5(Ix =yl + Ix 4+ ylI) < [IX+ Yl (3.2)
Before completing the proof, we prove two preparatory lemmas.

Lemma 3.1. Suppose that A satisfies (1.1). Then ¢(x) > 0 whenever ¢ € S and
xeA,.

Proof. Takex € A, with ||x|| = 1. By Proposition 2.3, e — x € A, and, by (3.2),
le=Xl = ll(e=x)+ x| =1
Hencefor ¢ in S we have
1=llgll =z p(e—=Xx) =1—90X),
whence ¢(x) > 0. [ ]

We recall that a point x in a nonempty convex subset S of a vector space is an
extreme point of Sif whenever X = Axy + (1 — A)X; with X3, X, in Sand 0 < A < 1,
then X = X; = X,. We use 9,S to denote the set of extreme points of S. We will use
the Krein-Milman theorem, which in our context states that if Sis aweak* compact
convex subset of the dual of a Banach space, then 9.Sis nonempty and Sis the weak*
closure of the convex hull of 9.S.

Lemma 3.2. Supposethat A satisfies (1.1). Let K bethe set of all multiplicative states
of A(i.e, K ={p eS8 : 9oy =p(Xe(y) foral x,ye A}). Then K isacompact
Hausdorff space in the weak* topology of .A* which contains the set 3.S of extreme
points of S (and, in particular, K is nonempty).

Proof. Itistrivial to show that K isaclosed subset of the closed unit ball of .4*. This
ensures that K is compact for the weak* topology.

Since S is convex and compact in the weak* topology of A*, the Krein-Milman
theorem guarantees that 9.S is nonempty. Suppose that ¢ liesin 9.S. We claim that
pisinK.Since A = A, — A,, it suffices to show that ¢ (xy) = ¢(X)¢(y) whenever
xe A, andye A.

Consider x in A, with ||x|| <1 and y in A with |y| < 1. By Proposition 2.3,
e+ ye A,. Therefore, by Lemma3.1 and Lemma 2.2 (i),

p(x(exy)) =0,
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which implies that
lo(xXy)| < @(X). (33
Similarly, e — x € A, by Proposition 2.3, so
lp((e =Xy = 1—pX). (34)
Notice that both inequalities (3.3) and (3.4) hold, in fact, for arbitrary y in A.
If o(X) = 0, inequality (3.3) yields p(xy) = o(X)@(y). Similarly, if p(x) =1, us-

ing (3.4) itisimmediate that ¢ (Xxy) = ¢(X)@(y).
If 0 < ¢(X) < 1, we define vy, and v, on A by

Y1(y) = () p(xy)
and
Y2(y) = (L= 900 p((e = X)Y).
Using (3.3) and (3.4) we seethat v, and v, are states. Now we can write
¢ =9X) Y1+ 1 —9X)Y2.
By the fact that ¢ is an extreme point of S we must have ¥, = ¢ and, therefore,
p(xy) = 9(Xe(y)  (xe A, yeA. m

Conclusion of the Proof of Theorem 1.1. Suppose that A satisfies condition (1.1). Let
J: A — C(K) bethe natura map given by

JIX(p) = ¢(X).

Clearly, J is an agebra homomorphism, J(e) = 1, and ||J|| = 1. In order to prove
that J isan isometry we need to establish the following:

Claim. Suppose that x in A is such that || IX||ck), < 1. Then for each ¢ > 0 there
existsat, > 0 for which

le—t.(14+e)e—t.x| <1

If the claim fails to be true, thereisan x in A with ||IX|l¢«, < 1 so that for some
€ > Owe have

le—t(l+ee—tx|| >1 (t>0.

By the Hahn-Banach theorem (invoked to separate {e — t (1 + ¢)e — tx : t > 0} from
the open unit ball) we can find alinear functional ¢ with ||¢| = 1 and

pe—t(l4+e)e—tx)>1 (t > 0).
In particular, ¢ liesin S and ¢((1+ €)e+ x) < 0. Hence |¢(X)| > 1+ €. But now,

using the the Krein-Milman theorem and Lemma 3.2, we deduce that there exists ¢’
in K with [¢’(X)| > 1+ €. Thus || IX|l¢) > 1, acontradiction.
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Combining the claim with Proposition 2.3 (i) we seethat || IX||¢c«k) < 1impliesthat
1+e)e+xe A, fordle > 0,s0e+ x € A,. Applying the same reasoning to —x
we havee — x € A,. Hence, by (3.1), we obtain

IXIl = 3le+x) — (=X <3le+x)+E—x|=1

Thus J isanisometry. Finally, J maps A onto C(K) by the Stone-Weierstrass theorem.
[

4. CONCLUDING REMARKS. Condition (1.1) may appear to be innocuous to the
reader, but there are well-known commutative real algebras with identity where (1.1)
fails. Weiillustrate this with afew examples suggested by the referee:

(8 Any complex Banach space C¢(K) of continuous functions on acompact Haus-
dorff space K isin particular a commutative real Banach algebra. One readily
sees that condition (1.1) fails by taking, for instance, a to be the constant func-
tion 1 and b the constant function i.

(b) Thereal algebraC®[0, 1] of continuously differentiable real-valued functions
on [0, 1] with the norm

Il =52t@53><1|f(t)l+52tasxllf (9]

isacommutative Banach algebrawith unit that seemssimilar to C[0, 1] but fails
to obey (1.1). Take, for instance,a = e and b = e7*.

(c) Let ¢1(Z.) bethe space of al formal power series Y .~ ant" (with real coeffi-
cients) with (a,)p2, € ¢1 and with the norm

H D At = Jaal.
n=0 n=0

To see that condition (1.1) failsin ¢,(Z, ) take, for instance, a = 1 — 2t and
b=2t+t2

We now observe that our proof of Theorem 1.1 required the full force of hypothesis
(1.2) only at the very last step. Prior to that we used only the weaker hypothesis

I < la® +b% (@ be A. (4.1)

Condition (4.1) implies (3.2), which was used in Lemmas 3.1 and 3.2. However, this
hypothesis allows us to deduce only that A is 2-isomorphic to C(K), i.e,

1
SIXI = 13Xlleae < lIxII - (x € A,

sothat ||J|| = 1and ||[J7}| < 2. That thisis best possible is clear from the norm on
C(K) given by

NN =1 flle) + 1 - lle)

where f, = max(f, 0) and f_ = max(— f, 0). Under this norm C(K) is a commuta-
tive real Banach algebra satisfying inequality (4.1) but not inequality (1.1).

October 2007] NOTES 741



We also note that the Gelfand-Naimark representation of (complex) commutative
C*-algebras (see [5] and [4, p. 242]) can be obtained from Theorem 1.1. To this end,
we recal that amap a — a* is caled an involution on the complex algebra A if it
enjoys the following properties.

(i) @) =a,
(i) (@a+ pb)* =a@a* + pb* (a, B € C),

(iii) (ab)* = b*a*.

In the Banach algebra Cc(K) of complex-valued continuous functions on a com-
pact Hausdorff space K we have a natural involution, namely, complex conjugation:
f*(s) = f(s)forsinK.

If a* = a, then a iscalled self-adjoint. Every x in A can be written in a unique way

asx = a+ib, wherea and b are self-adjoint (a = (x + x*)/2, b = (x — x*)/2i).

Theorem 4.1 (Gelfand-Naimark). If A is a commutative complex Banach algebra
with an identity e such that ||e|| = 1 and an involution = such that

la*all = al® (ae.A), (4.2)

then A isisometrically =-algebra isomorphic to Cc(K) for some compact Hausdor ff
space K.

Proof. Notefirst that (4.2) impliesthat theinvolution isisometric on A:
la*)? = [ @™)a*| = llaa” || = |lal®.

Let Ag bethe closed subalgebra of .A comprising all self-adjoint elements of .A. Then
Apg isarea Banach algebra. We show that it satisfies condition (1.1). Hence for a and
bin Ar we have ||(a+ ib)?|| = ||[(a — ib)?||, from which it follows that

la? — b?|| = 3ll(a+ib)* + (@ —ib)?|
< l@a+ib)?| < @a+ib)|?
= (@a+ib)@—ib)| = |a® + b?.

Accordingly, we can invoke Theorem 1.1 to produce an isometric isomorphism of real
Banach algebras J : Az — C(K) = Cr(K) for some compact Hausdorff space K.
The map J trivially extends to a x-algebra isomorphism J : A — Cc(K). Findly, if
X =a+ibwithaandbin A we have

IXII” = lla? + b?|| = [ @ + b} || = [| Ix|I?,

so0 J isan isometry. [
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Oral Exam Solution

Let C; be the dashed contour and C, the solid contour. Then C; and C, are
null-homotopic in C \ {p, g}, so by the Cauchy integral theorem,

/f(z)dz: f(2)dz+ f(z2dz=0+0=0.
c C1

C

The problem can also be solved by observing that the original contour C is
homologous to zero in C \ {p, g} and then applying the homology version of
Cauchy’s theorem; see B. Palka, An Introduction to Complex Function Theory,
Springer-Verlag, New York, 1991, Theorem 5.1, p. 188. The purpose of my ques-
tion isto test if the candidate knows the homology version of Cauchy’s theorem
and, if not, to show them how to reduce the homology version to the homotopy
version.

—Submitted by Peter Lax,
Courant Institute of Mathematical Sciences, New York
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